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The application of immersed boundary methods in static analyses is often impeded by poorly cut elements
(small cut elements problem), leading to ill-conditioned linear systems of equations and stability problems.
While these concerns may not be paramount in explicit dynamics, a substantial reduction in the critical time
step size based on the smallest volume fraction y of a cut element is observed. This reduction can be so drastic
that it renders explicit time integration schemes impractical. To tackle this challenge, we propose the use of a
dedicated eigenvalue stabilization (EVS) technique.

The EVS-technique serves a dual purpose. Beyond merely improving the condition number of system matrices,
it plays a pivotal role in extending the critical time increment, effectively broadening the stability region in
explicit dynamics. As a result, our approach enables robust and efficient analyses of high-frequency transient
problems using immersed boundary methods. A key advantage of the stabilization method lies in the fact that
only element-level operations are required.

This is accomplished by computing all eigenvalues of the element matrices and subsequently introducing a
stabilization term that mitigates the adverse effects of cutting. Notably, the stabilization of the mass matrix M,
of cut elements — especially for high polynomial orders p of the shape functions — leads to a significant raise in
the critical time step size Az,.

To demonstrate the efficiency of our technique, we present two specifically selected dynamic benchmark
examples related to wave propagation analysis, where an explicit time integration scheme must be employed
to leverage the increase in the critical time step size.

1. Introduction To address these shortcomings, alternative numerical methods have

gained considerable traction over the past two decades. Notable ap-

Transient analyses play a crucial role in various scientific and engi-
neering fields. However, despite the significant computational resources
available today, solving high-frequency dynamics problems in the time
domain remains challenging. The demanding requirements for fine spa-
tial and temporal resolutions call for highly efficient algorithms, which
are not readily accessible at present. Although the conventional finite
element method (FEM) is widely used for numerical analysis across di-
verse problem domains, it does have limitations. For instance, it lacks
an automated mesh generation pipeline for complex structures, high-
order convergence, and advanced mass lumping techniques.

* Corresponding author.
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proaches include isogeometric analysis (IGA) [1] and immersed bound-
ary methods.! In the context of IGA, a mathematical theory of mass
lumping has recently been developed in Ref. [2]. Furthermore, ongo-
ing efforts are focused on devising high-order convergent mass lumping
techniques. These methods rely on approximate dual shape functions
within a Petrov-Galerkin framework, as detailed in Refs. [3] and [4].
Nonetheless, several challenges remain to be addressed, including the
implementation of outlier removal techniques [5], multi-patch analysis,
and trimming [6]. The integration of these elements into the framework
is essential to render it suitable for real-world problems.

1 Remark: The article uses the term “immersed boundary methods” interchangeably with “fictitious domain methods” or “embedded domain methods”, aligning

with their widespread usage in other relevant literature.
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In this article, we primarily focus on immersed boundary meth-
ods, specifically examining the finite cell method (FCM) [7-9] and
spectral cell method (SCM) [10,11], its extension to explicit dynamic
problems. It is worth mentioning other notable immersed approaches,
including CutFEM [12], Cartesian grid FEM (cgFEM) [13], and Aggre-
gated FEM [14] to name just a few. While our discussions focus on
the FCM/SCM, the techniques presented in this paper are applicable to
all types of immersed boundary methods being based on finite element
technologies.

Immersed boundary methods provide a means of discretizing struc-
tures using Cartesian grids, employing elements that do not conform
to the boundary of the geometry of interest. However, this non-
conforming spatial discretization introduces three challenges that need
to be addressed. First, accurate numerical evaluation of integrals over
cut elements requires sophisticated techniques. Second, the imposition
of Dirichlet (essential) boundary conditions becomes more complex.
Third, stability and conditioning issues arise for cut elements that in-
tersect the physical domain boundary.

In this paper, we will focus on the third problem and briefly explore
potential remedies. It is well-known that ill-conditioning and stability
problems occur when cut elements are sparsely filled with material,
lacking sufficient support in the physical domain [15]. Therefore, sta-
bilizing the fictitious domain is a common requirement across all im-
mersed boundary methods to prevent severe numerical issues.

Various stabilization techniques have been developed in recent years
to address this challenge. For example, the ghost penalty method is uti-
lized in CutFEM applications [16,17]. This technique involves introduc-
ing an additional term to the weak form, penalizing jumps in the normal
derivatives of shape functions between neighboring cut and non-cut ele-
ments. It effectively supports the cut elements using the interior non-cut
elements, improving the condition number without significantly alter-
ing the underlying mathematical problem. A ghost penalty term may
also be added to the mass matrix to enable cut-size independent time-
step restrictions, although this comes at the cost of a loss of a diagonal
structure of the mass matrix [6].

Another stabilization approach, known as the fictitious material or
a-method, is commonly employed in the FCM [8,18]. Here, a very soft
material is introduced in the fictitious domain of every cut element,
yielding favorable results across various applications. However, this
method has the drawback of adding the same artificial stiffness to all
points in the fictitious domain, potentially modifying the solution and
decreasing the overall accuracy. Additionally, its performance is limited
for nonlinear problems, imposing restrictions on the stability in numer-
ical analysis and thus, on the achievable deformation at finite strains
[19].

The basis function removal (BFR) strategy has been proposed to
eliminate shape functions with minimal contributions to the global stiff-
ness matrix [20]. While simple in concept, this technique is not reliable
in curing the small cut element problem and lacks robustness. How-
ever, when combined with a dedicated remeshing strategy, favorable
outcomes can be achieved by creating a new mesh when the old mesh
can no longer accommodate further deformations (highly distorted ele-
ments) [21].

Tailor-made preconditioning techniques, such as the symmetric in-
complete permuted inverse Cholesky preconditioner [15], offer another
avenue to mitigate conditioning issues. Furthermore, the use of an ad-
ditive Schwarz preconditioner in conjunction with multigrid techniques
has been proposed, demonstrating robustness and efficiency [22,23],
while the feasibility of applying these preconditioners to practical
problems within high-performance computing environments (parallel-
computing) has been investigated in Ref. [24]. The study showcased
their promising scalability properties, making them valuable tools for
real-world applications.

For a more in-depth exploration of strategies for effectively address-
ing the challenges associated with small cut elements, we recommend
consulting the recent review article by de Prenter et al. [25]. This com-
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prehensive review offers valuable insights and a detailed analysis of
various techniques and methodologies used in handling poorly cut el-
ements within immersed boundary methods. The article also covers
important topics, including numerical integration over cut elements,
the imposition of boundary conditions, stability and conditioning issue,
as well as dedicated stabilization techniques. It serves as a valuable re-
source for researchers and practitioners seeking a deeper understanding
of the complexities associated with small cut elements, providing guid-
ance on selecting suitable approaches for different situations.

Within the context of the extended finite element method (XFEM),
which can also be seen as a fictitious domain technique, particularly
when analyzing void regions, a set of techniques has been established
that are theoretically applicable to other immersed boundary methods
such as the FCM or CutFEM. One option is to utilize the node-moving
technique [26]. When an element has minimal intersection with the
physical domain, the volume fraction can be increased by moving nodes
within the physical domain. However, this approach sacrifices the ad-
vantages of Cartesian meshes. To address poorly conditioned stiffness
matrices, Bechet et al. developed a specialized preconditioner for en-
riched finite elements based on Cholesky decompositions of submatrices
[27]. Menk and Bordas proposed another effective preconditioner simi-
lar to the FETI (finite element tearing and interconnecting [28]) domain
decomposition technique [29]. Babuska and Banerjee introduced a sta-
bilization technique that tackles convergence issues arising from high
condition numbers of the global stiffness matrix [30]. This technique
is solver-independent and particularly useful for large-scale 3D simu-
lations that frequently employ library-based parallel iterative equation
solvers with various preconditioning techniques.

In Refs. [26,31], a simple - yet efficient — stabilization technique
based on an eigenvalue decomposition of the elemental stiffness matrix
was proposed. Referred to as the EVS-technique (eigenvalue stabiliza-
tion) throughout the article, this method operates at the element level,
ensuring minimal additional numerical costs and high parallelizability.
The stabilization matrices are calculated during the element assembly
process, which not only preserves method flexibility, but also facilitates
its implementation in high-performance computing environments.

Previously, the EVS-scheme has proven successful in handling quasi-
static and dynamic crack propagation problems. Note that in these
applications, the focus was primarily on solving ill-conditioning prob-
lems related to enriched elements. Its extension to immersed boundary
methods and the FCM, in particular, was achieved in Ref. [19]. Here,
the EVS-technique was implemented to reduce the condition number
of cut elements without significantly affecting solution quality. To en-
sure accurate results in nonlinear analyses (e.g., hyperelastic material
model at finite strains), an iteratively updated force correction term was
incorporated into the solution procedure. The computational overhead
incurred by applying the EVS-technique in nonlinear analyses is limited
for two reasons: First, the required eigenvalue decomposition is per-
formed at the element level, considering eigenvalues and mode shapes
only for cut elements. Second, nonlinear analyses inherently require
an incremental/iterative solver (e.g., Newton-Raphson algorithm), nat-
urally incorporating the iterative correction scheme. In this process,
modes with small or zero eigenvalues are grouped and stabilized. It
is essential to note that without a stabilization technique critical modes
can render the FCM less robust, especially when dealing with badly
cut elements and high-order shape functions. Hence, a dedicated stabi-
lization technique, targeting specific parts of the stiffness and/or mass
matrices, becomes crucial to effectively address these issues.

This contribution presents a further extension of the EVS-technique
to encompass dynamics, specifically explicit time stepping. The novel
approach pursues two primary objectives: First, increasing the critical
time step size in explicit dynamics and second, reducing the condition
number of the system matrices. The first objective is crucial for effi-
ciently analyzing wave propagation or impact problems using explicit
time stepping methods. On the other hand, the second objective only
holds significant importance for large-scale simulations utilizing im-
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plicit time stepping methods, where iterative solvers are commonly em-
ployed and conditioning issues can significantly impede convergence.
It is important to note that these two objectives are interconnected to
a certain extent and not mutually exclusive. However, our findings, as
presented in this contribution, demonstrate that for explicit analyses,
we can leave the stiffness matrix unstabilized, as its impact on the crit-
ical time step size is minimal. In contrast, this would not be a viable
option for implicit schemes.

In contrast to prior implementations of the EVS-technique, which
primarily focused on stabilizing the stiffness matrix to mitigate ill-
conditioning, our novel approach advocates for the stabilization of the
mass matrix. As previously noted, in the context of (linear) explicit dy-
namics, the stabilization of the stiffness matrix is of lesser significance
since simple matrix-vector products are sufficient to advance in time.
Consequently, there is no need to solve linear systems of equations,
where concerns related to conditioning typically manifest.

To address time-dependent problems in the context of immersed
boundary methods, the authors have previously developed the SCM
[10,11], a specialized variant of the FCM. Unlike the FCM, the SCM
utilizes nodal shape functions based on Lagrangian interpolation poly-
nomials defined on non-equidistant nodal distributions. This unique
approach enables the application of mass lumping techniques, which
are crucial for highly efficient explicit time stepping algorithms. Conse-
quently, the integration of the SCM with the EVS-technique and explicit
time stepping offers a compelling framework for complex dynamic sim-
ulations. This approach provides notable benefits, particularly in terms
of increased computational efficiency. Thus, by leveraging the EVS-
technique, a robust framework, enabling researchers and practitioners
to confidently tackle challenging dynamic simulations across diverse
domains, including structural dynamics and many more, is proposed.

The article at hand is structured in the following manner: First,
we introduce the governing equations of elastodynamics and the cor-
responding discretization by means of finite elements (see Sect. 2).
Thereafter, the basic concepts of immersed boundary methods are ex-
plained (see Sect. 3), before we delve into the EVS-technique for stabi-
lizing both mass and stiffness matrices (see Sect. 4), which constitutes
the main contribution of this work. Here, we explain different variants
of the EVS-technique for dynamics and also introduce a novel scaling
approach. For the sake of self-containedness, we also derive the expres-
sions for the CDM as applied to our stabilized system of equations (see
Sect. 5) and provide the expression for computing the critical time step
size. By means of a two-dimensional example, the increase in the crit-
ical time step size is investigated for several different variants of the
EVS-scheme (see Sect. 6). Based on the obtained numerical results, the
most promising EVS-variant in terms of increase in the critical time
step size is selected. In order to also showcase the effective reduction
in the condition number of system matrices, another simple benchmark
problem is adopted (see Sect. 7). Furthermore, three examples are nu-
merically investigated to determine the influence of the stabilization on
the critical time step size and the attainable accuracy of explicit sim-
ulations (see Sect. 8). The first two examples feature two-dimensional
waveguides, before a ground motion analysis is conducted on a complex
three-dimensional statue. Finally, important conclusions are drawn and
recommendations for further investigations are given (see Sect. 9).

2. Governing equations of elastodynamics and finite element
discretization

This article focuses on problems within the field of linear elasto-
dynamics [32]. Specifically, we address these problems by utilizing a
variational formulation of the following form:

A, v) + C(a, v) + B(a,v) = F(v), (€))]

with
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The variational formulation includes the bi-linear forms A, C, and 5,
along with the linear form F, representing terms associated with iner-
tia, damping, stiffness, and external forces, respectively. In this context,
p denotes the mass density, « represents the matrix of damping param-
eters, C is the elasticity/constitutive matrix, and f stands for the vector
of volume loads acting on the domain Q. The trial and test functions,
denoted as u and v, respectively, typically correspond to the displace-
ment vector. The first and second temporal derivatives are represented
by [ and []. Furthermore, the linear strain-displacement operator is
denoted as L. Neumann boundary conditions, such as surface tractions
t and point forces f,, are prescribed along the boundary I'y or at in-
dividual points. To complete the set of equations, Dirichlet boundary
conditions must be imposed along the boundary I'p

(6)

In the case of dynamical problems, it is also necessary to consider initial
conditions for the displacement and velocity fields, which are given by

u=u on Ip.

u(t=0)=u, ()
and
ut=0)=u,. (8)

This set of equations is defined within the physical domain, assum-
ing a geometry-conforming discretization. However, in the next section
(Sect. 3), we will briefly outline an extension to non-conforming meshes
using immersed boundary methods.

Following the standard FEM-procedure [33], the displacement field
within each finite element (with element domain €2,) is approximated
using simple polynomial shape functions, given by
u(x,t) =Nx)U, (1)

VxeQ,, C)

where N represents the matrix of shape functions and U denotes the
vector of nodal displacements. It is worth noting that, in a Bubnov-
Galerkin approach, the same shape functions are also employed for the
test functions

v(x,)N=NEX)V,(1) VxeQ,. (10)

By substituting the discretized versions of the displacement field u and
the test function v into the weak form, and performing some algebraic
manipulations, we can assemble the elemental contributions, resulting
in the well-known semi-discrete equations of motion

MU+ CU+KU=F 11)

where M, C, and K denote the mass, damping, and stiffness matrices,
respectively. The external load vector is represented by F.,,. At this
point we want to point out that the damping matrix C is obtained by
using Rayleigh’s hypothesis, resulting in a linear combination of the
mass and stiffness matrices

ext >

C=oxM+ K. (12)
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Fig. 1. Fundamental idea of immersed boundary methods (Cartesian mesh) in comparison to a typical finite element discretization (body-fitted mesh).
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Fig. 2. Construction of the element-level integration grid based on the quadtree decomposition of a cut element. Three different refinement levels k = 1,3,5 are
depicted. Dark gray subcells indicate that the integration domain belongs to the physical domain, while a light grey color refers to the fictitious domain, and cut

integration subcells are marked in yellow.

The coefficients ag and f determine the effective range of damping.
For further insight into determining these coefficients, especially in
more complex applications, we refer to Ref. [34]. It should be noted
that in explicit analyses, f is typically not considered. We have to re-
alize that including a stiffness-proportional damping term would render
the effective (dynamic) stiffness matrix K non-diagonal, assuming the
application of the central difference method (CDM) to advance in time.
More details regarding the temporal discretization and time stepping
are introduced later in Sect. 5.

3. Finite cell method

The FCM is a notable example of immersed boundary methods,
which have undergone significant development in the past decade
[7,8,35]. These numerical methods are designed to solve the governing
partial differential equations (PDEs) on an extended domain €, instead
of the complex physical domain ), . This simplifies the meshing pro-
cess, while necessitating advanced techniques for numerical integration
of the system matrices [36-39] and the imposition of Dirichlet bound-
ary conditions [17,40]. In this section, we focus on discussing the FCM
in the context of void regions with arbitrary shapes. For a comprehen-
sive analysis of multi-material problems that require an enrichment of
the ansatz space, we refer interested readers to Refs. [41,42]. When
only void regions are considered, the extended domain consists of two
disjoint regions: the physical domain €, and the fictitious domain
Qpicr» as illustrated in Fig. 1. We want to stress at this point that the
distinction between physical and fictitious domains is not necessary for
geometry-aligning discretization methods such as the FEM and there-
fore, the notation slightly differs from that introduced in Sect. 2.

To distinguish between physical and fictitious domains, an indicator
function apcy;, facilitating point-membership tests, is introduced

apem(X) = {

The theoretically ideal value for the indicator function within the fic-
titious domain, denoted as aj), is 0, preserving the original form of the
PDE. However, to prevent severe ill-conditioning problems, it is com-
mon practice to select a small positive value for «, typically in the
range of 10712 to 1073. The specific choice of «, can also depend on the
material properties, as demonstrated in Refs. [43,44]. Hence, the intro-
duction of the a-method, as it will be referred to throughout this article,
involves adding a small stiffness to the fictitious domain, which serves

L0, VXEQu,

13)
VX € Qi

@,

132

to stabilize the equations. It should be noted that the use of the indica-
tor function introduces a discontinuous function in the volume integrals
of the weak form. This leads to non-smooth integrands, i.e., discontinu-
ities in the integrals, which is a characteristic feature of finite cell-based
numerical methods

/ P(x) dQE/aFCM(x)P(x) dQ. 14

Q‘phys Qex

As a consequence, standard Gaussian quadrature rules commonly
used in the FEM for numerical integration of the system matrices do not
yield accurate results when applied to the discontinuous integrands in
immersed boundary methods. To address this issue, tailored solutions
have been developed and extensively discussed in Ref. [38]. Among
these solutions, quadtree/octree based approaches have gained pop-
ularity due to their robustness and flexibility (as shown in Fig. 2).
Additionally, methods based on moment fitting [39,45-47] or the di-
vergence theorem [48] have proven to be more efficient. These spe-
cialized integration techniques enable accurate and efficient numerical
computations within the fictitious domain, ensuring reliable results in
simulations involving complex geometries. Furthermore, the treatment
of Neumann and Dirichlet boundary conditions becomes more intricate
due to the non-conforming nature of the spatial discretization [18].

It is important to highlight that all simulations discussed in this ar-
ticle are conducted using the SCM, a specialized version of the FCM
specifically designed for explicit dynamics [10]. The SCM is based
on the spectral element method (SEM), which utilizes a nodal basis
instead of the hierarchical one commonly employed in p-FEM. A no-
table advantage of SEM is its direct generation of a diagonal mass
matrix through the nodal quadrature technique, eliminating the need
for heuristic methods like row-summing [49] or diagonal scaling (HRZ-
method) [50]. The key element lies in the utilization of Lagrange shape
functions defined on a Gauf3-Lobatto-Legendre grid, which mitigates the
issues associated with Runge’s phenomenon and enables highly accurate
results. For more in-depth information on spectral shape functions and
the SEM, interested readers are encouraged to refer to the monographs
by Pozrikidis [51] and Karniadakis and Sherwin [52], which offer com-
prehensive discussions on the topic. Further improvements in accuracy
for dynamic problems can be achieved by adopting a higher-order
mass formulation, a concept initially pioneered by Goudreau [53,54]
and later endorsed by Hughes [55]. This approach involves comput-
ing a weighted average of the consistent and lumped mass matrices,
which is subsequently employed in the simulation process. Addition-
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ally, Ainsworth and Wajid have demonstrated an alternative route to
achieve the same accuracy boost — by developing a tailored integra-
tion rule for the mass matrix [56]. This innovative approach leads to
the creation of optimally blended spectral elements, which have been
comprehensively investigated in Ref. [57].

It is important to recognize that the advantages of the SEM do not
directly carry over to spectral cells. Thus, let us revisit the methodology
for achieving a diagonal mass matrix within the SCM framework. In
the wide body of literature, two principal approaches have emerged for
addressing cut elements:

1. The HRZ-method as detailed in Ref. [11].
2. Non-negative moment fitting combined with the nodal quadrature
technique as detailed in Refs. [58,59].

Regardless of the approach chosen, uncut elements (standard spec-
tral elements) are consistently lumped using nodal quadrature, ensur-
ing optimal convergence, as stated in Ref. [60]., while the aforemen-
tioned approaches are exclusively applied to cut elements. However,
it is worth noting that HRZ-lumping of cut elements negatively affects
achievable convergence rates. On the other hand, the nodal quadrature
technique in conjunction with moment fitting leads to significant under-
integration issues of the mass matrix. In the remainder of this section,
we will provide a concise overview of the nodal quadrature technique
for spectral elements and the HRZ-lumping technique for cut elements,
which is the preferred approach in this paper.

At this point, let us briefly outline the fundamentals of mass lump-
ing for both spectral elements and cut elements in a one-dimensional
context. It is important to note that this methodology can be readily ex-
tended to multi-dimensional problems using a tensor product formula-
tion. Spectral shape functions essentially involve Lagrange interpolation
polynomials defined on a non-uniform grid of nodal points, with Gauss-
Lobatto-Legendre (GLL) points being a commonly used choice for this
purpose, as documented in Refs. [51,52]. GLL points are determined as
the roots of completed Lobatto polynomials, expressed as:

(1-&)L,_,(&)=0. (15)

The inclusion of the term (1 - 52) guarantees that nodes are located
at the element boundaries (¢ = +1), making it suitable for continuous
Galerkin formulations. The term L,_, (&) represents the first derivative
of a Legendre polynomial of order p, often referred to as a Lobatto
polynomial. The element shape functions are defined as Lagrangian
interpolation polynomials supported at GLL nodes, with their mathe-
matical expression as follows:

pogog
No= 1 = (16)
= G 8

where fi denotes the k™ GLL-point of order p. The individual shape
functions are then assembled in the matrix of shape functions

NE) = [Nl” N! N? N a7
which is employed to define the consistent mass matrix (CMM) of a

spectral element:

M, = / p(NTN)dQ, (1s)
QC
with a single component being computed as:
oM = / PEONP (N (&) dQ
e (19)
p+1
-2 POENNL EINT €D det (D)
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Here, (éﬁ, wi) denote the integration points and weights and J repre-
sents the Jacobi-matrix of the geometric mapping. Given that all shape
functions based on Lagrange polynomials satisfy the Kronecker-delta
property, it is feasible to diagonalize the mass matrix, as defined in
Eq. (18), by means of the nodal quadrature technique. That is to say,
GLL-points are not only employed to define the shape functions, but
also to numerically integrate the mass matrix. This results, by defini-
tion, in a lumped (diagonal) mass matrix (LMM), which is high-order
convergent [49,61,62]. Due to the simplicity and elegance of this ap-
proach, the components of the mass matrix can be efficiently computed
using the following expression:

M = puw] det Dl (20)

However, for cut elements that require a more sophisticated numerical
integration technique to address the discontinuous integrand, achieving
lumping solely through nodal quadrature is feasible only if a certain
level of under-integration is accepted. In such cases, a moment fitting
approach can be adopted to adjust the integration weights, as outlined
in Refs. [58,59].

In this contribution, an alternative path is pursued, wherein we first
compute the consistent mass matrix of a cut element

M, = / apemp (NTN) dQ. (21)

Q

e

Here, we accurately evaluate the integral form (21) by means of a
quadtree-based numerical integration technique [38]

RYTI/EEDY / apem(X)p(x)N] (E)N? (&) dQ
s=1 I

ng p+l

=2 Y aremGEEMPEEN NI EEDINTEr )W)

s=1 k=1
X det (JS)|5(,,;) det (J)|§(r1;) .

(22)

In Eq. (22), n, denotes the number of integration subdomains and J; is
the second Jacobi matrix utilized to accommodate the geometric trans-
formation from the subdomain with local coordinate r to the element
reference frame with local coordinate £.

Moreover, we note that this approach yields a fully-populated mass
matrix, which is subsequently subjected to diagonalization via the HRZ-
lumping scheme, as described in Ref. [50]. In mathematical terms, this
method is represented as:
M = fom M, (23)
where f serves as a scaling factor that ensures mass conservation. This
scaling factor is defined as the ratio of the total mass m_ of the cut
element divided by the sum of the components on the main diagonal:

p+lp+l B
ij
Z Z CMMMc
my i=1 j=1
= = (24)
p+l1 p+l
Y cmm M Y cmm M
i=1 i=1

By employing this two-step approach, we are able to obtain a diagonal
mass matrix even within the context of immersed boundary methods
utilizing formulations based on nodal shape functions.

Despite the acknowledged limitations regarding mass lumping, the
SCM has demonstrated a good performance across various applications,
including smart structure analysis [63], guided wave propagation anal-
ysis for structural health monitoring [58,59], seismic wave propagation
analysis incorporating nonlinear effects [64], and the study of heteroge-
neous materials like sandwich panels with foam cores, utilizing multiple
GPUs and CPUs [65].
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After having introduced the main ingredients for the numerical anal-
ysis of structural systems by means of immersed boundary methods, we
delve into the fundamental concepts of the EVS-technique. In this con-
text, the stabilization of both mass and stiffness forms is explained in
detail, before a novel scaling approach is discussed and different vari-
ants of the stabilization scheme are established.

4. Eigenvalue stabilization technique

In this study, we adopt a stabilization approach based on an eigen-
value decomposition of the system matrices at the element level. This
ensures that all operations are performed on individual elements, result-
ing in minimal computational overhead for most practical applications,
particularly in nonlinear and transient analyses.

This section provides a comprehensive discussion of the EVS-
technique, which is subdivided into three parts: Firstly, we present
its extension to dynamic problems, introducing a novel mass matrix
stabilization technique. This approach represents the main innovation
in this contribution, as it has not been previously explored. Secondly,
building upon the insights from previous studies, which have revealed
substantial improvements in terms of the condition number and robust-
ness, particularly in nonlinear problems, we explore the application
of the EVS-technique to the stiffness matrix of a cut element, a task
that proves to be more intricate when compared to mass stabilization.
Thirdly, we put forward an innovative scaling approach that establishes
a relationship between the stabilization matrices and the corresponding
finite element matrices. This crucial step ensures that the stabilization
remains unaffected by the choice of units within the analysis frame-
work.

Following the outlined methodology, we assert that the stabilization
of the elemental mass and stiffness matrices can extend the critical time
step size in explicit dynamics. Additionally, the proposed procedure,
being based on an eigenvalue decomposition, offers a more targeted
approach to stabilization by only adjusting those modes that directly
contribute to ill-conditioning, in contrast to the a-method, which ap-
plies stabilization across the entire fictitious domain. This refined strat-
egy contributes to a more robust implementation of immersed boundary
methods, providing substantial enhancements in terms of stability, per-
formance, and reliability.

4.1. Mass matrix

In the context of transient analyses, it is crucial to assess the ef-
fectiveness of stabilizing the mass matrix M, of a cut element using
the EVS-technique. Since the critical time step size is inversely propor-
tional to the largest eigenvalue of the matrix product Mg'KC, a key
question arises: Can stabilizing the mass matrix, or both the mass and
stiffness matrices, significantly increase the critical time step size Af,
for explicit time integration schemes? A positive answer to this question
would enhance the efficiency and potentially the accuracy of explicit
simulations.

To identify the modes that require stabilization, we calculate all
eigenvalues and mode shapes (eigenvectors) of the mass matrix for a
cut element by solving the following eigenvalue problem:

(25)

M.y, =w;w; Vi=1,2,..., npog.

Hence, the derivation of the stabilization technique for the mass
matrix of a cut element begins with an eigenvalue decomposition

M, =PQW¥'. (26)

Here, the mode shape matrix ¥ and the diagonal eigenvalue matrix Q
are introduced. These matrices have dimensions of [npgr X npoEl, With
npor denoting the number of degrees of freedom per finite element.
Thus, in the absence of constraints on the mass matrix (no Dirichlet
boundary conditions), we have npr eigenvalue/eigenvector pairs. The
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individual mode shapes or eigenvectors y; corresponding to the eigen-
value w; are stored column-wise in W.

To ensure the uniqueness of the stabilization technique, it is essen-
tial to normalize all eigenvectors such that their Euclidean norms are
equal to one:

vl =1. @)
Therefore, the following normalization step is performed
llj.
v = L (28)
il

This normalization step guarantees consistency and facilitates mean-
ingful interpretations of the mode shapes during the stabilization pro-
cess. It is important to note that the individual modes are partitioned
into two subspaces:

- . Q 0], LT
M, =¥ T]L)‘J[T ¥ 29
The quantities with an overbar (e.g., []) represent meaningful results
from the non-zero eigenspace, while those with a hat (e.g., [_]) pertain
to the zero eigenspace. It is important to note that due to the effect
of inertia, rigid body modes (RBMs) are not part of the zero eigenspace of
the mass matrix [66]; instead, (nearly) zero eigenvalues arise from the
intersection of the physical boundary with an element. Consequently,
all mode shapes contained in the matrix ¥ are physically meaningless
and require stabilization.

However, in cases involving enriched formulations, an additional
extraction procedure (as discussed in the next section for the stiffness
matrix) should be used to extract all physically meaningful eigenvectors
corresponding to (nearly) zero eigenvalues. In contrast, in the context
of immersed boundary methods that solely deal with voids and do not
require an enrichment of the ansatz space, no orthogonalization pro-
cedure is necessary to extract specific modes from the zero eigenspace
of the mass matrix, simplifying the implementation of the mass stabi-
lization technique and reducing computational costs compared to the
stiffness stabilization procedure (see Sect. 4.2).

At this point, it is crucial to define what qualifies as a (nearly) zero
eigenvalue, which is vital for matrix partitioning. In this study, a prac-
tical approach based on the ratio r; between the i eigenvalue and the
largest eigenvalue is used to determine whether a mode requires stabi-
lization:

1 Vx<0 Ai
and r; =
0 Vx>0 A

€ =€esf (ri—e€,), with f~(x)=

(30)

Here, the stabilization parameter eg and the threshold value ¢, are user-
defined input parameters.” By taking Eq. (30) into account, the relation

Ai
= €3]

max

<e

is automatically fulfilled. To achieve this, the function f~(x) is uti-
lized, which takes a value of zero for positive arguments and a value
of one for negative arguments. As a result, a stabilization factor of ei-
ther eg or zero is determined for all modes. Consequently, all n (nearly)
zero eigenvalues and their corresponding eigenvectors can be easily col-

2 Remark: Based on the recommendations provided in previous studies on
the EVS-technique [19,26,31], the values for ¢, and eg are selected as follows:
the threshold value for determining whether a mode should be stabilized or
not is typically chosen in the interval ¢, € [1077, 10~3], while the stabilization
parameter is chosen in the interval e5 € [1077, 1072]. These values have been
found to ensure reasonable accuracy and good performance in improving the
conditioning of the system matrices.
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lected in © and W, respectively. It is important to note that the value
of the stabilization parameter ¢; determines whether the corresponding
mode requires stabilization. Therefore, if r; is smaller than €;, Eq. (31)
ensures that the mode shape y; is included in ¥, and w; is contained in
Q.

For simplicity, the user-defined threshold value €, is identical for
both mass and stiffness stabilization approaches. Finally, the mass sta-
bilization matrix Mg for a cut element is computed as follows:

g
MS =eg Y (,97). (32)
i=1
Note that the value of the stabilization factor ¢; provided in Eq. (30) is
mode-independent (constant) and, therefore, all mode shapes requiring
stabilization are multiplied by the same factor eg.> Other possibilities,
where the stabilization parameter is a function of the eigenvalue and/or
the volume fraction of the cut element are discussed in Appendix A.
Finally, the contributions from all badly cut elements are assem-
bled in a conventional finite element manner to obtain the overall mass
stabilization matrix. This is achieved by summing up the individual sta-
bilization matrices of each cut element, resulting in the expression

nc
S _ 7S
M= M. (33)
c=1
Here, nc represents the number of cut elements that require stabi-
lization. In the subsequent discussions, all stabilized quantities — also
referred to as modified quantities in the remainder of this article — will
be denoted by a superscript (M4 to indicate that they have undergone
the EVS-technique. For example, the modified mass matrix is denoted
as MMod

MMed =M+ MS. (34)

For an alternative and more compact expression (restricted to the con-
sistent — fully-populated — mass matrix case), please refer to Appendix B.

When considering the stabilization technique for the mass matrix, it
is important to address additional factors, particularly in the context of
transient analyses and wave propagation simulations. To achieve effi-
cient simulations using explicit time integration schemes, mass lumping
plays a crucial role. This raises the question of whether it is advisable
to directly compute the mass stabilization matrix of a cut element from
the lumped or consistent elemental mass matrix. Considering the consis-
tent mass matrix formulation, the resulting stabilization matrix is also
fully populated, necessitating a subsequent mass lumping step to obtain
a diagonal mass matrix. Within the framework of the FEM, two com-
monly employed options for mass lumping are: (i) the row-summing
technique, and (ii) the HRZ-method, also known as diagonal scaling
[49,50]. These methods will also be subject to performance testing for
the mass stabilization matrix.

4.2. Stiffness matrix

When considering the stiffness matrix, it is worth noting that badly
cut elements, characterized by a small volume fraction () within the
physical domain, exhibit additional eigenvalues close to zero. These
eigenvalues, distinct from those associated with the rigid body modes
(RBMs) of the structure, can lead to ill-conditioning and stability issues.
This presents challenges for both direct and iterative equation solvers,
necessitating the need for stabilization.

However, a critical aspect is to avoid stabilizing the RBMs to pre-
serve physically meaningful results. This adds an extra layer of complex-

3 Remark: Previous studies have shown that the stabilization factor eg can
be chosen within a relatively large interval without significantly affecting the
results. However, a value around 103 has been suggested as a rule of thumb in
Ref. [19].
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ity compared to mass stabilization. To identify the modes that genuinely
require stabilization, we calculate all eigenvalues and mode shapes
(eigenvectors) of the stiffness matrix for a cut element by solving the
following eigenvalue problem [26]:

K.gi=4 9,

Hence, the spectral decomposition of the elemental stiffness matrix can
be expressed as

Vi=1,2, ..., npop- (35)

K, =®PADT. (36)

Here, ® represents the matrix of mode shapes, and A is the diagonal
eigenvalue matrix. In the absence of Dirichlet boundary conditions, we
have npgp eigenvalue/eigenvector pairs, which include n, physically
meaningful zero eigenvalues.

In the context of immersed boundary methods (without enrich-
ment), these n, physically meaningful zero eigenvalues correspond to
the RBMs of a finite element. For two-dimensional applications, we
typically have three RBMs (two translational and one rotational), re-
sulting in ny=3. In three-dimensional problems, there are six RBMs
(three translational and three rotational), resulting in ny =6.

However, in the case of badly cut elements, there are additional
modes within the zero eigenspace, solely caused by a small value of y.
Therefore, when applying the EVS-technique, it is crucial to distinguish
between physically meaningful (nearly) zero eigenvalues and those aris-
ing from cutting a finite element. The goal is to stabilize all singular
modes while preserving the RBMs to avoid unphysical outcomes. To
achieve this, we introduce the following partitioning of the matrix of
mode shapes and the eigenvalue matrix:

- ..lA O], T
K.=|® d)][o A][‘I’ @] . (37
Here, variables denoted with an overbar ([]) refer to nonzero quanti-
ties, while a hat above a variable (Ij) signifies (nearly) zero eigenvalues
and their corresponding eigenvectors. It is important to emphasize that,
without loss of generality, we maintain the normalization of all mode
shapes, as previously discussed in Eq. (27).

To identify the modes requiring stabilization, which are collected in
the matrix (i>, the same condition as given in Eq. (31) is utilized. For
simplicity, the user-defined threshold value ¢, is identical for both the
stiffness and mass stabilization approaches. However, it is vital to keep
in mind that the collected modes still include the physically meaningful
zero eigenspace associated with the RBMs of the structure, which must
remain unchanged. In the next step of the analysis, it becomes necessary
to extract these mode shapes. Consequently, we further partition the
matrices @ and A

L : [Ay 0 L
®=[d, &,| and A=[0° f\u]’ with Ay=0. (38)

In this context, the matrix <i)u contains all n, mode shapes correspond-
ing to (nearly) zero eigenvalues, while @, contains the RBMs. It is
worth noting that in Eq. (38), the eigenvalue matrix f\o is theoretically
defined as a zero matrix. However, in practical numerical computa-
tions, round-off errors introduce very small but non-zero eigenvalues.
This issue results in the need for a RBM-extraction procedure, since it
is impossible to clearly distinguish between RBMs and modes requiring
stabilization.

Moreover, it is important to consider that in enriched methods like
XFEM, additional modes beyond the RBMs must be included in ®,, as
discussed in Refs. [26,31]. In the context of nonlinear problems, zero
eigenvalues associated with stability issues such as buckling or material
instabilities must also be accounted for, adding an additional layer of
complexity to the identification of the valid zero eigenspace. Hence, a
RBM-extraction technique that meets the requirements for identifying
the correct set of eigenvalues to be excluded is discussed next.
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Depending on the clustering of (nearly) zero eigenvalues, an ex-
traction procedure is required to isolate the RBMs from the unphysical
modes. To achieve this, we employ a Gram-Schmidt orthogonalization
procedure

no
A AT . .
9 _ g, - Z(@ ¢RBM,,-)¢RBM,,- Viell,n] with ng=ng+n,.

(39)
Here, the RBMs — ¢gp)y; — are extracted from the singular set. By ap-

- GS

plying Eq. (39), we obtain a new set of eigenvectors denoted as @ ,
which consists of the orthogonalized unphysical modes.

In order to identify the physically meaningful zero eigenvalue

modes, the vector-norm of each eigenvector (}IGS can be computed. Typ-
ically, RBMs can be distinguished by their significantly smaller vector-
norms compared to the other modes:

|67°] <1x107  viern]. (40)

2

The norm should also be significantly smaller than one since mode
shapes are orthogonal to each other. Therefore, only modes that are
primarily composed of a linear combination of RBMs are affected by
the orthogonalization process. If condition (40) is satisfied, indicating
that the norm of the eigenvector is sufficiently small, the corresponding

eigenvector is deleted from the set @GS

However, for badly cut elements with only a small volume fraction
of the physical domain y, it is sometimes observed that there are no
pure RBMs that can be deleted after the orthogonalization step. In these
cases, all modes corresponding to (nearly) zero eigenvalues can be de-
scribed as a linear combination of RBMs and spurious mode shapes,*
which negatively impact problem conditioning and accuracy, thus re-
quiring stabilization. The orthogonalization procedure extracts the RBM
components from the original modes, leading to a notable reduction in
the eigenvector’s norm. In such cases, condition (40) cannot be satis-
fied, as the components of the mode shapes are still non-zero due to
significant contributions from the spurious eigenvectors.

An alternative criterion for checking the presence of RBMs is based
on the smallest eigenvalue, A_;,. If the following condition is met, the
corresponding mode can be deleted:

4GS

~GS\T
(#7) @
The second criterion, based on the numerical properties of the system,
appears to be more versatile and will be employed in all simulations

throughout the rest of this article. In cases where well-separated RBMs
exist, the norm of all eigenvectors in @, is theoretically zero after the

<A (41)

‘min *

orthogonalization step. The resulting modified set, denoted as (i)fs,
contains only the modes used in the stabilization technique. Follow-
ing the orthogonalization procedure, a normalization step according to
Eq. (28) is performed. This step ensures that the vector-norm remains
equal to one.

To apply the Gram-Schmidt algorithm, as described in Eq. (39), we
need analytical expressions describing all RBMs ¢ggy ; with j € [1,n].
Fortunately, such expressions are well-documented in the literature [67,
68]. For the sake of completeness, we provide the expressions for the
three RBMs in two-dimensional problems:

0]",
1",

PreM1 = [1 0 1 (42)

Prema = [0 010

(43)

4 Remark: The term “spurious mode shapes” refers to modes that arise due to
the small support of certain degrees of freedom. These modes negatively impact
the conditioning of the problem and result in inaccurate approximations, hence
requiring stabilization.
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¢RBM,3 =
[ﬁ—Rl cos(9;) —R;sin(0;) +R,cos(d,) —R,sin(d,) +R;cos(6;) -R,, sin(G"N)]T

(44)

Here, R; represents the distance from a specific node to the origin
of a element-specific coordinate system (%j), and 6; denotes the an-
gle with respect to the local X-axis. This formulation utilizes a polar
coordinate system to derive the expression for the rotational RBM.
In three-dimensional cases, a spherical coordinate system is employed
[67,68]. It is assumed that the coordinate vector of an element is de-
fined as follows:

X={X] Y1 X ¥y X V) (45)
and thus, the radius and the angle are defined as
- - Ji
R;=4/%;+y; and 6;=arctan e (46)
i
with %; and J; representing the nodal coordinates of the i node in

the elemental coordinate system. In this coordinate system, the origin
coincides with the centroid of the element with straight edges. It is im-
portant to note that only the corner nodes are considered to determine
the location of the centroid

1 13
=ZZx,- and yc=ZZy,-.
i=1 i=1

Therefore, the new coordinates in the element-specific coordinate sys-
tem are

HEBRE

That means, by knowing the global coordinates of all nodes associated
with a finite element, we can easily compute the eigenvectors for all
RBMs. The number of nodes involved in the computation depends on
the chosen polynomial degree p of the shape functions

47)

(48)

] or X=X—X_..

ny=(p+1)7, (49)

where d denotes the dimensionality of the problem. The expression
provided assumes a tensor product formulation of the finite element
shape functions, which restricts the discussion to quadrilateral and hex-
ahedral elements in this article. This choice is consistent with most
publications in the context of immersed boundary methods, where reg-
ular Cartesian meshes are commonly used. For applications involving
unstructured discretizations, we refer the reader to Refs. [69-71]. Ad-
ditionally, we need to consider hierarchic or modal shape functions
typically used in the p-version of FEM and the FCM [18,72]. In such
cases, the higher-order degrees of freedom (DOFs) do not have a direct
physical interpretation and can be regarded as unknowns of the high-
order polynomial ansatz space. Consequently, when applying rigid body
displacements to an element, only the nodal shape functions associated
with the corner nodes of the element are activated. This implies that
all DOFs associated with high-order shape functions are set to zero in
Eq. (44). For quadrilateral elements, this results in only eight non-zero
components (four nodes with two DOFs each), while for hexahedral el-
ements, 24 components may have non-zero values (eight nodes with
three DOFs each). According to Ref. [26], a second orthogonalization
step might be necessary as the extraction of the RBMs from & can lead
to an ng-fold linear dependence. Therefore, the mode shapes used to
construct the stabilization matrix are subject to additional orthogonal-
ization
i-1

e

Jj=1

Viell,n,]. (50)

GST GS ~GS
< u,i u )¢u,j

After the second orthogonalization step, an additional normalization
step is required. Equation (28) can be used once again for this purpose.
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Finally, the stiffness stabilization matrix Kf for a cut element is com-
puted as follows:

My
>S _ ~2GS ~2GS,T
Kc =65 Z<¢u,i ¢u,i :
i=1

The global stiffness stabilization matrix is again obtained by aggre-
gating the contributions from all poorly cut elements

(5D

nc

KS=| K, (52)
c=1

and the stabilized (or modified) stiffness matrix is defined as

KMo =K + KS. (53)

To verify the correctness of the implementation of the stabilization pro-
cedure, it is advisable to perform an eigenvalue analysis of the stabilized
stiffness matrix. In this analysis, only n, zero eigenvalues correspond-
ing to the RBMs of the element should be present. Additionally, the
condition number of the stabilized element subject to minimal Dirich-
let boundary conditions can be computed and compared to the original
value. If the condition number is significantly reduced, it indicates that
the implementation is functioning correctly.

4.3. Scaling approach

A severe shortcoming of the stabilization introduced in Sects. 4.1
and 4.2 is that its parameter eg is independent of the system of units
being employed in the analysis. In other words, while the mode shapes
remain unaffected by a change in units, the absolute values of the
matrix components do vary with them. Because of this reason, we
propose to augment the stabilization factor by an additional scaling
procedure, which should be a function of the largest component of the
stiffness/mass matrix® of an uncut (finite) element. It is important to
note that, for the remainder of this section, all explanations are related
to the stiffness term, but the same technique is also applied to the mass
term.

To achieve our goal, the following approach is suggested:

1. Determine the maximum absolute value of all components in the
elemental stiffness matrix K, °:

ke max = max[(Ke);;] Vi,j=1,2,...npop (54)
2. Determine the maximum absolute value of all components in the
elemental stiffness stabilization matrix K5:
S S
Ko max = max[(K)y] Vik,I=12,..npog (55)
3. Compute the so-called scaling parameter n,:
k . ke,max
ny = 107, with y = [log; <6 (56)
kc,max
4. Scale the stiffness stabilization matrix:
S _ kS
K? =n,K. (57)

5 Remark: For mass stabilization you can determine the largest component of
the elemental mass matrix either from the consistent (i.e., fully-populated) or
from the lumped (i.e., diagonal) matrix. Note that all results presented in the
paper are obtained using the consistent elemental mass matrix.

6 Remark: We explicitly use the finite element matrix K,, which is entirely
located in the physical domain, i.e., the element is uncut. The rationale be-
hind that decision is that the contribution of one finite element in a sufficiently
refined mesh is already small, such that any additional dependence of the stabi-
lization magnitude on the volume fraction y of a cut element should be avoided
a priori.
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This approach ensures that for a specific stabilization parameter eg, a
similar degree of stabilization is achieved regardless of material prop-
erties. Furthermore, Eq. (56) ensures that the largest component in the
stabilization matrix is approximately e ! times smaller than the largest
entry in the corresponding finite element matrix, where |[]] denotes
a rounding operation. At this point, it is essential to emphasize once
more that we handle the mass stabilization matrix in an analogous fash-
ion. To this end, we simply substitute all stiffness-related terms in the
previously outlined process with their mass-related counterparts. Con-
sequently, we will utilize distinct scaling parameters denoted as nlg and
ny! for stiffness and mass stabilization, respectively.

It is worth emphasizing that our strategy for determining the ac-
tual stabilization parameter differs significantly from previous works
[19,26,31]. Instead of applying a nonlinear function to determine the
actual stabilization factor, we opt for a constant one, which is scaled
based on the maximum components of the stabilization matrix and the
corresponding finite element matrix. Therefore, all recommendations
regarding a suitable value for eg are not directly transferable to our
case. They offer guidance to initiate our investigations, but we expect
that a different range of values will emerge as the optimal choice.

While we can intuitively understand the logic behind using a non-
linear function to stabilize modes with smaller eigenvalues by using
larger stabilization parameters, there is no concise theoretical justifica-
tion or numerical evidence available to support the notion that this is
the best choice. Hence, we choose the simplest and most elegant ap-
proach, i.e., the one that has been established in previous sections.
However, it is certainly worthwhile to refine the formulation of the
stabilization parameter based on a simple benchmark model and multi-
objective optimization. For transient problems, which are the primary
focus of this contribution, the main goal is to maximize the critical time
increment, while maintaining a certain level of accuracy.

4.4. Variants of the eigenvalue stabilization scheme

In the original implementation of the FCM or SCM, the a-method
was utilized to stabilize the results in the fictitious domain. Therefore,
the a-method is chosen as a reference to evaluate the performance
of different variants of the EVS-technique. The EVS-technique can be
broadly classified into three main categories based on which matrices
are stabilized:

1. Stiffness-Stabilized Systems,
2. Mass-Stabilized Systems,

and
3. Mass-Stiffness-Stabilized Systems.

Moreover, various subcategories arise from different choices, such as
the order of lumping the mass matrix before or after computing the
eigenvalues, the specific lumping technique used, and more. For ease
of reference, all these choices are summarized in Table 1, which also
includes an extra column for the value of «j. Setting the indicator func-
tion to zero within the fictitious domain allows us to focus solely on
the impact of the EVS-technique. However, it is worth noting that com-
bining the a-method with the EVS-technique (targeted stabilization) is
indeed a valid option, and this approach will be further investigated
in this study. On the other-hand side, it is obvious that the application
of a-stabilization to cut cells diminishes the effectiveness of the EVS-
technique since the entire fictitious domain is already stabilized. As a
result, fewer modes of a cut element need stabilization, leading to a
partial loss of the actual benefits of the EVS-technique. Consequently,
combining both stabilization schemes does not guarantee an improved
performance.

The presence of numerous submethods is related to the mass sta-
bilization matrix, which can be computed using either the consistent
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Table 1

Variants of the eigenvalue stabilization technique.
No. Vvar. KMd MM Compute WandQ  Lumping: M®  Lumping: M,  a
1 Oa X X n/a n/a 4 0
2 0b X X n/a n/a X 0
3 Oc X X n/a n/a v 10°10
4 od X X n/a n/a X 10-10
6 of X X n/a n/a X 107
7 la 4 X n/a n/a v 0
8 1b v X n/a n/a X 0
9 2a X v CMM X 4 0
11 2¢ X v CMM Row-Sum v 0
12 2d X v CMM X 0
13 2 X v CMM HRZ X 0

2 X v omm RowSum X _ o __
15 2g X v LMM X 4 0
16 2h X v LMM HRZ v 0
17 2 X v LMM Row-Sum 4 0
19 2k X v LMM HRZ X 0
20 2 X v LMM Row-Sum X 0
21 3a v v CMM X v 0
22 3b v v CMM HRZ v 0
23 3¢ v v CMM Row-Sum v 0
24 3d v v CMM X 0
25 3e v v CMM HRZ X 0
26 3f v v CMM Row-Sum X 0
27 3g v v LMM X 4 0
28  3h 4 v LMM HRZ v 0
29 3i v v LMM Row-Sum v 0
30 3j v v LMM X X 0
31 3k v v LMM HRZ X 0
32 3l v v LMM Row-Sum X 0

mass matrix (CMM) or the lumped mass matrix (LMM). In this article,
the HRZ method is employed for lumping the mass matrix within the
framework of the SCM, as discussed in Ref. [11]. Other options such as
(constrained) moment fitting approaches [58] are out of the scope of
the current contribution. However, for lumping the mass stabilization
matrix two different options exist: (i) the HRZ-method and (ii) row-
summing. Clearly, another option is to use the consistent matrix for
stabilization. However, this approach has drawbacks, especially when
dealing with explicit time integration schemes. For the sake of com-
pleteness and despite the aforementioned issues, we have still included
all variants that employ either a consistent mass matrix or a consis-
tent mass stabilization matrix in our list. Nevertheless, it is important
to note that these approaches are not competitive in terms of the over-
all numerical costs associated with an explicit time integration scheme.
In the following, our investigations first focus on the potential increase
in the critical time increment. However, it is essential to consider the
overall efficiency of the developed approach in the later stages of our
analysis (see Sect. 8).

To explain the notation put forward in Table 1, let us consider vari-
ant 2j as an example. In this case, only the mass matrix is stabilized (v),
while the original matrix is used for the stiffness matrix (X). The mass
stabilization matrix, denoted as M3, is computed based on the lumped
(diagonalized) mass matrix (LMM), i.e., ¥ and Q are derived from the
LMM formulation. However, neither the cell’s mass matrix M, (X) nor
the mass stabilization matrix Mf’ (X) are lumped in this variant of the
EVS-technique. The other rows in this table marking other variants of
the stabilization scheme are to be understood/interpreted in a similar
manner.

5. Central difference method

This section explores the ramifications of stabilizing the mass ma-
trix and/or stiffness matrix on the chosen time integration scheme.
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Specifically, we focus on the central difference method (CDM) as a
representative example of explicit time integration methods [32]. The
observed characteristics and performance can shed light on the broader
implications of stabilizing the matrices in explicit time stepping algo-
rithms.

5.1. Theoretical derivation

The derivation of temporal discretization schemes begins with the
semi-discrete equations of motion, as expressed in Eq. (11). In order to
solve these second-order ordinary differential equations in time, initial
conditions must be specified. These initial conditions can be written as:

Ut=0)=U, and Ur=0)=U,, (58)

where U(r = 0) and U(r = 0) represent the nodal displacement and ve-
locity vectors at the start of the computation, typically at t=0. These
conditions are necessary to form a well-posed problem for the subse-
quent derivation of explicit time integration methods. Only by incor-
porating the given initial conditions, the solution of the equations of
motion becomes feasible.

To derive explicit time integrators, the balance of momentum equa-
tion is expressed at a specific time step i, which can be written as
follows:

MU, + CU; + KU, =F._. (59)

In the next step, the temporal derivatives are approximated by central
difference formulae
_ Ui+1 - Ui—l

! 2At
and

s (60)
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U= Uiy —2U;+ U,

' Af2 ’
which are substituted into Eq. (59). Subsequently, the terms associated
with quantities at time steps i — 1, i, and i+ 1 (i.e., the values we intend

to calculate) are gathered independently, resulting in
: M : C |U
Az t3A; i+l
! 2 1
:Fex— K—FM U,+ EC Ui—l .

For a comprehensive derivation of the expressions and an extensive
analysis of their numerical characteristics, we recommend consulting
the monographs by Chopra [32] or Bathe [73].

It is worth noting that the derived expression holds true for every
time step and can be reformulated to resemble the static equilibrium by
introducing an effective stiffness matrix K and an effective load vector
F

(61)

(62)

1M
aet”

KU,,, =F,. (63)

When employing explicit time stepping schemes in linear analyses, it is
crucial to consider two key factors:

1. Temporal progression relies exclusively on the numerical results
from preceding time steps, such as i and i — 1.
2. Efficient matrix-vector products suffice for advancing in time.

It is worth noting that the second point is only realized when both the
mass and damping matrices are diagonal, eliminating the need to solve
a system of equations. This aspect underscores the significance of mass
lumping within the realm of explicit time stepping investigations.

In explicit methods, the assembly of a global stiffness matrix is typi-
cally unnecessary, as only the vector of internal forces is required. Con-
sequently, it is common practice to employ element-by-element tech-
niques. Given that explicit methods are typically conditionally stable,
solving a system of equations at each time step would be prohibitively
costly.

While it is a viable option in linear elastodynamics to factorize the
effective stiffness matrix to reduce the computational burden, the nu-
merical costs are often still dominated by the stability limit. For a
comprehensive exploration of mass lumping across different finite el-
ement families, we refer the reader to Refs. [60,74] and the related
references therein.

Keep in mind that the CDM is not self-starting, necessitating some
remarks regarding the start-up procedure. By substituting the initial
conditions stated in Eq. (58), into the semi-discrete equation of mo-
tion (59), the initial acceleration can be derived as follows:

Ut=0)=0y=M"(F’ - KU, - CUj,). (64)

Furthermore, during the initialization phase of the time integration
method (i.e., for =0 or equivalently i =0), it is necessary to know the
displacement vector at = — At (or i= — 1) as well [32] - cf. Eq. (62).
This value can be obtained by

A%

U_, =U, - AU, - TUO . (65)

5.2. Stiffness- and mass-stabilization

To integrate the EVS-technique into time stepping schemes, it is only
necessary to replace the original system matrices in Eq. (59) with their
stabilized/modified counterparts, resulting in

MMedy, 4 cMod, + KM, = F (66)
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Please note that the structure of Eq. (66) is identical to Eq. (59), suggest-
ing that the numerical characteristics of the resulting time integration
scheme are likely similar. However, it is important to acknowledge
that substituting the expressions changes the numerical outcomes.” The
magnitude of the error resulting from this adjustment depends on the
choice of the stabilization parameter e. It is crucial to strike a balance
between accuracy and effective stabilization, as these goals are often
conflicting with each other.

When utilizing the stabilized matrices, the resulting expression to
calculate the displacement field at time step i+ 1 can be expressed as
follows:

(

1 1
FMl\/l()d + mCMOd>UH—1

. 2 1 1
— Flex _ |:<KMOd _ FMMOd>Ui + (FMMDd _ mCMOd>U[_1:| .

(67)
Equation (67) can be again reformulated as a static equilibrium equa-
tion, resulting in

KMOdUi+1 — Fi\/lod . (68)

It is important to note that depending on the chosen variant of the
EVS-technique (refer to Table 1), not all matrices need to be stabilized.
Since the damping matrix is simply a linear combination of the mass
and stiffness matrices, its stabilization depends on these two matrices
and is not discussed separately.

For applications in explicit dynamics, improving the condition num-
ber through the EVS-technique is merely a side-effect and does not
significantly impact the process. Since no system of equations is solved
in each time step (assuming mass and damping matrices are diagonal),
the conditioning of the stiffness matrix is not of utmost importance.
Therefore, stabilizing K is not essentially required for explicit dynam-
ics.

On the other hand, when considering implicit time integration
schemes, an improved condition number of the system matrices be-
comes crucial for both direct and iterative solvers, which are used in
each time step. As a result, a difference in the application of the EVS-
technique for explicit and implicit dynamics may arise.

5.3. Amplification matrix and load-operator

To assess the implications of using the EVS-technique for explicit
time stepping, it is necessary to re-evaluate the properties of the se-
lected time integrator. The stability analysis of the CDM follows the
methodology initially introduced in Ref. [75]. In this analysis, a single
degree of freedom (SDOF) system is examined,® and both the amplifica-
tion matrix A and the load-operator L are derived. The derivation of A
and L is based on different versions of the equation of motion discussed

7 Remark: When considering the a-stabilization technique, it is worth not-
ing that the system matrices can also be divided into a standard matrix and a
stabilization matrix. The standard matrix is computed using a(X,,,)=1 in the
physical domain and a(x;;) =0 in the fictitious domain. On the other hand, the
stabilization matrix is computed using a(x;,) =, in the fictitious domain and
a(Xyhys) =0 in the physical domain. Hence, the same error analysis is applicable
to the a-method as well. Further exploration of this perspective will be pre-
sented in an upcoming publication that addresses a method aimed at mitigating
the loss of accuracy introduced by stabilization.

8 Remark: For linear elastodynamics the superposition principle holds and
therefore, it is possible to decouple the semi-discrete equations of motion by
means of a modal decomposition, which renders the stiffness and mass matrices
diagonal. This means that the movement of a structure is essentially governed
by a weighted superposition of all mode shapes.
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in the previous subsections. For clarity, we will present the required ex-
pressions in a scalar format. The equation of motion is conventionally
expressed as follows:

mii; + cu; + ku; = feix . (69

In contrast, the stabilized version of the equation of motion produces
the following expression:

mModiy, 4 Mody, 4 gMody, = g1 (70)

It is observed that changing from the unstabilized to the stabilized ver-
sion of the equation of motion, one only needs to exchange the mass,
damping, and stiffness parameters with their stabilized counterparts.
Therefore, it is sufficient to derive A and L for the unstabilized scheme.
The central difference expressions are defined by

1
U= 2_At(“i+1 — Uiy, (71)
and
ii; = E(”Hl = 2u;+u;_y). (72)

Equations (71) and (72) are substituted into Eq. (69), which yields

1 .
A—tzm(uiﬂ —2u;+u_)+ 2—c(u,-+1 —u) thu = . (73)

At

By separating all terms related to u;_;, u;, and u;, |, we can express the
time integration scheme in a recursive relation of the form:

u, =Au; +L 74

where u; | and u; represent the vectors storing the solution quantities,
which can be displacements, velocities, or accelerations depending on
the selected time integrator. In the case of the standard CDM implemen-
tation, Eq. (74) takes the following form:

{ui+l}=A{ u; }+L
u; Uiy

The structure of the amplification matrix A can be described as follows:

(75)

~]Ay, A

_7-1{4n Az
aeiet[f 4] 7o
with
Ay =2m— APk, 77)
and

At R

A12:7c—m=k—2m, (78)
The load-operator, on the other hand, takes the following form:

_i-1| L1
L=k [ ol (79)
with
Ly=Arf . (80)

For the sake of a compact notation, the auxiliary variable k is defined
as
At

k=m+—c.
m 26

To assess the stability of a direct time integration scheme, the spec-
tral radius of the amplification matrix A is examined by solving the
eigenvalue problem

(81)

AX = AX, (82)
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which yields non-trivial solutions only for

det(A — AD) =0. (83)

In order for a time integration scheme to be stable, it is necessary for the
absolute value of the spectral radius to satisfy the condition |o(A)| < 1.

The characteristic equation (polynomial) p(4) of a general 2 X 2 ma-
trix A can be expressed as
P (D=2 — A1+ A,

with A, =tr(A) and A, =det(A). (84)

Given the specific structure of the amplification matrix in the CDM, the
two constants correspond to A; =k~'A,, and A= — k™' A,,, respec-
tively. Consequently, the characteristic polynomial can be expressed as:

PN ==k A Ak A =k (kA - A A Ay). (85)

To establish the range of Af in which the CDM remains stable, the
following approach can be employed: Initially, we substitute A= + 1
into Eq. (85) and subsequently solve the resulting quadratic equation
to obtain the corresponding values of At. Evaluating the equation for
A= + 1 leads us to the conclusion that either k=0 or Ar=0, which
is not physically reasonable for investigating structural dynamics prob-
lems. However, from the condition A= — 1, the following expression
can be derived:

0=4m— APk (86)

assuming that none of the quantities m, ¢, k, or At can be zero or neg-
ative. From this expression we infer that the critical time step size for
the CDM is:

4
——=x
m1k
where the result with the negative sign is discarded due to physical
reasons. Interestingly, the derived value for the critical time step size
is independent of the introduced physical damping.® Consequently, the
critical time step size should be selected to satisfy the condition Az €
10,2/0], where w represents the natural frequency of the (undamped)
system.

When examining the stability limit for the time stepping scheme
based on Eq. (70), the analysis is analogous to the one previously dis-
cussed. Hence, we can proceed by substituting the original matrices
with their stabilized counterparts, leading to the following expression:

4
(m*)~1k* -

At this point, we want to stress that this expression — Eq. (88) - is uti-
lized to obtain the numerical results for the critical time step size listed
in Sect. 6. Depending on the chosen variant of the EVS-technique, all
quantities denoted by a star []* represent either the original quantity
[] or its modified version [ M4,

2

[0)

At , (87)

o =

2

At* = )
C()*

cr

(88)

6. Critical time step size

In order to evaluate the impact of the EVS-technique on increasing
the critical time step size Af.., while disregarding its effect on the ac-
curacy of the numerical simulation, a simplified model comprising a
single cut element is analyzed. To this end, we consider the following

9 Remark: In truly explicit time integration schemes, the effective stiffness ma-
trix is determined solely by the mass m and remains unaffected by the damping
parameter c¢. Consequently, the critical time step size exhibits a dependence on
the value of c¢. However, for the CDM, the effective stiffness matrix is depen-
dent on both m and c, leading to the critical time step size At being exclusively
determined by k and m, while being independent of c.
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Fig. 3. Model of a rectangular plate intersected by a circular domain boundary (Discretization: 1 x 1 finite elements, Subdivision depth: k =8; Red solid line: physical
boundary of the circular hole). Color coding for the numerical integration — Dark gray: integration domains located in the physical domain; Light gray: integration
domains located in the fictitious domain; Yellow: cut integration domains (leaf cells of the tree data structure).

two-dimensional setup: Fig. 3 illustrates a single finite element inter-
sected by a circular void region. The circle’s origin coincides with the
lower left corner vertex of the quadrilateral element. In the following
investigations, the radius of the circle r, is set to 1.2, while the elemen-
t’s side lengths remain fixed at 1, resulting in a volume fraction y (with
respect to the physical domain) of 4.9%. As described in Section 3, a
composite numerical integration scheme based on a spacetree decom-
position of the integration domain is employed, with the subdivision
level set to k=38. For the simulations, a plane stress state is assumed,
and the material properties chosen are those of steel: Young’s modulus
E =210GPa, Poisson’s ratio v=0.3, and mass density p=7850ks/m*.

Using this example, the different variants of the EVS-technique (see
Table 1) are evaluated. For the initial investigation, the two param-
eters of the stabilization technique, ¢; and eg, are chosen as 107*
and 1074, respectively. Moreover, the numerical results obtained us-
ing the a-method are also included as a reference for different values of
ay € {0, 10712, 1073}, denoted as variant 0.

The numerical results for the critical time step size are listed in
Table 2, where all values are normalized with respect to the critical
time increment obtained for variant Oe. For different polynomial orders
p € [1,8], the reference values are [27.1141, 16.4569, 12.7724, 5.60615,
4.33158, 3.13476, 2.44573, 1.82912] us. Note that these results corre-
spond to the standard a-stabilization with ;= 107> and a lumped mass
matrix. The lumping procedure is discussed in detail in Ref. [11], where
it is shown that only HRZ-lumping ensures the positive-definiteness of
the mass matrix for cut elements.'? In order to be useful, the proposed
EVS-technique should yield an improved performance regarding higher
critical time step sizes, while maintaining accuracy.

When choosing a suitable variant of the proposed stabilization
scheme, it is essential to consider different application scenarios. In
implicit time integration methods, such as the trapezoidal rule of the
Newmark family, the ill-conditioning (with respect to matrix inver-
sion) of the stiffness and mass matrices becomes a major concern. This
is because implicit schemes require solving a linear system of equa-
tions in each time step, where the effective stiffness matrix consists
of a linear combination of both stiffness and mass matrices. In such
cases, ill-conditioning can result in inaccurate solutions when using di-
rect equation solvers, or significantly increased iteration counts when

10 Remark: In the context of the spectral cell method (SCM), it is important
to note that mass lumping of uncut elements (standard spectral elements) is
accomplished through a nodal quadrature technique, while cut elements are
diagonalized using the HRZ-method.
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employing iterative equation solvers. Hence, it is advisable to stabilize
both the stiffness and mass matrices in the context of implicit methods.
Consequently, appropriate options should be taken from group 3.

On the other hand, in explicit time integration schemes like the
CDM, the ill-conditioning (with respect to matrix inversion) of the sys-
tem matrices is of lesser importance, i.e., lowering the condition num-
ber for inversion is not a priority. This is because only simple matrix—
vector products are required to compute the internal force vector in
linear problems, and no system of equations needs to be solved as long
as the mass matrix for truly explicit schemes and the mass and damp-
ing matrices for explicit schemes are diagonal. Thus, a different notion
of ill-conditioning (with respect to matrix-vector products) becomes im-
portant and must be considered for explicit methods. Considering that
ill-conditioning in matrix-vector products is less likely to pose a prob-
lem in numerical methods, it appears reasonable to focus on stabilizing
only the mass matrix for explicit dynamics. Consequently, appropriate
options should be taken from group 2.

In the subsequent paragraphs, we will analyze the numerical results
presented in Table 2. One important observation is that the numeri-
cal time increments obtained for variants 2g, 2h, and 2i are identical.
In these variants of the EVS-scheme, only the mass matrix is stabilized,
and the eigenvalue decomposition is based on the lumped mass matrix.
Therefore, it is essential to recall that the eigenvectors of a diagonal
matrix contain only one non-zero value each; otherwise, off-diagonal
elements would arise from the spectral decomposition. Consequently,
the computed mass stabilization matrix is diagonal as well. In essence,
the stabilization entails adding additional mass to those nodes within
the fictitious domain, whose shape functions exhibit little support in
the physical domain. Since the mass stabilization matrix is already
diagonal, the application of any mass lumping technique becomes in-
consequential. This explains why the resulting time step sizes for all
three variants are identical. In our specific example (refer to Fig. 3),
it is evident that all nodes located near the origin of the global coor-
dinate system require stabilization. Keep in mind that the size of the
stabilization zone varies depending on the chosen value of ¢,. Conse-
quently, in order to offer reliable recommendations regarding the most
suitable variant of the EVS-technique to employ, it becomes imperative
to thoroughly study the effects of both eg and ¢;,.

Upon analyzing this initial example, it becomes apparent that the
performances of variants 2a to 2c and 3a to 3c are markedly better com-
pared to all other options. To narrow down the number of possible
approaches, all variants from group 3 are excluded from further consid-
erations as we want to keep the complexity of the proposed stabilization
approach as low as possible. Hence, it is preferred to only stabilize the
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Table 2
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Normalized critical time step size Ar7>"™ for different variants of the EVS-technique and poly-
nomial degrees p of the shape functions. Parameters: e, = 1074, ;¢ with e =10~* (variant 0:
a-method; variants 1 — 3: EVS-technique — a,=0).

p

No. 1 2 3 4 5 6 7 8

Oa 0.9135 0.9821 0.9738 0.8813 0.9082 0.8262 0.8286 0.7900
0b 0.4792 0.3322 0.2328 0.3283 0.3007 0.3523 0.3424 0.4131
Oc 0.9135 0.9821 0.9738 0.8813 0.9082 0.8262 0.8286 0.7900
od 0.4792 0.3324  0.2742 0.4646 0.4647 0.5283 0.5749 0.6469
Oe 1 1 1 1 1 1 1 1

of 0.5978  0.6070 0.5915 0.9845 1.0379 1.1036 1.1800 1.3030
la 0.9135 0.9530  0.5804 0.3278 0.3418 0.2660 0.2500 0.2103
1b 0.4792 0.0056 il ¥ T T T T

2a 1.3679 1.1338 1.1331 1.4304 1.3587 1.4469 1.2487 1.2914
2d 0.7439  0.7950  0.5756 1.0265 1.1329 1.1655 1.2632 1.4538
2e 0.7409  0.7972 0.6709 1.3317 1.3062 1.4989 1.3422 1.5101
2f 0.7434  0.8066 0.7242 1.3665 1.3580 1.5479 1.3589 1.5316
2g 0.9135 0.9821 1.0198 1.3227 1.2629 1.2577 1.1643 1.1961
2h 0.9135 0.9821 1.0198 1.3227 1.2629 1.2577 1.1643 1.1961
2i 0.9135 0.9821 1.0198 1.3227 1.2629 1.2577 1.1643 1.1961
2j 0.4792 0.3322 0.2752 0.5669 0.5359 0.4735 0.4675 0.5239
2k 0.4792 0.3322 0.2752 0.5669 0.5359 0.4735 0.4675 0.5239
21 0.4792 0.3322 0.2752 0.5669 0.5359 0.4735 0.4675 0.5239
3a 1.3679 1.1291 1.1304 1.4284 1.3577 1.4463 1.2462 1.2902
3b 1.3125 1.1597 1.1739 1.6443 1.4762 1.6848 1.3038 1.3477
3c 1.3420 1.1469 1.1662 1.6532 1.4626 1.6889 1.2876 1.3323
3d 0.7439  0.7949  0.5748 1.0260 1.1325 1.1651 1.2631 1.4535
3e 0.7409  0.7972 0.6705 1.3313 1.3059 1.4988 1.3419 1.5097
3f 0.7434  0.8066  0.7240 1.3663 1.3578 1.5479 1.3587 1.5312
3g 0.9135 0.9530 1.0008 1.3194 1.2612 1.2542 1.1613 1.1945
3h 0.9135 0.9530 1.0008 1.3194 1.2612 1.2542 1.1613 1.1945
3i 0.9135 0.9530 1.0008 1.3194 1.2612 1.2542 1.1613 1.1945
3j 0.4792 0.0056 0.0015 0.0066 0.0010 0.0001 T T

3k 0.4792 0.0056 0.0015 0.0066 0.0010 0.0001 T T

31 0.4792 0.0056  0.0015 0.0066 0.0010 0.0001 T T

The symbol § denotes values that are either below a numerical threshold of 10~* or complex.

mass matrix, while the stiffness matrix remains unstabilized (use op-
tions from group 2). Furthermore, it is observed that by stabilizing the
stiffness matrix no additional advantages are gained. Despite perform-
ing reasonably well, variant 2a is also excluded from the set of suitable
options. This is due to the fact that the mass stabilization matrix is not
lumped and therefore, severe performance penalties for explicit time
integration schemes are incurred.

To reach a definitive conclusion regarding the most suitable variant
of the EVS-technique for explicit time integration schemes, we conduct
a thorough investigation by varying the stabilization parameter e and
the threshold value ¢;. The results of these parameter studies for vari-
ants 2b and 2c are provided in Tables 3 and 4, respectively. At this
point, we want to stress that the results for eg =1 have been added for
the sake of completeness. They merely constitute an upper bound on
the stability limit, since a value of unity for that stabilization param-
eter essentially means that the mass and stiffness contributions of the
stabilization matrices are in the same order of magnitude as those of
the original matrices. Naturally, this leads to a significant change of the
dynamic properties of the structure under investigation. Consequently,
using eg =1 is not feasible due to accuracy concerns.

After conducting a comprehensive assessment of these parametric
studies, it becomes evident that variant 2b stands out as the most fa-
vorable method, showcasing a significant increase in the critical time
increment. In contrast to variant 2c, no problems with respect to the
method’s stability when using large values for e and ¢, are observed.
The difference between both variants lies in the fact that in 2b the
mass stabilization matrix is diagonalized by means of the HRZ-method,
while in 2c row-summing is used. Since row-summing can lead to neg-
ative components in the lumped matrix, the robustness of the proposed
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method cannot be guaranteed for all possible cases. Another notewor-
thy observation is that using a combined EVS-a stabilization scheme
does not result in a larger critical time step size. Therefore, it is rec-
ommended to employ the EVS-technique only. As for the values of the
parameters eg and ¢, it seems advisable to select a threshold value ¢,
of at least 107*, while the stabilization constant eg should be at least
1073 Keep in mind that these considerations are merely based on the
attainable critical time step size and accuracy considerations have not
yet entered the list of evaluation criteria (see Sect. 8).

To ensure a comprehensive and conclusive analysis of the default
parameters, we have undertaken a parametric study focusing on both
€, and eg. The outcomes of this extensive investigation are visually
depicted in Fig. 4. This supplementary figure offers a deeper under-
standing of the relationship between eg and ¢;, providing valuable
insights to aid in the selection of the most effective stabilization strat-
egy.

In Fig. 4, several key observations can be made. For the pure EVS-
scheme, depicted in the left column, the critical factor affecting the sta-
bility limit is the stabilization parameter ¢g. Remarkably, variations in
¢, within a wide range have minimal influence on the overall outcome,
except when eg assumes large values. In such instances, we observe a
dependence of the critical time step size on the threshold value ;.

The behavior is markedly different for the combined EVS-a-
stabilization. Here, even for smaller values of eg, we observe a notable
correlation between Af. and e,. This result aligns with expectations,
as the a-method stabilizes the entire fictitious domain, causing an in-
crease in eigenvalues. Therefore, a change in the threshold value will
also result in the stabilization of more modes. This phenomenon is
not encountered in the EVS-technique across a reasonable range of
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Table 3
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Normalized critical time step size Az;>™™ for variant 2b of the EVS-technique and different polynomial degrees p of

the shape functions.

p=1 2 3 4 5 6 7 8 Parameters
3.3801 24723 1.8662 28171 2.5957 2.6823  2.6667  2.8452 SE-GLL CMM
5.9659 3.9090 2.8107 3.9757 3.4586 3.4278 3.3017  3.4368 SE-GLL LMM
1 1 1 1 1 1 1 1 €, =0 es=0 =107
0.9141  0.9829 0.9773  0.9057 0.9366  0.8846  0.8446 0.8142 ¢,=10"* =107, «q,=
0.9194 0.9893  0.9984 09855 1.0094 1.0105 0.8948 0.8793 ¢,=10"* =10 ;=0
0.9699  1.0337  1.0601  1.2013  1.1722 12661 1.0281 1.0355 ¢,=10"* =107, «a,=
1.3125  1.1639 1.1758 1.6458 1.4768 1.6851 1.3060 1.3487 ¢, =10"* =107, ay=
1.8367 1.4861 1.3806  2.3930  1.9463  2.3321 1.7337 1.8771 ¢, =10 =107, ;=0
1.9099  1.8156 1.6060  3.2533  2.5503  3.0144  2.3236 25995 ¢, =107 =102, ;=0
1.9357 24191 19734 3.8364 29883 3.3577 2.9900 3.2254 ¢, =107 e=10"', )=
21208  3.5499 22196  4.0026  3.4376  3.5552  3.3999 3.4234 ¢,=10"* =1, ay=0
1.0005  1.0008 1.0023 1.0114 1.0124 1.0214  1.0038 1.0046 ¢,=10" =107, ;=107
1.0050  1.0075 1.0175 1.0650 1.0591  1.0975 1.0242 1.0279 ¢,=10" =107, ;=107
1.0479  1.0529 1.0698  1.2488  1.1948  1.2993  1.1086 11200 ¢,;=10" =107, ;=107
1.3496  1.1887 11792  1.6622  1.4834 16918 1.3341 1.3735 ¢,=10" =107, ;=107
1.8380 1.5184 13778  2.3746  1.9463  2.3297 1.7365 1.8756 ¢,=10" =107, ;=107
1.9114  1.8370 15754  3.2505 25446  3.0072  2.3254 25882 ¢,;=10" =102, ;=107
1.9393 24999 19320  3.8348 29780  3.3541 29991  3.1999 €,=10" ¢=10"", ;=107
21434  3.4157 21609  4.0029 3.4168 3.5552  3.4322 3.4121 ¢,=10"* =1, ay=10"°
0.9135 1.4388 1.4968 27622  2.2891 27606  2.1583 23967 ¢,=10"7 =102, ;=0
09135  1.4388 1.5767 27956  2.4464 27758 22874 24359 ;=10 =102, ;=0
09135 1.7219  1.6060 29812  2.5423 29404 23000 25236 ¢,=10" =102, ;=0
1.9099 1.8156 1.6060 3.2533 25503  3.0144  2.3236 25995 ¢, =10 =102, ay=
1.9099  1.8156 1.7216  3.2673  2.6999  3.1005 2.4031 26316 ¢, =107 =102, ;=0
24771  2.2155 1.8489  3.4627 27596  3.2902 24375 27129 ;=107 =102,  a,=0
1 1 1 1 1 1 1 1 ;=107  e=10"2, ;=107
1 1 1 1.3172  1.2144 1.1888 1.1082 1.1538 ¢;=10"° =102, ;=107
1 1.1450  1.2414  1.6544 1.5682 1.7337  1.4607 1.5582 ¢,=10" ¢s=1072, ;=107
1.9114 1.8370 15754  3.2505 25446  3.0072  2.3254 25882 ¢,=10" =102, ;=107
1.9114 1.8160 17203  3.2670  2.6997  3.1004  2.4036 26321 ;=107 =102, ;=107
2.4780 22167 1.8492  3.4628 27597  3.2903 24381 27134 ¢,=1072 =102, ;=107
9.5581  4.2002  3.0151  4.4653  4.3341  4.8341 41968 4.1005 ¢,=102 =1, ay=0
9.5582  4.2012  3.0149  4.4665  4.3340  4.8342 41968 4.1006 ¢,=10"2 =1, ay=10"°

values of €. This intriguing result highlights the fact that in the EVS- Kiny(A) = [|A]| ||A’1 I (89)

technique, the stabilized modes are, indeed, closely associated with d

(almost) zero eigenvalues, thus emphasizing the efficacy of the stabi- an

lization approach. AN TAHIII

Moreover, it is worth highlighting that the achievable (relative) im- Kmyp(A) = m = W (90)

provements in critical time step sizes become slightly more pronounced
when employing cut elements with high-order shape functions. This
suggests that the utilization of the EVS technique is particularly ef-
fective with high-order elements, thereby enhancing the efficiency and
accuracy of transient simulations.

The numerical findings presented in Fig. 4 substantiate our initial
recommendation to solely employ the EVS technique. The use of the
combined EVS-a method does not yield significant advantages. On the
contrary, it adversely affects performance, and consequently, we ex-
clude the combined scheme from further assessments.

7. Condition number

In the pertinent literature, the term “ill-conditioning” is often not
well-defined and used rather loosely. Therefore, it is crucial to clarify
the specific definition of the condition number used, particularly con-
cerning what aspect of ill-conditioning is being considered. Typically,
the condition number regarding matrix inversion, denoted as k;,,, is
addressed, which is relevant when solving a linear system of equations
(important for implicit time integration schemes). However, it is es-
sential to remember that there is also a condition number related to
matrix-vector multiplications, denoted as ky,,,, (important for linear ex-
plicit time integration schemes either at the global or element level
depending on implementational aspects). Both condition numbers are
significant in different scenarios and can be defined for the generic sys-
tem of equations Ax = b as follows:
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It is essential to emphasize that ill-conditioning in matrix-vector prod-
ucts is less common, as these operations tend to be more robust and less
sensitive to numerical issues compared to matrix inversion.

In this section, the condition numbers of the system matrices re-
lated to a square-shaped plate with a circular hole are investigated. The
plate’s dimensions are 200 mmx200 mm, and the circular void is cen-
tered at (x,=100mm, y,=0mm) with a radius of r=70mm. For the
analysis, we assume plane stress conditions and use material properties
of steel: E=210GPa, v=0.3, and p=7850%g/m:.

To exploit the structure’s symmetry, we model only a quarter of
the plate and apply symmetry boundary conditions at the right and
bottom edges, fixing the displacements in the normal direction. Fig. 5
illustrates the geometry of the model, including its dimensions, with
a spatial discretization of 2 X 2 finite elements. To enhance visualiza-
tion, we utilize color-coding: The integration domains of cut elements
are represented in various shades of gray, while white denotes uncut
elements (i.e., conventional spectral elements). Dark gray subdomains
correspond to regions within the physical domain, while light gray re-
gions belong to the fictitious domain. Additionally, we use yellow to
mark all integration subdomains intersected by the physical boundary
(red solid line).

As illustrated in Fig. 5b, the mesh for this benchmark problem con-
sists of one spectral element (white) and three cut elements (gray) with
varying volume fractions. Notably, the critical cut element is located in
the bottom-right corner. Among the cut elements, two exhibit volume
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Table 4
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Normalized critical time step size Ar;>"™ for variant 2c of the EVS-technique and different polynomial degrees p of

the shape functions.

p=1 2 3 4 5 6 7 8 Parameters

3.3801 24723  1.8662 2.8171  2.5957  2.6823  2.6667  2.8452 SE-GLL CMM
5.9659 3.9090 2.8107 3.9757 3.4586 3.4278 3.3017  3.4368 SE-GLL LMM

1 1 1 1 1 1 1 1 €, =0 es=0 =107
0.9142  0.9827  0.9764  0.9025 0.9334 0.8798 0.8431 0.8124 ¢,=10"* =107, «q,=
0.9201 09877 0.9936 09759  1.0010  0.9998  0.8902 0.8744 ¢,=10"* =10 ;=0
0.9759  1.0255  1.0492 1.1827 1.1575 12518 1.0178 1.0248 ¢,=10"* =10, «a,=
1.3420  1.1516 11686  1.6552 1.4635 1.6893 1.2900 1.3336 ¢,=10"* =10, =
1.8409  1.4834 14010 24966  2.0092 24241 17361 1.8825 ;=107 =107, ;=0
1.9099  1.8156 1.6060  3.2533 25503  3.0144  2.3236 25995 ¢, =10 =102, ;=0
1.3349  3.1825 21520  3.6006  3.3236  3.6439  3.0739 3.1754 ¢,=10"* =107, q,=
21208  3.5499  2.2196 4.0026  3.4376  3.5552  3.3999 3.4234 ¢, =10 =1, ay=0
1.0006 ~ 1.0005 1.0018  1.0097 1.0107 1.0192  1.0034 1.0041 ¢,=10"* =107, @y=107
1.0056  1.0048  1.0141  1.0580 1.0532  1.0902 1.0221  1.0257 ¢,=10"* €5=10"°,  a,=107°
1.0534 1.0379 1.0608 1.2326  1.1817 1.2871 1.1015 11134 ¢,=10"* =107, ;=107
1.3778  1.1584 11723  1.6728 14710 1.6967 1.3210 13625 ¢,;=10"* =107, ;=107
1.8424  1.4862  1.3964  2.4952  2.0096  2.4233  1.7403 1.8912 ¢,=10"* =107, a,=107°
1.8581  2.0462 17307  3.4732 26919 3.1800 2.3912 26722 ¢,=10"* =102, ;=107
1.2984  3.1793  2.0990  3.5973  3.2985  3.6414  3.0696 3.1501 ¢,;=10" e=10"', ;=107
i 49810 24551 4.5803 4.1526  3.4432 24809 =107  e=1, ay=1073
09135  1.6279  1.6687  3.0879  2.3765 29968  2.2573 25301 ;=107 =107, ;=0
09135 1.6279 17202  3.0879  2.6305 29968  2.3726 25718 ¢,=10"° =102, ;=0
09135 1.7760 17574  3.1594 26975 29306 2.3918 25504 ¢,=10" =102, ;=0
1.8595 2.0483 17574 3.4761 26975 3.1837 23913 26897 ¢,=10"" =102, q,=
1.8595 2.0483 17978  3.4956 27816  3.2421 24593 2.6871 ;=107 =102, ;=0
26691 21029 1.8868  3.4972 27986 23969 24645 27558 ¢,=102 =107, ;=0

1 1 1 1 1 1 1 1 ;=107  e=10"2, ;=107
1 1 1 1.5205  1.6118 1.5275 1.2161 1.8329 ¢,=10"° =102, ;=107
1 0.0000 1.5940 2.2516 22067  0.0000 1.2459 1.5564 ¢,=10" =102, ;=107
1.8581  2.0462 17307  3.4732 26919  3.1800 2.3912 26722 ¢,=10"* =102, ;=103
1.8581  2.0462 17964  3.4956 27816  3.2418 24599 26877 ¢,=107 =102, ;=107
2.6700 21044 1.8871  3.4972 2.7987 23967 24651 27563 ¢,=107 =102, ;=107
6.5835  4.8270  3.7534 51328 5.1561 2.8917 3.1875 41762 ¢,=10" e5=1, ay=0
6.5832  4.8260 3.7535 51314 5.1557 2.8905 3.1876 4.1761 ¢,=10"2 eg=1, ay=1075

fractions of y =73.02%, while the last one is barely part of the physi-
cal domain, resulting in a tiny volume fraction of y =0.02%.'! Dealing
with such a small volume fraction (y) poses significant challenges in
the numerical analysis, necessitating careful attention when employing
such discretizations.

In this context, it is paramount to recognize that the envisioned
simulation framework aims for complete automation. Models featuring
poorly cut elements are inevitable without expert human interventions.
Hence, it is imperative for any immersed boundary method to exhibit
reliability and robustness in dealing with such situations. Consequently,
the use of specialized and tailor-made stabilization techniques becomes
indispensable to ensure the method’s efficacy and accuracy even under
challenging scenarios with extremely small volume fractions.

Before delving into the numerical results (see Sect. 8) and assessing
the convergence properties, we want to confirm that the proposed stabi-
lization approach effectively resolves the ill-conditioning issues (related
to matrix inversion) as previously discussed in Refs. [19,26] for static
cases. The results of our tests are compiled in Tables 5 and 6 for the
stiffness and mass matrices, respectively.

Let us begin by discussing the results obtained using the a-method.
It is evident that by employing larger values for the stabilization param-
eter a;, both condition numbers KiI;V and Ki];’lv experience a significant
reduction. However, it is crucial to be mindful that this stabilization
approach affects the entire fictitious domain contribution of a cut ele-
ment and not just specific modes. If « is chosen too large, a substantial
amount of stiffness and mass is added to the original system. Despite

11 Remark: The reported volume fraction values y are computed with a subcell
division level of k= 12. This ensures a highly accurate numerical integration of
the element matrices.
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this, the a-method achieves a significant reduction in the condition
numbers, reaching six to seven orders of magnitude improvement when
compared to the hardly stabilized case with a,= 10712, which is used
as a reference. It is noteworthy that the mass matrix Kﬁfv exhibits rea-
sonably low condition numbers even without any stabilization, owing
to the application of a nodal quadrature lumping technique for spectral
elements and the HRZ-method for cut elements.

Next, we consider the results obtained by employing only the EVS-
technique, with a stabilization parameter eg = 1072 and an eigenvalue
stabilization threshold e, =1073. Here, we observe a significantly in-
creased performance in reducing the condition numbers. An additional
three to four orders of magnitude are achieved. Note again that the
EVS-technique targets specific modes and results in a less intrusive
adaptation of the original system, as previously mentioned.

As discussed before, the combined EVS—a-method does not lead to
improved results. In contrast, for large values of @, the effectiveness
of the pure EVS-scheme is disturbed and thus, the conditioning of the
system matrices worsens. This might initially seem counterintuitive, but
it can be explained by the fact that a larger a, results in a reasonably
stable element formulation and thus, the EVS-technique has less impact.
To conclude, in terms of the conditioning of the system of equations, it
is advisable to employ the pure EVS-technique.

In examining the condition number of the stiffness/mass matrix with
respect to matrix-vector products (K'Evp), which is particularly relevant
in explicit dynamics, we observe that it remains unaffected by the sta-
bilization scheme and consistently stays around a value of 10? for this
specific test case. This suggests that we can expect only a negligible loss
in accuracy when considering matrix-vector products. These findings
reinforce the notion that stabilizing the stiffness matrix is unnecessary
in the context of explicit dynamics as no numerical penalties are in-
curred.



S. Eisentrdger, L. Radtke, W. Garhuom et al.

norm
cr

At

w s ot

norm
cr

At
-

(=)

107!

€s

norm
cr
w =~

At
o

1077 107

(@p=2,a0=0

107°

1077 107
©p=5a0=0

1077 107
() p=8,a0=0

€X

€X

norm
cr

At

Computers an

Mathematics with Applications 166 (2024) 129-168

1077 107

€N

b)) p=2,a0=10"°

norm
cr

At

1077 1077

d)p=5,a0=10""

norm
cr
w =~

At
o

107" 1077

€\

) p=8, ap=10"°

Fig. 4. Normalized critical time step size Ar;"™ for variant 2b considering different values of €5 and ¢,.

Table 5

Condition number K'iEV of the stiffness matrix K — plate with a circular hole (2 X2 finite elements; k =4).
Method: — Unstabilized a-Method EVS Combined EVS-a-method
il ;=0 a,=10""? a,=10"° eg=10"2,¢,=1073 a,=10"" a,=1073
1 2.64E+02 2.64E+02 2.64E+02 2.64E+02 2.64E+02 2.64E+02
2 3.29E+23 1.08E+13 1.08E+06 1.51E+03 1.65E+03 1.08E+04
3 4.12E+26 2.77E+13 2.74E+06 3.21E+03 3.35E+03 2.51E+04
4 1.25E+25 6.96E+13 6.96E+06 1.10E+04 9.47E+03 1.53E+04
5 1.87E+25 1.22E+14 1.27E+07 2.45E+04 1.81E+04 2.59E+04
6 5.05E+24 2.09E+14 2.59E+07 1.94E+04 2.48E+04 1.93E+04
7 6.47E+25 3.17E+14 4.27E4+07 2.57E4+04 2.77E+04 2.66E+04
8 2.81E+26 4.64E+14 6.34E+07 3.10E+04 3.52E+04 3.68E+04
9 1.53E+27 6.42E+14 9.35E+07 4.23E+04 4.27E+04 4.05E+04
10 1.12E+26 8.68E+14 1.32E+08 5.09E+04 4.83E+04 5.12E+04
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Fig. 5. Model of a rectangular plate with a circular hole (Discretization: 2 X 2 finite element, Subdivision depth: k =4; Red solid line: physical boundary of the
circular hole). Color coding for the numerical integration — White: conventional finite elements; Dark gray: integration domains located in the physical domain; Light
gray: integration domains located in the fictitious domain; Yellow: cut integration domains (leaf cells).

Table 6

Condition number Kil\::[v of the (lumped) mass matrix M - plate with a circular hole (2 X 2 finite elements;

k=4).
Method: — Unstabilized a-Method EVS Combined EVS—a-method
pil a,=0 a4,=10""2 ;=107 eg=10"2,¢, =107  ¢y=10""2 ;=107
1 8.43E+00 8.43E+00 8.43E+00 8.43E+00 8.43E+00 8.43E+00
2 3.59E+10 3.57E+10 5.69E+05 8.82E+01 8.82E+01 5.45E+04
3 4.26E+11 3.99E+11 6.06E+05 3.43E+02 3.43E+02 1.04E+05
4 4.19E+10 4.17E+10 9.05E+05 2.38E+02 2.38E+02 1.28E+04
5 1.88E+11 1.85E+11 1.12E+06 1.47E+02 1.47E+02 1.03E+04
6 2.64E+10 2.63E+10 1.39E+06 1.15E+02 1.15E+02 1.51E+04
7 8.29E+10 8.25E+10 1.70E+06 1.33E+02 1.33E+02 1.40E+04
8 2.71E+10 2.71E+10 1.98E+06  2.22E+02 2.22E+02 1.09E+04
9 2.24E+10 2.23E+10 2.32E+06 2.18E+02 2.18E+02 1.55E+03
10 3.91E+10 3.91E+10 2.88E+06 2.73E+02 2.73E+02 1.66E+03

The observed low values of KEVP suggest that the proposed stabi-
lization schemes have minimal impact on the efficiency and accuracy
of matrix-vector operations. Therefore, we can confidently assert that
in explicit dynamics simulations, concentrating on stabilizing the mass
matrix is adequate, and stabilizing the stiffness matrix is not meaning-
ful in this specific context. Instead, our attention should be directed
towards other aspects, such as the attainable accuracy.

8. Numerical examples

In this section, we thoroughly examine two benchmark examples to
evaluate the effectiveness of the proposed stabilization schemes con-
cerning both computational efficiency and achievable numerical accu-
racy. Throughout the analysis (explicit dynamics), we employ variant
2b. For the sake of completeness, we list the chosen default settings:

1. The mass matrix is stabilized.

2. The stiffness matrix is not stabilized.

3. The consistent mass matrix (CMM) is used for the eigenvalue de-
composition.

4. Both the mass matrix M, and the mass stabilization matrix Mf are
lumped by means of the HRZ-method.

5. The threshold for stabilizing mode shapes is €, ~ 10> with ¢, €
[107%, 1072].

6. The stabilization parameter is e ~ 1073 with eg € [1075, 1072].

By adopting these standardized settings, our primary goal is to main-
tain consistency and enable a fair comparison of results across various
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problems in this article. Note that a combination of the EVS-technique
with the a-method has been ruled out since no advantages in terms of
the critical time step sizes are gained.

Additionally, our focus in this study is exclusively on transient prob-
lems, which we will investigate through carefully chosen benchmark
examples. It is worth noting that implementing the iterative correction
scheme proposed for static problems in Ref. [19] is currently not a fea-
sible option. Doing so would necessitate a substantial re-writing effort
for existing time integration schemes, a task that falls beyond the scope
of this paper. However, we anticipate addressing this aspect in forth-
coming publications dedicated to this subject.

Furthermore, it is essential to acknowledge the inherent complex-
ities associated with solving eigenvalue problems within the context
of immersed boundary methods. These challenges manifest in the
form of a significant number of spurious modes observed in struc-
tures discretized with only a few elements. Such issues arise due to
constraints related to degrees of freedom with limited support [44]
and ill-conditioning problems. The extent to which these effects are
prevalent in the solution largely depends on the employed stabilization
technique.

On the other hand, in cases involving structures containing only a
few cut elements, where the majority of elements is entirely located
within the physical domain, problems are not expected when computing
only the first few eigenvalues. Nevertheless, it is important to empha-
size that addressing eigenvalue problems, such as modal or buckling
analyses, requires dedicated research endeavors and the formulation
of tailored solution strategies. The utilization of standard eigenvalue
solvers presents challenges in distinguishing spurious modes from phys-
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Fig. 7. Excitation signal — Sine burst modulated by a Hann-window.

ically meaningful ones. Consequently, despite the significance of modal
analyses in dynamics, this contribution does not delve into this specific
topic.

8.1. Wave propagation in a simple waveguide—rectangular plate

In the first examples, a simple rectangular domain is chosen in order
to study the propagation of guided waves. A sketch of the waveguide
along with its dimensions and Dirichlet as well as Neumann boundary
conditions is depicted in Fig. 6. For this example, it is assumed that the
waveguide consists of aluminum and therefore, the material properties
are Young’s modulus E =70 GPa, Poisson’s ratio v=0.3, and the mass
density p=2700%¢/m*. Note that plane strain conditions are utilized to
reduce the dimensionality of the problem from 3 to 2. This also means
that the plate has an infinite length in z-direction.

Considering the geometrical dimensions, the (extended) length of
the plate (including the fictitious domain) is set to /; =200 mm, while a
thickness of #=2 mm is selected. Hence, the length of the fictitious part

lfict :Id _lphys (91)
is directly related to the volume fraction y of the cut elements

ltic
r=1- fict , (92)

determining the severity of the cut. In this example, the volume frac-
tion is selected as y =0.05, meaning that only 5% of the cut elements
should be located in the physical domain. Since we divide the plate

into ny =200 finite elements along the longitudinal direction and
y

Mo =2 finite elements in the thickness direction, the element size is
hy=1mm. This also means that the fictitious part of the plate is of
length /¢ =0.95 mm and consequently, /[, =199.05mm

Note that an observation point, denoted as P, (see Fig. 6), is intro-
duced on the top surface of the plate at (x=100mm, y="/2=1mm)
to evaluate the wave signals. To make sure that a node is always lo-
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cated at the observation point, the geometric model is partitioned at
x =100 mm.

Based on the spatial discretization described above, a p-refinement
study is conducted in this section, where the numerical integration over
the cut elements is performed by means of the quadtree-based com-
posed integration scheme. Here, the number of subdivision steps for the
quadtree-algorithm is set to k=8.

The waves are excited at the top surface of the structure by means
of a time-dependent (concentrated) force F(¢) acting at one node only,
which is defined as

F(t)=Fp(t) with p(t) = sin(wt) sin? < ;%i) Vte [0 s fi] s 93)

C

where F denotes the amplitude of the external excitation force,
w=2rxf, is the (central) angular excitation frequency, and » stands
for the number of periods. In the current example, the following values
have been selected: F =10°N, f.=500kHz, and n=>5. The time-domain
signal and its frequency spectrum (according to these values) are plotted
in Fig. 7. Due to the comparably narrow-banded excitation, the spatial
discretization can be easily set up according to the guidelines developed
in Ref. [76] based on the value of f.. The wavelengths of the travel-
ing waves need to be derived from dispersion diagrams for Lamb waves
[771, featuring the wave velocity as a function of the excitation fre-
quency. For a simpler approach to designing an analysis-suitable mesh,
the bulk wave velocities

A+2u
cp= 94)
p
and
u
cg =1/ — (95)
s p

are used instead of the values for guided waves (Lamb waves). Here, cp
denotes the pressure wave and cg is the shear wave velocity. Only the
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two Lamé constants A and u (shear modulus) need to be known, which
can be computed from the engineering constants E and v by

Ev
e o0
and
E
TS o

In the general case, the shear wave velocity cq is taken to determine
the element size as a multiple of the shear wavelength Ag, which is
defined as

s

Ag A
Depending on the polynomial degree of the shape functions, at least 3
to 20 nodes per wavelength should be employed [76]; the higher the
polynomial degree, the fewer nodes per wavelength are required. Con-
sidering aluminum as the plate’s material, the pressure and shear wave
velocities are 5907.6™/s and 3157.8 ™/, respectively. Consequently, the
wavelength of a shear wave at 500 kHz is 6.32 mm. As mentioned above,
the rectangular waveguide is discretized by 200 spectral elements/cells
in x-direction and therefore, the element size is 1 mm, resulting in
slightly more than six elements per shear wavelength. This discretiza-
tion is indeed notably too coarse for low-order elements, but sufficiently
accurate results are expected for p>3 [76].

The results are evaluated at the observation point P;, where the er-
ror between a suitable reference solution of the displacement history in
x-direction, denoted as uf !, and its numerical approximation, denoted

(98)

P . .
as iy ', is computed in the L,-norm as

tsim
/(afl 0 —ah (t))zdt

=0
€L, = t

\

All explicit simulations are performed using a lumped mass matrix
formulation and the CDM discussed in Sect. 5. To ensure that the tem-
poral discretization does not interfere with the spatial one, a time step
size of Ar=3x 10~ s is chosen. This value is below the critical one for
all simulations and corresponds to 667 sampling points per central fre-
quency f, guaranteeing a highly-accurate time integration. The overall
simulation time is set to ¢, =120us and therefore, 40,000 time steps
are computed.

The attained error will be evaluated against a numerical overkill
solution computed using a geometry-conforming mesh consisting of
199 X 2 spectral elements of order p=10 (npor =83,622), whereas the
time integration has been performed using a high-order accurate Padé-
based (implicit) time integration scheme [78,79]. The spectral elements
are lumped by means of nodal quadrature. However, row-summing and
diagonal scaling (HRZ-method) would yield identical results for Carte-
sian meshes [60]. The parameters of the Padé-scheme are selected such
that no numerical (algorithmic) damping (p, =1) is introduced during
the simulation and that a time integrator of order p, =10 is employed.
The prescribed time step size, is also fixed to Ar=3 x 10~ s. The refer-
ence histories of the displacements in x- and y-directions for point P,
are depicted in Fig. 8 for comparison purposes. Especially from the dis-
placement history in x-direction, we can clearly distinguish the incident
wave packets and their reflections at the right end of the rectangular
waveguide. The first two wave packets correspond to the incident .Sj-
and A,-modes, while the next wave packets are their reflections at the
free boundary.

(99)

x 100[%] .

sim

/(ufl (t))zdt

t=0

sim
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In Figs. 9 and 10, the numerical results in terms of the attainable
error and critical time step size are depicted for the rectangular waveg-
uide example. To facilitate the comparison of the different stabilization
methods, we also included the results of SEM simulations as a reference.

It can be observed that the accuracy of the SEM results is limited by
the accuracy of the CDM, which already highlights one problem when
using high-order spatial discretizations. We also require a matching
high-order (explicit) time integration scheme to balance the spatial and
temporal discretization errors. Despite the selection of an exceedingly
small time increment for the simulations, the second-order accurate
time integration scheme struggles to match the precision of the high-
order SEM. By comparing the achieved error plateaus in Figs. 9 and
11, we clearly observe the effect of decreasing the used time step size
by a factor of 10. This drastic decrease becomes necessary to ensure
that all simulations can be run with the same time step size even for
very critical cuts, where the elements hardly belong to the physical do-
main anymore. However, the difference in accuracy is striking: while in
the former case, the attainable error remains confined to approximately
0.1%, employing a time increment that is ten times smaller reduces the
error level to a remarkable 0.001%, representing an improvement of
nearly two orders of magnitude in terms of accuracy.

In our analysis of the numerical results obtained using immersed
techniques and various stabilization schemes, we observe that the
achievable accuracy is similar independent of whether the a-method or
the EVS-technique is employed during the simulations. However, when
we shift our focus to the critical time step size, a noteworthy difference
is noted. The EVS-technique exhibits superior performance compared
to the a-method in this regard. This advantage lies in the flexibility it
offers with respect to the stabilization parameter eg. Unlike the a pa-
rameter, larger values of eg can be chosen without compromising the
accuracy of the results. Depending on the polynomial order used for
spatial discretization, we observe a substantial improvement in the crit-
ical time step size. Specifically, for this example, the critical time step
size increases by a factor of approximately 2.6. This finding underscores
the practical advantages of the EVS-technique, particularly in scenarios
where managing the critical time step size is a critical consideration for
time-dependent simulations.

Additional insights can be gained from Fig. 10, where the spatial dis-
cretization is fixed (200 X 2 spectral elements with p=5, npop =22,022),
while systematically varying the stabilization parameters «, and eg over
a wide range. The important point to notice is that the behavior of the
critical time step size as it evolves with increasing stabilization parame-
ters remains strikingly similar for both schemes. However, a noteworthy
distinction is that the EVS-method consistently exhibits superior accu-
racy at higher stabilization values. This distinction is evident in the
error curve for the EVS-technique, which is shifted towards larger val-
ues of eg. Therefore, we recommend eg > a; and still achieve a similar
level of accuracy. This advantage translates into a larger time step size
and, consequently, shorter simulation times. Therefore, the numerical
findings presented in this section corroborate the observations discussed
in Sect. 6, where it was previously noted that the EVS-scheme excels in
increasing the critical time step size.

In the remainder of this section, we revisit our analysis, this time fo-
cusing on a more challenging cut scenario where the volume fraction
is further reduced to y =0.5%. In practical terms, this reduction trans-
lates to a decrease in the length of the physical domain, now measuring
Lphys =199.005 mm.

The displacement histories in both the x- and y-directions are not
presented for this particular example. The reason being that they closely
resemble those depicted in Fig. 8 for the slightly longer waveguide.
However, it is important to note that in the case of such an extreme
cut, we anticipate witnessing an even more pronounced demonstration
of the EVS-technique’s effectiveness. This improved performance can be
attributed to the targeted nature of the EVS-approach.

In order to address this rather severe cut, it becomes imperative to
reduce the time step size by an order of magnitude, bringing it down
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Fig. 8. Time-history of the displacement components at the observation point P, — rectangular waveguide, y =5%.
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Fig. 9. Evolution of the error and the critical time step size for different stabilization parameters «, and eg on a fixed mesh (200 X 2 spectral elements) under
p-refinement with p € [1,6] - rectangular waveguide, y =5%. In the EVS-technique, the stabilization threshold is set to e, = 1073.

size can be enhanced expands significantly. While in the initial exam-
ple with a volume fraction of y =5%, we observed a critical time step
size increase of approximately 2.6 times, this figure improves to 32.3
for the severely cut case with a volume fraction of y =0.5%. This out-
come reaffirms the notion that stabilization schemes deliver their best
performance when confronted with critically cut elements.

to At=3x 107195, This adjustment ensures that all simulations, regard-
less of the polynomial order (p), can be executed using the same time
increment. The numerical results obtained with the decreased time step
size are presented in Figs. 11 and 12. In these figures, we observe a be-
havior akin to what was previously documented in Figs. 9 and 10, with
one notable distinction. The range within which the critical time step
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Fig. 13. Model of the perforated waveguide.

(a) Finite element mesh: 3,244 elements

(b) Spectral cell mesh: 1,920 elements of which 130 (120 or 140 depending on the fact whether a point on the boundary is counted as in

or out) are cut elements

Fig. 14. Spatial discretization of the porous waveguide — r, =r,=r=1mm - using geometry-conforming and immersed boundary methods. The subdivision level
for the numerical integration is set to k =4. Color coding for the numerical integration — White: conventional finite elements; Dark gray: integration domains located
in the physical domain; Light gray: integration domains located in the fictitious domain; Yellow: cut integration domains (leaf cells - zoom in 64x).

8.2. Wave propagation in a porous waveguide—perforated plate

The second example is taken from Ref. [11] and features a waveg-
uide with 37 cutouts (see Fig. 13). This is a highly complex geometry,
where the generation of a geometry-conforming mesh leads to a large
number of finite elements in order to accurately resolve the geometrical
details. It is particularly in scenarios of this complexity that immersed
boundary methods emerge as invaluable tools, promising not only sim-
plification but also the automation of the simulation workflow.

The complex waveguide model, as depicted in Fig. 13 alongside
the applied boundary conditions, is characterized by several parame-
ters. First, note that only Neumann boundary conditions are applied,
whereas Dirichlet boundary conditions are neglected. For this exam-
ple, two concentrated forces are applied at the top and bottom sur-
faces acting in opposite directions. Their time-dependent behavior is
given by Eq. (93), while the excitation parameters for this simulation
are defined as follows: F=108N, f.=200kHz, and n=5. The geome-
try of the plate is defined by its length /;=600mm and its thickness
h=5mm. Moreover, the semi-circular cutouts, located at the bottom
(y= —"/2= —2.5mm) and top (y="/2=2.5mm) of the plate, are de-
fined by the coordinates of their centroids. The first of these cutouts
is positioned at x =1, =154 mm. The radius is selected as »=1mm for
all cutouts. Note that the semi-circular cutouts are repeated 11 times,
leading to a total of 24 cutouts (12 on the top and 12 on the bot-
tom of the plate). The distance between the centroids of individual
cutouts on the same height-level is Al, = Al, =4 mm. The first fully cir-
cular cutout is located at (x=/,=152mm, y=0mm) and is repeated
12 times, bringing the total count of circular cutouts to 13. Regard-
ing material properties, the waveguide is assumed to be composed of
aluminum, characterized by its Young’s modulus E =70 GPa, Poisson’s
ratio v=0.33, and the mass density p=2700%¢/m:. The transient simula-
tions are executed under plane strain conditions.

The symmetry of both the geometry and applied boundary condi-
tions relative to the mid-plane of the plate is evident. This implies that
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the external loading scenario exclusively excites symmetric Lamb wave
modes. Additionally, given the symmetry of all obstacles, there will be
no mode conversion to antisymmetric modes [80]. This characteristic
simplifies the interpretation of the received wave signal, particularly in
the context of structural health monitoring applications.

Because of this inherent symmetry in the waveguide, encompassing
both its geometry and boundary conditions, it is sufficient to model only
half of the plate. This can be achieved by cutting it along the midplane
and applying symmetry boundary conditions. While not utilized in this
paper, this approach yields a substantial reduction in the number of
degrees of freedom and thus, in the computational costs and simulation
run time.

The spatial discretization employed for the SEM reference solution
consists of 3,244 elements, each having an average size of 2, =1 mm, as
illustrated in Fig. 14a. Considering the excitation frequency of 200 kHz,
the shear wavelength for this particular example is 15.79 mm. Conse-
quently, there are approximately 15.79 elements per wavelength avail-
able. To generate a precise numerical reference solution, a polynomial
degree of p=8 is selected, resulting in npor =428,040 degrees of free-
dom.

For time integration, a 4™-order accurate Padé-based (implicit)
time integration scheme is employed [78,79], with a time step size of
At=1077s. The reference solutions of the displacement history at two
designated observation points P; and P, (see Fig. 13), located on the
top surface of the plate at (x=100mm, y=2.5mm) and (x =300 mm,
y=2.5mm), respectively, are depicted in Figs. 15 and 16. These figures
vividly illustrate the complexity of the received wave signal.

In terms of geometry mapping within our in-house code, it is im-
portant to note that we employ a subparametric element formulation.
This means that we approximate the geometry of the cutouts using
8-noded quadrilateral finite elements of Serendipity type. While it is
worth mentioning that more precise descriptions of boundaries can be
achieved through techniques like the blending function method (BFM)
[72] or a quasi-regional mapping approach [81], these methods are
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Fig. 15. Time-history of the displacement components at the observation point P, — porous waveguide, r, =r,=r=1mm.

more complex to implement and in case of the BFM often result in
superparametric geometry approximations. This introduces complica-
tions, particularly in ensuring the correct description of rigid body
modes (RBMs). To avoid these complexities, we have opted to stick
with the proposed subparametric approach.

In a recent study (Ref. [82]), it was demonstrated that, especially
in the context of high-order FEMs, iso- and/or subparametric formula-
tions tend to offer greater robustness and improved accuracy. While the
mentioned study favored the isoparametric element concept, we rec-
ommend adhering to the proposed subparametric approach due to its
simplicity and compatibility with existing mesh generation software,
which is predominantly based on low-order finite elements.

In this context, it is important to acknowledge that the subpara-
metric approach introduces a slight loss in accuracy due to an inexact
geometry approximation. In practice, this means that a small geometry
error has to be accepted and therefore, the discretization error and the
geometry error might not be balanced.

Regarding the spatial discretization set-up in the SCM, we employ a
grid consisting of 480 X 4 elements, each with a dimension of 1.25 mm,
as illustrated in Fig. 14b. Specifically, the plate’s thickness is discretized
using four elements, while in the direction of wave propagation, we
employ 480 elements. This results in an allocation of approximately
12.63 elements per wavelength within the mesh.

In total, the mesh comprises 1,790 uncut elements and 130 elements
intersected by the physical boundary of the domain of interest. The vol-
ume fractions range from 26.4% to 92.7%, indicating that we do not
anticipate encountering the issue of small cut elements. It is important
to note that this outcome represents a fortunate circumstance, as it is
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generally challenging to avoid generating poorly cut elements for intri-
cate structures.

The time integration is accomplished using the CDM with a fixed
time step size of Ar=10"7s. This value is deliberately chosen to remain
below the critical threshold for all simulations, ensuring stability and
accuracy in the time-stepping process.

In the upcoming analysis, we conduct a p-refinement study (p €
[1,8]) to observe the convergence characteristics of the SCM across var-
ious stabilization techniques and parameters. To this end, the results
are evaluated at the observation point P, where the error between a
reference solution of the displacement history in x-direction, denoted

Py - - o P .
as u, ', and its numerical approximation, denoted as &, ', is computed
in the L,-norm using Eq. (99). The outcomes are depicted in Fig. 17.

Upon examining the convergence curves, a noteworthy observation
emerges: both stabilization methods exhibit nearly identical perfor-
mance. There is minimal distinction in terms of the attainable error and
the critical time step size. This outcome aligns with our expectations,
as the presence of critically cut elements, which typically necessitates
stabilization schemes, is absent in this scenario. Consequently, the sta-
bilization techniques do not significantly impact the solution of the
equations of motion.

Furthermore, it is worth noting that the critical time step size for the
immersed methods, despite their complexity, is actually larger when
compared to a geometry-conforming mesh. This phenomenon can be
attributed to the intricate shape of the specimen, which prompts the
generation of small, distorted elements to accurately represent geomet-
ric details.
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Fig. 16. Time-history of the displacement components at the observation point P, — porous waveguide, r, =r,=r=1mm.
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Fig. 17. Evolution of the error and the critical time step size for different stabilization parameters &, and eg on a fixed mesh (480 X 4 spectral elements) under
p-refinement with p € [1,8] - porous waveguide, r, =r,=r=1mm. In the EVS-technique, the stabilization threshold is set to ¢, =1073.

The reduced accuracy of the immersed methods in this particular 1. Lumping of cut elements by means of the HRZ-method.
example can be attributed to three distinct sources, listed in order of 2. Insufficient accuracy of the numerical integration of cut elements
their significance!?: (k should be increased beyond a value of 4).
3. Stabilization of the fictitious domain.
In the next step, adjustments are made to the radius of the fully

12 preliminary investigations validating this assumption have been carried out,
circular cutouts, serving the dual purpose of fine-tuning the volume

and their findings are briefly presented in Appendix C.
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Fig. 18. Spatial discretization of the porous waveguide — r, =1.75mm, r, =1 mm - using geometry-conforming and immersed boundary methods. The subdivision
level for the numerical integration is set to k=4. Color coding for the numerical integration — White: conventional finite elements; Dark gray: integration domains
located in the physical domain; Light gray: integration domains located in the fictitious domain; Yellow: cut integration domains (leaf cells - zoom in 64x).
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Fig. 19. Time-history of the displacement components at the observation point P, — porous waveguide, r,=1.75mm, r,=1mm.

fraction of cut elements and generating critical cuts. To this end, a
radius of r,=1.75mm is selected for the circular cutouts, while the
radius of r,=1mm remains unchanged for the semi-circular cutouts.
The spatial discretizations corresponding to both the geometry-aligned
approach (SEM) and the immersed boundary technique (SCM) are pre-
sented in Fig. 18.

In the context of the SEM reference solution, the spatial discretiza-
tion encompasses a total of 3,940 elements, each of order p=38, which
are characterized by an average element size of ;=1 mm, as illustrated
in Fig. 18a. This configuration yields npqr =517,736 degrees of freedom
for the entire model.
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As for the time integration, a time step size of Ar=2x 107105 is
selected to ensure an accurate solution. The reference results for the
displacement history at the two designated observation points, as de-
noted in Fig. 13 are depicted in Figs. 19 and 20.

In our immersed boundary approach, the mesh comprises a total of
1,920 elements, out of which 1,754 remain uncut, and 146 are inter-
sected by the physical boundary of the domain of interest. Additionally,
20 elements have been excluded from the analysis as they are fully
located within the fictitious domain. The volume fractions within the
mesh exhibit a broad spectrum, ranging from as low as 0.02% to as high
as 94.4%.



S. Eisentrdger, L. Radtke, W. Garhuom et al.

Computers and Mathematics with Applications 166 (2024) 129-168

2 T

1 1

M

0 20

40 60
tin [us]
(a) ux at P

100 0

1 1

NNV
! !

0 20

40 60
tin [us]
(b) uy at P>

100 120

Fig. 20. Time-history of the displacement components at the observation point P, — porous waveguide, r,=1.75mm, r,=1mm.
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Fig. 21. Evolution of the error and the critical time step size for different stabilization parameters &, and ey on a fixed mesh (480 X 4 spectral elements) under
p-refinement with p € [1,8] - porous waveguide, r, =1.75mm, r, =1 mm. In the EVS-technique, the stabilization threshold is set to ¢, =1073.

This range in volume fractions poses a challenge, particularly when
employing explicit methods within an immersed setting, as it imposes
restrictions on the critical time step size. Consequently, we decided for
a time-stepping approach utilizing the CDM with a fixed time step size
of At=2x 107105, which is below the critical value for all simulations.

It is worth noting that the time increment has been significantly
reduced due to the more pronounced cuts present in the current con-
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figuration. This adjustment aligns with the rest of the set-up, which
mirrors the previous example where all cutouts were of the same size.

In light of these considerations, a pertinent question arises regarding
the wisdom of retaining cells with such small volume fractions. From
a robustness standpoint, it would be advisable to eliminate these cells,
as it is expected that their removal would have minimal impact on the
overall accuracy of the simulation.
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In this particular example, we conduct a final comparison between
the conventional a-stabilization method and the EVS-technique. To fa-
cilitate this comparison, we once again employ a p-extension approach,
wherein the mesh remains fixed while we systematically elevate the
polynomial degree of the shape functions. The results of this numerical
convergence study, illustrated in Fig. 21, demonstrate that both stabi-
lization methods yield similar performance concerning the attainable
error.

However, it is important to note that in this specific example, which
includes severely cut elements, we observe more pronounced effects
on the critical time step size. Notably, the a-method, when employed
with a small stabilization parameter of a, = 10712, proves insufficient to
effectively stabilize the fictitious domain. Consequently, the achievable
time step sizes are significantly lower compared to cases with geometry-
conforming discretization. Interestingly, increasing the value of ¢ to
107> brings the time step size closer to that achieved with the SEM.

In contrast, the EVS-technique demonstrates its capability to sub-
stantially increase the time step size, surpassing the SEM values. This
highlights the advantage of employing a targeted stabilization method
over one that stabilizes the entire fictitious domain.

Overall, it is reassuring to observe that the performance of the EVS-
technique, in terms of achievable error, closely aligns with that of the
established a-method across all examples. This translates into an in-
crease in the time step size while maintaining a similar error threshold.

It is worth noting that the reasons for the higher errors compared to
geometry-aligned approaches have been previously explained and need
not be reiterated here.

8.3. Ground motion analysis—complex three-dimensional structure

In the last part of the section on numerical results, we showcase the
application of the EVS-technique to a complex three-dimensional prob-
lem. To this end, we analyze a structure subjected to ground motion
(e.g., caused by an earthquake). Our approach closely follows the one
described in the monograph by Chopra [32]. The displacement vector
of the ground motion is denoted by uy (1), with the components Ugy (1),
ugy(t) and ugz(t) in the corresponding coordinate directions. When con-
sidering ground motions, we start from the homogeneous equations of
motion, i.e., no external loads are applied

MU+ CU+KU=0. (100)

In contrast to before, U denotes the vector of relative displacements
with respect to the ground. Thus, the vector of total or absolute dis-
placements is given by

U'=U+U, with

Ug =1 ®ug. (101)

The ®-operator denotes the Kronecker product between matrices (vec-
tors), where 1 is a vector of order ny with each element equal to unity.
This is related to the so-called influence vector which contains only zero
(i.e., the displacement DOF is orthogonal to the ground motion) or unit
values (i.e., the displacement DOF is parallel to the ground motion) for
finite element models featuring only translational DOFs. It is obvious
that only the relative motion U with respect to the ground is responsi-
ble for the deformation of the structure and hence, causes elastic and
damping forces. Consequently, we only need to adjust the inertia term,
which is influenced by the total displacements U'. Substituting the ac-
celeration vector derived from Eq. (101) into Eq. (100), we obtain the
equation of motion governing the relative displacement (deformation)
of a linear elastic structure subjected to a ground acceleration Ijg

MU +CU+KU=-M(1®ii,). (102)

In a finite element implementation, we can model a ground motion
by just applying an external force vector, which is proportional to the
mass matrix and ground acceleration [32]. Note that even if the EVS-
technique is applied, it is sufficient to compute the force term based on
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the unstabilized mass matrix, because it reflects the genuine distribution
of mass without artificial changes required for stabilization.

For the purpose of this example, the ground accelerations recorded
for the famous El Centro earthquake of 1940 (May 18) are employed.
The east-west, north-south, and vertical accelerations are aligned with
the x-, y-, and z-axes of our model. The data is freely available and
can be downloaded from Vibrationdata. In Figs. 22 and 23, the ac-
celerations and corresponding frequency spectra are depicted. While
the accelerations are normalized with respect to the standard gravity
(g=9.80665m/:2), the frequency spectra are normalized with respect to
their maximum values. Hence, based on this example we will demon-
strate the effectiveness and the merit of the proposed EVS-technique for
dynamic problems encountering a wider frequency spectrum caused by
the excitation of the structure.

The structure to be excited is taken from the Stanford 3D Scanning
Repository, where the geometry data is provided by the Stanford Uni-
versity Computer Graphics Laboratory. We selected a complex statue
(Lucy) that could be located in an art gallery or in a museum. In the
event of an earthquake hitting the building, we want to investigate the
effects of the precious artefacts contained within. The angelic statue
Lucy (wax copy of an Italian statue called the Angel of Light) is depicted
in Fig. 24. The scan of this structure consists of 14,027,872 vertices and
28,055,742 triangular facets, which are saved in the polygon file format
(also referred to as Stanford triangle format). Depending on the spe-
cific needs for the analysis, this format is easily converted to an STL file
(e.g., using the software MeshLab [83]). Note that the original size of
the statue is given in the unit mm, while we employ the unit m. Con-
sequently, the coordinates were scaled by a factor of s=10"> and the
size of statue is roughly 0.930 X 0.534 x 1.597 m3. The surface triangula-
tion, obtained from the repository, is also the basis for conducting the
point-membership classification needed for the numerical integration in
the FCM framework. This can be achieved by several means, e.g., us-
ing ray tracing in combination with kd-trees as proposed in Ref. [84].
Hence, even this complex structure can be analyzed in a fully auto-
mated fashion. For the sake of visibility, the surface triangulation and
the octree-subdivisions for the numerical integration procedure are de-
picted with a reduced subdivision level of k=2 (see Fig. 25). Keep in
mind that this value has been merely selected for visualization purposes
and is increased to k=4 for the simulations to be run.'® To conduct the
transient simulation, we decided to fix the base of the statue, which
resembles a perfect connection with the ground it is standing on. To
achieve this goal, the penalty method was employed with a penalty pa-
rameter yp = 10%.

The material properties of the statue are assumed as: Young’s
modulus E=30MPa, Poisson’s ratio v=0.3, and the mass density
p=1000*¢/m’, which roughly corresponds to wax. The spatial discretiza-
tion is achieved by 20 x 10 X 40 tri-quadratic hexahedral finite elements
(27-node hexahedron, p=2) and therefore, the numerical model fea-
tures npop =209,223 degrees of freedom in total. The transient simu-
lation was run for 50s with a time step of Ar=1077s, which is well
below the critical time step size ArEYS =2.48 x 1075 s. At this point it is
important to note that the critical time step size without utilizing the
proposed EVS-technique would be Arf =3.83 X 107%s. That is to say,
compared to a standard a-stabilization (a = 10710), the critical time step
size can be increased by a factor of almost 6.5 by employing the novel
EVS-technique (eg=107%). On the other hand, the upper bound of the
critical value is Azz;‘“ =9.55x 1075, corresponding to a finite element
fully located in the physical domain (i.e., fully filled with material).
Hence, despite the highly complex shape of the structure under inves-
tigation, the EVS-technique is still capable of delivering an excellent
performance by limiting the decrease in the critical time step size.

13 Remark: An interactive figure has been included in the appendix (see
Fig. V), where all details can be closely inspected. Note that transformation
operations, e.g., scaling and rotating, are possible.
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Fig. 22. Ground accelerations recorded for the El Centro earthquake.

The results of the transient analysis are depicted in Figs. 26 and 27.
First, the displacement history of a point at the tip of the torch is de-
picted in Fig. 26 (point coordinates: xp =0.46914m, y;r =0.108806 m,
xpr=0.986102m). Here, we clearly observe how the torch is excited
by the ground motion, with amplitudes over 6 x 107> m. Due to the
applied Dirichlet boundary conditions (fixed base plate), we notice that
primarily the upper body of Lucy and especially the wings and torch are
moving. This observation is also supported by the surface plots depicted
in Fig. 27. In latter figure, the oscillations of the left and right wings be-
come apparent. Thus, this particular example has demonstrated that the
proposed stabilization technique is well capable of dealing with com-
plex and physically-relevant excitation spectra.
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9. Summary and conclusions

In this research, we introduced and implemented an eigenvalue sta-
bilization technique, referred to as the EVS-technique, within the con-
text of dynamic problems. Our findings demonstrate the outstanding
performance of this method, particularly in elevating the critical time
step size for explicit simulations. Additionally, it effectively addresses
ill-conditioning issues, even though these issues are not critical for our
specific applications.

Compared to the a-method, the EVS-technique offers a more tar-
geted approach, effectively eliminating the source of the observed sta-
bility problems in immersed boundary methods. Our results further
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Fig. 23. Frequency spectrum corresponding to the ground accelerations recorded for the El Centro earthquake.
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Fig. 24. Lucy (rendered image) — Statue of a Christian angle [source].
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Fig. 25. Surface triangulation of Lucy and octree-partitioning of the finite cells for numerical integration purposes (refinement level: k=2).
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Fig. 26. Displacement history due to ground motion at the tip of the torch.
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Fig. 27. Snapshot of the displacement magnitude due to ground motion at different time steps.
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indicate that the combination of the EVS-technique with the a-method
does not yield significant benefits in the context of linear explicit dy-
namics.

Before discussing future research directions, we want to summarize
the main highlights of the EVS-technique that have been observed in
both static (as seen in previous works) and dynamic applications (as
explored in the current study):

1. Excellent reduction of the condition numbers of both stiffness and
mass matrices.

. Enhanced robustness in nonlinear static computations, allowing for
larger displacements under finite strains.

. Highly accurate in nonlinear static computations through the im-
plementation of an iterative force correction scheme allowing for
larger stabilization parameters.

. Increased critical time step size in (linear) explicit dynamics by
exclusively stabilizing the mass matrix.

. Targeted approach to stabilizing immersed boundary methods,
avoiding an unnecessary overuse of stabilization in the fictitious
domain.

Considering the points above, it is generally recommended to apply the
EVS-technique instead of the commonly employed a-stabilization.

Based on the numerical findings presented in this study, we highly
recommend to set the (mode-independent) stabilization parameter, de-
noted as eg, to a value of 1073, Additionally, we advise to set the
stabilization threshold, denoted as ¢, to a value of 1073, These pa-
rameter settings have proven to be robust and reliable in our analysis.

A promising avenue for future research lies in the development of
force correction techniques tailored for transient simulations. These
techniques are designed to alleviate the detrimental effects of intro-
ducing additional stabilization terms to the system, terms that are not
inherent to the original mathematical problem. As a result, the loss in
accuracy can be partially mitigated.

In the realm of non-linear static analyses, a viable iterative force cor-
rection technique was previously proposed in Ref. [19], demonstrating
a noteworthy enhancement in accuracy. However, for transient simula-
tions, especially within the context of explicit time-stepping methods,
iterative approaches may not be as practical. This is because the poten-
tial gains in accuracy through iterations could offset the advantages of
achieving higher critical time step sizes. The computational costs per
time step are directly proportional to the number of iterations required
to enhance accuracy.

Consequently, the need arises for the development of more sophis-
ticated force correction procedures tailored specifically for dynamic
simulations. This research endeavor holds significant promise for im-
proving the accuracy and efficiency of transient simulations in complex
engineering and scientific applications.

Implementing the EVS-technique, along with force correction terms,
in dynamic simulations introduces an additional layer of complexity.
This complexity stems from the fact that the force correction terms are
dependent on the displacement, velocity, and acceleration fields. In-
corporating these functions into the semi-discrete equations of motion
necessitates the development and thorough analysis of tailored time in-
tegration schemes to ensure their numerical stability and accuracy.

In essence, unlike their application in (nonlinear) statics, it is not
merely a matter of adding force correction terms in dynamic scenar-
ios. Instead, it requires a more nuanced approach that involves devising
specialized time integration methods capable of handling the intricate
interactions between these correction terms and the evolving dynamic
fields. This challenge underscores the need for dedicated research ef-
forts in the realm of dynamic simulations when implementing the EVS-
technique with force correction.

It is worth noting that the semi-discrete equations of motion are con-
ventionally solved using direct time-stepping methods. Consequently,
the introduction of force correction terms brings about alterations in
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the expressions for the amplification matrix and the load operator
within the chosen time integration scheme. This implies that the im-
plementation of a correction technique can potentially transform a time
integrator that was previously unconditionally stable into one that is
no longer unconditionally stable but unconditionally unstable. Even in
cases where stability is maintained, there is a need to establish new esti-
mates for the critical time step size, especially in the context of explicit
dynamics.

In this context, there is a tangible risk that the introduction of
force correction terms may actually lead to a reduction in the stabil-
ity limit. In such instances, the pursuit of improved accuracy might be
outweighed by the restrictions imposed on the time step size. Conse-
quently, the question of how to effectively approximate or compute the
correction terms becomes a delicate and intricate challenge, warranting
dedicated research efforts, which the authors are currently engaging in.
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Appendix A. Stabilization parameter

In this part of the appendix, we briefly introduce different for-
mulations of the stabilization parameter taken from recent literature
[19,26,85]. These different approaches are included for the sake of
completeness and to provide the reader with an overview of available
options. However, a detailed analysis of the pros and cons of each ap-
proach are out of the scope of this contribution.

The first approach has been suggested by Lohnert in the original
publication on the EVS-technique [26]. Here, a functional dependence
of the actual stabilization parameter and the magnitude of the eigen-
value to be stabilized is introduced:

leé’,‘ = <€S}“max - iu,i)f+(€S/1max - ju,i)

with fr(x)= {

Vielln,]

0 Vx<0 ()]

1 Vx>0

Another approach, proposed by Garhuom et al. in Ref. [19], suggests
the following empirically determined relation:

€
sl = —— vie(l,n,]. an

The additional factors § and n,  are introduced to tune the stabiliza-
tion factor to different applications. In Ref. [19], a good performance
has been demonstrated for f=5 and n, =80, see Fig. I. Although the
magnitude of the eigenvalues is taken into account by Eq. (II), there is
still a potential issue when different systems of units are utilized. Keep
in mind that the mode shapes are invariant to a change in the system of
units, while the eigenvalues will be different. Due to the nonlinear char-
acteristics of the stabilization factor introduced in Eq. (II), one would
obtain different relative stabilization matrices despite that fact that the
physics of the structure has not changed. To address this issue and en-
sure a wider range of applicability, it is also recommended to introduce
the scaling approach proposed in Sect. 4.3.

A third idea, put forward in Ref. [85], consists in establishing a func-
tional dependence of the stabilization factor on the material parameters,



S. Eisentrdger, L. Radtke, W. Garhuom et al.

%107

041 .

0.006 0.008

A

0 0.002 0.004 0.01

Fig. I. Example of the functional dependence of the stabilization factor zfé on
the eigenvalue 4 for eg=1x 107, f=5, and ne, =80.

e.g., the first Lamé constant 4;, and the volume fraction of a cut ele-
ment y. This results in a constant stabilization factor

(€119)

The additional parameter f is again introduced to tune the properties
of the proposed scheme. In Ref. [85], it is suggested to use f#=1.

At this point, we want to note that our approach, which consists
in using a constant value for the stabilization factor eg in conjunction
with the scaling method described in Sect. 4.3, is closely related to the
third approach given by Eq. (III). By means of the scaling relation we
implicitly take the material properties into account. While we do not
consider the volume fraction of the cut element in our formulation, one
can easily infer that for badly cut elements, which is the primary area
of application of the stabilization scheme, the term (1 — y) quickly goes
to 1. Therefore, it is expected to observe a similar performance.

ses; =es AL (1= p).

Appendix B. Alternative expression of the stabilized/modified
matrix

In this section of the appendix, we present an alternative expression
for the system stabilization matrices. This formulation sheds some ad-
ditional light on the operational procedure of this technique. It is worth
noting that the derivation we provide here is specifically tailored to the
fully-populated, i.e., consistent mass matrix representation (without ap-
plying any mass lumping technique).

To reiterate our primary goal, we aim to stabilize the system ma-
trices for the cut elements employed in immersed boundary methods.
Typically, this objective is achieved by introducing an additional sta-
bilization term denoted as AS to the general system matrix A. Conse-
quently, our stabilized or modified matrix, denoted as AM°d, can be
defined as follows:

AMod — A 4 AS, av)

When employing the EVS-technique, the system matrix is initially
transformed into its spectral form

A=GAD", w)

where ® and A represent the matrix of mode shapes (stored column-
wise) and the diagonal matrix of eigenvalues, respectively. The stabi-
lization matrix AS can be expressed in a similar manner as

AS=pS DT, (VD)

with €5 representing the diagonal matrix of stabilization parameters.
The stabilization parameter for mode i is denoted as e,,s, and it can
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differ for each mode. Thus, the matrix of stabilization parameters takes
the following form

(ViD

Ndim
where ny;,, denotes the dimension of the square matrix. It is important

to recognize that the scaling parameter i, as defined in Sect. 4.3, re-
mains a constant value. For modes that do not require stabilization, eiS

takes a value of 0. Otherwise, it might be a function of the correspond-

ing eigenvalue 4, i.e., e,f’ #* els, or a constant value, i.e., ez = els =¢S5,
Therefore, we can express the modified matrix as follows
AV =@ (A+6) DT, (VIID)

The result is evidently equivalent to the derivation presented in Sect. 4,
albeit expressed differently. Nevertheless, by examining Eq. (VIII), it
becomes apparent that the EVS technique effectively enhances the sta-
bility of the system matrices by increasing the eigenvalues associated
with the physically meaningless zero eigenspace.

Numerical analyses demonstrate that in the presence of a uniform
stabilization parameter denoted as eg, the stabilization exclusively im-
pacts the main diagonal, leaving the off-diagonal elements unaffected.
This situation is markedly different in scenarios involving varying sta-
bilization parameters el.s or incomplete mode stabilization, where the
stabilization also extends its influence to the off-diagonal components
within the system matrix.

Appendix C. Influence of mass lumping applied to cut element on
the attainable accuracy in dynamics

In this part of the appendix, we briefly investigate the reasons for
the impaired convergence behavior observed in the numerical exam-
ples. While it is well-documented that mass lumping in the context of
spectral elements leads to optimal convergence, the observed deterio-
ration in accuracy is likely connected to the treatment of cut elements
in the spatial discretization. Therefore, we conduct a more focused in-
vestigation on the porous plate case, as discussed in Sect. 8.2, with the
critical setup parameters: r,=1.75 mm, r,=1mm. To this end, we se-
lect a specific spatial discretization consisting of 480 x4 elements with a
polynomial degree of p=6, resulting in npgp =142,950 degrees of free-
dom. We also make adjustments to the mass matrix formulation and the
subdivision level for numerical integration (k). For stabilization, we em-
ploy the EVS-technique (variant 2b) with parameters a; =0, eg= 1072,
and €, =1073.

First, we investigate the impact of numerical integration accuracy,
particularly by increasing the value of k from 4 to 10. The results are
depicted in Fig. II, demonstrating that a subdivision level of k =4 is in-
sufficient for our needs. While some improvement is noticeable with
higher values of k, it is evident that the overall trend of the signal re-
mains inaccurately approximated. Thus, despite the fact that enhancing
numerical integration accuracy is beneficial, it alone does not resolve
the issue of poor convergence and is also not the main contributor.

As a second attempt to explain the suboptimal convergence rate, we
adjust the mass matrix formulation, while a subdivision level of k=4 is
employed. To this end, we consider the following settings:

1. Use HRZ-lumping for cut elements and nodal quadrature for spec-
tral elements (standard approach) — SCM: LMM.

. Use the consistent mass matrix for all elements — SCM: CMM.

. Use the consistent mass matrix for cut elements and nodal quadra-
ture for spectral elements — SCM: SE-LMM, SC-CMM.
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Fig. IV. Influence of the HRZ-lumping algorithm.

The results, depicted in Fig. III, reveal that the consistent mass matrix
formulation produces outcomes nearly indistinguishable from the refer-
ence solution, with slight discrepancies attributed to the finer spatial
and temporal resolutions of the reference and numerical integration
of cut elements. Even when employing a consistent mass matrix for-
mulation for cut cells only, we achieve a remarkable agreement with
the reference. Only when cut elements are lumped using the HRZ-
scheme do we observe a deterioration in the results. Similar findings
were reported in a recent publication by FaBbender et al. [86]. In
their study, they suggested employing an IMEX (implicit-explicit) time
integration scheme as a means to mitigate errors associated with lump-
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ing cut elements. Through a range of examples, spanning from sim-
ple one-dimensional academic benchmark problems to complex three-
dimensional structures, their study effectively demonstrates the adverse
impact of lumping cut elements on the accuracy of transient responses.

Moreover, it has been even observed that the results vary on the
specific HRZ-lumping procedure employed (see Fig. IV). The red curve
illustrates results derived by first computing the consistent mass matrix
of cut elements and subsequently applying the HRZ-scheme. In con-
trast, the blue curve represents outcomes achieved through the direct
application of the HRZ-technique to individual subdomain contribu-
tions, followed by the summation of the pre-diagonalized matrices to
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obtain the lumped mass matrix of the cut element. This, once again,
emphasizes the imperative need for dedicated research efforts aimed at
addressing the unresolved question of mass lumping in the context of
immersed boundary methods.

Appendix D. Lucy—interactive 3D visualization

Fig. V. Interactive three-dimensional visualization of Lucy by means of
U3D files—Surface triangulation with reduced resolution (1,000,000 triangu-
lar facets, i.e., only 3.6% of the original number of facets are retained for the
sake of a smooth visualization and in order to keep the size of the PDF file
reasonable).
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