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Summary

The work at hand deals with fractional powers of non-negative operators, closed linear but
typically discontinuous operators fulfilling a resolvent growth estimate, in quasi-complete
Hausdorff locally convex spaces. In particular, the special case of a Banach space is incor-
porated. Basic properties of such operators in locally convex spaces, among them many
properties known from the Banach space case but also things characteristic for more gen-
eral locally convex spaces such as the stability of the class under formation of inductive and
projective limits, are studied. The proofs for the properties which also could be formulated
in Banach spaces are similar to the proofs there and do not cause greater problems.

Afterwards the e-product, a concept to describe certain classes of vector-valued functions,
will be introduced and used to formulate what is meant by a functional calculus in this
particular setting. When using a concrete representation of the objects in the studied
algebras, the formulae arising from this approach take their expected form. Two well known
functional calculi, namely the Hille-Phillips as well as the Stieltjes functional calculus, will
be introduced and extended.

The Stieltjes calculus then will be used to introduce and study fractional powers of
non-negative operators. A couple of expected properties known from the Banach space
situation, such as power laws and the possibility of using the Balakrishnan formula, will
be investigated and confirmed.

As an application of the so far introduced theory, existence and uniqueness of solutions
of the Caffarelli-Silvestre Problem in locally convex spaces with the above mentioned
properties will be studied. The uniqueness and existence result will be proved under the
slightly more restrictive assumption that the involved operator is actually sectorial which
is in general a strict sub—class of the non—negative operators in locally convex spaces.
Still the achieved result generalises the situation from the Banach space setting to the

framework of locally convex spaces.
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1. Introduction

Fractional powers of closed linear operators in Banach spaces are a classical topic in op-
erator theory. To be more specific, it plays a significant role with numerous applications
in the classical theory of ODEs, stochastics, interpolation theory, maximal regularity, and
Cauchy-type initial value problems. The main question of the entire theory may be boiled
down to an essence by asking whether, for a given closed linear operator A in some space
X and a complex number o« € C, we can define an operator A® which we will call the
fractional power of the operator A in such a way that the fractional power inherits prop-
erties of the ‘base’ operator A (one may think of continuity or closedness) and such that
the fractional powers behave as we would expect from the study of the possibly simplest
instance of the here pictured scenario which is considering the Banach space C. So for
example one would expect the power laws A®AP = A8 as well as (A%)? = A%® assuming
the latter makes sense.

Historically, and surely subject to different interpretations, one can say that the research
on this topic actually dates back to the 17" century and the early days of calculus when
mathematicians found laws comparable to power laws hidden in the newly created theory.
It is an interesting question by itself to study possible interpolations between n-folded
applications of differentiation and integration apparently first raised by L’Hépital in a letter
to Leibniz in 1695 and subsequently studied by Euler, Lagrange, Laplace, and Fourier.
All the so far mentioned mathematicians contributed directly or indirectly to the above
raised question, though, they did not have a particular application in mind which changed
when Abel used the calculus indirectly to solve a generalised Tautochrone problem. Abel’s
solution stimulated further deep research in the field carried out by Liouville and Riemann.
The historical roots of the subject also explain the today’s term ‘fractional’ as from the
interpolation point of view one naturally first considers operators with rational exponents.
At the present time the term is somewhat misleading since even the consideration of
complex exponents found their applications. For many more interesting details on the
history, the reader be adviced to have a look at [55].

At the beginning of the 20" century functional analysis and in particular operator

theory developed and provided the language and the tools for a more abstract study



of fractional powers but, to the best of the authors knowledge, it took almost 50 more
years till new studies on fractional powers took place. This was not due to a lack of
possibilities. The spectral theory of normal operators provided already a first instance of
what is now commonly called a functional calculus, and one could have easily explored
properties of fractional powers for A being a normal operator on a Hilbert space whose
spectrum lies inside a fixed sector of the complex plane not intersecting the negative reals
and with A% defined by means of the spectral theorem. It seems that it was the missing
application for a general theory outside the realm of calculus which rendered the topic
somehow uninteresting. This gap was closed in 1949 by Bochner who studied in [9] the
notion of subordination (a term introduced by the same author in [10]) in stochastics which
provided a first alternative to the description of fractional powers via spectral theory. The
underlying theory was actually already abstracted some time before from the stochastic
context to general Banach spaces by Hille in [29] and subsequently extended in [4], 53], 54|
to what now is called the Hille-Phillips calculus. In terms of operator theory one obtains
fractional powers of an operator A when —A is the generator of a bounded Cy-semigroup

by plugging in the operator A in the function A — e=**"

and considering the negative
generator of the so obtained new Cy-semigroup which is A®. For a thorough treatment of
subordination and further details on the history including sources, the reader my consult
the book [57, Chap. 13| while more information on the Hille-Phillips calculus are available
in [27].

A. V. Balakrishnan extended the construction of fractional powers in 1960 in [5] to the
wider class of non-negative operators, a term coined by Komatsu in [36] who studied the
topic intensively as well in a series of papers beginning with [34]. He also introduced
interpolation space methods in the study of fractional powers in [35] and connected them
to the real interpolation technique introduced by Lions and Peetre in [41]. The complex
interpolation technique introduced by Calderén ([14]) seems to enter the stage the first
time in [60]. The general coincidence of domains of fractional powers for base operators
with the property to have so-called bounded imaginary powers and complex interpolation
spaces was shown in [68].

In the context of Banach spaces a non-negative operator A has the negative reals con-
tained in its resolvent set and fulfills an additional resolvent estimate on them. In Banach
spaces these operators coincide with sectorial operators as introduced in [25] 33]. An op-
erator is sectorial if an entire sector symmetric around the negative real axis is contained
in the resolvent set and if an estimate on the resolvent operators is available on all proper
subsectors. Sectorial operators in this sense are automatically non-negative, and the con-

verse implication in Banach spaces follows from the Neumann series. They are, however,



by no means the most general class of operators for which one can define fractional powers.
Indeed, all classes typically used as base for fractional powers share the property that the
negative reals are contained in the operators resolvent sets but weaker resolvent estimates
than those used for sectorial operators suffice to define fractional powers. For an exam-
ple see [18] where the authors studied operators with polynomial growing resolvents as
well as so-called regularised operators. However, from a functional calculus point of view
the resolvent estimates defining sectorial operators feel, at least for the author, to be the
most natural conditions providing a good compromise between applicability, generality,
and richness of results.

Coming back to Balakrishnan’s work, in reflexive spaces such as Hilbert spaces secto-
rial operators are automatically densely defined. Studying the Balakrishnan construction
carefully it is revealed that using his construction actually means to consider a certain part
of the operator A which is always densely defined. Without this assumption a reasonable
spectral mapping theorem cannot be proved and one even fails to obtain A! = A. Thus,
until 1988 a sensible way to define fractional powers for non-densely defined operators was
missing. This gap got closed by Marco, Martinez and Sanz in [42] who provided an at first
glance more complicated definition which turned out to be a proper generalisation of the
Balakrishnan definition including the spectral mapping theorem and the above mentioned
equation A! = A even for A not being densely defined.

From a today’s point of view Balakrishnans construction is part of the modern calculus of
sectorial operators as it was introduced in the groundbreaking paper [45]. A very detailed
study of the entire topic is available in [25]. Indeed, it is a very natural approach to define
A% by trying to plug in the operator A in the function A — A*. Other calculi besides
the sectorial calculus can be used to define fractional powers as well. To mention two
examples, one could directly make use of the halfplane calculus, the natural choice for
generators of bounded Cy-semigroups which are not analytic (|6]), or defines the powers
as generators of subordinated semigroups defined by means of the Hille-Phillips calculus,
i.e., make use of Bochner’s subordination mentioned before and thus defines them using
the calculus indirectly.

We already mentioned that in Banach spaces there is no need to distinguish between
sectorial and non-negative operators. This is not anymore true in more general locally
convex spaces. For this reason the development of a new calculus, refraining from using
the property of sectoriality, became necessary in order to extend the theory to non-negative
operators in locally convex spaces. A first version of such a calculus was already contructed
in 1977 by Hirsch ([30]) and extended and used in [15] to generalise the theory to Fréchet

spaces and beyond the realm of sectorial operators. Further simplifications and generali-



sations as well as a quite complete overview of many applications of fractional powers are
contained in the book [44]. However, because of the interest of many people in the Banach
space situation only, the book merely sketches what to do in locally convex spaces and
leaves it to the reader to fill the details. Moreover, the very systematic and appealing view
on general functional calculi, as applied in [25], did not enter in [44] (for the obvious reason
that the former work was carried out 5 years after [44] was written).

In the beginning we mentioned manifold applications of fractional powers in different
fields of mathematics. A rather recent one is the description of a generalised Dirichlet-
to-Neumann operator. This application was first considered for the special case of the
Laplacian by Caffarelli and Silvestre in 2007 in the celebrated work [13]. In this work
the viewpoint was converse to what was just said. The authors used the Dirichlet-to-
Neumann operator to describe the fractional power. Later the situation got generalised
to the abstract realm by various others introducing completely new (in fact functional
calculus) techniques, see |3, 23], 48] 47, [49] 63]. As it finally turned out, the Dirichlet-to-
Neumann operator is very much equivalent to the fractional power.

Based on this short summary and overview of the research field, the thesis at hand is
structured as follows. In Chapter [2] we will collect basic notions of locally convex vector
spaces, introduce the main class of operators we are going to study (namely non-negative
operators), and prove some properties for them. The following Chapter 3 will be devoted
to the study of the functional calculi in locally convex spaces. We will introduce the notion
of e-products and use it to establish the Hille-Phillips as well as the Stieltjes calculus. The
latter will be used in Chapter {4 to define fractional powers and study their properties.
Afterwards, the equivalence of the ‘real’ powers with the indirect description as generators
of holomorphic semigroups stemming from subordination will be shown. The final Chapter

Bl then deals with the Caffarelli-Silvestre Extension Problem and its solution.



2. Basics

In this first chapter we shall define the basic structures which will be considered in the
dissertation in its full generality, and we will prove the first elementary properties. The
structure of the chapter is motivated by [44] where (among many other books) the corre-
sponding properties for sectorial operators in Banach spaces are proven and where aspects
of the situation in locally convex spaces are discussed. From now on [X] shall denote a
locally convex vector space (LCS) over the field C unless otherwise specified. A system of
continuous seminorms generating the topology of X will be denoted by[Px| Every such
system will, w.l.o.g., be assumed to be directed which means that for every ||-[|,, [|-]|, € Px
we can find |-[|, € Px and C > 0 such that max{[|-||,,[[-][,} < C|[|,. Al LCS in the
thesis shall always assumed to be Hausdorff. In terms of seminorms the Hausdorff property

may be characterised by
(7 I-ll, € Px = [|z[l, = 0) = z=0.

By Ul we shall denote the set of all O-neighborhoods.

A set A C X is said to be conver if for all z,y € A, t € [0, 1] we also have tz+(1—t)y € A
and it is balanced if x € A implies rz € A for all r € C with |r| < 1. A balanced, convex
set is called absolutely convexr. Equivalently, one can characterise absolute convexity by
the fact that x,y € A, a, 8 € C, || + |B| < 1 implies ax + By € A. Every LCS X admits
a basis of 0-neighbourhoods which are absolutely convex.

Also recall that a set B C X is called bounded if for all U € U there is ¢ € C such
that B C cU. Define the ball of radius r > 0 around x € X w.r.t. the seminorm ||-||, by
= {r € X | ||z|, <r}. Then it is already sufficient for a set to be bounded if

VI, € Px 3Ir>0: B C By(0,r).

Furthermore, one can rephrase boundedness in terms of seminorms and gets that a set
B C X is bounded if and only if

VI, € Px : 8161113) ]|, < oc.
X



An LCS is said to be quasi-complete if every bounded Cauchy net is convergent in X. From
now on we also want to assume that X is quasi-complete. Other additional assumptions
about X will be introduced at the points where they are needed. For two LCS X and Y we
shall denote by the set of all closed linear operators A defined on some subspace
C X toY. In case X =Y we briefly write C(X). By we denote the set of
all continuous linear operators from X to Y which we assume to be defined on the whole
of X. One should have in mind that every continuous linear operator is locally bounded,
i.e., maps bounded sets into bounded sets but the converse may be wrong unless X has
the property to be bornological, see |56, Chap. II, Prop. 8.3]. As in the case for closed
operators, we write £(X) instead of £(X, X). For an overview and more information on
LCS the reader may consult [50, 56].
A family (Aa)aca in £(X) is said to be equicontinuous if

VI, € Px3C >0,|, € PxVor e X : suB Az, < Clz, -
ac

Similar to the case of a Banach space we shall define the resolvent set of a linear operator
Aon X tobep(A):={ e C| (A= A)~ € L(X)}, and we will call[g(A):= C\ p(A) the
spectrum of the operator A. We are now going to introduce the basic class of operators

which we will study.

Definition 2.0.1. Let A € C(X). The operator A is called non-negative if (—o0,0) C p(A)
and if the family
A+

A>0

is equicontinuous which means that
‘v’||~Hp € PxdM > 0, ||Hq € PxVxr e X : sup H)\(/\ + A)_lep <M Hx||q
A>0

We denote by the set of all non-negative operators on an LCS X.

The here introduced notion of non-negativity is taken from [44] and generalises the
common concepts, as defined for instance in [5], for Banach spaces. Occasionally authors
also include further assumptions such as dense domain, injectivity, or dense range. This
shall not be included in our definition and will explicitly be stated when needed. Let us
have a look at examples and non-examples. Before, let us agree that for z € C\ (—o0, 0] the
symbol € (—m, ) denotes the unique number such that z = |z|e'*®( and denote
for w € [0, 7) the closed sector of angle w by [S,]:= {z € C\ (—00,0] | |arg(z)| < w} U{0}.
Furthermore, the reader may recall that an operator semigroup is a family



in £(X), w € [0,%], such that e = [[x] 1x being the identity, and Vz,w € S, :

e #4e

’2
—wA — o=(x+w)A From this property it follows that the single operators of the family

commute with each other. The semigroup is called strongly continuous or a Cy-semigroup

if Ve e X : lim, 0 ses, €

~#42 = x. Having these definitions in mind, let us have a look on

known examples.

Example 2.0.2.

(a)

(b)

(c)

(d)

(¢)

Let Q) be a Hausdorff locally compact space with Radon measure p. For p € [1, 0]
set X := LF (), and choose f € L°(Q) to define A: D(A) — X via Ag := fg with
domain D(A) = {g € X | fg € X}. Similar to the case of L} () being replaced
with LP(QY), one shows that A is a closed operator, and A € L(X) if and only if
fe L (Q). If f ¢ Le.(S2), then A is densely defined if and only if p € [1,00).
Moreover, it is always true that 0(A) = Ress(f). Finally, A € M(X) if and only if
for every compact set K C € there is a number wyk € [0,m) with the property that

Ress(f : ]IK) g SwK-

Let A be a normal operator in a Hilbert space X. Then A is non-negative if and only
if there is w € [0, ) with the property that o(A) C S,. This is proven in [{4, Thm.
1.3.5].

Let X be an LCS and —A the generator of an equicontinuous Cy-semigroup. Then

A is non-negative. This follows from an extension of the Hille—=Yosida Theorem to

LCS, see [69, Chap. IX, Sect. 7].

Let X be a Banach space, and let —A be the generator of a Cy-semigroup with growth
bound wy € R. Let w > wy. Then A+ w is non-negative. This follows from the
classical Hille-Yosida Theorem for Banach spaces ([20, Sect, II, Thm. 3.8]).

An operator which will often cross our path is the (negative) Laplacian —A defined
on various spaces. Many of its realisations (sometimes involving a small shift) are
actually generators of equicontinuous semigroups and, hence, are non-negative. So
for example, the negative Laplacian defined on H}(2), Q C R™ open (Dirichlet-
Laplacian) or its Neumann equivalent are such realisations. One may also consider
other LP-spaces (which will lead to geometric constraints on Q, see [67, Thm. 3.8])
or spaces of continuous functions. As for distributional realisations, one can say that
—A+ ¢, € > 0, is non-negative on the Schwartz space . (R™) of rapidly decreasing
smooth functions but just —A is not though, see [{4, Rem. 5.6.2].



Equicontinuity of the family of resolvent operators implies strong continuity and even

better differentiability of the family as the following proposition shows.

Proposition 2.0.3. Let A € M(X). Then

Ve e X : ((0,00) 2 A ()\—l—A)_lx) € C™((0,00); X)

Proof. By the resolvent identity it follows that for every ||-||, € Px and A,y > 0 there is
C > 0and |||, € Px such that

_ _ A—
[A+A) = (p+A) 2 = \)\—mH(quA)l()mLA)1x||p§C%HxHq.

Hence, A\ — (A4 A) 'z is even locally Lipschitz continuous. The continuity in turn
implies, again by the resolvent identity, differentiability since for A > 0, h € R such that
A+ h > 0 there is C' > 0 with
[A+h+ )= A+ A) " e+ h(A+A) e
C'|h _ _
S%H()\JthrA) fr— (A +A) e

Continuity of the derivative is a consequence of the geometric sum formula which states
that for a,b € C, n € IN it holds that

n—1

(a" —b") = (a—b)> a7k

k=0

Applied to the first derivative this gives, again for some C' > 0, for instance

||(>\ + A) %z — (u+ A)*%Hp
=AM+ +(p+A ) ((A+A)" = (u+ A)‘l)me

<c““H A+ A) o — (et A) ),

and similar for higher derivates. Arguing inductively, one finds

dn

S AT AT e = (=) (A AT e

and the claim is proven. O



Let X be a Banach space and A € C(X) such that p(A) # @. In this situation p(A) is
open in C and the mapping p(A) > A = (A — A)~! € £(X) is holomorphic even w.r.t. the

operator topology. This is not necessarily true in LCS as the following example shows.

Example 2.0.4. We consider the Fréchet space X = {f € C>~([0,1]) | Vn € Ny :
f™(0) = 0} with its usual topology induced by seminorms

) (k)
;= max su T n € Ny).
1£1l,, Oékﬁwe[ol,)u ‘f ( )| ( 0)

Consider the operator A given by

T

(Af) (2) = / f(t)at.

0

This is a continuous operator with continuous inverse given by the derivative. Both oper-

ators have resolvent set C and the resolvent of A~' is given by (A€ C, g € X)

x

<()\ - A’l)_1 g) (x) = —e)“‘/e)‘tg(t)dt.

0

Now let X > 0 and note that
SUITET Y G B
oA\ )

Choose x € (0,1] and g € X defined by g(t) :== e, t > 0, g(0) := 0. For this particular g
we have ¢ > 0 on [0,1] and for every [a,b] C (0,1) there is ¢ > 0 such that ¢'(t) > ¢ for
t € a,b]. So

T T

A(()\ — A_l)_1 g) (z) = =X /e_’\tg(t)dt =g(z) — em/e_”g’(t)dt

0 0
T

< g(r) — min g’(t)e’\x/e_mdt

iels.e]




as A — 0o. Hence, if we choose f:= Ag with g as above we conclude that

1 —1/1 A
lIlm(A—A)" f=lim —(-—-A4 g

A—0+ A—=0+ A\

does not even exists pointwise for x € (0,1].

Remark 2.0.5. Let A € M(X). Note that because of A(A\+ A)™' =1 - XA+ A)~! also
the family (A(A+ A)™)

\=0 18 equicontinuous.

Proposition 2.0.6. Let A € C(X) and such that (—00,0) C p(A). Then A € M(X) and
0 € p(A) if and only if the family (X +e)(X + A)*l)»o is equicontinuous for some, and
hence all, € > 0.

Proof. Assume A € M(X) and 0 € p(A). We only have to show that ((A+ A)~'), _ is

A>0
equicontinuous in order to establish the first part of the equivalence. This follows from

Remark and the continuity of A~" since for a given seminorm |||, € Px we have

3C, D >0, |||, ], € PxVr € X, A >0
[(A+A)~ xH = [[AAT (A + A)~ xH = [[AA+A)7TA” xH <ClAa” x” < CD |z, .

So (A + A)_l))\>0 is equicontinuous.
Conversely, let (A4 e)(X + A)*l)bo be equicontinuous. From

A+A)1 = A+e) A+ A

Ate

it follows that (A4 A4)7"),_,
to the topology of pointwise convergence. By [56, Chap. III, Prop. 4.3| this closure is

is equicontinuous. Consider its closure in £(X) with respect

again equicontinuous and since X is quasi-complete it is even complete by [56, Chap. III,
Prop. 4.4]|. By the resolvent identity and equicontinuity the net (()\+A)_1)/\>0

net as A — 0+ and hence it is convergent. Using the closedness of A, one finds

is a Cauchy

Vre X: lim(A\+A) 'z =A"x

A—0+
So 0 € p(A). What is left, namely A € M(X), follows directly from the equicontinuity of
(A+e)A+A4)7),_, and (A +A)7), _, since

A>0 A>0

AN+ A=A+ o)A+ A —e(A+ A)7 O

Remark 2.0.7. A system B C 2% of bounded sets is called bornology if it covers X and if

10



it is stable under inclusion and finite unions. Every such bornology gives rise to a locally
convex topology on £(X). Namely, for A € £(X) and B € B we can define a seminorm
by

|All 5, = sup [|Az]],
zeB

where [|-]|, is a continuous seminorm on X. The supremum is always finite since by
continuity of A the set A(B) C X is bounded. In the following will denote £(X)
equipped with the topology induced by B. The topology of pointwise convergence is the
coarsest possible choice. The corresponding bornology is the bornology of finite subsets of

X. In the above proof every finer topology induced by a bornology could have been used.

We denote by [8] the strong topology on X', i.e., the topology of uniform convergence on
the bounded sets of X. The resulting LCS shall be denoted by [X}] and is called the strong
dual of X.

Lemma 2.0.8. Let A € M(X).
1. If A is injective, one has A~' € M(X).

2. Let A be densely defined and A" : D(A') — Xj. Then A" € M(Xjp).

Proof.

1. The first part follows from the identity

-1
AA+A4) =4 (% +A)

which one has to combine with Remark 2.0.5

2. Since A is densely defined, one can define the operator A’. Let now B C X bounded
be given. By equicontinuity it holds that

B:= J x0+A4)7"(B)

A€(0,00)

is bounded. This can be seen as follows. Let V' € U be given. By equicontinuity we
can choose U € U such that

U ro+497 @ cv

A€(0,00)

11



see |56, Chap. III, 4.1]. For this U there is ¢ € C with B C cU. It follows that

B C ¢V. Now one can estimate for f € X’

sup <)\(>\—|—A’)_1 f,x>‘ :sup‘(f,)\(/\—i-A)_le < sup|<f,y>].

z€EB r€EB yeB
This proves the claim.
We continue with a number of standard approximation results.

Lemma 2.0.9. Let A€ M(X) and x € X. Then

1. xeD(A) & VkeN: Alim MA+A)Fr=2 & VkeN: Alirn AFN+A)Fx = 0.
—00 —0

In particular, Vk € N : D(A) = D(AF).

2. 1€ R(A) & VkeN: lim N*(A\+A)F2r =0 & Vke N: lim A*(\+A)*z =z.
A—0+ A—0+

In particular, Vk € N : R(A) = R(AF).

3. Vk,n € N: D(A)NR(A) = D(AF) N R(A).

Proof.

1. Let x € D(A). The geometric sum formula yields

k—1
z— N\ +A) = Z NA+A) " (2= AN+ A) '2).
1=0
Choose |||, € Px and note that for every I € IN the family (M(A + A)™')
equicontinuous to estimate

k1
|z — A (A + A)”%Hp < ZZ: C ||z = AA + A)’lschl :
—0

Hence, we can concentrate on the expression x — A(A + A)~'z. Assume for the

beginning even x € D(A). Then

Cllall, _

||x—)\(>\+A)’1pr <

as A — oo. The result follows for all x € D(A) by density since we can choose a net
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(xq) in D(A), z, — = and estimate

INA+ Az — x||p
<A+ A @ =z, + A+ A) 0 — 2|+ 0 — 2]
<Cllze — ||, + [AA+A) - xaHp + |20 — x|

p

p

where we used again the equicontinuity of (A(A + A)_l),\>o'

Suppose now

Vk e N: lim (A + A) 2 = 2.

A—00

The second implication follows from the binomial theorem since

AR+ A) R = i <I;) (=D)NA+ A) e — i <’;) (—1)'x = 0.

1=0 =0

For the last step let
Vk e N : Alim AR+ A)Fr =0
—00

and argue as before to get
e
NN+ A) Py = § j ( )(—1)641@ + Al —

ie.,
D(AF) > MW\ + A)Fz — =

Hence, z € D(A).

As a byproduct we even get D(A*) = D(A).

. The proof of the second part is completely analogous to the first part and will be
omitted. Note however, that similar as before R(A*¥) = R(A) holds.

. From the first and the second part it follows that

D(A*) NR(A™) C D(AF) NR(A") = D(A) N R(A)

which shows the first inclusion.

For the other inclusion let x € D(A) N R(A), A > 0, and set z, = A"(A +

13



A (1) (L + A) "2 Then 2, € D(A%) NR(A™) C D(AF) NR(A") and
A A ((;)’“ (L) ) ‘
B (o) ]

—0as A — 0+. O]

lzx — 2|, < + AP+ A) e — x|

<C

+ HA”()\ +A) " — pr

The presented approximation results lead to a couple of interesting corollaries.
Corollary 2.0.10. Let A € M(X). Then we have that

1. N(A)NR(A) = {0}. Consequently, R(A) = X = N(A) = {0}.

2. if D(A) is equipped with the subspace topology, then A € L(D(A)) = D(A) = X.

3. if D(A) € X, then for alln € N R(A") ¢ D(A), and if R(A) € X, then n € N
D(A™) ¢ R(A).

4. Yk € N1 N(A) = N(AF).

Proof.

1. Let 2 € N(A) NR(A). Then
x = /\li)r(l)lJr AN+ Az =0.
2. Let x € X. Then there are constants M, C > 0 such that
40+ 7], < Ol e, <0 g s A5 oo

Hence, + € D(A) by Lemma Furthermore, since A is closed, we also have
D(A) = D(A). So by arbitraryness of = we get D(A) = X.

3. For the first claim choose = ¢ D(A), A > 0 and n € N. Then

R(A™) 2 A"(A+ A)” :L‘—x—l—Z() VAR 4 A) ko ¢ D(A).

14



Similarly for the second part choose z ¢ R(A) and A, n as above and derive analo-

gously

DA") 3 N'"(A+A) " =2+ Zn: (Z) (=D)FAF N+ A)~F2 ¢ R(A).

4. The inclusion N'(A) C N(A*) is clear. Conversely, let x € N(A*). For A > 0 we
conclude
0=(\+A) 1A% — A"z as X — 0+.

Arguing inductively yields the claim. O

More things can be proven by strengthening the assumptions on the space X. For this
let again (8 denote the strong topology on X' and denote the strong dual by Xj. We
define the bidual [X”] to be the dual space of X, ie., X" = (Xp)'. An LCS X is called
semi-reflexive if X" ~ X i.e., X" is linearly isomorphic to X. Moreover, one may equip
X" with the topology of uniform convergence on the bounded sets of X} (by analogy to
what has been said we may denote the result by , call it strong bidual, and say that X
is reflexive if X, ~ X, i.e., the spaces are even topologically isomorphic. For semi-reflexive
spaces we can improve on the first part of Corollary [2.0.10}

Corollary 2.0.11. If X is semi-reflezive and A € M(X), it follows that D(A) = X and

X =N(A) @& R(A). In particular, we obtain R(A) = X < N(A)={0}.

Proof. From semi-reflexivity, it follows that every bounded set is relatively compact w.r.t.
the weak topology [56, Chap. IV, Thm. 5.5|, i.e., bounded nets contain weakly
convergent subnets. Let z € X. Consider the bounded net given by ()\(/\ + A)*lx)bo in
D(A) directed towards co. Choose a weakly convergent subnet (Ao (Aq -+ A)_lx)aeA and
denote its weak limit by y. Then also the net (A()\a + A)_lx) meq Converges weakly. The
net ((A+ A)~'z),_, and therefore also its subnet ((Ao + A)7'z)__,,

X. In particular, it converges weakly to 0. The operator A is closed and therefore also
weakly closed. We conclude that the subnet (A(\q + A)~'x)
which implies that (Aa(Aa + A)’la?)aeA
closure of D(A) which coincides with the closure in the given locally convex topology of X
since D(A) is convex, see also (|31, Sect. 8.2, Prop. 4]).

For the second part of the statement we proceed similarly. Use again semi-reflexivity

converges to 0 in

we Converges weakly to 0

converges weakly towards z. So x is in the weak

and choose for given x € X one (of possibly many) weak accumulation points of the net

(A(X + A)_lx)bo which, in contrast to before, shall be directed towards 0. Call the
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accumulation point y and set z := x —y. Then x = y + z with y € R(A). Furthermore,
A1+A) 2 = A1+ A) o — A1+ A) ty = A+ A) e —lim AN\ +A) A1+ A) Tz =0

by Lemma [2.0.9, So z € N (A(1+ A)™') = N(A). So far we found one possible decom-

position of the arbitrary element x in the desired manner. Uniqueness follows now from
N(A)NR(A) = {0} (Corollary [2.0.10). O

Another possibility to state more is to employ the open mapping theorem. In order to
prove it in an LCS X the notation of a web and an inductive limit is required. A web
W in an LCS X is a mapping W : J,—, N* — 2% such that R(W) is contained in the

absolutely convex sets and

UW(Z) =X aswellas VEe N, ny,...,n, € N: UW(nl,...,nk,l) =W(ny,...,ng).
1=1

=1

Furthermore, one requires a rather mild completeness property which says

V(ng)kew in IN I(Ag)gew in (0, 00) V(g )ken, T € W(ng, ..., ng) : Z AT} converges.
k=1

An LCS X admitting a web is said to be a webbed space. In order to understand the last
statement a bit better recall that a general topological space €) is a Baire space if every
intersection of countable many open dense subsets is again dense in ). Baire’s category
theorem states that among others completely metrisable spaces are Baire spaces.

One can show that precisely the Fréchet spaces are the LCS which are webbed spaces
and Baire spaces at the same time (|31, Sect. 5.4, Thm. 4]).

A second notion is still needed to formulate the open mapping theorem in a very general
context. For this let A be a directed set, (X,)aca @ family of LCS and (lgy)a<pea 2
family of linear continuous maps: lg, : X, — X3 with the property that [, = 1x, and
lyg 0 lga = lya-

Define an equivalence relation (zq,a) ~ (z5,8) & Iy > a,f 1 Lo(za) = Lp(ap).
Now define X := {[(z4, )] | zo € X,, o € A}. This set becomes a vector space by setting

VA € G, [(xa, )]s [(x5, B)] € X 2 Al(@a, )] + pl(25, )] = [(Alya(2a) + pilys(25), )],

for some v > «, 5. Linear maps from all X, to X are given by L, : X, = X, Ly(z,) :=
(24, )]. Alocally convex topology on X may then be induced by defining that a seminorm

||l + X — R is continuous if and only if the seminorms ||-|| o L, : X, — R are continuous
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for every a € A. Note that no non-trivial seminorm on X at all has to be continuous
in which case we interpret X as equipped with the indiscrete topology. This topology
is locally convex but lacks the Hausdorff property. This also can happen in more general
situations. We shall always assume the resulting topology on X to be a Hausdorff topology

and refer in this case to = X as the inductive limit of the so-called inductive
spectrum (Xa)aca-

Example 2.0.12.

(a) Letn € IN and consider for k € N the spaces Xy, := C§° (B(O, kz)) of smooth functions
on B(0,k) for which all derivates allow for continuous continuation on the boundary
0B(0,k) and which all vanish there. Here C R"™ denotes the open ball with
centre x € R" and radius r > 0. These spaces become Fréchel spaces when being

equipped with seminorms of the form

IF]l; := max sup [(Df)(z)[, (I € No).

lal<l zeB(0,k)

For m,k € IN,m > k, define l,,,, : X — X,, to be the embedding of Xy in X,,.
The so constructed inductive spectrum is an example of a so-called countable, strict,
reqular (see [8] for definitions and details) embedding spectrum. The inductive limit
15 given by

D(R") ={f € C™(R") | supp(f) is compact}.

(b) Let again n € N and consider for k € IN the space X}, defined by

1
Xy = {f € C®(R") |Vl € Ny, X € (0, E) Cfll = max SuIPIL) ‘(Daf)(x)e)‘Hw” < 00}
>t zeR™

|

These spaces become also Fréchet spaces when using the seminorms ||-||;, | € No.
The inductive limit X will later be used and also characterised in terms of Fourier

transforms of the functions f.

(¢c) Let w € (0,m), ko € IN be such that w + kio < 7 and define for k € N, k > ko the

numbers wy == w + % Consider the spaces

Xy :={f¢€ H“(S’wk) | Voo € (—wp, wi) /’f(sem)‘ % < oo}
0
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o

where H™(S,,) is the set of holomorphic, bounded functions defined on the open
sector ka of opening angle wy. As before one can turn the single Xy into Fréchet
spaces. The inductive limit plays an important role in the functional calculus of

sectorial operators.

Remark 2.0.13. Similarly as in Example [2.0.12 one can construct for an open set
) C R™ the space D(Q2) as an inductive limit of a countable, strict, regular embedding

spectrum.
Using all the tools we introduced, we formulate the following corollary.

Corollary 2.0.14. Let X be the inductive limit of a sequence of Fréchet spaces (a so-
called LF-space) and A € M(X). Then A admits a continuous inverse if and only if it is

surjective.

Proof. 1If A admits a continuous inverse defined on all of X, it is clearly surjective. So let A
be surjective. By [31, Sect. 5.2, Coro. 4| every LF-space carries a web, i.e., it is a webbed
space. Since it is at the same time the inductive limit of a family of Baire spaces the open
mapping theorem holds by [31, Sect. 5.5, Thm. 2|. By surjectivity we conclude from
Corollary that A is also injective. The continuous invertibility follows now since
A is bijective and the open mapping theorem directly implies that every linear bijection

admits a continuous inverse. O

Let us come back to the possibility to construct new spaces as ‘limits’ of given spaces.
While the category of Banach spaces is not closed under the formation of inductive and,
their dual concept, projective limits, the class of LCS is (except for the already mentioned
problem that inductive limits in general may not be Hausdorff). Operators on the building
blocks fulfilling certain compatibility assumptions allow for a lift to the limit. Naturally
one may ask in which situations the lift of a family of non-negative operators results in a

non-negative operator on the limit space.

Proposition 2.0.15. Let (X, )aeca be an inductive spectrum, and denote its inductive limit
by X. Furthermore, assume for every a € A an operator A, € M(X,) be given such that

the following compatibility assumptions hold:

Vﬁ Z a€eA: lﬂa (D(Aa)) g D(AB) and lﬁaAa = Aﬁlﬁa.
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Then

DA)={x e X |Jae Az, € D(A,) : = [(Ta,)]}
Azr = Al(zq, @)] == [(AaZa, )]

s a well-defined linear operator on X which is again non-negative. If all A, are densely
defined, so is A in X.

Proof. Let us first show that A is a well-defined operator. For this let z, € D(A,) and
xp € D(Ap) be such that (z,, ) ~ (zg,5). Then there is v > «, 8 with l,,z, = l,pz5. By

our compatibility assumption we have [,,z,, l,p25 € D(A,), and
l.yaAa.I'a = Avlval’a = Avlvgl’g = l,y/gA/gl'g.

We conclude that A is well-defined and even (A,zq, ) ~ (Agzg, 5).

By the definition of the vector space structure on X linearity follows.

It remains to show A € M(X). For the resolvent set of A we shall show the more general
fact

() P(As) S p(A).

acA
For this let A € (1,4 P(Aq) and consider the equation

(A = AD(za, )] = [(ys, B)]. (2.0.1)

Analogously as above one can see that
By[(wa, )] = [(A = Aa) ' 2a, )]

defines a linear operator on the whole of X. Now a direct calculation verifies that the
unique solution to (2.0.1) is given by [(z., )] = Bi[(ys, 5)], i.e., A — A is bijective.

In order to see its continuity note that a general linear mapping B from any inductive
limit X into any LCS Y is continuous if and only if for & € A the mappings B o L, are
continuous. Apply this to our situation by choosing Y := X and note that

ByoLy=Lao(A—Ay)"!

which is continuous as composition of continuous maps. In particular, since all A, are

non-negative, we have (—o0o,0) C p(A).
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It remains to show the equicontinuity of the family ()\()\ + A)_l) 350" As a preparation
note that a basis of Ux (0-neighborhoods in X) is given by all absolutely convex sets U C X
such that for all @ € A it holds that L' (U) € Ux,, see [8]. So let U € Ux be given and
assume it to be absolutely convex which can be done w.l.o.g. Define U, := L' (U) € Ux,.
Use now A, € M(X,) and choose for every U, a neighborhood V,, such that

A+ A4 (Vo) C U

A>0

Set V := acx (Uyeq La (Va)). Here denotes the absolutely convezr hull of U, i.e.,
the smallest absolutely convex set which contains U. Let § € A be arbitrary. Then

Vs C L5 (Ls(Vp)) € L5 (V).
This shows that V' € Ux. Let finally A > 0. Then

AA+A) (V) =acx | LadMA+A40) 7" (Vo) CU
acA >

Cla

shows the claimed equicontinuity.

For the last part let z = L,x, be given. Since A, is densely defined one can choose a
net (zo) in D(A,) such that lim, xn, = x,. By continuity of L, it follows that z, :=
Loxow — Lox, = x which finishes the proof. O

Remark 2.0.16. In the proof we actually showed a generalisation of the mentioned con-
tinuity criterion. Namely, let (X, )aca be an inductive spectrum with limit X, Y another
LCS and (Ay)wex a family of linear continuous mappings from X to Y. Then this family

is equicontinuous if and only if all the families (A, Ly )xex are equicontinuous.
Example 2.0.17.

(a) The negative Laplacian —A, nor any shift —A +e (¢ > 0) of it, is not non-negative
on D(R™). The problem can already be located when considering the building blocks
(Ofe (B(O, k;)) Suppose the equation (—A + \)f = g had for every A\ > 0 and every
g € C°(B(0,k)) a unique solution f € Ci°(B(0,k)). Taking Fourier transform on
both sides, this would tmply that on the one hand

1
EOEESIENEDE

(Fz) = (Fg)(2), (z =(z'..., ") € C")

while on the other hand Ff has to be entire (analytic on the whole of C™) by the
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assumption on the compact support of f. From the above formula however, one can

see that F f will in general just be analytic on the tubular domain Cﬁlm||<\/x ={z=
(z1,...,2") € C | ||Im 2| := 327_, (Im 2%)? < A},

(b) The problem which arises when using the testfunction space D(R™) can be overcome

by using instead the spaces
= {f € C¥(R") |Vl € Ny, A € (0, ) [ 3= masx sup |(D°f)(w)e | < oo}

introduced in Ezample [(b) Analogously to the classical Paley-Wiener Theo-
rem for functions (see [69, Chap. VI, Sect. 4]) one can show that for f € Xy it holds
that Ff € H(C] <1 1) and for all N € Ng, A € (O, %) there is Cn x > 0 such that

(FHE] < Cvall+ [ 4+ ") (A = [Tmz])) ™

holds for all z € Cﬁlde while conversely every function g € ”H(Cﬁl 1< L) with the
above growth property is a Fourier transform of some f € X;. Choosing now € > 0
one can see by arguing as above that Xy is invariant under (—A+¢e+\)"t for k > %
and all A > 0. By Proposition the operator —A + € s non-negative on the

inductive limit for every € > 0.

As mentioned earlier the algebraic (and to a certain extent also topological) dual concept
of an inductive limit is a projective limit. For this let again be given a directed set A, a
family (X, )aea of LCS, and continuous linear maps (734 )a<gea such that mg, : Xg — X,,
Taa = lix, and mga0myg = Myo. One defines X := {(Za)aca | Ta € Xa AVB > a1 Tax5 =
Zo}. The space X is a subspace of the cartesian product I1,c 4X, and shall be equipped
with the subspace topology, i.e., the topology of pointwise convergence. More explicitly, a

system of continuous seminorms defining the topology is given by

n
L ) P :ZH‘%‘Z‘ p
i=1

where |-, are continuous seminorms in the single spaces X,,. So the continuous semi-
norms on X are finite sums of continuous seminorms from the single X,. Linear maps
from X to all X, are given by P, : X — X, Pa((xa)) := x,. The space =

is called projective limit of the projective spectrum (X,)acAa-
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Example 2.0.18.

(a) Let 1 < p < oo and define for m,k € N, m > k the space X, := LP(B(0,k)) and
Tk @ Xm — X by T f = flx,. This defines a projective spectrum and the limit
is X = L} (R™) with its usual topology.

(b) For n,k € N consider X := C*(R") and let T,y be the inclusion map from X, to
Xy. The projective limit of this spectrum is X = C*°(R").

(c) Take A := IN2 and order as usual via (my, ki) > (ma, ko) & my > mo A ki > ko.

Consider for (m, k) € IN3 the space

Xmp = {f € C*(R") | Ya € NG, o] < k= sup (1+ [[z])™ [(D*f)(z)] < oo}.

zeR?

This defines again a projective spectrum with limit X = .7 (R").

An analogous statement to Proposition [2.0.15| could be proven for projective limits.

Proposition 2.0.19. Let (X,)aca be a projective spectrum and denote its projective limit
by X. Furthermore, assume a family (Aq)aca of non-negative operators given on every

X, such that the following compatibility assumptions hold:
\V/B Z ae A: TBa (D(Aﬁ)) Q D(Aa) and ﬂﬁaAﬁ = Aaﬂ'ﬁa.
Then
DA)={re X |Vae A: z, € D(A,)}, Axr = A(x,) = (Asza)

s a well-defined linear operator on X which is again non-negative. If all A, are densely
defined, so is A in X.

Proof. To begin with we need to show that again Az € X. For this let z € D(A), /> «
and xg € D(Ap). Then mgaxp = x4 € D(A,) and

WﬁaAgl‘ﬁ = Aaﬂ'ﬁal’ﬁ = Aaxa

which shows Az € X. Furthermore, for A € (.4 P(Aa), v € D(A) and 8 > « we conclude
from

Taa(A — Ap)rg = (N — Aa) a7

that for all y € X
(A = Aa) "' Tpays = Taa(X — Ag) 'y,
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So as expected [),c4 P(Aa) € p(A) and

A=Ay = ((A = 4a) ya)-

The non-negativity of A follows from

k
A+ A) || = D AN+ An,) g, o < Ml
i=1 ~~ 4
<M; Loy

a4

where M = max{M, ..., M;}.

Finally, let * = (z,) € X be given. Choose for every z, a net (o, )r.ck, in D(Aq)
being convergent towards x, and set K := 1,4k, as well as z, := (x44,). Direct this
set in the usual way by defining kK > 0 < Va € A : kK, > 0, and note that this implies

lim, z, = z. ]

Example 2.0.20. Let us come back to the space ./ (R"™). In Example we al-
ready saw that this space can be considered as a projective limit. In order to apply Propo-
sition we will need another system though. For k € Ny and o € N}, |a| < k,

consider the closed operators Q“ and D* where (Q%f)(x) := x® f(z) with mazimal domain

in L*(R™). Set

Xi= () DD NDQ) = {f € HXR™) | Ff € HY(R")}

aE]Ng,

| <k

These spaces also form a projective spectrum by using the natural embeddings between them
and its limit is also (R™). Furthermore, applying the same Fourier type arguments one
can see that —A + ¢ is non-negative on every Xy. Hence, by Proposition[2.0.19 —A +¢ is
non-negative on . (R™).

Note that by dualisation every inductive spectrum (X,, lg,) gives rise to a projective
spectrum (X/,, mg,) with mg, 1= I, where I3, : Xj — X/, denotes the dual mapping. This

relation also holds in the other direction. It is always true that

/
(im}‘Xa> = proj X! (just algebraically, , see 22, §26, Satz 1.2]).
ac

acA

One can show that the pairing is given by

(@), [(za, @)]) = (20, 7a)
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which is well defined. Note also that both constructions are purely algebraic and do not
require any topology on the building blocks unless one wishes to construct a topology on
the limit space. If further for a projective spectrum it holds that P,(X) is dense in X,
(one says that the projective spectrum is reduced and this can w.l.o.g. always be assumed,
[31, Sect. 2.6, Prop. 2|), then one also has

/
<pr0j Xa) = ind X/ (just algebraically).
acA acA

More interesting, however, is the question whether the stated algebraic isomorphisms are

also topological isomorphisms. Here one has the following result:
Lemma 2.0.21. Let (X,)aca be a regular inductive spectrum. Then

!/
ind X, | = proj(X,)
(CXE.A )/8 a€A< )B

in the sense of an isomorphism between LCS.

For a proof see |22 §26, Satz 2.1].
This statement may be combined with Lemma to obtain the following relation
between Propositions [2.0.15| and [2.0.19]

Theorem 2.0.22. Let (X, )aca be a regular inductive spectrum and denote its inductive
limit by X. Furthermore, assume a family (Ay)aca of non-negative densely defined oper-
ators given on every X, as in Proposition [2.0.15. Define A as in this proposition. Then
Xj = Projaea (Xa)%, (A" X — Xj) € M(X3) and A” is given by

DA ={2' = (2)) € Xé |Vae A: 2, e DAL}, A(z))=(Alx)).

Moreover,
Vy>aeA:ll, (D(A,)) CD(A,) and U A=Al

oty alyar

That means A’ is the operator which one can construct from the operators Al, € M((X4)}4)
as it happened in Proposition |2.0.19.
Proof. The first part of the statement ist just Lemma [2.0.21
The part about the non-negativity of A’ on Xj follows from Lemma [2.0.8]
For the compatibility properties let v > « and zj, = I/ \2’ € I/, (D(A’V)) We need to
show that 2/, € D(AL). Let z, € D(A,) and calculate
(2, Aatta) = (2], liaAaa) = (2], Aylyata) = (L, AL2l, 4).

v yat iyt o
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We conclude that z, € D(AL) and Al 2! = ALl «f =1 Al 2!

alyaty T tyat iy Ty
It remains to show the special form of A’ which follows from the form of A. Let 2’ € D(A’)

and z € D(A). Choose a € A such that x, € D(A,) and x = [(x,, @)]. Then
(A2, z) = (A(2)), (20, @)]) = ((A'(2))) . Ta) = (24, Aaa)-

Hence, z], € D(A,) and (4'(z)), = AlLx) for this particular o. Now let v € A be
arbitrary and choose 0 > a,7. It holds that x5 := lsox, € D(As) and repeating the
already presented argument gives xy € D(Aj). But now 2/ = [z x5 € D(A)) by the
already established compatibility. This shows

D(A") C{a' = (z},) € X3 |Va € A: z;, € D(A,)}.
Conversely, let 2’ = (z) be such that 2/, € D(A) for all v € A. From

Va € A: ((Alxl), [(za, )]) = (AL, Ta)

a“r o

we conclude that
X 2w = [(20, )] = ((AL2), [(2a, @)]) € X7,

in particular when being restricted to D(A) where it is equal to D(A) 3 z — (2/, Az).
Hence 2/ € D(A’) and the proof is finished. O

Example 2.0.23. In Ezample [(b)] we learnt that —A + £ is non-negative on the

inductive limit X of the spaces

X ={f € C®R") | Vae Ny : sup |(Daf)(x)e@| < oo}

zeR"”

for any € > 0. The considered spectrum is reqular by [8, Thm. 3] since the mappings
Ik = X — Xi are embeddings. By Proposition —A' + ¢ is non-negative on the
strong dual Xj and can be obtained from the non-negative operators —A' + ¢ restricted to
the building blocks (Xy)j.

We finish this chapter by a standard proposition. For a closed subspace ¥ C X and
A € C(X) we denote by Ay the part of A in Y which is the operator A with domain

D(Ay) = {z € Y " D(A) | Az € Y}

If A e M(X), one can show that Ay is non-negative if Y is invariant under all resolvent
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operators (A + A)~!, A > 0. For reduction purposes it is of interest to study the part of

Ae M(X)in D :=D(A), R:=R(A) and G :=D(A) NR(A).

Lemma 2.0.24. Let A € M(X). The operators Ap, Ar and Ag are all non-negative in

the respective spaces. Furthermore,

1. Ap is densely defined,
2. Ag has dense range,

3. Ag is densely defined with dense range.

Proof. Let A > 0. The spaces D(A) and R(A) are invariant under (A\+A)~!. By continuity
of the resolvent this invariance carries over to the closures which means that D and R are
invariant. The same holds for G as being the intersection of D and R. From the non—
negativity of A in X we can conclude now that all parts of A are non—negative in the
spaces D, R, and GG. The statements about the density of the domain and range follow
now as before by using Lemma together with the approximations A(A + A)~'z — x
as A — oo if x € D (density of the domain) and AN+ A) 'z > zas A > 0+if x € R
(density of the range). O

Example 2.0.25.

(a) We would like to demonstrate Lemma by a standard application. Assume X
to be a semi-reflexive LCS and A € M(X). By C’orollary we know that A 1is
densely defined. Hence A= Ap and Ar = Ag. Additionally, X = N(A) @ R(A). So
every x € D(A) may be decomposed in = y+2z withy € N(A) and z € R(A)ND(A).
Hence Ax = Apx = Agz and so in case of semi-reflexive spaces it is always enough

to study Ag instead of A.

(b) Consider —A on X := C°(R"™) of which Y := C*(R™) is a proper subspace. The
subspace Y is invariant under the resolvents ((—A-+ X)) >0 which can be seen when

considering the semigroup generated by —(—A) which is given through

t=0,
@ )w) =1
where k: (0,00) x R™ — R,
1 _ =i
k(t,x) = k(z) == W@ @ (t>0,z € R")
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is the Gauf-Weierstrafl kernel. Restricted to Y, the operator —A s additonally

injective.

For later use, we shall also introduce the subclass of sectorial operators. Considering
Definition of non-negative operators, one can see that the more common sectoriality

can be generalised in the same fashion to LCS.

Definition 2.0.26. Let A € C(X). The operator A is called sectorial if there is ¢ € (0, 7)
such that C\ S, C p(A) and if for every o € (¢, 7) the family
-1
(/\()‘ —4) >>\EC\Sa
is equicontinuous. Let w be the infimum of all angles ¢ such that A is sectorial. Then w

is called angle of sectoriality of the sectorial operator A. We denote by [SJ(X) the set of
all sectorial operators with angle of sectoriality w and set S(X) := U, g r) Sw(X).

One has S(X) € M(X) while equality holds for example in Banach spaces, see [44]
Prop. 1.2.1]. In general LCS one has S(X) € M(X) though. See [44, Ex. 1.4.3 and Ex.
1.4.4] for two examples in Fréchet spaces. All the so far produced results for non-negative
operators also hold for the class of sectorial operators with almost identical proofs. The
following two chapters will only deal with non-negative operators. However, the reader will
encounter sectorial operators again in the last chapter where sectoriality will be essential

for the proof of uniqueness of the Caffarelli-Silvestre Problem.
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3. Functional calculus in locally

convex spdaces

The third chapter shall be devoted to the development of what we shall refer to as functional
calculus. Since the goal of this chapter will be a way to define what we mean by the
fractional power A® of a given linear operator A, this calculus should include the function
A = A% Seeing the vast number of appearances of the term ‘functioncal calculus’ (notably
also in the title of this third chapter), one would assume perfect agreement on what a
calculus actually is. Most surprisingly this does not seem to be the case. We shall follow
[25] and also [27] for the more abstract point of view and include some minor modifications.
As preparation we will denote in this chapter by o7 a locally convex algebra. We remind
the reader that this means that ./ is a LCS for which the multiplication &/ x &/ — & is

continuous and that this property may be characterised by
VI[Il, € Per 3|-ll, € Per Ya,b € o = labl|, < [|all, [|b]], -

Definition 3.0.1. A continuous functional calculus is a triple (X, o7, ®) where X is a
LCS, « is a unital locally convex algebra, and ® : & — Lz(X) is a continuous algebra
homomorphism where Lz(X) is equipped with some topology induced by the bornology

B, cf. Remark

The here given definition of a calculus differs just slightly from the more general one
given in [27] which reduces to the here given definition for calculi having their values in

the continuous linear operators.
Example 3.0.2.

(a) Let everything be as in Example @, i.e., let Q be a Hausdorff locally compact
() for some p € [1,00), and f € L°(Q).
Define A := Ress(f), equip this set with the o-algebra B(N), and suppose a measure
v is given on B(A) with the property that |u|, < v. Set o = L>(A, B(A),v).

This s a Banach algebra. In particular, it is locally convex. Furthermore, define the

space with a Radon measure p, X = L
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(b)

(c)

mapping ® : of — L(X) by ®(g)h :== (go f)h (h € X). The absolute continuily
of |,u]f w.r.t. v ensures that ® is well defined. Moreover, the mapping ® is also a

homomorphism. Every operator ®(g) is continuous since for all compacta K C €

|®(g)hll e = / 90 Pluldz) | <Clhle (heX)

where C' := esssup,e [9(y)].

We consider o7 = Mb([O, oo)) with convolution as multiplication and total variation
norm. This set is a Banach algebra. Assume X to be a Banach space and —A € C(X)
being the generator of a Cy-semigroup (e=4%);>q. Define the mapping ® : o — L(X)
by
O(p)x = / e My pu(dt)
[0,00)

which is a continuous homomorphism. The so defined calculus is called Hille—Phillips

calculus and was apparently first developed in [29, Chap. XV].

Let us consider again the inductive limit from Ezxample and introduce the
notation for it. Choose of = E(S,). Let again X be a Banach space and
A € S,(X) a sectorial operator. Now define the mapping ® via

-1
=5 / f2)(z dz

where, for some ¢ > 0, the contour of integration = is chosen to be the boundary of
a slightly larger sector S,i. which is still in the domain of f, see Figure[3.0.1]

The so constructed calculus is an extension of the Dunford-Riesz calculus [19] and

the here presented version goes back to [45].

The last two examples are prototypical. In both examples, it is already known how to set

up a calculus for a special class of functions (like the exponential function or the inverse

function) and more functions are derived by means of integral mixtures of the known

objects. If this procedure is performed for numbers A € C instead of operators A, one

typically speaks of kernel definitions of the transforms of distributions. The appearance of

the latter term may be explained by the fact that distributions usually refer to some kind

of linear form defined on rather small LCS and the connections to measures is the fact that
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Figure 3.0.1.: Path of integration

those form in many cases subspaces of the space of all distributions. To summarise, one
might ask whether an extension of the algebras appearing in the Examples and
is possible. It is indeed doable by using so-called e-products which will be introduced

and studied in the next section.

3.1. e-products

The e-product was introduced and studied independently in [24] and [59] with minor
differences, see [32]. We will adopt the definition of Schwartz. To anticipate the main
result, e-products can be seen as rather natural constructions generalising injective tensor
products. Their main use will be a very elegant definition of vector-valued functions.
More details can be found in |58, Lec. 4| as well as |32, [59] where the very good last two
sources unfortunately require knowledge of the German and French language. For the next
definition, we will denote by & the topology of uniform convergence on absolutely convex

compact sets in a given LCS X.

Definition 3.1.1. For two LCS X and Y we define the e-product [XeY] to be the space
L. (Y. X) of continuous linear mappings from Y/ to X where Y/ is equipped with the
topology k, and the considered space L. (Y/; X) is itself topologised by using the topology

of uniform convergence on equicontinuous subsets of Y.

In the following we will need for a subset U C Y the notion of a so-called polar [°] :=
{y eY' |VyeU: |{(¢,y)] <1} CY’'. The same notation will be used for V' C Y’ but
w.r.t. the duality pairing (Y,Y”’) which means V° :={y € Y | V' € V : (¢, y)| < 1}.
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For a subset &2 C Y” equicontinuity simply means that there is |||, € Py and s > 0 such
that £ C By(0,s)°. Hence, every |||, € Px, |||, € Py induces a continuous seminorm

|||, € Pxey via
Va € XY+ Jlul, = sup{| (/. w)l, | ¥/ € B,(0,1)°}

where we wrote (y/,u) for the application of the linear operator u € XeY on the element

y' €Y' for reasons which will become clear in what follows.

Remark 3.1.2. It is not obvious but the e-product is symmetric in the sense that XeY
is isomorphic to YeX by transposition, see [32, Satz 10.3]. We shall freely change between
these two interpretations and even write XeY = YeX in the sense of this isomorphism. At
first glance this identification will seem to be confusing but it is actually very convenient

and intuitive.
Example 3.1.3.

(a) Let X andY be two Banach spaces. A subset B CY’ is equicontinuous if and only
if it is norm-bounded in Y'. A norm-bounded subset B of Y’ is also compact in the
w*-topology, i.e., the topology of pointwise convergence in Y'. This is even true for
the topology of uniform convergence on precompact sets, see [31, Chap. 8.5, Thm
1]. In the special here considered example, precompact sets are relatively compact
and hence there is no difference between uniform convergence on precompact sets
and uniform convergence on compact sets. Putting all together, B is also compact
in Y. Choosing now any u € XeY, we conclude that u(B) is compact in X which
shows XeY C K(Y', X)), the set of compact operators from Y' equipped with norm
topology to X, cf. [32, p. 2834]. One can actually do even better. It holds that
= Y'eX ([32, Satz 10.4]). One inclusion follows from the already noted
relation Y'eX = XeY' C K(Y", X) by restriction while, on the other hand, every
u € K(Y,X) gives rise to u' € KC(X",Y') for which one can show v € Y'eX by
making use of the compactness of u. But also the first observation can be improved
to XeV ={u e LY, X) |ue LY, X,)} (|32, p. 258]). Here Y] and X, is short
forY" equipped with the topologylo (Y, Y )| and X equipped with (X, X"), respectively.

(b) Let Y be a quasi-complete LCS, and let Q be any locally compact space. Consider
the LCS C(2;Y) of continuous functions defined on Q with values in Y equipped
with the topology of uniform convergence on compact subsets in Q and set X =
C(Q) to be its ‘scalar’ version. Every f € C(§4;Y) gives rise to an element, again
denoted by f, in XeY by defining (v, f)(-) == (/, f(:)) € X where we used again
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the suggestive notation (y', f) for the application of f ony'. From this point of view
one has C(2;Y) C XeY and in fact this mapping is even injective, continuous with
continuous inverse defined on its range, i.e., it is an embedding. In the concrete
example one can moreover prove that the embedding is onto and therefore it is an
isomorphism ([32, Satz 10.2]).

Remark 3.1.4.

1. The reason for choosing the topology k over the topology of convergence on precom-
pact sets is the desired duality (Y) =Y by the Mackey—Arens theorem (|31, Chap.
8.5, Thm. 5|). On the other hand, in the above example the mapping f € XeY may
fail to be continuous for general LLCS Y. For quasi-complete spaces, and those are
the only spaces we consider, both topologies coincide and thus the question does not

appear.

2. The question for which LCS X and spaces of functions F(£2) defined on some set )
it still holds that F(Q; X) = F(Q)eX was intensively studied in [3§].

3. We shall also demonstrate the above mentioned symmetry of the e-product. For
feC(Y) =C(Q)eY = YeC(Q) one can interpret (y', f) as application of the
linear operator f on the element y' yielding a function in C(Q) (cf. first equality)
or one can interpret this as a composition of linear operators yielding an element in
(C’(Q);)/ = C(Q2) by the Mackey—Arens theorem which corresponds to the second
equality.

The concept of integration of vector-valued functions can be generalised by considering
the so-called e-product of operators. Before we come to the definition, it should be pointed
out that for a continuous linear operator A € L(X,Y') the dual operator A’ is continuous
from Y/ to X/.

Definition 3.1.5. Let X; and X5 as well as Y] and Y5 be four LCS and assume continuous
linear operators A € L£(X1, Xy) and B € L(Y1,Ys) to be given. We define the e-product
AeB € L(X;eY7, X2eYs) to be the linear continuous operator given by

X.eY) 2 ur— AuB’ € XyeYs

where Y/ and Y, are equipped with the topology x of uniform convergence on compacts in
the LCS Y] and Y5, respectively.
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We will not need the general definition of an e-product of two operators but a rather
special case of it. Namely, let F(€2) be any locally convex space of functions defined on
some set € and let 1 be a continuous functional on F(2). Every such functional gives rise
to a mapping, we will also denote it by p, from F(Q)eX to X given by uelx where we
used CeX = L..(X.,C) = X.. = X.

Example 3.1.6. Let 1 € M([0,00)) = Co([0, oo))/ For a Banach space X consider
the space CO([O, 00); X) equipped with its usual topology of uniform convergence on [0, 00).
Then CO([O,OO);X) is also a Banach space, it holds that C’O([O, oo);X) = C’O([O, oo))sX
([I, Chap. 2, 4. Thm]), and the map induced by p is simply

Co([0,000:%) 3 = | floyutan
0,00
Let us collect some elementary properties which will turn out to be useful. To begin

with, we need a tiny generalisation of |37, §34, (3)].

Lemma 3.1.7. Let X and Y be two LCS, and let A : D(A) — Y be a densely defined
linear operator with domain D(A) C X. Then A is closable if and only if A’ : D(A") — X'
is densely defined in Y' w.r.t. the weak topology o(Y',Y). Moreover one has A = (A')’.

Proof. The proof is essentially the same as for closed operators in Hilbert spaces and their
adjoints with orthogonality being replaced by an application of the Hahn-Banach theorem.
So assume that A is closable and, by contradiction, that D(A’) is not dense. Then there is
y € D(A")°\{0}. By closability of A considered as a subset in X XY, we can find an element
o' @y € X' ®Y' = (X x Y) which vanishes on A and such that (z' @3/, (0,y)) = 1. But
Vee D(A): 0= (' dy,(z,Ax)) = (2/,z) + (v, Ax) means y' € D(A’) and A"y = —a'.
This contradicts (y',y) = (' @ ¢/, (0,y)) = 1 and shows the claimed density of D(A’).
Conversely, if D(A’) is dense, we may define A” := (A") : (X!) =X — (Y]) =Y where
we used the Mackey—Arens theorem. We shall show A” = A. One checks that A” extends
A. Furthermore, A” is weakly closed as it is a dual operator and, moreover, it is a subspace
of X xY. Hence, it is convex. This implies that A” is closed in X x Y which gives A C A”.
Let us finally show A” C A® = A where the equality used the Bipolar theorem [31]
Sect. 8.2, Thm. 2|. For this define J : X xY — Y x X by J(z,y) :== (—y,x) and
K:YxX — XxY by K(y,z) :== (2, —y). The dual mapping to J is given by J'(y/ ®z’) =
2’ ® (—y'). Then (z,y) € A” implies J(z,y) € (A')° which means A” C K ((A’)°) since
KJ = 1xxy. For what remains, one checks J'(A") = A° as well as JK = 1y, x and, using

this, K ((4')°) C (J/(4))" = A*.
]
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Lemma 3.1.8. Let F(Q2) be any locally convex space of functions defined on some set €.
Furthermore, let X and Y be two general LCS, A € C(X,Y) and p € F(Q). Let f €
F(Q)eX = XeF(Q) taking values in D(A) such that Af € F(Q)eY. Then uelx f € D(A)
and Apelx f = pely Af.

Proof. Define D := D(A) which is a closed subspace of X. The operator A gives rise to an
element, denoted with the same symbol, A € C(D,Y’) which is densely defined and thus
has a dual operator A" : D(A’) — D’ where D(A’) is a subspace of Y. Choose ' € D(A’).
Then

(W pely Af) = (u, (', Af)) = (' (u AfF)) = (A A'Y (s, f)) = (A'Y, uelx f)

where we used the definition of the e-product of operators for the first equality, the identi-
fication Af € F(Q)eY = YeF(Q) for the second one, transposed A’ and added an identity,
and finally reversed the definition of the e-product for the last equality sign. We conclude

pelx f € D(A") = D(A) and Apelxf = A"uelx f = pely Af by Lemma The proof
is finished. ]

Example 3.1.9. Let again be j € Mb([O, oo)), X a Banach space, and [ € C’o([O, o0); X).
Assume further that there is A € C(X,Y), where Y is another Banach space, such that
vt € [0,00) : f(t) € D(A) and Af € Co([0,00);Y). Then

A f@mwr:/fwwmw>
)

[0,00 [0,00)

holds which is usually called Hille’s theorem.

Corollary 3.1.10. Let F(Q2) be again any locally convex space of functions defined on
some set Q, f € F(Q)eX, and 2’ € X'. Then

(@ pelx f) = (u (2’ f)).

Example 3.1.11. Let X be a LCS and f € C’(Q;X) where ) is a locally compact space.
Moreover, let € M(Q) be a compactly supported measure. Finally, let ||-||, € Px. In this

situation one has

| [ souanl, =" [ fouan)| <c [ 17,1l @)

where 2’ € X' was chosen suitably, C > 0 is a constant and ||-||, is another continuous
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seminorm.

3.2. Hille—Phillips—Schwartz calculus

The last example showed how the Hille-Phillips calculus fits in the here presented more
general framework. We are now going to extend the constructions towards continuous
functionals on Cg°([0,00)) = {f € C>=((0,00)) | Vn € Ny : f € Cy([0,00))} which we
are going to equip with the usual family of seminorms given by suprema taken over the
halfline [0, 00) and the order k € Ny of differentiability up to a certain maximal order n.

That means for n € INy, the continuous seminorms are of the form

1£]l,, := max sup }f(k ()]

0<k<n te[0,00

This turnes C§°([0,00)) into a Fréchet space.

Lemma 3.2.1. Let D be the ordinary derivative on CgO([o, oo)), i.e., Df == f'. Then D is
a continuous linear operator on Cgo([(), oo)) For given measures i, . .., n € Mb([O, oo)),
the linear form p = Y _1_o(D¥) py, is continuous on C§°([0,00)). Conversely, every p €
cse([o, oo))/ is of this form.

Proof. For the first statement it is enough to consider the already mentioned system of
seminorms. One finds ||[Df||,, < [/f][,,; which shows the continuity of D.

To see that u, defined above, is continuous we directly calculate

<Z / £ )] L] () <Z|Iukll I/l (321)

[Ooo

For the final assertion consider for n € Ny the Banach space Cf([0,00)) = {f €
C"((0,00)) | VE € {0,...,n} : f® € Cy([0,00))}. One naturally can consider this
Banach space as a closed subspace of C’O([O, 00); C”“) =11, C’O([O, oo))7 namely U :=
{9="1(90,--.9n) € Co([0,00); C"™) | Vk € {0,...,n}: gy = 98}, Therefore, every con-
tinuous functional on U can be extended to a continuous functional on @&}_;M,([0,0)),
the dual space of CO([O, 00); C"“). More explicitly, for every u € C’g([O, oo))/ we can find

measures [, . .., ft, such that

Vi e Cp(0,00) : (i f) =3 / O E)n(dt).
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Since Cg"([(), oo)) is the reduced projective limit of the spaces C’(}([O, oo)), its dual is the
inductive limit of the dual spaces ([31], Sect. 8.8, Prop. 7]).
]

Remark 3.2.2. As indicated by the above proof, one may wonder whether one can use

D O | = [l
k=0 k=0

on Cg ([0, oo)),. It is stronger than the usual Banach space norm of C ([0, oo)), what can
be seen by inspecting again Inequality (3.2.1)) for arbitrary f € C{f([(), oo)) Also, it is the

restriction of the norm . .
DS
k=0 k=0

defined on @ZZOMb([O, oo)) to the subspace C’g([O, oo)),. Hence, equivalence of the norms

the norm

follows now as usual from the bounded inverse theorem and we could use this alternative
norm as well. We shall also do this in what follows since it will prove to be of advantage

when we will consider Mb([O, oo)) as an algebra and not just as a vector space.
For s > 0 let us denote by [rgthe shift operator on Cgo([(), oo)) which maps f(-) — f(-+s).
Lemma 3.2.3. Let f € C5°([0,00)), p € My([0,00)), s >0, and | € No. Then

T.f € Cgo([O,oo)) and ([O,oo) S5 <(Dl)’u,7'sf>) c C’go([(),oo)).

Proof. We have (15f)(t) = f(s +t). Therefore, 7,f is again infinitely often continuously
differentiable and, for n € INy, one gets D"7,f = 7,D" f which establishes the first part of
the claim. For the second part consider the function g : [0, 00) — C defined by

s g(s) = / FO(s + ().

[0,00)

Note that ¢ = (s — ((D")u,7.f)). By standard theorems concerning continuity and
differentiability of parameter integrals, we have that g € C’OO([O, oo)) Let again n € Ny
be a given natural number or 0. If u = 0, it follows that ¢ = 0 and the statement is
established. So let i # 0. In order to show that D"g is in Co([O, oo)) in this case, for given

e >0, let 5o > 0 be such that |f)(¢)| < ooy for t > so. Then

) ] ([0,00)) =€

) (I+n) R
Vs> 50 [ (s) §0£> 740 0 il (00) < s

[0,
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which finishes the proof. m

Let f € Cy([0,00)). For two measures p, v € M,([0,00)), one commonly defines the
convolution € M,([0,00)) to be the measure px v € My([0,00)) given by

(wxv, fy="{pu,s—= (7. f / /fs—l—t (dt)v(ds).

[0,00) [0,00)

Let n € Ny and assume now f € Cg°([0,00)). The observation ((D")(u v), f) =
(p,s = ((D™)'v, f)) suggests the following extension of the convolution to the dual space
of C5°([0,00)).

Definition 3.2.4. Let f € C’é’o([O, oo)), [, V E Mb([O, oo)), and n, m € Ng. We define the
convolution between the functionals (D")'u, (D™)v € Cg°(]0, oo)), to be the functional
(D™ * (D™)'v € Cg°([0,00)) given by

(D) (D™) v, f) o= ((D") 5 = {(D™) v, 7 f))

and extend this on the whole dual space of C§° ([0, oo)) by linearity w.r.t. the representation

given in Lemma [3.2.1] By this we mean
<Z<D’“>’uk> * (Z(Dl)%) = > (DY ek (DY)
k=0 =0

The so-defined convolution shows the expected behaviour when D is applied to a product.
Lemma 3.2.5. Let u, v € CgO([o, oo))/, f € Cgo([O,oo)), and | € INy. Then,

1. Vs €[0,00) : (D", 7sf) = D' (s = (p, 7 f)).

2. (DY (ux*v)=px(DYv=(DYpx*v.
Proof.

1. By Lemma [3.2.1] u has a representation p = >, (D*)'uy,. We calculate

(DY uyof) = Z/dlf(’“ (s + ) (dt)

[0 o)

Z / F®) (s 4 t) g (dt)

[000
=D </L> Tsf>
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which works since we are allowed to exchange differentiation and integration.

2. Using part [1} we calculate again

(DY (uxv), )y ={p, s (D)v,7.f))
= (ux (D"v, f) = {p,s = D v, 7.f))
= (DY p*v, f)

which shows the desired result.

O

The next result is a general one which will tell us that Cg°([0,00))" is a locally convex

algebra when equipped with x.

Lemma 3.2.6. Let (X,,)nen be an inductive spectrum with inductive limit ind,eny X, = X
and assume that there is a bilinear, continuous mapping * : X, X Xp — X,k This
mapping can be extended to a bilinear, continuous mapping, again denoted by *, from
X x X to X given by (Lyx,, Lyxy) — Lpyr(x, * xp). This additional structure makes X
a locally conver algebra which is also graded, i.e., L,(X,) * Li(Xg) C Lpyk(Xnik)-

Proof. By assumption the extended mapping * is still bilinear and the grading also directly
follows from the properties of the original *. It remains to show its continuity. For this
let W € Ux be absolutely convex. We need to find U, V € Ux such that U xV C W.
Choose I, m € N. It holds that W, := L.} (W) € Ux,,,.. By continuity of the original
mapping *, there are O-neighborhoods U; € Uy, and V,,, € Ux, with U;*V,, C W, ,,. Define
U = acx|J, Li(U;) and V := acxJ,, Ln(V;n). In the proof of Proposition it was

shown that U and V are 0-neighbourhoods. We calculate

UV Cacx | JLa(Uy) * Li(Vi) € W.
n,k

CLpgk(Wy x)EW
O

Corollary 3.2.7. The space C’go([O, oo))/ equipped with x given by convolution is a locally

convez, graded algebra.

Proof. This is an application of Lemma [3.2.6| For the necessary calculation concerning
the continuity of x also pay attention to Remark [
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We now construct a functional calculus from this algebra. Before, note that every
measure 1 € M,([0,00)) extends naturally to a functional on the space Cy([0,00)). Here
however, one faces the problem that C, ([0, o0); X ) with its standard Banach space topology
cannot be considered as e-product. The problem essentially is that for f € Cb([O, 0); X)
the orbit {f(¢) | t € [0,00)} is not necessarily relatively compact in contrast to the case
f e Cg([(), o0); X). The following example illustrates this.

Example 3.2.8. Let H be an infinite dimensional, separable Hilbert space with ONB
(én)new. Choose f € Co((0,1)), f # 0 such that 0 < f < 1. Euatend this function to R
by setting it 0 outside of (0,1) and for n € IN define shifted versions f, : [0,00) — R,
fu(t) == f(t—n), (t >0). Finally define

g:[0,00) = H, g(t):=)_ fult)en.

It holds that g € Cy([0,00); H) but it is not contained in Cy([0,00))eH. To see this,
assume by contradiction that this would be the case. It holds that e,, — 0 in (H, o(H, H’)).
Actually even e, — 0 in (H, k). However,

sup |(en|g(t)] = [/l >0
>0
and hence
sup |(en|g(t)| - 0 as n — oo
t>0
which contradicts our assumption.

A possible way out is coarsening the Banach space topology towards a so-called mized

topology as it was introduced in [66].

Definition 3.2.9. Let h € C([0,00)). For f € C,([0,00)), define the seminorm || f|, =
SUDc(0.00) |1(5) f(5)]. We define the mized topology on Cy([0, 00)) to be the locally convex

topology generated by all such seminorms.
Remark 3.2.10.

1. Mixed topologies got their name because they are indeed ‘mixtures’ of topologies. In
the above case, our mixed topology is generated from the standard norm topology of
Cb([O, oo)) in combination with the topology of uniform convergence on compacts,

the so-called compact-open topology.
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2. One main field in which mixed topologies are used is the theory of so-called bi-

continuous semigroups, see for example [21], 40)].

3. The characterisation used in Definition is not obvious from the original defini-
tion used in [66] and can be found in |16, Proposition 3|. Especially in the context

of C}y, the mixed topology is often referred to as strict topology.

If equipped with the mixed topology, the space C’b([(), x0); X ) is an e-product. Moreover,
if X = C, its dual space is actually given by M,([0,00)) ([12, Thm. 2|). These considera-
tions also transfer to the projective limit C5°([0,00); X), C3°([0,00)) and its dual space.
All this follows from [38, Thm. 14 (iii)|. Note that the assumption of quasi-completeness
of X is essential in order to apply the mentioned theorem. It in turn implies the so-called
convex compactness property which is needed. From now on we shall always consider
Cy([0,00)) (and similarly Cy'([0,00)) as well as C;°([0,00))) as equipped with its mixed
topology.

Definition 3.2.11. Let X be a LCS and A € £(X) such that —A generates an equi-
bounded Cy-semigroup (e‘At)t>0. Set & = Cg’o([O,oo))/ and identify the element p €
o = Cp([0, oo))/ with pely : Cp°([0,00))eX = C3°([0,00); X) — X. We define, for
w=">r_o(D¥) 'y and z € X, the mapping ¢ : & — L(X) by

O(p)z = (u,t > e M) = Z(—A)k / e Mgy (dt).

[0,00)

Finally, we equip £(X) with a topology, also denoted by /5 which, by comparison with
the situation for dual spaces, also shall be called strong topology and whose seminorms are
given by

||T”B,p = Sup HTpr
zeB

where B C X is any bounded set and [|-|, € Px. The resulting LCS will be denoted by
L(X)p.

Proposition 3.2.12. Let X be an LCS and A € L(X) such that —A generates an equicon-

tinuous Cy-semigroup (e‘At) Then the triple (X, o7, ®) defines a continuous functional

t>0"
calculus.

Proof. Let p, v € Cp°([0, oo))/ be functionals with representations p = > ;_(D*)' iy and
v =y 2,(D" vy, respectively. Furthermore, let z € X and o, 8 € C. W.lLo.g. we may
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assume n > m and introduce v,,11 = --- =1, := 0. Then

n

Q(ap+ fr)e = Z(—A)’C / e M (apg + Prg) (dt)

k=0 [0:50)
=« Z(—A)k / e My pp(dt) + Z(—A)l / e My yy(dt)
k=0 0.50) 1=0 [0'50)
=ad(u)z + fP(v)x
shows linearity while the multiplicativity follows from
O(puxv)r = Z(—A)k(—A)l / e~ My g, * vy(dt)
k=0 1=0
[0,00)
=) (—A) / e At Z(—A)l / e M2 yy(ds) g (dt) = d(p)@(v)z.
k=0 [0,00) =0 [0,00)

As for the continuity, we use the same criterion which we applied by now several times and
check that the mapping @ is already continuous from C}' ([0, oo))/ to £(X)g. This follows

from

@)l < Mllzll, D -
k=0

One can now take the supremum over all x € B where B C X is a given bounded subset

and the continuity follows. O

The continuous calculus from Proposition shall be called Hille-Phillips—Schwartz
calculus.

The situation changes dramatically when we consider the more generic situation of A
being a closed but discontinuous operator such that —A generates an equicontinuous Cp-
semigroup. In this situation the calculus restricted to Cy([0, oo))/ will still be continuous
but we cannot give sense to ® () if u ¢ Cy([0, oo))/. However, note that there is always
m € Ny such that the given definition can be used to define an operator ®(x) on D(A™).

Lemma 3.2.13. Let p € C’I;’O([O,oo)), with representation p = Y ,_o(D*) j,, m € Ny,
m > n. Then the operator ®(u) : D(A™) — X, defined by

n

d(p)x == {p,t > e ) = Z(—A)k / e My g (dt)

k=0 [0,00)
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1s closable.

Proof. Take a net (x,) in D(A™) convergent towards 0 such that (®(u)z,) converges to
y € X. By continuity of the resolvent this implies

(14+A) "y =lim(1+ A)""®(u)z, = lim Z(—A)k(l +A)™™ / e My g (dt) = 0.
[0,00)
Hence, y = 0. This finishes the proof. O

At first glance the extension of the calculus by a closure procedure seems to be a nice

workaround but the following result should be taken into account.

Proposition 3.2.14. It holds that

v € Cp ([0, oo)), C C (o, oo)),, m>n: px —tm et dt € Cy([0, oo)),

(m—1)!

and as a consequernce

P(p)(14+A)™™ =d(p)(1 4+ A)™™ = d(u* ———t" e 'dt) € L(X).

(m—1)!

Moreover, (1 4+ A)"®(u)(14+ A)™™ is a closed operator extending ®(u), i.e.,

Vi€ Cp([0,00))" € C5°([0,00))", m > n s @) C (1+ A)"d(u)(1+ A)™™.

If in addition we have that D(A) = X, we even get
Vi€ G (0.00)) € G2([0,00))' s m > m: B = (1+ A" B()(1+ 4)

Proof. To begin with let f € Cé“((&oo)) such that f® e Ll((O,oo)) for I € {0,...,k}.
Then we have (D')(fdt) = (—1)'f"dt which follows from integration by parts. Having
this in mind, one can apply Lemma which yields

1 1

—tm—l _tdt: -1 ka—tm—l _tdt
= ¢ ;“’“*( U T
n k
k 1
= [ * (—1)1( )—tm”etdt
kZ:o; 1) (m—1-=1)

which is a finite measure since it is the sum of convolutions of measures.
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The first claimed equality is based on Laplace transform. It holds that

A+A) 2 = / e Me~ Ay dt
0

and differentiating w.r.t. the variable X yields

1 ')
()\ ‘|‘ A>_ml' == m / tm_le_’\te_Atx dt.
— "Jo

Hence,

O(p)(1+A)"x = Z / e_At(;l)! /OOO s le e ds (DF) g (dt)

m—1 7t
= Q(px 5 1)t dt)z.

Since pu % o 1),tm Le~tdt € Gy ([0, oo))/, we conclude that we indeed have ®(u)(1+A4)™™ =
O (p * (m71).tm 'e~tdt) € L(X). Hence, the operator (1 + A)™®(u)(1 + A)~™ is closed
as composition of a continuous and a closed operator. Let now z € D(QD( )) for some
n e Cp(lo, oo))/ C Cp2([o, oo))/ and choose m € Ny, m > n. We calculate

() = (1+ A)"(1+ A) " lim ®(1)ae = (1+ A)"D(u)(1+ A) "

where the second equality used the continuity of (1+A4)™™ and Lemma applied to the
continuous operator (1 + A)~™. To establish equality in case of A being densely defined,
we shall make use of Lemma Applying it we get

(1+A)"P(u)(1+A) ™e = lim ATA+A) ™A+ A"P(u)(1+A) "
= lim ®(u) A" (A + A)™™"

A—00

= O(p)x

where the last equality took into account the fact that we have A™(A + A)"™z — z as
A — 00. The latter made use of the dense domain because otherwise it could not be

guaranteed. The proof is finished m

From now on we shall simply write ®(u) for the operator (1 + A)™®(u)(1 + A)™™
where 1 € Cp([0, oo))/ c Cp([o, oo))/ and m € Ny, m > n. Besides the fact that this
is operator has formally a bigger domain compared to (I>( ), there is another fact which

suggests that the expression (1 4+ A)™®(u)(1 4+ A)~™ is a somehow ‘better’ extension of
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® to C ([0, oo))/ than g — ®(u). One may also want to generalise the homomorphism
property included in Definition |3.0.1] We already sense that any extension will take values
in the closed but typically discontinuous operators. Due to domain issues, a generalisation

of the homomorphism property is not to be expected. We have the following though.
Proposition 3.2.15. Let ® be the mapping from above. Then it holds that

1. Ya,B € C, u,v € CgO([o, oo)), s ad(p) + pO(v) C P(ap + pr).

2. Y € Gy([0,00))", m € Ny : ®(u)A™ C A" D ().

3. Vu,v € ([0, oo))/ cO(p)P(v) C P(p*xv) and
D(B(1) (1)) = D(&(v)) N D(B(ji 5 v).

N

Proof.

1. Let z € D(®(n)) N D(P(v)). Choose m € N sufficiently large. Then

ad(p)r+ e(v)r =a(l+A)"P(u)(1+A) "z +B(1+ A)"P(v)(1+ A) "z
=1+A)"0(ap+pr)(1+A) "z
= O(ap+ fr)z.

2. By the closedness of A™ and Hille’s theorem, we have for = € D(A™)

O(pu)A"x = / e MAMpu(dt) = A™ / e Mrp(dt) = A™®(p)z.
[0,00) [0,00)

3. Let € D(®(p)P(v)) and choose m,n € N sufficiently large. Then

P(p)@(v)r = (1+A)" P(p)(1+A)""(1+ A)"e()(1+ A) "z
eL(X)
=14+ A""d(uxv)(1+A) "™ "

= d(uxv)r.

The above calculation also shows the inclusion D(®(p)®(v)) C D(P(v))ND(P(pxr)).
Conversely, assuming x € D(®(v)) N D(P(u * v)) allows one to go through the same

calculation backwards which establishes equality of the domains.
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Remark 3.2.16.

1. The characterisation in Proposition 3.2.15| is used in [27] to define an unbounded

functional calculus.

2. The used procedure to extend a given bounded calculus algebraically is introduced in
a very general manner in [I7, Definition 3.4] and refined in [26]. Following the termi-

nology used in [26], one may say that every pu € C5°([0, oo))/ is anchored (a notation

which will be explained in more detail later on) by the measure (mil)!tm_le_tdt €
Mb([O, oo)) for sufficiently large m € IN.

The above studied calculus was already considered in [52], [58], and [65] by using ap-

proximations. The equivalence of the approaches is contained in the next proposition.

Proposition 3.2.17. Let € C’,;’O([O, oo))/ considered as a functional on the subspace of all
functions in D(R) whose support is contained in [0,00) (a so-called summable distribution,
D}, ([0,00)) denotes their set in the Schwartz terminology), (¢x) a sequence in D(R) whose
supports are contained in [0,00) and which is convergent to oy in D'(R) w.r.t. the weak
topology, i.e., Yn € Ny, ¥ € D(R) : limk_m((—l)”go,gn)dt,lp} = ™(0), and v € D(®(u)).
Then

lim ®(p * prpdt)r = O(p)z.

k—o00

Proof. First, note that every ¢ € D(R) gives rise to a function ¢ € C3°([0,00)) by simply
restricting to [0,00). Second, by the support assumption on the ¢, one can consider the
measures @idt as functionals on C’go([O, oo))/ which is in correspondence with the above

mentioned restriction procedure in the sense that

(prdt, ¥) o) = (Prdt, 1) cpe (0,000 -

Third, the measures ¢dt are, by smoothness of the functions ¢y, smoothing for all u €
C([o, oo))/ which means that g,dt = 1 € Cy([0, oo))/. Finally, assume p = > (D"
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and choose m € IN, m > n. Now one can calculate

n

D(p)r = (1+ 4" Y / (—A)e (1 4+ A) "™ py(ds)

=015 %)
=(1+A)™ Z / (—A) lim [ e A (1 4 A) "™ @ (¢)dt py(ds)
k—o0
=0 10,00) 0
=(1+A)" lim e (14 A) ™ (u * ppdt) (ds)
k—o0
[0,00)

= lim ®(p * rdt)z.
k—o0

[]

The Laplace transform L : G ([0, oo))/ — H(Creso), = (A — f[o,oo) e M p(dt)) is an
injective mapping, and its image is called Laplace—Stieltjes algebra and shall be denoted

by [LS(Cre=o)l This is a subalgebra of the locally convex algebra H(Cgreso). We could
also interpret the Hille-Phillips calculus as a mapping defined on LS(Cgreso) and in this

situation one may define for Ly = f € LS(Creso) the notation f(A) := ®(f) = ®(n)
which also comes much closer to the interpretation of the calculus being the process of
plugging in an operator A into a function f. From this point of view, the above presented

extension may be seen as an extension of ® from LS(Cgreso) to an algebra of the form
{9 € H(Cre>0) | 3fo, -, fn € LS(CRes0) VA € Creso : g(A) = 2o (=N fr( M)}

Proposition 3.2.18. The mapping
L: G2(10,00)) = H(Creso), 11 (A (s 0))
18 tnjective.

Proof. Tt is possible to define the Laplace transform L in a very general manner on all such
distributions p € .(R)" which are supported in [0, 00). Let us roughly sketch the details.
One defines Ly € H(Creso) by

(Lp)(A) == (pt = eo(1))

where ¢ € C®(R), ¢(t) = 1 for t € [0,00) and ¢(t) = 0 for t € (—o0, —¢) for some € > 0,
cf. [64, Chap. 8.2] for the details. Basically ¢ ensures that t — e *¢(t) € .7(R) and one

can show further that the definition is independent of the concrete choice of ¢. One now
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checks that Cp° ([0, oo))/ C .Z(R) and the support condition is also met. So the mapping
L under consideration is a restriction of L defined on .(R)" and the latter is already
injective by [64, Thm. 8.2]. O

Restricting the operator A under consideration further, the above mentioned more gen-
eral definition of L on Schwartz distributions .#(RR)’ supported in [0, 00) or even on Laplace-
transformable distributions in D(R)" with the same exponential growth bound (they form
a convolution algebra by [64, Chap. 8.3]) can be used to extend the calculus further. To

be more concrete, every u € . (R)" is of the form

H= Z(Dk)/ﬂk
k=0

with measures pg to pu, each of them such that we can find a natural number [, € IN with

1
dt) < oo
R/1+|t|l'“ ] ()

(a consequence of .#(R) being the projective limit of the spectrum discussed in Exam-
ple 2.0.18|[(c)). For a generator —A of an equibounded semigroup and any € > 0, we

can consider the operator —(A + ¢) generating an exponentially stable semigroup. For

the property

generators of such exponentially stable semigroups the calculus extends to the algebra of
elements in . (R)" supported in [0,00) in an obvious way. The same considerations are
true for Laplace-transformable distributions in D(R)’ by considering —(A + ¢) for some
¢ > 0 sufficiently large.

The just discussed extension is not necessarily the largest possible extension. In or-
der to explain the so-called mazimal extension, let us quickly explain the concept of an
anchor set already touched in Remark We say that a function f € H(Cgeso) is
anchored in LS(Cgreso) if there is a subset M C LS(Cgeso), called an anchor set, such that
Nyerr N(2(g)) = {0} and gf € LS(Creso) for all g € M. The set of all anchored elements

forms a superalgebra of LS(Cgre=o) on which the calculus & may be extended by means of

(z,y) € Pexi(f) & VgeM: &(gf)z = P(g)y.

This extension is the maximal possible extension of the calculus ®. For more details on
the matter, please see [26]. We will come back to this extension when studying the next

calculus.
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3.3. Stieltjes functional calculus

In this section we want to apply the so far introduced general framework to another
functional calculus. We start by sketching the basic idea. Consider again the algebra
E(S,,) but now for the ‘extreme’ case w = w. To be more precise, consider the algebra of
functions f € H>(C \ (—oo,0]) with the additional property that for all —t € (—o0,0)
the limits f(—t—40) := lim, , ¢ 1m.<0 f(2) and f(—t+140) :=lim, , 4 1m.>0 f(2) exist and
that the difference t — f(—t 4 i0) — f(—t —40) is in L'((0,00),t7*dt). Furthermore, let
us demand that limp ., f(Re®) = 0 for all t € (—7, 7). A standard example for such a
function would be A — e where 0 < v < 1. An argument using a keyhole contour (see

Figure [3.3.1)) in combination with dominated convergence shows that

Im

O — -

Figure 3.3.1.: Key hole contour for integration

YA€ C\ (—00,0] : :%/f t_lot+;\f(_t+i0)dt.
0



Based on this formula one may try to set up a functional calculus by means of the
equation

[e.e]

F(A)z = % (F(—t —i0) — f(—t +i0))(t + A)"w dt

or, having the methods in mind we already saw, by the more general approach

Be = [ (t+4) e ()

(0,00)

where p is a measure such that ¢ — ¢! is integrable. This integral transform is called a
Stieltjes transform which was introduced by Stieltjes in [62] for the purpose of solving the
Stieltjes moment problem (|57, Cmt. 2.5]).

We are now going to mimic the ideas already presented and will develop an even larger
functional calculus. Such a Stieltjes functional calculus was apparently studied for the first
time by Hirsch in [30]. There the author already introduced the right counterpart for the
shift operator and the spaces of continuously differentiable functions we used before and
therefore laid the foundation for a ‘Stieltjes—convolution’ explicitly studied in [61]. Further
contributions to the calculus came from [43] (see also [44]) where it was used in view of
its applicability to fractional powers) and from [28] where it already got a quite advanced
appearance.

By now we already noted that the orbits of ¢ — (¢ + A)™! is what is going to replace
the orbits of ¢ — e~4*. This has advantages and disadvantages. As for the advantages, we
already learnt in Proposition that the orbits of the resolvent operators are smooth
while for the orbits of a generic Cy-semigroup we can in general not hope for any better
than continuity unless the smoothness of the considered element x is increased, i.e., we
have additional information such as z € D(A™) for some m € IN. However, the singularity
at t = 0 becomes stronger by one order every time we differentiate and we therefore need
to take this into account by introducing new spaces being the counterparts to the spaces
C7([0,00)) and their projective limit C3°([0, 00)).

Definition 3.3.1. For n € IN; we define

S"={f € C’”((O,oo)) |VE € {0,...,n}: s+— ska(k)(S) € Cb(<07 OO))}

to be the space of weighted C"-functions. Analogously, we define their projective limit 5>
and we write S"(X) and S*°(X), respectively, if the functions under consideration take
values in an LCS X.
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The spaces S™ replace the spaces Cj'([0,00)) from before. If X is an LCS and z € X,
a natural example of a function in S®(X) is ¢t — (¢t + A) "'z for A € M(X). The space
St already appeared in [30] where one also can find the suitable replacement for 7, from
before.

But first let us talk about the topology on S := S°. For this simply note that S > f
(s = sf(s)) € Cy((0,00)) is an isomorphism and that for C,((0,00)), as for all spaces
of bounded continuous functions on locally compact spaces, a mixed topology is available,
see |16, Proposition 3].

Definition 3.3.2. Let h € C5((0,00)). For f € S define the continuous seminorm || f||,, :=
SUD;e(0,00) [7(8)5f(8)|- We define the mized topology on S to be the locally convex topology

generated by all such seminorms.
Remark 3.3.3.

1. With the help of the above isomorphism and its dual isomorphism one also charac-
terises S” as the space of all measures p € M((O, oo)) of the form p = sv for some
v € M,((0,00)). That means

S = {weM(0.00) | [ lul(ds) < oo}

(0,00)

As before, we equip this space with its natural Banach space topology and define
lalls: = figo  lul (ds):

2. At this point we already deviate from the strategy from before. Analogously to the
situation we already encountered, we should have introduced spaces { f € C((0,00)) |
s sf(s) € C’o(((), oo))} However, typically the orbits generated by the resolvents
are not in such a space which is why, at this point, we would have to consider S
with its mixed topology to overcome the problem that this space, equipped with its

standard Banach space topology, cannot be represented as e-product.

3. The projective limit S* gets now its continuous seminorms in an obvious manner.
To wit, let n € Ny and h = (hg,...,h,) € CO((O, oo);@”“). Then a continuous

seminorm is given by the expression

— k+1 (k)
1l 1= gopx, sup s ()2 (5)]

The next lemma is of auxiliary character and will help to prove a result analogously to
Lemma It is actually a part of the proof of [12) Thm. 2] and can be found for the
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more general setting of a locally compact topological space there. It will be added for the

readers convenience.

Lemma 3.3.4. Let pn € My((0,00)). Then there is h € Co((0,00)) such that 0 < h <1,

% s integrable w.r.t. the measure u, and

lull < / % 1l (ds) < 4]

(0,00)
Moreover, we have V0 < s <u <t: h(t)h(s) < h(u).

Proof. The statement is clear if 4 = 0. So w.l.o.g. we may assume pu # 0. Let (K,,)nen, be
defined by Ky := @ and K, := [, n]. Then K, C K,41 C (0,00) which means that (/)
is a strictly increasing sequence of compacts such that (J 2, K, = (0,00). Define further
the sequence (a,)nen by an, := |p| (K, \ Kn-1). Then M = ||pl| =07 a,. Assume that
the measure p has compact support. It follows that the sequence (a,) has only finitely
many elements different from 0 in this case. In this situation one can choose h = 1 on
supp(y) and extend it to a function h € Cy((0,00)) subject to the above restrictions. If
supp(u) is not compact, one is able to choose a strictly increasing sequence (ny) in INg such
that ng = 0 and

M ”’“ M
Vk e N : o5 < Z am§2k_1.

[\

m:nk,l—i-l

Define now a sequence (b,) in (0,00) by b, := + if n € {ng_y +1,...,n;}. This sequence
has the properties that for all n € IN one has b, < 1, lim, oo b, = 0 and » pr < 4AM.

The latter follows from
S
b,
n=1

For n € IN define now

ng

Z k.amgMi;k:zLM.
k=1

00
k=1 m=nj_1+1

;

1 s e K,

hals) = n+1l—s s € (n,n+ 1]
nn+ 1) (s — k) s €[ )
0 otherwise.

\

For the so constructed functions one has h,, € Co((O, oo)), h, =1on K,,0<h, <1
on K, \ K,, and h, = 0 otherwise. Moreover, 1 < t < s implies h,(s) < h,(t) and
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s <t <1 implies also h,(s) < h,(t). Define ¢, := b, — b,41. Note that (¢,) is summable
with > 7, ¢, = by. Finally set h := > ° ¢,h,. Since all functions h, are bounded by
1, the above series is convergent uniformly on (0,00), and since also the sequence (b,,) is
bounded by 1 so is the function h. Furthermore, for s € K, \ K,_1 and n > 2 we have

by, < h(s) = cu_1hp—1(s) + by < b,_1. This proves h € Cy((0,00)) and it further shows

Il = / ] (ds) < / 0 el (09 Z [ ulas) < a3 =4 jul.

(0,00) (0,00) Kn\Kn 1

For the last part let 0 < s < u <t. Assume first u < 1. Then h(u) > h(s) > h(s)h(t) since
h(t) < 1. For the other case we have h(u) > h(t) > h(t)h(s) and the claim is proven. [

The space S* is not invariant under differentiation. One can use weighted derivatives
though.

Definition 3.3.5. Define for n € INy the operator E,, : S® 3 f = E,f := (5 = s"f™)(s)).

From the product rule one concludes for n, k € N

min{n,k}

’ n\ [k
E.By= ) “(z) <Z)En+kl.

=0

In particular, £, E, = E E,.

Completely analogously to Lemma [3.2.1| one proves the following result.

Lemma 3.3.6. The operators E,, are continuous on S*. For given measures g, . .., fi, €
S’ the linear form p ="} _, E}ju is continuous on S*®. Conversely, every p € (S™) is

of this form.

Proof. Let m € No, h = (ho,...,hm) € Cy((0,00); C™™) and n € Ny. For f € S
consider the seminorm ||-[|,, , and the operator E,. The claimed continuity of £, follows

from

1B Sy, = max sup |shi(s)(EpLnf)(s)]

0<k<m SG(0,00)
min{k,n}

n\ (k
!
<ags 2 1(0)() g luttB iy
B S,
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for some 7 € Cy((0, 00); C"). The functional y is continuous since

{1, )] =

<Z By, f)
k=0

<> BN <Y [ #P0] (@)
k=0 kzo((],oo)
<1l / b ()

< flln - 22 el
k=0

where we have chosen h = (ho, ..., h,) € Co((0,00); C*™!) accordingly to Lemma
The fact that all continuous functionals are of this form follows by a similar argument

as already presented in the proof of Lemma [3.2.1 n
We continue with the already announced generalisation of the shift operator 7.

Definition 3.3.7. Let s > 0. We define the operator d, on S, f +— d,f by (0,f)(t) :=
— fol f(xs+ (1 —2)t)da.

Lemma 3.3.8. Let f € S, p€S5’, s >0, and n € Ny. Then

S5,f €S and (0,00) 3 s> (ELu,6,f) € S=.

Proof. Let t > 0. By differentiation under the integral sign one has §,f € C*°((0,00)) and

1

(6.f)™(t) = — /(1 —2)" f ) (25 4 (1 — 2)t)da.

0

With the same argument one can also see that s — (d,f)(t) € C*((0,00)). Let k € Ny
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and set || ||, pi1 = SUP,sg |s" T2 FOTED (5) ] We calculate

'< otk k(1 — x)" A

W58f> (t)’ < Hf”n+k+1/ (Z’S + (1 _ l’)t)”+k+2
0

an+k (_1)k+n 1
= ||f||n+k+1 dskotn (k+mn +1)! / (xs+ (1 — x)t)de
0

an-i-k (_1)k+n 1
= eer B G v n D1 st
_f] k!'-n! 1
SR (g 1)) sktL L gl

Choosing k = 0 one sees dsf € S°. That is the first part of the claim.

As for the second part, the same argument as above together with the representation
1
(Enp, 0sf) = — / t /(1 — )" fO D (s + (1 — 2)t)dzp(dt)
(0,00) 0

yields differentiability of s — (E! u,0sf) and we finally estimate

1

g 8.f >‘ Ul [ 00 [ e e @)
(0,00) 0
k!-n!
which completes the entire proof. 0
Remark 3.3.9.

1. A short calculation reveals

G =4

This is also the definition used in [30].

2. Let a > 0 and f € S be defined by f(t) := aL-&-t The definition of ¢, is inspired by
the identity (dsf)(t) = f(s) - f(t) which is the analog to 7, applied to t — e

Lemma is the key to render the following definition meaningful.
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Definition 3.3.10. Let f € S*, u, v € S, and n, m € Nyg. We define the Stieltjes

convolution of the measures p and v by

7f> = </L75H <V755f>>

or, more generally,
(B x B f) o= (Bygios = (B, 6.0))

and extend again to the whole of (S°°)" by linearity. So,

k=0 =0 k=0 1=0

A short calculation, for simplicity just performed for one summand of the above sum,

yields
1
(Eppu, * Ejuy, f) = — / / st /xk(l — ) fEHED (g5 4 (1 — 2)t)dapy(ds)y(dt).
(0,00) (0,00) 0

By the substitution y := 1 —x in the inner integral, one sees that E} uy* Ejv; = Ejv* Ej .

Modifying the proof of Lemma [3.2.6] slightly yields the tiny but useful generalisation.

Lemma 3.3.11. Let (X,)nen be an inductive spectrum with inductive limit ind,eny X, =:
X and assume that there is a bilinear, continuous mapping x : X, X X — X, with
r > n-+k. This mapping can be extended lo a bilinear, continuous mapping, again denoted
by *, from X x X to X given by (L,x,, Lyxy) — L.(x, *x xx). This additional structure

makes X a locally convex algebra.

Remark 3.3.12. Compared to the situation from before, the grading of the resulting limit
is lost. Or one may say it holds in a certain generalised sense. The author is not aware of

other appearances of such a generalised grading in other contexts.

Lemma 3.3.13. Let p =Y ;_, Ejpu € (S™) C (S®) andv =)""  Ejly, € (S™) C (5%)
with measures ig, . - -, fin, Vo, - - - Vm € S’ Then px v € (S™™) and the mapping * :

(S™) x (S™) — (S™T™ LY s continuous. Consequently, (S°°) is a locally conver algebra.

Proof. Let f € 8. Choose for the measures po, ..., i, a function hy € Co((0,00); C"*1)
accordingly to Lemma and similar for v, ..., v, a function hy € Cy((0, c0); C™ ).
Use these functions to define functions hgi11 := (h1)g V (he);, 0 < k < n, 0 <1 < m where
(h1)k V (h2); denotes the maximum of the two functions. It holds that hy, ;4 € C’O((O, oo)),
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0 < hk+l+1 S 1 and hk+l+1(u) Z hk+l+1<$)hk+l+1(t) for all 0 < s S u S t, 0 § k S n,
and 0 <[ < m. Finally set h := (ho, h1,...,hptms1) Where hg € C’o((O, oo)) is actually

arbitrary and estimate

(v, f)
n m ;
Ol B e e G L ALLILE
k=0 1=0 (" (0"00)
Mttt (1 — x)'da || (dE) | (ds)
< s ;ZZ; / / / (s + ( t)k+l+2hk+l+l(a:3 + (1 —x)t)
k-1 [l (d2) || (ds)
< ||f||n+m+1 h kzg 12; / / k; + 1+ 1 'Shkz—l-l-‘rl( ) : thk+z+1(t)
El- 1! lv] (dt) x| (ds)
< ||f||n+m+1h;; / / (k+ 1+ 1) s(ha)i(s) - t(h1)x(t)

<ttt | flomern S il S Il
k=0 =0

which shows the result.
O]

Remark 3.3.14. Alternatively, we could also have considered the space S = {f €
COO((O, oo)) | Yk € IN @ s+ sFHLf(R)(s) € CO((O,OO)} equipped with the locally con-
vex topology induced by the Banach space topology of {f € C((0,00)) | s — sf(s) €
C’O((O,oo)}. The space 5% has the same continuous functionals as S by the general

theory of mixed topologies.

Definition 3.3.15. Let X be a LCS and A € M(X). Set o := (S*)" and identify
the element p = Y, _ Eiup € & with pely @ S®eX = S®(X) — X. We define
¢ of - L(X)Db

n

B(p)r = (it s (4 A)'z) = S (=1)F k! / P+ ALy pe(dl) (€ X)),

k=0 (0,00)

Finally, we equip again £(X) with the strong topology 3, cf. Definition 3.2.11

Proposition 3.3.16. For a LCS X and A € M(X), the triple (X, o/, ®) defines a bounded

functional calculus.
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Proof. The proof will be almost the same as the one for Proposition Let pu, v €
(5°°)" with representations p = > ;_, Eju, and v = Y "  Ejy;, respectively. Furthermore,
let z € X and o, f§ € C. W.l.o.g. we may again assume n > m and define v, ; = --- =
v, := 0. Then

n n

S(ap+ pr)e = / th(t + A" e (g + Bry)(dt)

k=0 k=0 (0,00)

n

o /tk(t+A) L i (dt) +5Z /tkt+A Lz (dt)

k=0

(0,00)
= a®(u)z + fe(v)z
again implies linearity while the multiplicativity follows this time from

l

M*yx—zz<,uk,8l—>s —k(s+A) <Vl,tr—>t%(t—|—A) )

k=0 (=0

:Z(—l)kk!/ (s+A)~F > (= / th(t + A) " ey (dt) g (ds)
k=0 (0,00) =0 (0,00)

=O(u)d(v)z.

For the continuity we use again the criterion as before and check that & is already contin-

uous from (S™)" to L(X)s. This is true since for every [|-||, € Px, by the equicontinuity of

(¢t + A)*l)bo, we find [|-[|, € Px and M > 0 such that
1@ ()zll, < n!M |z, > lmlls - (3.3.1)
k=0
The proof is finished. ]

Remark 3.3.17. One can combine the polynomial factors coming from the operators E,,

and combine them with the corresponding measures. Then one can also write

n

O(p)r = Z (—1)*k! / (A4 1)ty g (dt)

k=0 (0,00)

with measures i, . .., i, such that f(o o) t=%=1 |ux| (dt) < oo. This is the calculus as it

was derived in [28].

In contrast to before, where it was quite clear in which direction one has to extend the
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calculus, the so far introduced Stieltjes calculus is generically bounded and no link towards
the smoothness of the considered element x € X seems to appear. But for A € C(X)\L(X)
one surely does not expect the operator ‘A%’, an object we finally aim to define, to be a
continuous operator. In order to include it, we change now our perspective and identify

the algebra (S°°)" with its image

Sli={f € H(C\ (—00,0]) | Ju € () : f=D(u)}

which is a subalgebra of #(C \ (—o0,0]) called the Stieltjes algebra which is indeed an
algebra since Proposition [3.3.16[ shows that the considered mapping is linear and multi-
plicative. In order to justify such an identification, we need to establish the injectivity of

the mapping

51 (S%) = H(C\ (=00,0]),  p> (A= {pt = $5).
Proposition 3.3.18. The mapping
§:(8%) = H(C\ (=00,0]), > (A= (= 535))

18 tnjective.

Proof. Let € () be such that (A = (u,t = 525)) = 0. We need to show that u = 0.
We will make use of what we already know about the Laplace transform (see the proof of
Proposition [3.2.18). One can consider p as above as an element in .%’(R)" which admits
a Laplace transform. The Laplace transform is again in . (R)’ (extend to (—oo,0] by 0)

since for f € . (R) one has

07 LI = |3 7

dk
< k —As
QLA SUp | A T Z / / A Jpael (ds)

(0 o) 0

dk
< k&
Jnax sup | ey ZHMkst
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Furthermore, it is supported on [0, c0). Taking Laplace transform of the Laplace transform

of u gives
L) = [Lwres = [t e teas
0 0
=, [ ds) = Gt s 1)
) Y )\ —I—t
0
= (Sp)(A) =0
Since the Laplace transform is injective, we conclude p = 0. O]

Functions like A — A* for @ € Cgresg and A — (A + 1) for a € C and ¢ > 0 are
not contained in the Stieltjes algebra §& but in the next chapter we will see that they
are anchored, and therefore they are accessible by the maximal extension of the so far

constructed calculus.
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4. Fractional Powers of Linear

Operators

In this chapter we finally define A“ for a non-negative operator A and a € Creso. The
entire chapter and its content is this time inspired by [44, Chap. 4] where a well-working
functional calculus (not perfectly in the sense of our definition but this is only a small

drawback) for locally convex spaces is established.

4.1. Fractional powers of non-negative operators

Let us begin by studying some special functions contained in the Stieltjes algebra.

Lemma 4.1.1. Let v € (0,1), 0 < ¢ < (3 — )7, 2 € S5\ {0}, A € C\ (—00,0], and

« € Cres—_1. Then we have

1 Ae ™ =1
™

tee #7050 gin (247 sin(yr) — o) A5 dt,

2.0=1

t@e=#*" s gin (247 sin(ym) — o) dt.

Proof. The proof of both equalities is essentially nothing but the strategy already explained
at the beginning of Section and will be omitted. O

For later use, we shall also study measures of the above kind in the special case a = 0.

Lemma 4.1.2. Let v € (0,3), 0 < ¢ < (2 —4)7 and z € Sy \ {0}. Then
1 ¥ . . / !/
[, 1= —e 7 eos(m) sin (2t sin(ym))dt € S" C (S
T

Moreover, for every 0 < ¢ < (% — )7 there is C' > 0 such that SUp.esg, lp-llg < C.
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Proof. The first part is just Lemma for the special case o = 0. For the uniform

boundedness, we start with a tiny observation. Assume that Im z > 0. Then

eizﬂ sin(ymw) e—izﬂ sin(ym) { < |e—izt'y sin(ym) ’ . |/ ie%zs"/ sin(’yw)ds
- ds
0
< elm=t7sinOm) 9| 2| sin(ym)t?

holds. Using this we calculate for all z € Sy with Imz > 0

00
Hsz HS’ — % / —Re z-t7 cos(ym) |eizt”Y sin(ym) e—izt’Y sin(wr)} %dt
0
00
<l/eRethcos ym eImzt“’sm ) ’Z‘Sln(’}/ﬂ') - 1dt
s
0

Furthermore, we have that

—)7)

Im z - sin(y7) = Re z - tan(arg(z)) cos((3
cos((3 —7)m))

< Rez-sin(¢) -

< Rez-e-cos(ym)

and therefore

o0
1 :
el g < = /e_(l_e) Rezt¥eos(ym) || sin(ym)t7~ dt

0
o)

< l /e(ls) Re z-t7 cos(ymr) | Rez- COS(VT‘—) tal’l("yﬂ')t'yildt
T cos(9)

0
_ tan(’yﬂ—) /e—(l—e)sds
7 - cos(@)
0

_ tan(ym)
v - cos(¢) - (1 —¢)

(4.1.1)

which establishes the claim for all 2z € S, with Imz > 0. The reasoning for Imz < 0 is

similar. O
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Remark 4.1.3. Since 7 > 0, we can send A — 0 in a proper subsector of C\ (—o0, 0] and
get with Lemma“ f 0,00) t/‘z (dt) = 1.

Definition 4.1.4. Let X be a LCS and A € M(X). Moreover, let v € (0, %), 0<op<

(3 — )7, and z € Sy. Define the linear operator

o0

5 1 v : . -
Xoz—e Ve =d0(u)r = —/eZt cos(ym) sin(zt” sin(ym)) (t + A)"'edt  (4.1.2)
m

0

where 1, is the measure from Lemma and ® is the Stieltjes calculus given in Defini-

tion 3.3.15

Remark 4.1.5. The used notation already suggests that the generator of the semigroup
will be the fractional power —A”. This result will be established to some extend in Sec-
tion once we introduced fractional powers. However, the definition of the fractional
power will use the semigroup which is why it got introduced here. Alternatively, we could
approach fractional powers via their resolvents which can be defined within the Stieltjes
calculus. The author felt it to be more comfortable though to use the regularisation via

semigroups.

—z AY

The next proposition collects some basic properties of the family (e )zes,. Before, let

us generalise the notion of a holomorphic, also called analytic, semigroup. We shall call a
semigroup (e *4).cg, holomorphic if the mapping S,Dzmre e L(X)p is holomorphic.
Furthermore, let us introduce the space D(A™) := (. D(A").

Proposition 4.1.6. Let v € (0,%) and 0 < ¢ < (5 —~)m. The family (e **").cs, has the

following properties:
1. The family (e_zm)zesq5 15 an equicontinuous semigroup of linear operators.
2. The semigroup is holomorphic.
8. The semigroup is smoothing, i.e., ¥z € Sy \ {0} : R(e™*4") C D(A>).

4. The semigroup leaves D = D(A) invariant and it is a holomorphic Cy-semigroup of

angle ¢ if restricted to it.
Proof.

1. The semigroup property follows from elementary algebra which yields for z,w € S,

e e = Bl e )B(a > e ) = Ba e_(”“’)“w) = o (xtw)AT
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It is equicontinuous on every sector of S, with 0 < ¢ < (% —~)m because of Inequality

(3:3.1) together with Lemma [4.1.2]

. Differentiating the density z — Le=#" 0™ gin(2¢7 sin(y7)) w.r.t. the variable z €

§¢ gives
d1 —1
P —e#t7eosOm) gin (2t7sin(ym)) = —e " cos(™) sin (217 sin(y7))t” cos(yr)
2T T
1
4 Ze =7 eos0m) ¢og (2t7 sin(ym))¢7 sin(ym)
T

and one checks that both summands, considered as densities for the Lebesgue mea-
sure, give rise to measures in S’. Hence, by standard theorems on differentiating

under the integral sign, we get

d -1
—e Wy = / —e 7 0m gin (247 sin(ym) )7 cos(ym)(t + A) " w dt

dz T
(0,00)
1
+ / —e 700 cog (247 sin(ym) )¢ sin(yw)(t + A) ' w dt
T
(0,00)

. First note that if n € Ny and x € D(A") one has e 4"z € D(A™!) and, if n € IN,
Ae #4" g = 74" Ax. This follows from Lemma That is, every application of
the semigroup increases the smoothness of the considered element by lifting it from
D(A™) to D(A™!). But now we can simply use the semigroup law and get for any
z2€ Sy \{0},ze€ X,andneN

ey = (e’%m)n:c € D(A").

By arbitraryness of n € N we conclude e *4"z € D(A>).

. By part {3 the semigroup maps even into D(A*) C D. It remains to show the strong
continuity. We copy and adapt the strategy from [44, Thm. 5.5.1] and combine it
with our estimates from the proof of Lemma . So let [|-[|, € Px and = € D.
There is C' > 0 and |||, € Px such that

o= — el
p
S% /e Re z-t7-cos(vym) |Sin(2ﬂ iin(WT)) ‘ 't ||(t + A)ilx - (t + 1>71xH‘1 dt.
) —H() ”
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Since x € D, one can tell that lim, ., H(t) = 0, cf. Lemma Now we use the
same trick as in [44] Thm. 5.5.1] and combine it with our estimate (4.1.1). That is,
we choose any s > 0 and use that there are M, e > 0 and yet another ||-||, € Px such

that
gl _ t
He_zA T —e sz <—sup H(t an(y)
7l Y os(g) - (1= 9)
C tan(ym) o
— (M + 1 . (1= (1—¢) Re z-s7-cos(ym) '
oMUl =g (1-e )

Choosing s > 0 suffienctly large, the first term becomes arbitrary small while the

second term converges to 0 as z — 0 in Sy for fixed s > 0. This shows the claim. [

Remark 4.1.7. With some effort further properties, also already concerning fractional
powers, could be proved at this point. We refrain from doing so at this stage since later

on a unified definition for A%, a € Cresg, Will be given and used to prove properties.

Let us deduce two corollaries.

Corollary 4.1.8. It even holds that D = D(A>).

zAY

Corollary 4.1.9. The operator e **" s injective.

Proof. Let z € C, z # 0, |arg(z)| < (

semigroups, we have

s — ), and € N(e *""). By standard results on

n

. .
Vn € Ny : d—e_ZA = (AN = 0.
ZTL

zA

Since the domain of the function z — e *4"z is connected, it must be constantly 0. We

finish our conclusions by

(1+A) " z= lim e (1+4)2=0
2—0,2€84

which means x = 0 as was to be shown. O

We finally arrived at the point to define fractional powers. Before, let us agree on the
suggestive notation e*4’ = (efzm)_l for the inverse of the semigroup operators. Further-
more, let us relax the existing notation to ®(A — f(\)) =: f(A) and identify f with f())
for certain functions such as powers and the exponential. For example, this agreement
would imply e *4” = (e7**")(A). The variable A will always designate the position of the

operator which we plug in the function.
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Lemma 4.1.10. Let o € Creso be fized and consider for v € (0,1), 0 < ¢ < (3 —7)7 and
z € Sy \ {0} the operators
B, . =" (A% )(A)

where we used Lemma for the definition of the term (A\e=**")(A). Then
vy,6 € (0,3), 0< ¢ <min{(5 —)m, (5 —)n}, z,w € Sy \ {0} : B, = By

Proof. Let us show one inclusion. The other one follows in the same manner. So let
x € D(B, ). By definition this means

e B, .2 = (A% V) (A)x

which in turn implies

—2AY —wAS
eerwAB

—wAS —zAY
%szewAeZAB

72

= e "M (e ) (A
= (N eV (A)x
=e

—# AT (A% M) (A)z.

Hence,
e_’”AéB%Zx = (A% V) (A)z.

But the last equality tells us

xr € D(Bs,) and Bj,r = B, .z,

ie., B, , C Bs,. O
Based on the last lemma we can give the following definition.

Definition 4.1.11. Let X be a LCS, A € M(X) and « € Cre~o. We define the fractional

power A% of the operator A to be the closed operator
A% — ezAW ()\ozefz)\V)(A)

where v € (0,1), 0< ¢ < (3 —7)m, and z € S, \ {0} are arbitrary.

The reader should note that the given definition implies

Vo € D(A%) : eV A% = (A% ) (A).

65



Remark 4.1.12. To the best of the authors knowledge nobody yet tried using the semi-
groups of the fractional powers as regularisers. This choice is motivated by a need but also
by an advantage. As for the need, one simply cannot use resolvents (at least those of the
original operator A) because they have too strong singularities on the negative real axis.
When altering the paths of integration, these singularities will prevent us from finding
convergent integral expressions. On the bright side, the exponential regularisers drop of

faster than polynomials which is why they allow to anchor even more functions.

We will now introduce another integral representation which is a small generalisation of
the one originally used by Balakrishnan in [5] to introduce fractional powers of non-negative

operators, also cf. [44, Prop. 3.1.3].

Proposition 4.1.13. Let o € Cgreso and n € N such that n > Rea. Moreover, let
x € D(A™). Then x € D(A%) and the Balakrishnan formula holds which reads

A% = /t“ YAt + A) "z dt. (4.1.3)
(n—a)
0
Proof. As before, choose vy € (0,1) and 0 < ¢ < (3 — )7, and consider z € S, \ {0}. Let
> 0. Then z+¢ € Sy \ {0} and, using Lemma [4.1.1, dominated convergence yields
IR E o, —(z+e)\Y _ a, —z\Y
Vee X : alg&()\ e J(A)z = (A" V) (A)z.
Another thing which follows from the representation in Lemma is that the mapping
a (/\O‘e_z’w)(A)x is holomorphic in the open right halfplane Cgreso.

A calculation gives

(Ae TN (A)z = e (A% ) (A)x

1
=e . = / toe et s gip (et” sin(yw) — ar)(t + A) 'a dt
T

0
oo

1
=— /taesﬂ 0™ gin (t” sin(yr) — ar) (t + A) e =z dt.
m

0

Assume now for the moment even n — 1 < Rea < n. Under this hypothesis a repeated
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application of Lemma gives us

/to‘_le_sﬂ cos(ym) sin(et? sin(yr) — am)t(t + A) ez dt

0
[e¢)

1
== /zfalestW cos(r™) sin (et sin(ym) — am)e ™ (z — A(t + A)~'z) dt
7r

(/\ae—(z-&-e))ﬂ) (A)JZ _

3 |

= / o teet costym) sin(et” sin(ym) — ar) A(t + A) e * N v dt
0

—1

= (=1" /to‘ ne = os0m gin (et sin(yw) — am)(t + A) LAz dt.

7r
0

We now may send € — 0+ and conclude

o
~Lsin(am)

()\O‘e_zm) (A)x = (=" /to‘_”(t + At Ame A pdt.

™
0

Note that existence of the appearing integral in the last line follows from A € M(X) and
the assumption on Rea. In order to verify this, the integral needs to split at any number
R > 0 and both integrals can then be discussed separately, also cf. [44] Def. 3.1.1]. The
argument will be discussed in the next proposition anyway and shall not be our major
concern at this point. To finish the proof of the proposition, note that integration by parts

is possible and repeating this process again n — 1 times gives

o — D!I(=1)""tsin(am) r 2 A7
a, —z\ A — (n / a—1 A —n An zA
(X% ) (A)e Tla—n+1)(a—n+2)...(a—1) NG e adt
0
_ r / 1971t 4+ A) " Ame* A 1 . (4.1.4)
n—a

0

Note that we used Euler’s formula of complements

sin(ar) 1

s M)’ (1 — «)

([T, 5.5.1]) for the prefactors. The expression on the right-hand side of Equation (4.1.4]),
considered as a function of «, is holomorphic on the entire strip Cocre<n and it coincides

with the left-hand side for n — 1 < Rea < n. Hence, the assumption n — 1 < Rea < n
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can be dropped and the proposition is established. O

As a direct application of the last proposition we get e 4"z € D(A®) and
A% My =M (N ) (A)e M = (A% V) (A)z.

In particular A% 4" € L(X).

The next proposition is commonly called Moment Inequality and can be used to see,
among other things of interest, that the integral representation given by the Balakrish-
nan formula defines a closable operator. It also reminds one of the connections between
the theory of fractional powers and interpolation theory and is therefore of independent

interest.

Proposition 4.1.14. Let o € Creso and n € IN such that n > Rea. Then for every
||-Hp € Px there are C > 0 and ||||q € Px such that

Rea Rea
n

wo- A,

Vz € D(A") : ||A%z||, < C qug—

Proof. The proof is the same as in the situation of X being a Banach space. So let ||-||,
be given. Choose any R > 0. There are constants (), , and D, , as well as continuous

seminorms |-, and [|-||, such that

sup HA”(t + A)_”:BHP <Cupllzll, and sup ||t”(t + A)_”;BHP < Dyyp |z,
>0 >0
because of the equicontinuity of the families (A(¢ + A)’l)bo and (¢(t + A)’l)bo. Choose
I[l, € Px such that ||-[|, > max{]|-[|,, ; [[Il,,} Which is possible since the system is assumed
to be directed. Then there is C' > 0 such that for all R > 0

R 00
e F(”) ea— n ea—1-n
%l < e =gy {Coollel | a1+ Dy %, f oot}
0 R

§C<RRea ||:L‘|‘q + RRea—n HAnl,Hq)

If ||z[[, = 0, one could send R — oo and gets that ||A%z||, = 0 as well. So in this situation

the statement is true for any C' > 0. Otherwise, the derived expression has a minimum for

1
R = (”’ﬁ:r“q) " and the statement follows as well. =
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Corollary 4.1.15. Let t > 0 and n € IN such that n > Rea. Then A*(t + A)™" is

continuous.

Proof. This directly follows from the Moment inequality since we get for any ||-||, € Px

Rea
n

_Rea
[A%(t+ A) ) < CH(tJrA)‘”tz || A+ A)

q
for some suitable [-[|, € Px. O

For later use let us define the Balakrishnan operator, denoted by J¢ with domain
D(J*) :=D(A™), n € N, n > Req, to be the restriction

Ja = Aa|’D(An)

Let us now talk about properties we expect fractional powers to have. In order to prove
a first one, namely a power law and in particular the fact that the domains of fractional
powers are nested, we will need the following lemma which says that the operator A(t+A)~!

does not influence the ‘smoothness’ of an element z € X.

Lemma 4.1.16. Lett >0, n € N and m € INy. Then we have

A"t + A"z € D(A™) & x € D(A™).

Proof. Assume A"(t + A)™"z € D(A™). This means in particular that A*(t + A)™z €
D(A™) for k € {0,...,n}. Having this in mind we conclude

r=(A+t)"(t+A)"r =) (Z) "R AR+ A)Te € D(A™).
N’
k=0 eD(A™)

Conversely, if z € D(A™), the bounded operator A™(t + A)~™ commutes with all resolvent
operators and we therefore get with y = (1 + A)™z

At +A) e =A"t+A) " A+A) My=1+A)"A(t+ A) "y € D(A™).

[]

Another ingredient we need is the fact that we might not use resolvents to introduce A*

but they can be used to characterise it.
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Lemma 4.1.17. Let t > 0 and n € N such that n > Rea. Then x € D(A®) if and only if
A%(t+ A)~"x € D(A™). In this situation (t + A)"A*(t+ A) "z = A%

Proof. Using the fact that A% 4" is a continuous operator which commutes with resol-
vents and which equals e *4” A% on D(A%), one establishes (t + A) ™A~ C A%(t + A)™"
This being said let © € D(A®). Then

A% = (t+ At + A) A% = (t+ A)" A°(t + A) "z
—_——
€D(Am)

while conversely we can define y := (¢t + A)"A%(t + A) "z and find, bringing (¢ + A)™ on

the left-hand side and applying e *47,

(t—{—A)_nAae_ZAW (t—l—A) n —zA'Yy7

ie., y= A%. m

We technically did not show yet the exptected fact that
Vk € No : e (\e V) (4) = AF
where we interpret the right-hand side in its usual meaning as k-folded application of A.
Corollary 4.1.18. It holds that
Vi € Ny : 4 (/\ke*'zm)(A) = A",

Proof. Let x € X and k € Ny. If k € IN, we calculate, using t(t + A)~' =1 — A(t + A)~!
and Lemma k times,

) 1 T . .
(Ae™")( — /tke 27 eosm) sin (27 sin(yrr) — k) (£ + A) e dt
m
0
17 ,
= — /tk_le_Zt cos(ym) sin(zt7 sin(ym) — (k — 1)) (t + A) " 'a dt
m

0

[e.9]

1 v . . -
= A" /eZt os0m) sin (27 sin(ym) ) (¢ + A) o dt
m

0
— Y
= AFe=#4 1.
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Let now z € D(A*). Then
(Nre™™ ) (A)z = Afe A = =47 Aky,
ie., AF C e (A\e*"")(A) while conversely we use Lemma and get
e ()\ke_z’w) (A)z = (t + AV ARe N (t+ A) e = (t + A)"AF(t 4+ A) "z = AFx

which proves the claim. O

Proposition 4.1.19. Let A € M(X) and «, 8 € Creso. Then A*P = A*AP. In particu-
lar, D(A®) C D(AP) whenever Rea > Re f3.

Proof. From the general properties of the functional calculus the inclusion A*A# C A%+8
follows. The converse inclusion is of interest. So let z € D(A*"?). Choose n € NN,
n > max{Rea, Re 8}. Then

AP(1+ A" AP(1 + A) "2 = A0 (1 + Ay APTO(1 4 A) 2y € D(A™)

which, by Lemma yvields AP(1 + A)~2"z € D(A?™), i.e., v € D(AP). Furthermore,
AP(1 4 A)~2"g € D(A?) C D(A%) and

ACAP(1 4+ A) 2 = A%(1+ A) " APy
Therefore, (1 + A)~2"z € D(A*AP) C D(A**¥F) and
ACAP(1+ A2 = AP(1 4 A)™2p = (1 + A) "2 ATy
where the last equality used again x € D(A**#). Putting things together we have
A1+ A APy = (14 A)72 APy € D(A™)

which means Az € D(A%) and A*APx = A*+Py, O

The reader may note that another consequence of the nested domain property is an
interpolation of Lemma . We namely even have for all & € Cgesg : TAQ) =D.

Let us come to another application of Lemma [.1.17 In fact we can actually use it
to show that fractional powers defined by the calculus introduced in this work are the

same as fractional powers introduced by the sectorial functional calculus as it is discussed
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thoroughly in [25]. The basic ideas from the Banach space theory can be readily transferred

to the locally convex setting.

Proposition 4.1.20. Let A € S(X) and ¢ € [0,7) such that o(A) C Ss. Choose n € N,
n > Rea and 6 € (¢, 7). Then we define
1 w®
“(1 (A= — [ —(w—A)!
(A1 +XN)")(A)z 5 (1—|—w)”(w ) dw
S

where the boundary 05y is orientated from +ioo towards —ico. One has (A*(1+X)™)(A)z €
D(A™) if and only if x € D(A®). In this situation,

(14 A" (A1 +A) ") (A)z = A%z

Proof. A minor generalisation of Proposition yields that for any y € X we have
wr (w— Ay e H(C\ Sy; X). Let 2 € X and choose numbers r, R > 0, ©,0 € (¢, 7),
Y >0,v€(0,1),and z € C\ {0} with |arg(z)| < (3 — 7)7. By holomorphy
0 1 le' —zw'y( A)_l d
=— P we w — xdw
211
c

with the cycle (a formal integer combination of a finite number of paths) C' be given as
indicated in Figure |4.1.1

Since this result does not depend on the chosen parameters, we can take the limits
already indicated in Figure and find

vy ]- — Y —
(A M) (A)z = o we " (w — A)'r dw.
i
93y

One may multiply this equation with (14 A)~™ from the left and use the resolvent identity
14+A)  (w-—A)"'=0+w) " (w=—A) "+ (1+A)7"

n times under the integral sign on the right-hand side (the integral for the second summand
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Im

Y — -

Figure 4.1.1.: Integration cycle C

is always 0) to obtain

(L+A) (A e ™M) (A)z = (A ) (A)(1+A) "z =e VA (1+A) "

1 (0%
=— w—e_zuﬂ(w — Az dw.
2mi J (14 w)"
9S4

We may send z — 0 which gives
A1+ A) "z = (A1 + A7) (A)z.

The claimed equivalence follows now from this together with Lemma [4.1.17 O

Remark 4.1.21. For later use we shall also add here that the operator — A3 generates a
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semigroup given by

e_SA% = % (sin(sx/%) — sVtcos(svVt))(t + A)Pxdt
0
where x € X and s > 0 (see [44, Thm. 5.5.2]). In contrast to the semigroups generated
by the lower powers, this semigroup is in general not holomorphic unless A is properly
sectorial of some angle w € [0,7). In this case Az € S« which can be seen from the
sectorial calculus of A (cf. Proposition [4.1.20)). This result will play a role in the first part

of the next chapter.

Our next goal is to establish the main reason why Balakrishnan’s original closure defi-

nition of A“ does not suffice in general. We start with a lemma.

Lemma 4.1.22. Let v € D(A%) and assume y := A%z € D. Then z € D((Ap)*) and
(Ap)*z =y.

Proof. By Lemma[2.0.24] the operator Ap is non-negative. Hence, an expression like (Ap)®
makes sense. For every element z € D and any ¢ > 0, we have (t + A)~'z = (t + Ap) ‘o
and for this reason the bounded Stieltjes calculi of A and Ap agree on the space D. In
particular,

efz(AD)vy — efZAwy = ()\aefz)\'y) (A)SU = ()\aefz)ﬂ) (AD)ZZ:

So z € D((Ap)*) and (Ap)°z =y. O

The lemma actually even shows (Ap)® = A%, where the expression on the right-hand
side means the part of the operator A® in the subspace D. In the following we will use the

notation without parentheses.
Proposition 4.1.23. The operator J is closable and J* = A,

Proof. Let n € IN, n > Rea. The first part follows since we already know that J%r =
Aﬁ)( An) T and A® is closed by construction. So J¢ is closable as restriction of a closed
operator.

Let x € D(J*) and let (z,.) in D(A") C D be a net convergent towards z € D such that
Je, = A%, — A%x € D (the last statement follows since A%z, € D(A"*) C D). By
Lemma we can see J* C A9,

Conversely, let x € D(A}). Define z; := t"(t + A) "z € D(A") where n > Rea. Then,
by Lemma [2.0.9

ry —»x and J% = APt + A) e =t"(t+ A)T"Apr — AQw
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as t — oo which proves the claim. O

The next proposition will be devoted to a bunch of standard properties one expects

fractional powers to have.
Proposition 4.1.24. Let A € M(X) and o € Creso. Then
1. Ae L(X) implies A* € L(X).

2. Letn € N and o € Cycrecn. Then
CO<Re<n 9 o — Aal‘ 6 X

is holomorphic for all x € D(A™).

3. One has N(A) = N(A®).

Proof.

1. This follows from the Moment Inequality.
2. This follows from the Balakrishnan formula.

3. Let € N(A%). By Proposition [4.1.19) we have A" = A" *A“ for some n € NN,
n > Re« which implies z € N(A™) = N(A) by Corollary [2.0.10

Conversely, let x € N(A). The strategy from above only works for @ € Cres1. In
order to include all @ € Creso we note that x € N(A") C D(A™) for some n € N,

n > Rea. Hence,

['(n) T B 3
A= ————— [t* A"t + A)"zdt =0
‘ F(a)F(n—a)/ (t+A) "z
0
which shows the missing inclusion. O

At this point we could elaborate further on many, many aspects of the theory of frac-
tional powers one would expect to hold in LCS as well. Just to mention some, we could
think about (A™1)® = (A%)~! for injective operators A as suggested by Lemma and
Proposition , one could establish that the operators AY, v € (0, %) are really the
generators of the before introduced semigroup (a partial answer to this question is going
to be given in the next section), and one could think about the expected second power law
(A% = A% All these questions would go beyond the scope of the work at hand but are

noteworthy to be considered in future works.
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4.2. Fractional powers with 0 < a < 1 for generators of

equicontinuous C)-Semigroups

There are well known formulas to describe fractional powers of the strictly smaller class
of operators whose negatives generate equibounded Cy-semigroups. One can see this by
combining the Balakrishnan formula with the fact that the resolvents of such operators
are given by Laplace transformation of the corresponding semigroups, cf. [44, Prop. 3.2.1].
Actually, they were the first class of operators in general Banach spaces for which people
studied fractional powers. In this section however, we will concentrate on the special case of
0 < a < 1. For these values of the power «, the function z — z* belongs to a special class
of functions and this fact yields yet another way to describe the corresponding fractional

powers. To be more precise, in this situation one can use subordination.

Definition 4.2.1 (Bernstein function). Let f: (0,00) — [0,00). Then f is called a Bern-
stein function provided f € C*°((0,00)) and (—1)*=!f® >0 for all k € IN.

Bernstein functions appear in a vast number of fields such as probability theory, har-
monic analysis, complex analysis and operator theory under different names, e.g., Laplace
exponents, negative definite functions or Pick, Nevanlinna or Herglotz functions (complete
Bernstein functions, cf. [57]). It will not cause any greater difficulty which is why the
following results, taken from [39], shall be presented for general Bernstein functions. As
a demonstration example, we shall return to z +— z® various times. A first fact which we
will need is that Bernstein functions allow for a characterisation by two numbers and a

measure with a growth property.
Proposition 4.2.2 (|57, Thm. 3.2]). Let f: (0,00) — [0,00). The following are equivalent.
1. f is a Bernstein function.

2. There exist constants a,b > 0 and a positive Radon measure p on (0,00) having the

growth property f(o o) 1At p(dt) < oo such that

JfOA) =a+b\+ / (1—e™)p(dt) (A>0). (4.2.1)
(0,00)

The representation of f in (4.2.1)) is called Lévy—Khintchine representation. The function
f determines the two numbers a, b and the measure p in the Lévy-Khintchine representa-

tion uniquely and the triple (a,b, 1) is called Lévy triplet for f.
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Every Bernstein function admits a continuous extension to [0,00) since by applying
dominated convergence to the representation formula (4.2.1)) one gets f(0+) = a.

Example 4.2.3. Let o € (0,1) and f: (0,00) — [0,00) be defined by f(N\) := A\*. Then f
is a Bernstein function with Lévy triplet (0,0, p) and p € M((0,00)) given by

-1

p(A) = TCa) /t—l—a dt.

Hence,

Let us now turn to a concept closely related to Bernstein functions.
Definition 4.2.4. Let (44):>0 be a family in M ([0,00)). Then (u) is called

1. a family of sub-probability measures if Vt € [0, 00) : ,ut([O, oo)) <1,

2. wvaguely continuous (at s > 0 with limit p,) if

¥f e Cl0.00) tim [ AN = [ 1O
0,00)

[0, [0,00)

3. conwvolution semigroup if pg = 0g and Vs, t € [0,00) 1 piy * s = fhts-
Remark 4.2.5.

1. A vaguely continuous convolution semigroup (y) of sub-probability measures is also
weakly continuous, i.e., Deﬁnitionactually holds for all f € Cb([O, oo)) In order
to see this choose f € Cc([O, oo)) such that 0 < f <1 and f =1 in a neighbourhood
of 0. Then

1> ([0,00)) > / fue — f(0)=1ast— 0+

[0,00)

So ,ut([(), oo)) — 1 as ¢ — 0+. The same argument works to show that for every
¢ > 0 one has 1,([0,¢)) — 1 as t — 0+. Therefore also p([c,00)) — 0 as t — 0+.
Now weak continuity in 0 follows from (g € C,([0,00)), fC.([0,00)) as above with
f=1on|0,¢e) for some £ > 0)

[ ne— gl <1 [ afue o) + Wl leso)) 0
[0,00) )

[0,00
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as t — 0+.

2. One can use a vaguely continuous convolution semigroup of sub-probability mea-
sures (u;) to define a Cp-semigroup (e7*4);o on C’bu([O, oo)) (bounded uniformly

continuous functions) via

(e f)(x) = / £ + v)ue(dy).

[0,00)

In particular, the convolution semigroup is actually vaguely continuous in every ¢ €
[0,00). We shall briefly sketch the proof. For given f € Cbu([(), oo)) and & > 0,

chosen suffienctly small, we estimate for all z € [0, 00)

. )f($+y)ut(dy)—f(ﬂf)\ <| [05)f($+y)_f<x>ﬂt(dy)’

+ 2| £l ([0, 00))
+1f(@)] (1 = ([0, 0))

which shows the desired result. One can also establish strong continuity in C’b([O, oo))
if one is willing to coarse its Banach space topology to the strict topology which
is a mixture of its original Banach space topology with the topology of uniform

convergence on compacts .

Every Bernstein function is naturally associated to a vaguely continuous convolution

semigroup of sub-probability measures (y):>0 and vice versa.

Proposition 4.2.6 (|57, Thm. 5.2]). Let (u1)e>0 be a vaguely continuous convolution semi-
group of sub-probability measures on [0,00). Then there exists a unique Bernstein function

f such that for all t > 0 the Laplace transform of u; is given by
L) =7,

Conversely, given any Bernstein function f, there exists a unique vaguely continuous con-
volution semigroup of sub-probability measures (u;) on [0,00) such that the above equation
holds.

By the above proposition, we obtain that the sub-probability measures p,; are probability
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measures if and only if f(0+) = 0, since

11([0, 00)) = AILI& e M (ds) = /\lij& e ) — o7t (04, (4.2.2)
[0,00)

Example 4.2.7. Let « € (0,1) and f: (0,00) — [0,00) be defined by f(\) := \* and let
(1¢) be the corresponding family of sub-probability measures. Then, for t > 0, the measure

W has a density g, w.r.t. the Lebesque measure given by

1 a
gi(s) = —/ e " e™dw (s> 0), (4.2.3)
270 J o

where v = 7§ U7g is parametrised by
Yo(r) = —re™™® (re(=00,0),  d(r)=re® (re(0,00)

and © € [r/2, 7] is arbitrary, see Figure for one possible choice.

Im

+
Yo

Re

NIE

Figure 4.2.1.: Possible path of integration

For a = % one can explicitly calculate the integral and finds (see [69, p. 259-268] for
details)

i2
te” 4s
g¢(s) = (s > 0).

a 2\/Ts3

Analogously to the case of bounded Cy-semigroups on Banach spaces (see [57, Propo-
sition 13.1]) we can construct a new equicontinuous Cp-semigroup from an existing one

using a vaguely continuous semigroup (p;) of sub-probability measures.

Proposition 4.2.8. Let X be a LCS, (e7*4) be an equicontinuous Cy-semigroup on X

and (p) be a vaguely continuous convolution semigroup of sub-probability measures with
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associated Bernstein function f. Fort >0 define e /. X — X by
z— e Wy = / e Az 1y (ds). (4.2.4)
[0,00)
Then (e*tf(A))tZO 15 an equicontinuous Co-semigroup on X.
We will call (e=*/V) the subordinated semigroup to (e™*4) w.r.t. f.

Proof. Let t > 0. The linearity of e=*/(4) is evident. The semigroup property of (e=*/(4))
is inherited from the semigroup property of (;) and of (e=*4). Indeed, let s,t > 0. For
x € X, 2 € X' we have

(e e / e AL) . (dun) (o)

[0,00) [0,00)
(utv)A d dv) — \ —wA 1
(2 e” @) s (du) g (dv) (', e ) g * py(dw)
[0,00) [0,00) [0,00)
= / <$/767WAx>Hs+t(dw) = <x/,e*(t+s)f(z4)x>.
[0,00)

For the strong continuity of (e7/(4), let x € X. We estimate

et —all, < [ ot = o] utds) -

[0,00)

since (s — He*SAx — xHq) € Cb([O, oo)) with value 0 at s = 0 and pu; — dy weakly.

It remains to show that (e=*/(V) is equicontinuous. This follows from

ol [ et o) < el

where we used the equicontinuity of (e7*4) as well as the uniform boundedness (namely
by 1) of the family (). O

Our next goal is to represent the generator f(A) of a subordinated semigroup (e~*/(4))

for a given Bernstein function f as it was performed in [57, Eq. (13.10)] for Banach spaces.

Proposition 4.2.9. Lel f be a Bernstein function with Lévy triplet (a,b, p) and x € D(A).
Then the function
(0,00) 3 s>z —e Mz ecX
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15 integrable in the sense that

(x — e )

/ (z — e ) pu(dt) = / ; tp(de) + / (z — e ") pu(dt) (4.2.5)

(0700) (071) [LOO)

Proof. Note that the measures tu on (0,1) and p on [1,00) are both bounded. Since

r € D(A), the mapping s — e~z is differentiable and
d —sA —sA —sA
¢ r=—Ae *r=—eAx (s>0).
s

Hence, we get for a continuous seminorm ||-|,
t
o — et4a], S/He_SAAa:Hq ds < C||Az|. -t (£ > 0)
0

and which is what one needs to show that the first summand in (4.2.5) makes sense. For

the second summand, we can use the equicontinuity of (e7*4) and get
|2 — e’tA:ch <(C+1) =],

O

Theorem 4.2.10. Let X be a LCS, (e7*4) be an equicontinuous Co-semigroup on X with

generator —A and f be a Bernstein function with Lévy triplet (a,b, n). In this situation

we have for all x € D(A) that x € D(f(A)) and

f(A)z = ax + bAz + / (z — e ") p(dt). (4.2.6)

(0,00)
Remark 4.2.11. For Banach spaces X this result is due to Phillips [53].

Proof. We adapt the proof of [57, Thm. 13.6] to our context. Let (a,b, ) be the Lévy
triplet for f and (u;) the associated family of measures.

(i) Let us first assume that f(0+) = a = 0, i.e., (i) is actually a family of probability
measures. Recall that

et — / ei)\s/ﬁt(dév

[0,00)
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and define
fa(A) = / (1—e™) n,u%(ds).

(0,00)

It follows that

fa(N) — f(A) asn — oo (4.2.7)

S|

for all A > 0, i.e., (f,) is a sequence of Bernstein functions converging pointwise to f.
Using [57, Coro. 3.9], we obtain

lim np1 = p vaguely on (0, 00), (4.2.8)
n—00 n
lim  lim npa ([C,00)) =0, (4.2.9)
C—o0 n—00 n
n({C})=0
Clg(r)l+ 711;1210 tn,u%(dt) =b. (4.2.10)

n({c})=0 (0,¢)

Let x € D(A) and 2’ € X'. Furthermore, choose ¢,C' > 0 such that u({c,C}) = 0, ie.,
¢ and C are points of continuity of the measure p. Note that (¢ — (z/,2 — e72)) €
Cb([c, C)) Using the fact that ¢ and C' are points of continuity, one can show that
npi (e, C)) = u(le, C)) by approximating 1. ¢) from below and from above by functions
f, ; € Cc((O, oo)) with supports contained in [c+¢,C — €] and [c — ¢, C + €], respectively,
for some £ > 0 chosen sufficiently small. Moreover, essentially the same kind of argument
gives np1 |y = | [e,c) vaguely. Using again [57, Thm. A.4], we therefore have nji | c) —
e, 0) Wgakly. Hence, ’

lim [ (2,2 —e ) nui(dt) = / (2, x — e ") pu(dt).

n—00

[c,C) [c,C)

By dominated convergence we obtain

. . / _ —tA _ / o —tA
813(% nh_)rglo (', x —e " a) nu%(dt) / (', x —e " a) p(dt). (4.2.11)
ulech=o  [0) (0.00)
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Let us keep this result in mind for a moment and consider for ¢ > 0

/ (2, x—e ™ z)np (dt) / / e Az — Az) dsnpa (dt)

(0,0) (0,e) O

+/t<x’,Ax>nu1(dt).
(0,0)

Note that ((0,¢) > ¢t +— f(f@’, e Ax — Az) ds) € Cy((0,¢)). Let ¢ € C.((0,¢)). One gets
(t = o(t) [1(z',e=*A Az — Az)ds) € C.((0,c)) which results in

t t

/ o(t) / (w’,e_SAAx—A@dsny%(dt) — / H(t) / (x/ e " Az — Ax)dspu(dt)

(0,0) 0 (0,) 0

i.e., the sequence ! 2 e A Ax — Ax) dsnua converges vaguely on the interval (0, ¢
0 Iu” nelN &

to the measure [ (2/,e~>A Az — Az) ds j1. Moreover,

t
/ / ‘( e Ax — Az) ‘dsu dt) < sup ‘ e A Ar — A:E>| / tp(dt)
0

s€(0,c)
(0,0)

which says that fot(x’, e ¥4 Az — Ax) ds p is a finite measure. If u({c}) = 0, we thus obtain
that the convergence is even weak, i.e., for all f € Cb((O, c)) In particular, for such ¢ we

have

t t
lim / /(x’,eSAAx — Az)dsnpu. (dt) = / /(x’,eSAAx — Az) dsp(dt),
0

n—oo
(0,c) O

and therefore

lim lim / /(x', e Az — Ax) dsnu (dt) = 0. (4.2.12)
c—0+ n—oo n

p({c})=0 (0,c) 0

Finally,
lim lim /tx Az)nys (dt) = b (', Ax) (4.2.13)
c%0+ n—00
p({ch= (0,¢)

by (E2.10).

Putting together Equation (4.2.12) and Equation (4.2.13)), we get as a second interme-
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diate result
lim lim [ (2,2 —e ™) npui(dt) = b (', Ax). (4.2.14)
c—+0+ n—oo n

n({c})=0 (0,c)

Before we can summarise everything, we need to discuss the region [C, 00) as well. Luckily
the argument is rather short in this case since (e=*4) is equicontinuous and, by ([4.2.9)), we

obtain

lim  lim (2 x — e Ax)nua (dt) = 0. (4.2.15)
C—oo n—oo n
n({C})=0 [C,00)

We are ready for the main argument. We are now going to consider the integral expres-
sion in Equation and split it in the three regions (0, ¢), [¢,C), and [C,00). This
will enable us to bring in the intermediate results from Equation for (0,c), Equa-
tion for [c, ('), and Equation for [C,0). So, one has

<$', bAx + / (x — e ™) ,u(dt)> = lim lim [ (z/,2—e ") nua(d)

c—0+ n—oo

(0,00) p({c})=0 (0,¢)

+ lim  lim (', x — e ) npa (dt)
c—0+ n—o00 n

p(lecB=0  60)

+ lim lim (2,2 — e ) npa (dt)

C—oo n—oo

n({C}H)=0 [C,00)
= lim lim (', x — e M) npa (dt)
c—0+ n—oo n
w{eCh=o  (0:0)
1
= lim (', n(z — en?Wyz)).
n—oo

where the last equality follows similar to its scalar counterpart in Equation (4.2.7). The
result tells us that the element x € D(A) is apparently also in the domain of the weak
closure of the operator f(A). However, by general considerations weak and ordinary closure
are the same and f(A) is closed since —f(A) is the generator of a Cp-semigroup. We

conclude x € D(f(A)) as well as the representation formula
f(A)zr = bAz + / (x —e™a)u(dt) (z € D(A)).
(0,00)

(ii) For the general case f(0+) = a > 0 consider h := f — a. Then h is a Bernstein
function with h(0+) = 0. Let (1) be the associated family of sub-probability measures.
The family (), given by u; = e vy (¢t > 0), is the family of measures associated to f.
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Thus, for t > 0 and = € X, we have

e W = / e 1y (ds) = / e Az ety (ds) = et Ay,

[0,00) [0,00)

~th(4)) " Analogously to the case of Cy-semigroups on Banach

i.e., (e7/)is a rescaling of (e
spaces, one proves that this implies f(A) = h(A) + a. Thus the general case follows from

(1) O
Corollary 4.2.12. We have that f(A)pay = f(A).

Proof. The domain D(A) is dense in X since —A is a generator of a Cy-semigroup, by
Theorem we have D(A) C D(f(A)). Moreover, the semigroup (e /1)) commutes
with resolvent operators (A + A)~! which means that the semigroup leaves D(A) invariant.
Thus, as in the case of Cy-semigroups on Banach spaces, we conclude that D(A) is a core

for f(A) (see e.g. [2, Prop. 1.14] for the case of Cy-semigroups on Banach spaces). O

It remains to answer the question whether the generator of the subordinated semigroup
is the fractional power assuming we use the Bernstein function f(\) = A* for the subordi-

nation process. Indeed, this is the case.

Theorem 4.2.13. Let —A be the generator of an equicontinuous Cy-semigroup in an LCS
X, a€(0,1) and f(A\) = A~ Then A* = f(A).

Proof. The theorem is a consequence of Laplace transform which reads for A € Creso and
reX

o0

(t+A) e = /e_Ste_SAx ds.
0

Let x € D(A). Using the representation of the resolvent as Laplace transform of the
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generated semigroup in Equation (4.1.3) gives

Sln

A%z

/ta At + A) e dt
0

o0

1 Td
— ta 1 —sA —std dt
T()D(1 — a) / / ds® °
0

0

- ;)F - / o)

o0

ta*‘rl*lefstdt dS

—sA —l—ads

where the last equality used Example and Theorem [4.2.10] The domain D(A) is a
core for f(A) by Corollary . Moreover it is dense since — A generates a Cp-semigroup.
Together with Proposition it is therefore also a core for A%*. Taking closures thus
implies f(A) = A% ]

Remark 4.2.14. Let us finally answer an open question from Remark Namely one
may use the representation of the resolvent as Laplace transform in Equation and
finds it to be in agreement with Equation - ) for the special case © = w. Thus, by
Theorem [£.2.13] the family defined in Equation (4 is really the semigroup generated by
the negative fractional power —A” at least under the hypothesm that —A itself generates

a Cp-semigroup.
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5. The Caffarelli-Silvestre Extension

Problem

In this chapter we shall deal with what is either called Caffarelli-Silvestre Extension prob-
lem or, alternatively, harmonic extension problem. Before introducing it in more detail,
we shall briefly make some remarks on its history. Its first and rather indirect appearance
dates back to the short paper [5I] from 1968. The authors actually considered stochastic
processes subordinated to a Brownian motion and studied methods to describe them by
trace processes taking place in the original space extended by an ‘additional dimension’. To
be more concrete, the authors studied for a € (0, 1) the one-dimensional process generated

by the operator
B d? n 1—-2ad
©de? tdt’

Formally one can think of this process as the magnitude of a Brownian motion in 2 — 2«

Sa

dimensions since for an n-dimensional Brownian motion (B;) the process (J;) given by
Ji := || B¢]], called a Bessel process of order n, is generated by the operator
> n-1d

ST T T W

(sometimes with an additional factor 1/2). Using the local time of the Bessel process,
the authors constructed a time change for an independent Brownian motion which yields
the subordinated processes commonly called a-stable Lévy process. The fact that this
observation is actually independent of the special example of a Brownian motion seems to
be noticed for the first time in [52].

The approach was rediscovered 40 years later from the PDE point of view in the influ-
ential paper of Caffarelli and Silvestre [I3] where the authors described fractional powers
of the Laplacian by means of taking traces of functions solving the PDE

1-2
OPu(t, ) + c

8tu(t,x) - _Amu(t7x>7 (t,I) < (0’ OO) % Rn, (501)

U(O,CL’) = f(ZL’), reR",
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with @ € (0,1) being the fractional power. Formally, one could interpret solutions to
(5.0.1) as harmonic functions defined on R™ x R*72*. In this case the Equation (5.0.1)) is

nothing but the usual Laplacian applied to a function v of the special form
viR X R SR, o(zy) =yl ),

with a suitable function v : R x R — R. So it just depends on the norm of the additional
2 — 2« coordinates. This may be the reason why the technique is sometimes also referred
to as harmonic extension problem. The here sketched idea is used nicely in [I3] to obtain

results analogously to the ones available for the Laplacian in R"™.
Using a solution u to (5.0.1]), one can then calculate (—A,)" as

ca((—A2)%f) (z) = —tlirgi 229t x), r e R",
with an explicitly known constant ¢, which was calculated for the first time in [63].

The relation between the PDE and the stochastic setting is that Brownian motions
are generated by the Laplacian while the processes subordinated to the Brownian motion
are generated by the fractional powers of the Laplacian for a € (0,1) (in stochastics the
parameter 2« is typically used which is why it ranges there from 0 to 2).

One may generalise Equation by replacing —A with a more general sectorial
operator A in some Banach space X or even a non-negative operator in some LCS and
furthermore consider av € Cycpe<i. Now becomes

1 -2«

u'(t) = Au(t), te (0,00), (5.0.2)
u(0) = z, (5.0.3)

i.e., a linear ODE in the space X with initial datum x € X which degenerates for t = 0
(unless @ = %) and which seems to be ‘incomplete’ since no initial condition for «' is given.
The case a = % was already studied in [5] for Banach spaces with the result that under
the additional assumption of u being bounded the problem has the unique solution given
by

u(t) = e VAL,

i.e., is given by the Cy-semigroup generated by vA. We did not deal with v/A but one
can show that its negative always generates a semigroup which is in general not analytic
unless A is even sectorial.

It was then noticed in [63] that if the considered Banach space X is one-dimensional,
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Equation is another form of Bessel’s differential equation and integral represen-
tations of its solutions provide solutions to by interpreting them via a functional
calculus.
Assuming u to be a bounded solution to (5.0.2), in the one-dimensional case it follows
that u is unique and that
— lim 72/ (t) = co A% (5.0.4)

t—0+

The expression on the left is usually referred to as a generalised Neumann boundary con-
dition (namely the evalutation of the weighted negative derivate of u at ¢t = 0). Following
this terminology one calls u(0) = x a Dirichlet boundary condition and therefore thinks
of the limit in as generalised Dirichlet-to-Neumann operator, an operator mapping
the Dirichlet-data of a solution on its corresponding Neumann-data, which is given by the
fractional power of the operator A appearing in the ODE. The question arises whether the
solution u is also unique in general LCS (that would mean that the Dirichlet-to-Neumann
operator can be defined) and whether this operator is up to a constant still given by a
fractional power.

The entire topic got studied in a couple of works since 2007 starting with Hilbert space
approaches and their generalisations to Banach spaces, see [3], 23], 146, [48], 47, 49, 63].

While existence of a solution can usually be tackled by means of functional calculus
methods, it turned out that the discussion of uniqueness of the solution is slightly more
challenging. In the following we shall deal with both points in a LCS X but under the
slightly more restrictive assumption on A being a ‘proper’ sectorial operator rather than
solely being non-negative. For Banach spaces this is no restriction as there both classes

coincide.

5.1. Problem and preliminaries

For the entire section let X be a LLCS with fundamental system of seminorms Px and

A€ S,(X),we[0,m), adensely defined, sectorial operator and o € CocRe<.

Definition 5.1.1. A function u € C([0,0); X) such that we have for all ¢ € D((0,0))

o0

/OOO u(t)p(t)dt € D(A /u ttza Lo(t)dt = A/OOO u(t)p(t)dt and u(0) = =,

0

where x € X is given, shall be called a weak solution of the Caffarelli-Silvestre Problem.

A weak solution u of the Caffarelli-Silvestre Problem will be called strong solution if even
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u € Cy([0,00); D(A)). In this situation one has

A /0 ()6t = /0 T Au(D)o()dt,

ie.,
Au=t*""Dt'**Du in D'((0,00); X) :=D'((0,0))eX,

i.e., the functions correspond as vector-valued distributions. Furthermore, Au € Cb([O, 00); X )
Hence, u € C?((0,00); X) and therefore

1 -2«

d
VE >0 2 =172 (1) = W (t) +

P u'(t) = Au(t). (5.1.1)

Remark 5.1.2.

1. The here presented definition of a solution differs and is actually more general than

the one in [48]. The changes are a result of the discussion in [49].

2. The assumption of a dense domain of the operator A is as usual pure convenience.
Assume A for the moment to be non-densely defined and set D := D(A). Since we
are seeking continuous solutions of the above equation, no solution for x € X \ D
can be expected even though the solution operators will be defined on the full space.
The differential equation will still be solved but no continuity at ¢ = 0 will hold.
This effect can already be observed for the much simpler case of an ordinary Cauchy

problem
u'(t) = Au(t), u(0)=z.

5.2. Uniqueness of a solution

In this section we will begin to discuss the uniqueness of possible weak solutions to the
Caffarelli-Silvestre Problem. We adopt the assumptions and notation from Section |5.1
Because A is sectorial, we may choose any z € C\ S, and consider for a given weak
solution w with u(0) = z the function v := (2 — A)"'u € C,([0,00); D(A)). Then v is a
strong solution with v(0) = (2 — A)~'z. The statement u = 0 is equivalent to v = 0 which
is why we can concentrate on the uniquess of strong solutions to the Caffarelli-Silvestre

Problem. Let us collect some properties of v.
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Lemma 5.2.1. Let v be a strong solution to the Caffarelli-Silvestre Problem with v(0) =
x € D(A). Then we have

1.y = limy_o, —t' 720/ (t) eists,
2. V|||, € Px3C1,Cy > 0% > 0 [[v/(¢)]], < C1t2Reat + Cyt,

3. VHHP € PxdC >0Vt>0: ”U(t) — pr < C’(tQRea A 1)

Proof.

1. Consider Equation (5.1.1)) and bring the prefractor t**~! on the right-hand side. Let

0 <t < s. Integration from ¢ to s gives

— 120 (t) = —s' 72/ (s5) + /rl_QaAv(r)dr.

t

2

It is possible to send ¢ — 0+ since 7 — r'72* is locally integrable near t = 0 while

the function Av is continuous.

2. Let ||-||, be a continuous seminorm. Using the same argument from the first part,

we conclude

C
1-2Re« / _ 1—2a, ./ 2—2Rea
P o 1)), = [ @], < Dyl + gt

for some C' > 0. This implies the statement.

3. The case t > 1 follows from boundedness of v. It remains to discuss ¢ < 1. Since the
limit limy o, —t'72%0/(t) exists, the function ¢ — t!72%'(t) has to be bounded in a
neighborhood of ¢ = 0 which in turn implies integrability of v’ in a neighborhood of

t = 0. Now the fundamental theorem yields

t
||U(t) o pr S /tQRea—l Htl—Qavl(t)qut S C«tQRea

0

where [|-[|, € Px is another continuous seminorm. O

For both, the uniqueness and the existence part, we will be needing a certain generali-

sation (among many possible) of the exponential function. As preparation, note that the
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functions I, and K, from C\ (—o0,0] to C defined by

t s

a oo 2%k
L) = (5) S Fia o M Kal) = s () — 1),

are called modified Bessel functions of first and second kind, respectively. The name origins

from the fact that both functions solve
2 (t) + tu/ (t) — (£ + a?)u(t) = 0,

the so—called modified Bessel equation.

Remark 5.2.2. From its definition it seems at first glance that K, cannot be defined
for « € Z. However, one can extend the representation also to those values of a. A

representation which works for all a € CRe> 1,t>01s
—2

Kot = YT <3>a7e-t8(52 1) s (5.2.1)

Dla+1)\2 J

([T, 10.32.8]). Using integration by parts, one can derive integral representations from it

which are even valid for larger halfplanes but we will not need this.

Definition 5.2.3. For a € Cgreso we define the function E, : C\ (—o00,0) — C by

Eat) = % (%)a Ka(t) (5.2.2)

Remark 5.2.4.

Rea when t — 0+

1. The function K, decays exponentially as t — oo but it diverges as ¢t~
which is why the factor t* appears in the above definition. Both limit behaviours
stay true when the function is considered on a sector with opening angle strictly less

than %

2. The rather complicated a-dependent prefactor simply ensures E,(0) = 1, cf. [I]
10.30.2]

3. Note that Ei(t) =e™".
2
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Lemma 5.2.5. Let A € Cre~o. Then we have for all t > 0 the representation

)\2& i —As (2 2 a—l
E,(\t) = T2a) e (s” —t%)" 2ds
¢

Consequently,

Vo €[0,2)3C >0Vt > 0,A € Sy: |[Eo(Nt)| < Clo—3Rext

Proof. The given representation is just the definition of E, combined with the integral
representation (5.2.1)), the substitution y := ts applied to

E,(\t) = r(a)zr\(g ( ) Fe s (g2 — 1) 2ds,

and Legendre’s duplication formula /7 - I'(2a)) = 22T ()T (v + ). Because of

[e.9]

’Ea()\t)’ < D(’)\’t)QReaeéRe)\t/e;Re/\ts(s )Reaffds
1

. |)\| 2Rea % . Rea_l

= De 2 ReXt (_R /\) / e 2" (r* — (Re Xt)?) 2dr,
(§}

Re At

D being a constant only depending on «, the entire discussion is basically just about the

boundedness of the continuous function f given by

/ 33 Rea—*n(t o(s) ds. (5.2.3)
0

Let us first consider the case Rea > % In this case we have gy € Ll((O, oo)), go > ¢g¢ and
lim g;(s) = go(s) as well as tlim g:(s) = 0.
—00

t—0+

By dominated convergence f is bounded at ¢ = 0 and ¢ = co. Concerning Rea < 3, one
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may substitute y := s —t to get

f(t) = /e‘é(y”)yRe‘”“i(er2t)Rw—%dy.

g

0 =:ht(y)

Discussing the family (h;) analogously as (g;) gives the same result. So the claim follows

by choosing C' := sup, f(t). O

Remark 5.2.6. Note that, for given values t > 0, A € Cre>o, the function a — E,(At) is

analytic in the strip Cocgre<i.
A second ingredient for the uniqueness proof will be a special operator.

Definition 5.2.7. On the Banach space Cy([0,00)) we define the operator T': D(T) —
Co([0,00)) by
1 !/
(TN =~ ()
on the domain D(T) := {f € C5([0,00)) N C((0,00)) | t = 1f'(t) € Co([0,00))}.
Remark 5.2.8.

1. For the definition of the operator we could have chosen LP-spaces as well. However,

this would have made the discussion slightly more difficult.

2. The importance of the operator comes from the equation

zdz

(li>kzaxa(z) = (—1)F22F K (2) (5.2.4)

(1, 10.29.4|) as we will see.

Proposition 5.2.9. The operator T is injective with (unbounded) inverse. Both operators

are densely defined. It is also sectorial of angle w = % and m-accretive.

Proof. The operator is injective since T'f = 0 implies that f = ¢ for some ¢ € C which got
to be 0 since f € C’o([O, oo)) With a direct calculation one confirms that for A € Cgreso
the resolvent (A + 7')~! is given by

(e 9]

(A+T)7'g)(t) = ez M /se_ékgg(s)ds.

t
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The functions fy, defined by f\(t) := e~ 22 with A\ € Creso, are eigenfunctions of T' with
eigenvalue A. We conclude that o(T) = Cgre>o while p(T)) = Cre<o. Using the explicit

representation of the resolvent, we can estimate

1
—1 -
[0+ 1) <

which implies sectoriality, w = 7, and m-accretivity. Finally T~! is unbounded because

one has the representation
o

(T'9)(t) = /sqb(s)ds
t
for all ¢ € Cc([O, oo)) which does not define a continuous operator. However, apparently
T~ has got C.([0,00)) in its domain which is why it is densely defined.
In order to show denseness of D(T') let us show that A(A+T)~'f — f as A — oo for
every f € Co([0,00)). So let f € Cy([0,00)), t € [0,00), and & > 0 be given. Choose
to > 0 such that sup,., [f(t)| < 5. Furthermore, choose § > 0 with |f(z) — f(y)| < §

3
whenever |z — y| < J. We estimate for ¢ > 0

o

(AN +T)7 1) () — £(1)] < /)\SG—QA(S

I I
@) ¢}
< <

2e

< =
- 3

for A > Ao where we have choosen \q such that \/2tg\;" < 0. This finishes the proof. [

If we rewrite Equation (5.2.4) using 7" and the functions E, we find for k¥ € IN and

@ € CRreso, Rea > k
[ — k)

2 ()

Furthermore, T" admits fractional powers. At this point the reader may already sense that

T"E, = E,i. (5.2.5)
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one could interpolate Equation for k € Co<k<ren- This is actually true as we will
see. The following lemma will be needed. Before the reader may recall that it holds that
T~ is non-negative by Lemma, m (actually even sectorial of the same angle as T') and
admits therefore fractional powers as well. Tt holds that (771)* = T~“. For Banach spaces
this can be found in |25, Prop. 3.2.1] but in fact it actually remains also true in general
LCS.

Lemma 5.2.10. Let f € R(T) =D(T '), g € D(T), and o € Creso such that Rea < 1.

Then we have for t > 0 the representations

(T-F) (1) = %%F(a) / 5(s% — 2)°Lf(s)ds (5.2.6)
and .
(Tog)(t) = m / s(s* — 12)7 7 (g(s) — g(t))ds. (5.2.7)

Proof. This result is just an application of the Balakrishnan formula (4.1.3). Note that
T=* A+ Tt = (5 +7)"'. Having this in mind and making use of the Balakrishnan

representation, we can calculate

(T~f)(t) = — YT 1—6% se’%f(s)dsd)\
et 14
1 F; [ e d>\
T T(T(1—a) )F(l—a/ 0/A e i
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as well as

(T°9)0) = FraF ey ]O Aal(‘%D)eW/w s 7 gs)ds dn
- (T 7 o A7 s (g0 — g5 ds
- Ny 7 5(9(“‘9(3”7 AN
- T 7 (2 = 12727 (gls) — 9(1))ds
which shows the claim. ]

Corollary 5.2.11. Let a € Cycpec1 and A € Creso. Then (t — e_)‘t) € D(T%_O‘) and

Vt € [0,00) : E (M) = ﬁf—M(T%—a(s — e ) (1)
2721 (a)

as well as (t — Eqo(\t)) € D(T*2) and for all t € [0, 00)

Proof. Let us first consider the case Rea > 3. Note that (¢ — e ™) € D(T"'). Hence,
(t — e_’\t) € D(T%_O‘) and using the first representation from Lemma [5.2.10| we calculate

1 o
(T27%(s > e ™))(t) = /se‘“(s2 1) 2ds
20‘_%F(o¢ — %) /
A o0
= : /e As(s? —1%)*"2ds
20720 (a+ 1)

where we used integration by parts which is possible due to Rea > % Together with
Lemma the claim is shown in this situation.

Let now Rear < 1. To begin with note that (¢ — e™*") ¢ D(T). However, the formula
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(5.2.7) still makes sense for this function. By this we mean that the appearing integral is

convergent and integration by parts yields

1 T A r 1
—_—— /5(52 — tz)a_% (e_’\s — e_’\t)ds = /e_)‘s(s2 —t%)*"2ds.
20720 (a— 1) 2972 (a + 1)

t t

Tracing back the steps we undertook to derive (5.2.7)) from the Balakrishnan formula, we

conclude

\Za—l 1 1,062 42
lim - VT /,u?o‘ . / se”hlsT )(e’M — e’)‘s)ds du = Eq (M),
T2 (a)l(3 — )T (3 @) Y

i.e., (f,) converges to t — E,(At) pointwisely and boundedly. By dominated convergence
the convergence is weakly in Cp([0,00)). By [44, Thm. 3.1.10, Rem. 3.1.3] we obtain
(t—e™M) e D(T2°) and

ﬁi\—M(T%*a(s = e ")) (t) = Ea(Mt).
2°72I'(a)

The validity for Re a =  follows from [44, Prop. 7.1.5] since it implies that o — (T%_"‘(s —

e~**)(t) is holomorphic on the strip 0 < Rea < 1 and on the parts 0 < Rear < £ as well

1
2

on the entire strip.

as 5 < Rea < 1 it coincides with the function o — E,(At) which in turn is holomorphic
The so far presented argument also implies (¢ — E,(At)) € D(T°2). The remain-
ing integral representation follows similar to the two derivations from above where one

additionally needs to use the identity

d 27°T(1 — @) L9 901

—E,(As) = —————" A" T E o (A 5.2.9

B0 =~ e ) (5.29)
which in turn follows from Equation (5.2.4). This finishes the proof. O

Remark 5.2.12. Corollary is nothing but a special case of the earlier announced
relation how the different E, are related to each other by the fractional powers of T
Reasoning as above one can actually show that the Balakrishnan representation of T,
B € CRecrea is applicable to t +— E,(At) which gives (¢t — E,(At)) € D(T”) and, using
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Corollary [5.2.11, we obtain

)\204 1 )\Qafl L
TP(t — Eo (M) = \/_ N TAT (s e M) = ﬁl—TWra(t — e M)
2°°3T(a) 2°73[ ()
_ AT(a—f)

T (a) (t = Ea_p(Xt)).

Technically the thesis only covers the situation for Re o > % However, the general Banach
space theory suffices and the necessary result for the remaining values of a can be found
in [44], 7.1.1].

We proceed by using the so far derived results to show the injectivity of an integral

transform generalising the Laplace transformation.

Definition 5.2.13. Let a € Cocrea<1- We define L, : C’o([O, oo)) — H(CRre=o) by

- /f(t)tl_Q"‘Ea(/\t)dt.

Note that we already know that the just introduced integral transform is injective for
a = % since in this case it is simply the Laplace transform. We shall show that this is

actually true for all values a € Cycrect-
Proposition 5.2.14. The mapping L, is injective for all o € Cocre<t.

Proof. Let f € Cy([0,00)). Set F : (0,00) — C, F(A) := (Laf)(A). Assume F €
D(T)ND(T™'), i.e., F admits a continuous extension to A = 0 and the extension, again
denoted by F', is in the domain of 7" and T—!. Let us first consider the case Rea > %

From the assumptions we conclude F € D(T°"2) and we calculate

(TQ*%F><A>

- /s s =\ /f ' (Ea(st) — Ey(Mt))dt ds
T Rl A 0

7f Tas 2& “’%(3|—>Ea(ts))>()\)dt

e Mdt.
o
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Let now L,f = F =0 for a given f € CO([O, oo)) As a consequence we also have

VA € (0,00) : /Oof(t)e_’\tdt =0
0

which implies the claim in this case since the Laplace transform is injective. The same

reasoning also works for the case Rea < % It remains the case Rea = %, Ima #

0. No direct integral representation is available in this situation which helps to verify

exchangeability with the integral transform. However,

0= lim (T* 2 7°F)())

e—0+

~ lim / SO (T4 (s o Ba(ts))) (\dt

e—0+

t~260(1 —
— lim f@#
0+ 20=3+T(q)

__ VT 7 f(t)e Mdt

Eé+5<t/\)dt

20=3T(cv)

where we used dominated convergence for the last equality. The necessary bound for

applying it follows from the representation (5.2.8)) valid in the entire strip Co<pe<i. O

With the injectivity result at hand, we can proceed towards our final goal and show that

(weak and strong) solutions to the Caffarelli-Silvestre Problem are unique.
Theorem 5.2.15. A solution of the Caffarelli-Silvestre problem is unique.

Proof. By what has been said at the beginning of Section [5.2] it is enough to consider
strong solutions since every weak solution in our sense gives rise to a uniquely determined
strong solution. So let v € C?((0,00); X) N Cy([0,00); D(A)) be such that v(0) = 0
obtained from a weak solution u via regularisation with a resolvent, i.e., v = (¢ + A)'u
for some £ > 0. We need to verify that v = 0. Apply the integral transformation L, to
1-2a , d

— (t) = 21 =172/ () = Av(t).

v"(t) + g
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We define y := — limy_,o, t'72*¢/(¢) and calculate

o0

r d s d

/ E,(\t)—t'72*/ (t)dt = tl_Qav’(t)Ea(At)’ - / V' (t) -t =B, (A)dt
dt 0 dt

0

0
oo

d
=y — (1) - 12— B ()t
y /v() < Ea(\)
0

where we used integration by parts as well as Lemma and Lemma for the
evaluation of the boundary terms. Also be aware that, again by Lemma together
with formula (5.2.9), the appearing integrand in the second line is in L'((0,00)). We may

integrate one more time by parts to get

T d i d d
— "(t) - 12— E_ (\t)dt = / 2 el _gl=2a — B dt
v [ LB =g+ [ o) S S ()

0 0

which is possible, yet another time, by formula (5.2.9)), and Lemma and Lemma 5.2.1]

Since K, is a solution to the modified Bessel equation, a calculation reveals

d d
pre-l —_ql=2a g (\t) = A\2E, ()\t). 2.1
T B (M) () (5.2.10)

For now let us set f := L,v € H(Creso; X) and, using our last finding, write
y+ N2 f(\) = Af(N). (5.2.11)
This equation implies
A+ VAN = VA FO) = (W2 = A)F(N) = —y. (5.2.12)
Let us now define a function g on C\ {0} by

“AMA=VA)ly AeC\ S,

) =
5% AMA+ VA FA) X € Creso.

Note that both expressions are well defined holomorphic functions on the respective do-
mains and that ¢ is well defined because the functions coincide on the overlapping region
(C\ S2) N Creso as a consequence of Equation ((5.2.12). For this reason g is holomorphic
on C\ {0}. Furthermore, f(A\) — 0 as Re A — oo in a fixed sector Sy in the right half plane
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by dominated convergence and using the bound from Lemma[5.2.5] This behaviour carries
over to Af(A) since the resolvent regularisation applied to u at the beginning of the proof
commutes with applying our generalised Laplace transform. Again by Equation (5.2.12)),
we conclude that A\2f(\) — —y. From this we are able to tell that g got to be bounded
on C\ B(0,R) for any R > 0 since AAz f(A\) — 0 as ReA — oo by Proposition
A standard estimate using the concrete form of the integral transform as well as again
Lemma shows the existence of some constant M (depending on a concretely chosen

continuous seminorm ||-[|, € Px) such that
IF], < M(ReX)?F*2T(2 — 2Re ). (5.2.13)

This means that A — A%g(\) is bounded in a neighborhood of A = 0 and admits therefore
an entire extension, denoted by h, due to Riemanns theorem on removable singularities
(which holds for holomorphic functions with values in locally convex spaces with the same
proof as for the scalar-valued case based on the power series expansion, see |32, Satz 10.11
(e)] why the latter is true). Since h(0) = 0 (one may use a limit and approach A = 0
within the region C\ S ), the function A +— A~'h(}) is still entire. Using this argument a
second time, we conclude that the original function g actually already extends to an entire
function. By Liouville’s theorem (|32 p. 242]) we can tell that g is constant and by our
findings from before we obtain g(\) = —y. Taking into account the definition of g this
means that y € N/(A) because A(A—+/A) "'y = y means y € N'(v/A) which in turn implies
y € N(A) by using Proposition [1.1.24 Considering yet another time the definition of g
in the overlapping region (C\ Sz) N Creso, We obtain f(A\) = —A~%y. Putting this into
(5.2.13)) results in
lyll, < M(Re A)*"°*T'(2 — 2Re o)

which is only possible for every continuous seminorm ||-||, € Px if y = 0. Hence f =0
which eventually implies v = 0 by Proposition |5.2.14] ]

The proof of Theorem is, even though being similar in spirit, different from the
uniquess proof presented in [48] which relied on growth properties. As a drawback it makes
substantial use of the ‘proper’ sectoriality of A which is no loss of generality in a Banach
space. The author is not sure whether the before mentioned proof can be generalised to

LCS and would therefore possibly extend the uniquessness result to non-negative operators
in LCS.
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5.3. Existence of solutions

Let us come to the discussion of the existence of a solution to the Caffarelli-Silvestre
Problem. Let again w € [0,7) and A € S,(X). We choose o € [0,75%), z € S, and
consider the ‘germ’ (a holomorphic function defined on a slightly larger sector S, . for
some € > 0 but suitably small) f, given by A — f,(\) := Ea(\/Xz) This function is not
contained in &,..(S,,) (it decays at infinity but does not approach 0 at A = 0; cf. Example
for recalling the definition) but in an extended version of it. The major idea which

enables us to plug in A into this function is the algebraic manipulation

/=(0) f=(0)

() = f.(A) = 14+ 22\ + 1+ 22\

for all A € C\ (—o0,0). This is nothing but the sectorial calculus of the operator A known

from the Banach space case, see [25]. It gives rise to the following definition.

Definition 5.3.1. Let everything be as above, fix § € (w, 7—20), and define the continuous
linear operator f.(A) € L(X) by

(A = (. = £20)- (L+ 2207 (A)z + £(0)(1 + 224) 'z

Here the expression (f. — f.(0)(1 + 22X\)~!)(A)z is given by the Cauchy integral

(- 200+ =20 (A= o [ (00— ) 0 a)7wan
0Sp

where the path of integration is as usual orientated from ioo to —ioco.

As in the case of Banach spaces, one shows that the definition does not depend on the
angle 0 entering in the integration path. What remains is to show that z — f,(A)z actually

defines a strong solution to the Caffarelli-Silvestre problem for every x € X.

Remark 5.3.2. The chosen definition to introduce the main object of interest differs from
the approach in [48]. There, the here used definition also came into play but solely for
the purpose of establishing continuity of the function z — f,(A)z at z = 0. However, the
sectorial calculus approach is also suitable for deriving all other needed properties as we

will see.

Lemma 5.3.3. Let 6 >0 and z € X. Then

S2A0 + A) 2 = = (SQ—A(A — Az dA
omi | (0 + A)?
3Sy

103



holds.

Proof. Choose R > § and set Qg := (C\ Sy) N B(0, R). Orientate the boundary of Qg
clockwise. Cauchy’s integral theorem and the residue theorem (the integrand has a second

order pole within the contour) then give

1 52\
- 7 (A=A
omi | Gt A wdA
98y
1 52\
—lim — [ 22 (- 4!
A0 27 / Gt A wdA
O0R
— (i(s?m - A)%) ) — A5+ A) 2.
dA A=—6

]

Remark 5.3.4. Note that the chosen proving strategy can be generalised to get integral
represenations for all bounded operators of the form A" (A, — A)~' where n,m € IN,
m—n>1and \,..., A\, € p(A).

A second rather technical result is also needed.

Lemma 5.3.5. Let w € [0,7) and f € E(S,). Then

% i
sup /‘f(s—seﬂds < 00.
0

—w<é<w

Proof. Let f € £(S,). A standard argument using Cauchy’s integral formula and a limit

shows that .
1 e,
21 zZ—a
aSw+e

Ya e S,\{0}: f(a) =

for some € > 0 but suitably small. Let a € S, \ {0} and consider the function given by
g(z) = e"m==@)* defined on C \ (—oo, 0]. One has g € £(S,,) and, since g(a) = 1,

1 (Z>e—(lnz—lna)2

fla) =5~

271 zZ—a
asw+s

dz. (5.3.1)

| £(se™)]

Let 6 € [—w,w]. We have to estimate [~

integrand using equation (5.3.1) which, after an application of the triangle inequality, will

—ds. To do so, we replace the function in the

yield the sum of two convergent integrals. In the following we just consider one summand
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corresponding to the integration path v given by the parametrisation z(t) = tetlwte)

0 <t < o0o. The other summand can be obtained by replacing w with —w. We estimate

i 1 —(In z(t)—In s—i6)? R 11 = tez w+s —1n2(%)e(w+€75)2
/ /f dz( dsg/——/ |f dtds
s |2mi — seid s 2T |te? w+€) — seid|
0 0

0

For the appearing denominator one can use an orthogonal projection (in C considered as

R?) and minimise with respect to § to get
|te’Fe) — 56| > tsin(e)
Hence,

i 1 (In z(t)—1In s—i6)?2 2w+z—: tel w+€ T o~z

/ / f(a()e dz(t)| ds / B dt/ S
s |2mi z(t) — se? 27T sin(e x

0

0

where we applied the substitution x = § in the integral with respect to s. This gives

the result for one of the two appearing summands. The other summand is estimated

similarly. n

As a direct corollary we obtain a uniform boundedness principle applicable for a common

construction of families of bounded operators.

Corollary 5.3.6. Let w € (0,7), h € £(S,), 0 € [0,w), and € > 0 be such that 6 + ¢ < w.
Define a family of functions (h,).cs. by h.(\) := h(z\). Then

ztioz
sup /Mdt< 0.

z€Se,
—0<a<d 0

Proof. Let a € [—=0,d]. Since for all z € S. one has |arg(z)| < e, we conclude that
| + arg(z)| < w. Therefore,

0o toia 00 ¢ i(a+arg(z)) t W
/lfz(te )Idt§/|f<e : ar < sup /|f Dy
0 0

—w<y<w

We are now already in the position to prove the main result.
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Theorem 5.3.7. Let X be a LCS, w € [0,7) and A € S,(X). Furthermore, let x € X
and o € [0,75%). Define u : S, — X by u(z) := f.(A)x. Then the following properties
hold:

1. Vz € S, \ {0} : u(z) € D(A>),

2. u € Cy(Sy) and u(0) = x,

3. ueMH(S,) and Vz € S, \ {0} : u/(2) + 2209/ (2) = Au(z).

Before we proceed with the proof, let us make some remarks.
Remark 5.3.8.

1. The first property of above’s theorem says that the family f,(A) is smoothing. It
maps the entire space into D(A>). This is not totally surprising. If o = %, one has
f-(A) = e=*VA_ Tt is known that this is a holomorphic semigroup in Banach spaces

and this result stays true in locally convex spaces for sectorial operators A.

2. The second property may be translated as z — f,(A) is strongly continuous. Again
considering the special case a = %, this is not surprising at all. As we will see the

strong continuity holds on D(A) which is X by the assumption that A is densely
defined.

3. Since o is arbitrary the last property yields that z — f,(A)z is holomorphic on SW—TW
This result can be strengthened to z — A*f,(A)z is holomorphic for all k € IN.

Proof.

1. Only the step u(z) € D(A) will be somewhat difficult. The statement u(z) € D(A*)

for £ > 2 will follow in the same manner and actually much easier. Choose § > 0
and 0q,05 € (w, ), O > 6;. We calculate

S2A(S + A)%u(2)

B (2712')2 / (5f):\)2 (A—A)7"dr- / (fz()\> - 1‘&(22)/\)(/\ — Atz dA

6391 6592

+ £.(0)0%A(6 + A) (1 4 22A) 1

where we made us of Lemma [5.3.3] Using the resolvent identity and the holomor-

phicity of the integrands, the appearing integral can be simplified (a manifestation
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of the fact that this is actually the sectorial calculus which is multiplicative) and we

get
1 52\ .(0 .
PAG + A Pu(z) =5 / ey (100~ 1J:r(22)/\>(>\ A ld)
9Ss,
+ [.(0)82A(0 + A)2(1 + 22A) o

L 52—)\f (NN — A) Lz dA

- 2mi (§ 4+ X277
8So,

where for the last equality we made use of the fact that due to the additional factor
in the integrand both summands yield convergent integrals and the second integral

precisely cancels the last summand.

Now we are in the position to send 6 — oo where the expression on the right-hand
side is convergent by dominated convergence. By density of D(A) we also have
62(0 + A)2u(2) — u(z) (Lemma [2.0.9). Moreover A is closed. So u(z) € D(A) and

Au(z) = = / AMo(A) (A= A) Lz dA.

27
9Sp,

Using this expression one can iterate the argument now.

. The equation u(0) = z holds by definition of fy(A).

Continuity for z € S, \ {0} can be deduced from dominated convergence. Namely,
one splits the integral under consideration in a part where X is close to 0 and its

complement. For the complement part one argues

14+ 22X 14+ 22X\

£ - 2O < et 4 | L (5.3

where we used that f,(0) = 1 as well as Lemma in combination with the
definitions of f, and f,(A). Note that f, is a very well behaved function at infinity
(it drops of exponentially).

The second summand only gives the necessary regularisation at A = 0. So let us now
discuss this part. Going back to the very definition, the following expansion for f,

can be written down:

F(l—a) s 1 Ak 22k Afre g2 ee
3 — _ . 3.
fz( ) Ja kz:% 4k . k) (2—041"(_a + k + 1) QO‘F(O./ + k + 1) (5 3 3)
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Using it one sees the integrability of

~ <fZ(A) 1 +122A> ;

close to A = 0 uniformly for all z in compact subsets of S,.

The argument requires modification for z = 0 since in this case Inequality (5.3.2))
does not give an integrable majorant anymore. We shall show now the following:

r€D(A) & lim f,(A)z =x.

z2—0

ZESO

One implication is clear. Let f,(A)x — x. We already know that f,(A)z € D(A*) C
D(A) and therefore x € D(A). The converse is more interesting. Consider the family
(h.).es,, h.: Sw — C defined by

L)1 f) -1 X

ho(A) = (1+X) : (22N)* 14X

The expansion ([5.3.3) yields

i) —1 L Il —a«)
A 220 (a + 1)
as A — 0 in S, for every fixed v € [0, 7). As for large values of A, the fraction ! 1(/(\ )-1

is bounded on S,. It follows that f(Z(A))a is uniformly bounded on S, . for z € S,

and € > 0 such that w + 20 + ¢ < 7. So the net (h,) is in £(S,) and one has

® hz Sei(w-l-c”) % Rea
/—| ( )‘ds < Oz sup /—S ~ds
s blwre) S 11+ seid]

where C' > 0 is independent of z. Hence,

[ |1 (se)]
lim sup /—ds =0
220 |51 <w+e S

and therefore, using that

h z(w+s
Ihe(A)al, < 2 el sup / e ()]

|0|<w-+e
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where M > 1 is a constant, it follows that
(f(Az—1)(1+A) " 'z=h(A)z—0
in X as z — 0 in S, which shows

lim f,(A)x =2z

ZESO‘

for x € D(A). The final claim follows if we could show that ( fZ(A))Ze 5 18 equicon-
tinuous which would imply that the limit behaviour holds for all x € D(A). Also,

uniform boundedness of the solution was claimed anyway in the proposition and has

not been shown yet. It follows from Corollary [5.3.6, On the one hand, one has

s 1(5 _ 2 —
H(fz(/\)_(1+Z2)\>_1)(A)xH < sup /|fz € 14+22se |d _HIH

z€Ss

16| <w+e O
B I6<il£a+e/ i) Hﬁ ds% Il
while on the other hand
(14 22A4)~ mH = |z (7 + A)~ xH < M ||z|],

by the sectoriality of A and, for 2 € S, \ {0}, 272 € Sy, \ {0} € S, C p(—A).

. Tt remains to show the differentiability of z — u(z) = f.(A)z as well as the fact that
this function fulfills the differential equation

vz e S, \ {0} : u'(z) + L—2a

u'(2) = Aul(z).

So far we have not changed the parameter o € Cyre<1 during our considerations.
This will change now. So let us write for this last part f,, instead of simply f,. Let

A € Syie. A calculation confirms the equality

% fraN) = —caz® I f 1 0(N) (5.3.4)

for all z € S, \ {0} where ¢, = 222(,1—1}0&) Hence, A — Lf.(\) € &(S,) for all
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z € 5, \ {0}. Applying this equality a second time gives

d2
@fz()\) = —(2a — 1)ca/\o‘22a_2fz 1—a(A) — ca/\o‘zm_l(—cl_a)zl_m/\l_o‘fz’a(/\)

2a7

(1—20()Ca le a( )+)‘fz,a(>‘)'

We also read of A — %fz()\) € £(S,,) as well as %fz( )+ 122 d (N = AN (a
fact which we technically already know from ((5.2.9))). Finally,

()\ — %ﬁ) = </\ — (112—’:;\/\)2) € E(S,).

So, putting all pieces together, we conclude

d 1 1 d
"(2) = —— - _ 2
V) = o (fZ(A) 1 +Z2A)(A A wdh+ (14 274)7
8Sy
1
— [ (=) A oA (A — A) Tz dA
27rz
8Sy
as well as
1 20—1
u'(2) = -— /((1 —20)c A fei—a(X) + )‘fz,a()\)> (A — A)_lxd)\
271
85y
and therefore
u'(z) + Lo 2au'(z) — Au(z)
z
_ 1 fre 1-20 4 B et
o [ (L) + 2 5 £ ) = AL ) (A= A) e
85y
=0

which shows everything which was to be shown.

]

Remark 5.3.9. Equation (5.3.4) is the key to a description of fractional powers of the
operator A by solutions of the Caffarelli-Silvestre Problem. Namely, from it one can deduce

the equality

d
: 1—2« e
llmo —z _z fZ(A)x = c, A%
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for all x € D(A®). The left-hand side is typically called a generalised Dirichlet-to-Neumann
operator in analogy to other problems where Dirichlet boundary conditions get mapped
onto the corresponding Neumann conditions. The interpretation becomes more clear when
one just considers the domain (0, co) with boundary 0. Following this interpreation, u(0) =
x should be called Dirichlet boundary condition. The expression lim;_,o, —t'72%u/(t) = y
may be seen as considering the negative first derivative at ¢ = 0. The necessary scaling is
the origin of the additional term ‘generalised’. For more details and proofs (at least in the

case of a Banach space) see [4§].
We summarise the main finding of this last chapter in a theorem.

Theorem 5.3.10. Let X be a Hausdorff quasi—complete LCS, A € S,(X), w € [0,7), a
densely defined, sectorial operator, o € Cocre<1 @ given parameter, and x € X a given

vector. Then the Caffarelli-Silvestre problem

1 -2«

12
t
u”(t) + "

u'(t) = Au(t) (¢t >0), u(0)==x

has a unique solution u in the sense of Defintion[5.1.1. The function u is holomorphic on

Sr—w and continuous and bounded on S, for every o € [0,75%).
2

111



A. Notions from Measure Theory

The first part of the appendix will quickly introduce the basic definitions concerning mea-

sure theory which we will occasionally need and which we will make use of without further

mentioning.
The two-point compactification of R will be denoted by R := R U {—00,00}. We use
the convention Vx € R : r+o00o =00 +2 :=wandz — o0 = —0c0 + 2 := —oco0. We

do not intend to define co — co. The one-point compactification of C will be denoted by

C := CU {0} and similarly to above we shall agree on Vz € C: z+ 00 = 00 + 2 1= 00

Definition A.0.1. Let Q) be a set and 3 C 2 be a o-algebra on Q. A real-valued measure
is a mapping v : ¥ — R such that either its range R(v) C (—o0, o] or R(v) C [~00, ),

v(@) = 0, and for every sequence (4,) in ¥ of pairwise disjoint measurable sets it holds

that . .
v (U An) = ZI/(An).

n=1
A real-valued measure p is said to be positive if R(u) C [0, 00] and finite if R(n) C R. A
compler measure is a mapping p : ¥ — C for which there are two real-valued measures
vy and v, with the property that p(A) = 1v1(A) + ive(A) whenever v4(A),12(A) € R and
p(A) = oo € Cif v1(A) € {—00,00} C R or 1(A) € {—00,00} C R. A complex measure
w is finite if R(u) C C.

If 1 is a complex measure, we can define an associated positive measure |u| called its
total variation via (A € X))

|| (A) := Supz (A7)

where the supremum is taken over all countable partitions (A;) in X of A. A measurable
set N is called null set for the complex measure p if || (N) = 0 (which implies u(N) =0
but the converse is in general wrong unless p is positive). If A is another set carrying a
o-algebra = and f : Q — A is a measurable function, we call the class of all functions

p-a.e. equal to f an essentially measurable function which we also shall denote again by

f. We write [LY(Q, X, u; A, Z)| for the set of all essentially measurable functions and we
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will drop the reference to the domain €2, the o-algebra > and / or the measure p when
no confusion can arise. The reference to the codomain A will not appear if A = C in
which case we shall choose = = B(C); the Borel g-algebra of C (a similarly notation will
be used for the Borel o-algebra of more general topological spaces). Every f € L°(Q, 3, )
allows us to define a measure py on B(C) called its image measure which is defined by
pp(B) = p(f~(B)). For the concrete calculation of f~!(B) one can use any representative
of f. The outcome will only differ by a p—nullset which means that 15 is well defined. Note
that for every A € B(C) one has |uy| (A) < |u|; (A) and in general this inequality is strict.
In particular, every null set of |u| s 1s also a null set for pp. One says that a complex
measure p is absolutely continuous w.r.t. the complex measure v if both measures share
the same domain of definition and if every v-null set is also a p-null set. One writes p < v.
The reader should be aware that the above notation does not imply |v|(A4) > |u| (A) for
all measurable A in a common domain. Coming back to our last observation we could
rephrase that, in particular, the measure jy is absolutely continuous w.r.t. the measure
11| ;. The support of the measure |u|, will be called essential range of f and we are going

to use the symbol for it.

The set of integrable functions is

LS p0) = {f € L) | / (@) |l (dz) < oo}

Q

Integration w.r.t. the complex measure ;1 = vy + iy is defined by

[ f@tan) = [ fawt @ - [ @ +i [ s e - i [

Q

where v, and v, are a Hahn-Jordan decomposition of the real-valued measure vy, e.g., [11}

Coro. 3.1.2|. Analogously to L' we can also define the Banach spaces L for p € [1, o0].
Suppose now additionally that €2 is a Hausdorff locally compact space and ¥ = B().

Furthermore, assume g to be finite on all compact sets, i.e., |u| (K) < oo for all compact

sets K C (). For such spaces we define analogously to the ordinary LP-scale of Banach
spaces a LP-scale of locally convex spaces |L; (€)|defined by

Lp

loc

(Q):={f e L’Q) | VYK CQ, K compact : f-1x € LP(K)}

with [[Tx] being the indicator function of the set K. Each K gives rise to a seminorm |||
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via
1
P

1l = / F@P () | (el o0)

and analogously in the case L7 (€2).

Finally, let us introduce the notation for the space of all Radon measures defined
on B(£2). Here a measure p will be called a Radon measure if it is finite on all compacts
K C Q, inner regular on open sets, i.e., |u|(O) = sup{|p|(K) | K € O, K compact}
holds for all open sets O C 2, and outer regular on all measurable sets which means
lp| (B) = inf{|u| (O) | B € O, O open} holds even for all measurable sets B C Q. The
symbol M,(€2) will denote the set of all bounded Radon measures.
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B. Analysis in R"

The second part of the appendix introduces standard notations and facts about common
tools from analysis in R™ and subsets of it. Points in R™ will be typically denoted by
= (z',...,2") € R". Confusion with powers seems to be unlikely. Occasionally we will
extend functions from R" to C". In this case we shall denote points by z = (2},...,2") €
C". When extending to C" also notions like Rez := (Rez!,... ,Rez") € R" and Im 2 :=
(Imz',...,Im 2") € R™ are useful. The symbol ||-|| shall, also in the case that we work in
C", be reserved for the norm, i.e., ||z|| := (|z!]°+---+]2"|*)2. The standard inner product
of two vectors z,w € C" will be denoted by (z|w) := zlw' 4 --- + z"w". Note that the
definition implies linearity in the second argument.

For a differentiable function f : R™ — R, a point x € R", and a direction v € R" we

shall write t
(Do f)(x) i= Tim LEF ) = F(@)

t—0 t

for the directional derivative along the direction v. In case v = e, the k™ canonical
basis vector, we use the symbol Dy := D.,. Furthermore, if n = 1, we just write D
instead of Dy and occasionally f’ instead of Df as well as % (t) for (Df)(t). Multi-
indices @ = (o, ...,a,) € Ny are usually denoted by lower case greek letters. We set
la| == ay + -+ + a,,. With their help multiple partial derivatives are expressed via multi-
index notation as in

D:= D ... Do,

For subsets 2 C R™ (and also in C") we use standard topological notations. We write ¢!
for the interior of €2, we use [Q for its closure, and = Q\Q for the boundary. Let k£ € INg
and 2 C R" such that Q = Q. This condition means that all boundary points of {2 can be
approached from its interior. In particular open sets fulfill this condition. For such sets we
write C*(Q) for the collection of all functions f :  — C which are k times continuously
differentiable on the interior € and for which all partial derivatives D° f : O —C, la| <k,
extend to continuous functions, denoted by the same symbol, (Do‘f Q= R) e C(9).

The imposed condition on {2 ensures uniqueness of the extensions. Important subsets of
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C(Q) = C%Q) are
Co(Q) :=={f € C(Q) | fis bounded},

the bounded continuous functions, and
Co(Q) :={f e C()|Ve>03K CQ, compact, Vx € Q\ K : |f(z)| < e},

the set of continuous functions vanishing on Q\ Q. If Q is open and bounded, the set Cy(€2)
are the continuous functions which vanish on the boundary 902 of the set 2. In case 2 is
compact we have Cy(Q2) = C(Q2). Furthermore,

C>(Q) = () C*(Q)

denotes the set of infinitely often continuously differentiable functions. For short we simply
will refer to them as smooth functions. We shall also combine the so far introduced notions
and consider spaces such as , the set of k-times continuously differentable functions
with bounded derivatives, and the same thing for k-times differentiable functions
such that all derivatives belong to Cp(£2). We will also make use of [Cp°(2)| and |C5°(2)]

The space of functions (actually equivalence classes of functions being equal almost

everywhere) integrable with respect to the Lebesgue measure over some set  C R" will
be L'(Q) and similar for the other LP-spaces. Integration with respect to the Lebesgue
measure will be denoted by [, f(z)dz or [ f if references to the integration variables or
the domain of integration are not needed. If p is another Borel measure and absolutely
continuous w.r.t. the Lebesgue measure with density g, we shall write = gdz (or using
any other variable instead of x). For common functions such as the exponential we shall
even write f(z)dx instead of fdx with f given by some expression f(z). For example,
e~ 1”ldz is the Lebesgue measure weighted with the density x — e~*l. Another important

function space will be

= {f € C™(Q) | supp(f) C Q is compact}.

For « € INj and z € R"™ we shall also use x® := 7" ... 20" and, if f is some function

defined on some set 2 C R"™, x“f for the function = — x“f(x). Especially when dealing

with problems in full space, the function space of all Schwartz functions

[ZRM)]:={f € C(R") | Vo, B € Ny : 2°D° f € C,(R™)}
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is of tremendous importance. The Fourier transformation [£] given by

(FH) =

/ f(x)e @Wdg,  f e 7 (R,

]Rn

(2r)5

defines a bijection from .#(R™) onto itself. One has #(R") C L*(R") and the Fourier
transformation can be extended to a unitary operator, again denoted by JF, from L?*(R")
onto L?(R™).

Let © C R™ be open. Functions f € LP(2) having their distributional derivatives D f
up to a certain order k € INy again in LP(Q2) are said to be Sobolev functions and their set
is denoted by For p = 2 it is common to write W*?2(Q) =: The closure
of D(Q2) in WHP(Q) is denoted by and again analogously for the case p = 2.

At some points we will also encounter functions defined on subsets of the complex plane.
If f is such a function defined on an open domain 2 C C and the function is moreover
complex differentiable for all z € €, we will call f a holomorphic function and denote
the set of all such functions with domain Q by [H(2)] The subalgebra of all bounded
holomorphic functions on 2 will be denoted by
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List of symbols

I-1l,
Px

B,(x,r)
C(X,Y)
D(A)
L(X,Y)
p(A)
o(A)
M(X)

arg(z)

X//

locally convex vector space, typically abbreviated as LCS, occasionally
also Y will be used to denote LCS,

a continuous seminorm, typically the letters p,q and r (with possible
additional subscripts) are used for indexing,

system of continuous seminorms on X generating the topology,
collection of all O-neighbourhoods of X,

ball around x € X with radius 7 > 0 w.r.t. the seminorm |||, € Px,
set of all linear closed operators from X to Y,

linear subspace of a given space and domain of the linear operator A, @
set of all linear continuous operators from X to Y,

resolvent set of the linear operator A, {\ € C| (A — A)™' € L(X)}, @
spectrum of the linear operator A, C \ p(A), @

set of all linear non-negative operators defined on a subspace D(A) of
X[

argument of z € C\ (—o0, 0], unique number in (—m, ) such that the
equation z = |z|e?¥(2) holds,@

closed sector around the positive real axis of half opening angle w € [0, 7),
So={2€ C\ (—00,0] | [arg(z)| < w} U {0}, [

operator semigroup,

identity operator on the space X, the reference to the space will be
dropped if it is clear from context,

set of the continuous, linear operators on a LCS X equipped with the
locally convex topology induced by the bornology B,

strong topology; the topology of uniform convergence on bounded sets,
%al space of the LCS X equipped with the topology of uniform conver-
gence on bounded sets of X,

dual space of the strong dual X7,
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Xy
o(X, X’
indaeq X,
B(z, )

acx (U)
Projae 4 Xa

£(Sw)

XeY

UO

K(Y, X)
oY Y)

ok v

LS(CR6>O)

LY, 3, 13 AL E)

Ress (f)

dual space of the strong dual X/’B equipped with the strong topology, i.e.,
the topology of uniform convergence on the bounded sets of X7},
weak topology on the LCS X induced by its dual space X,
inductive limit of the inductive spectrum (X, )ac4;

ball around x with radius » > 0,

absolutely convex hull of the set U C X,

projective limit of the projective spectrum (X, )aeca,

set of all sectorial operators of angle w on a given LCS X, [27

example of a special inductive limit, cf. Example and Exam-

pe I} 9

topology of the uniform convergence on absolutely convex compact sets
in a LCS X,

e-product of the LCS X and Y, set of continuous linear operators
Lc.(Y, x) where one uses the topology of uniform convergence on ab-
solutely convex compact sets in Y for the dual space Y’ and where the
space itself is topologised by using uniform convergence on the equicon-
tinuous subsets of Y’

(absolute) polar of the set U C Y, ie., all ¥ € Y with [(v/,y)| < 1 for
ally e U; if U CY’, one defines U° to be all y € Y with |(v/,y)| < 1 for
all y € U,

set of the compact operators between the Banach spaces Y and X,
weak topology on the LCS Y’ induced by the space Y'; readers used to
Banach spaces would call it weak*-topology,

shift operator; maps f(-) — f(- + ),

either standard or Stieltjes convolution of the measures p and v, ,
the Laplace-Stieltjes algebra; the algebra of all Laplace transforms of
bounded measures p on [0, 00),

Stieltjes algebra; the algebra of all Stieltjes transforms of elements u of
(Soo)/7

vector space of all essentially measurable functions, i.e., equivalence
classes of functions being u—a.e. equal to a measurable function f : 2 —
A where (2,%, 1) is a measure space and (A, Z) is a measurable space,

2

essential range of f € L%(Q), all z € C such that for all € > 0 one has

lul {If — 2] < e}) >0,
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L%’OC (Q)

2l 2o

D(Q)

21 (Q)

Fréchet space of all essentially measurable functions being p-integrable
or essentially bounded, respectively, on measurable subsets K C € of
finite total variation measure,
indicator function of the measurable set K € X, |113
set of all Radon measures defined on the Borel o-algebra B)(£2) of the
locally compact space €2, M;(2) denotes the subset of bounded Radon

measures, @

D' ... D¢ where a € Ny is a multi-index and Dy, is the directional

derivative in direction ey, [115
interior of the set Q C R, {z € Q| 3e >0: B(z,e) CQ)},|115
closure of the set Q@ C R", {x € R | 3(x,,) in Q) : x, — x}, |115
boundary of the set Q C R*, Q\ O, [115
k times continuously differentiable functions such that D*f, a € INj,
|a| < k is bounded on Q C R",

k times continuously differentiable functions such that D*f, a € INj,
|a| < k vanishes on the boundary 092 of Q2 C R™,

M5y O 116
M0 CH), 16
{f € C=(Q) | supp(f) € Q, supp(f) is compact}, space of test functions
with support contained in 2 C R",

{f € C®(R") | Va, 3 € N2 : 22DPf € Cy(R™)}, space of Schwartz
functions,
Fourier transformation, (Ff)(y % f f(z)e =W dg, 117

k-times weakly differentiable functlons Wlth weak derivatives in LP(Q),
W*2_ Space of Sobolev functions for p = 2, |117
closure of D(Q) in W*P(Q), |117
set of all holomorphic (complex differentiable) functions defined on a
domain Q C C,

set of all bounded holomorphic functions defined on a domain 2 C C,

[T

126



Index

0-neighbourhood, 5 Hille-Phillips-Schwartz calculus, 40
Co-semigroup, 7 holomorphic semigroup, 62

e-product, 30 inductive limit, 17

-product of t 2 . .
e-product of operators, 3 inductive spectrum, 17

absolutely convex, 5 Lévy triplet, 76

absolutely convex hull, 20 Lévy-Khintchine representatiov n, 76
anchor set, 47 Laplace—Stieltjes algebra, 46

angle of sectoriality, 27 locally bounded, 6

Balakrishnan formula, 66 Locally convex space, 5

balanced, 5 mixed topology, 39, 50
Bernstein function, 76 modified Bessel functions, 92
bidual, 15 .

non-negative, 6
bornology, 10
bounded, 5 operator semigroup, 6

Calffarelli-Silvestre Problem, 89 part of an operator, 25

closed linear operator, 6 polar set, 30

complex measure, 112 projective limit, 21

continuous functional calculus, 28 projective spectrum, 21

convex, quasi-complete, 6

luti .
convolution, 37 reflexive, 15

countable, strict,regular embedding resolvent set. 6
)

spectrum, 17
sectorial operator, 27

directed, 5 semi-reflexive, 15

) ] hif

equicontinuous, 6 shift operator, 56
spectrum, 6

fractional power, 65 Stieltjes algebra, 58
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Stieltjes convolution, 55
Stieltjes transform, 49
strong bidual, 15
strong dual, 11

strong topology, 11

sub-probability measure, 77
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weak continuity, 77
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