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We reconsider two well-known distributed randomized algorithms computing a maximal independent set,
proposed in the seminal work of Luby (1986). We enhance these algorithms such that they become self-stabilizing
without sacrificing their run-time, i.e., both stabilize in O(logn) synchronous rounds with high probability on
any n-node graph. The first algorithm gets along with three states, but needs to know an upper bound on the
maximum degree. The second does not need any information about the graph, but uses a number of states that

is linear in the node degree. Both algorithms use messages of logarithmic size.

1. Introduction

A major challenge for large-scale systems is to handle fault recovery.
One way to accommodate this challenge is by employing self-stabilizing
algorithms [9,10]. These algorithms guarantee that starting from an ar-
bitrary state, the system will eventually reach a correct state, and it will
stay in a correct state as long as no faults occur. Thus, the system can
recover from transient faults corrupting the state of a node without ex-
ternal intervention.

We consider the maximal independent set (MIS) problem — a fun-
damental problem in parallel and distributed computing. An MIS of a
graph G = (V, E) is a subset of vertices I C V/, such that no two vertices
in I are adjacent to each other and [ is maximal with respect to inclu-
sion. The significance of the problem was first recognized in the 1980s,
due to its importance in symmetry breaking [3,18], and has been exten-
sively studied ever since (see survey [7] for an overview of works until
2015, and [5,12] for recent state-of-the-art results).

Several self-stabilizing MIS algorithms have been proposed. The first
such algorithms were deterministic, relying on unique node IDs to break
symmetry [14,16,21,22]. All these algorithms used just a constant num-
ber of states per node, and their stabilization time was O(n) or larger,
where # is the number of nodes. Their notion of time varied depending
on the model used: sequential, synchronous, or a more general adver-
sarial distributed model (see [15] for a survey of models and results).
Recently, Barenboim at al. [6] proposed the first sub-linear deterministic
self-stabilizing synchronous MIS algorithm, stabilizing in O(A + log* n)
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rounds, where A is the maximum degree, using a number of states poly-
nomial in A.

A few randomized self-stabilizing MIS algorithms assuming very
weak communication models, such as the beeping model [8], have also
been proposed [1,11,13]. The MIS algorithm for the beeping model pro-
posed in [1] stabilizes in O(log? n) rounds with high probability (w.h.p.),
using a polynomial number of states, provided each node knows an
upper bound for n. A constant-state algorithm for the beeping model,
proposed in [13], was shown to stabilize in a poly-logarithmic number
of rounds w.h.p., but only for specific families of graphs. Finally, assum-
ing a slightly stronger communication model than beeping, a constant-
state algorithm proposed in [11] stabilizes in O(log® n) rounds w.h.p. on
constant-diameter graphs.

Non-self-stabilizing MIS algorithms can be made self-stabilizing by
using general schemes for transforming non-self-stabilizing synchronous
algorithms to asynchronous self-stabilizing ones [2,4,17]. However,
these transformations may result in a significant growth in the run-time,
the message size, or the number of states. In addition, they only work
for deterministic algorithms.

In this paper, we present two new randomized self-stabilizing syn-
chronous MIS algorithms, based on Luby’s MIS algorithms [18]. Among
the most elegant and well-known distributed graph algorithms, Luby’s
celebrated MIS algorithms' were originally presented in the paral-
lel (PRAM) model, but can be directly translated to distributed algo-
rithms in the failure-free synchronous message-passing model (see, e.g.,
[19,20]).

! Luby was awarded the 2016 Dijkstra Prize in Distributed Computing for his paper [18].
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The self-stabilizing variants we propose maintain the run-time of the
original algorithms, stabilizing in O(log n) rounds w.h.p. The first one
uses a constant number of states, and requires an upper bound A’ on
the maximum degree A. The second algorithm does not need any global
information about the graph, and uses a number of states that is linear
in the node’s degree. Both algorithms use messages of logarithmic size.
Precisely, in the first algorithm messages have size O(log A’) bits, while
in the second they have size logarithmic in the degree of the sender
node, and thus have size O(log A) bits.

Unlike the existing randomized self-stabilizing MIS algorithms [1,
11,131, which assume a very weak communication model but have su-
per logarithmic stabilization times, the algorithms we propose assume
a more powerful model but stabilize in logarithmic time.

2. Two self-stabilizing MIS algorithms

We propose two the self-stabilizing MIS algorithms, Algorithm 1
and Algorithm 2. The algorithms operate in the synchronous message-
passing model, where in each synchronous round all nodes in parallel:
send messages to their neighbors, then read the messages received, and
finally update their state. In the state-machine formulation (see, e.g.,
[19, Chapter 2]), the algorithm specifies for each node the set of possible
states, the message alphabet, the message-generation function, which is
a function of the node’s state, and the state-transition function, which
is a function of the node’s state and the received messages. In our algo-
rithms, nodes have no IDs, thus they are identical state machines. Also
their message-generation function is probabilistic, and the same mes-
sage is sent to all neighbors of a node in the same round.

The state-machine formulation allows for a refined description of
the space requirements of the algorithm. In particular, it distinguishes
between the node’s state, which is the information a node must store
from one round to the next, the storage of messages sent and received
in a round, and the space of ‘temporary’ variables used in a round to
implement the message-generation and state transition functions. These
temporary variables are implementation-specific, and their values do
not persist beyond a single round. The formal state-machine description
of our algorithms can be easily deduced from their pseudo-code descrip-
tion.

For each node, both our algorithms maintain a state variable starus
that can assume values active, in, and out. This is the only state that Algo-
rithm 1 needs to maintain from one round to the next, while Algorithm 2
uses an additional variable d (discussed later).

In both algorithms, starting from an arbitrary state, each node
changes its status at most once after the first round. Active nodes try
to enter the MIS in a contention-based style, and eventually nodes with
status in form an MIS and all other nodes have status our. Symmetry
breaking between active nodes is based on random values, r, that active
nodes generate independently in each round. In Algorithm 1, the gener-
ation of values r is governed by global parameter A’, which is an upper
bound on the maximum degree; while in Algorithm 2, it is governed
by the number of active neighbors of each node. For that, Algorithm 2
must maintain an additional local variable d storing the number of ac-
tive neighbors. Hence, in Algorithm 1 each node has three states, while
in Algorithm 2 each node has a number of states linear in its degree.

Luby’s MIS algorithms operate in phases of a fixed number of rounds.
In Algorithms 1 and 2, we dispense with the idea of phases, since the
number of rounds required to synchronize the nodes’ phases would be
at least equal to the diameter of the graph. Giving up phases results in
a ‘stale information’ problem, which manifests itself in two ways. The
first one, which applies to both algorithms, is that a neighbor u of a node
v joining the MIS in round ¢ may prevent some other neighbor w of u
from join the MIS in round 7, even though u will change its status to
out in the next round, 7 + 1. The second problem, which applies only to
Algorithm 2, is that variable d contains the number of active neighbors
from two rounds ago, which may be much larger than the current number.
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Algorithm 1: Self-stabilizing version of Luby’s Algorithm A [18].

state: status € {in, out, active}

in eachround7=1,2,... do
if status = active then
| choose r unif. at random from 1, ...,2A’
else if status = in then r < 0
if status € {active,in} then
| send message r to all neighbors
receive messages sent by neighbors
M < set of received values of r
update (M)

function update (M)
if (status =inAO€E M) \Y; (status =out ANO & M) then status < active
else if status = active A 0 € M then
| status < out
else if status = active A max(M U {0}) < r then
I_ status < in

Nevertheless, our refined analysis proves that both algorithms stabilize
in O(logn) rounds w.h.p.

Algorithms 1 and 2 are not silent: All nodes in the MIS broadcast
a single bit (zero) in each round, while all other nodes become silent
eventually. It is easy to see that it is impossible to have a silent self-
stabilizing MIS algorithm (for otherwise, we could initialize every node
to a silent state such that the node is in the MIS).

Notation Let G =(V, E) be a graph with n nodes. For eachnodev eV,
N (v) denotes the set of v’s neighbors in G, and deg;(v) = | Ng(v)] is the
degree of v. Also, for any set X C V, we define Ng(X) = J,cx Ng©).
When it is clear from the context we omit subscript G from these nota-
tions. For X C V, G[X] denotes the subgraph induced by X, and E(X)
is the set of edges of G[X]. By E(v, X) we denote the set of edges inci-
dent to v in graph G[X].

For both Algorithms 1 and 2, we use the following notation. For each
node v, each state variable x (i.e., status or d), and any ¢ > 0, we denote
by v.x, the value of variable x of node v at the end of round t.> For non-
state variables x (i.e., r and M), we write v.x,, for > 1, to denote the
variable’s value during round t. For t > 0, we let I, = {v €V . v.status; =
in} be the set of node with status in at the end of round ¢. Similarly, O,
and A, are the sets of nodes of status out and active, respectively, at the
end of round ¢. Clearly, V =1, U O, U A,.

By F, we denote the filtration of the execution process up to the end
of round ¢, which consists of the initial states of nodes and their random
choices in each round r € {1, ...,¢}. Thus, from 7, we can compute the
state of every node after each such round r.

2.1. Algorithm 1

The first self-stabilizing MIS algorithm we propose, Algorithm 1, is
an adaptation of parallel Algorithm A proposed by Luby in [18] (see
also LubyMIS algorithm described by Lynch [19] in the synchronous
message-passing model). Algorithm A of [18] (adapted to the message-
passing model) operates in phases of three rounds: In the first round
each active node samples a uniformly random number r from a large
enough range, then it broadcasts r to its active neighbors, and if its
r value is larger than those of its neighbors’ then it joins the MIS. In
the second round nodes that have just joined the MIS inform their ac-
tive neighbors, which remove themselves from the competition. In the
third round newly removed nodes inform their neighbors, so that the
remaining active nodes know which of their neighbors are still active.

2 The ‘end of round 0’ refers to the initial configuration, before the first round.
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Technically, the third round is not necessary, it just reduces the number
of messages. All nodes are active initially.

The range from which uniformly random values r were sampled in
Algorithm A in [18] was chosen for convenience to be {1, ... ,n4}. We
observe that it suffices to use a range of linear size in the maximum
degree A (or in an upper bound A’ of A). We thus use range {1, ...,2A"}
in Algorithm 1.

Algorithm 1 does not have phases, and nodes that have joined the
MIS signal this in every future round by broadcasting special value 0.
Thus, one round later, active nodes know if any of their neighbors are in
the MIS, in which case they change their status to out and remain silent
in future rounds. As mentioned earlier, this one-round delay introduces
some additional complication to the complexity analysis.

The update () procedure of Algorithm 1 implements the rules by
which nodes updates their status, as described above. Any inconsisten-
cies, i.e., adjacent nodes of status in, or nodes of status out without
neighbors in status in, are resolved in the first round, by the first rule
of the update () procedure, and no new inconsistencies are introduced
thereafter.®

Recall that /,, O,, and A, denote the sets of node with status respec-
tively in, out, and active at the end of round ¢.

Lemma 1. Letve V.

(a) Foranyt>1,ifvel thenvel, and we€ O, for all w € N(v).
(b) Foranyt>2,ifve O, thenv €O, and w € I,_; for some w € N (v).

Proof. From the algorithm, for any ¢ >0, (i) if v € I, and w ¢ I, for all
w€ N(v)thenv € I, 4; (ii) if v € I, and w € I, for some w € N (v) then
VE Ay y; (i) if v ¢ I, and w € I, for some w € N (v) thenv € O, ;. Also,
(iv)ifvéI,andve I, thenw & I, for all w € N(v), because v € A,
and w ¢ I, for all we N(v) and v.r, > w.r,q forallwe N(v)n 4,,
thus no w € N(v) N A, can change its status to in in the same round,
t+ 1.

Let ¢ > 1 and suppose that v € I,. If v € I,_; then from (ii), w & I,_,
for all w € N(v), and from (iii), w € O, for all w € N(v). Applying (i)
and again (iii) gives v € I, and w € O, for all w € N(v).

If ve I, but v ¢ I,_; then from (iv), w & I, for all w € N(v). Then,
as before, (i) gives v € I, and (iii) gives w € O, for all w € N(v).

Next let # > 2 and suppose that v € O,. Then, from the algorithm,
w € I,_, for some w € N(v), and since t — 1 > 1 part (a) applied twice
givesveO,,,. [

From Lemma 1 we can immediately obtain the next corollary, which
states that (ignoring the first couple of rounds) sets I, and O, can only
increase over time (thus A, can only decrease), and O, is precisely the set
of nodes with a neighbor in I,_;; hence I, is an MIS, when A, becomes

empty.

Corollary 2. Let t > 2. Then I,_; € I,, O,CO,,, A;;1 €A, and O, =
N(,_). Also, if A, = then I, is an MIS.

Theorem 3. Algorithm 1 computes an MIS in O(log n) rounds w.h.p.

Proof. Let G, = G[A,] be the subgraph of G induced by A;, and E, =
E(A,) be its set of edges. We will write N,(v) and d,(v) to denote NGt(U)
and deg, (v), respectively. From Corollary 2, A,,; € A; and thus E,; €
E,, fort>2.

We prove that for all t > 2,

-1
E [IEI \ Ez+2| | PI] 2e - |Et|/2’
3 Note that it is not necessary to explicitly determine the set M passed as

argument to update (). It suffices to know the largest received value r and
whether value 0 was received.
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Algorithm 2: Self-stabilizing version of Luby’s Algorithm B [18].
state: status € {in, out,active}, d € {0, ... ,deg(v)}

in eachround7=1,2,... do
if status = active then

‘ r « d + 1 with probability ,and r « 1 otherwise

1
max{2d.1}
else if starus = in then r < 0

if status € {active,in} then
| send message r to all neighbors
receive messages sent by neighbors
M < set of messages received
d < number of non-zero messages received
update (M) // function of Algorithm 1

i.e., the expected number of edges between active nodes drops by at least
a constant factor every two rounds. We use the idea of preemptive removal
used in [20], which we adapt to the current setting. Let X, = A, N N(/,)
and Y; = A, \ N(I,), and note that X, € N(I,)=O,,, € O,,, by Corol-
lary 2. For each v €Y, and u € N(v) nY,, we say that v preemptively
removes u inround t+ 1, if v.r, | > w.r,; forallw € N,(v)UN,;w)\ {v}.
Clearly, a node u € Y; is preemptively removed by at most one neighbor
in round ¢ + 1 (by definition only neighbors v € Y, may preemptively re-
move u). If v preemptively removes u in round ¢ + 1 then v € I,, thus
u€ 0,,, and for all w € N(u) edge {u,w} is not in E,,. Therefore, an
edge {v,u} € E, isnot in E, ,, if at least one of u, v belongs to Y; and is
preemptively removed in round ¢ + 1, or at least one of u, v belongs to
X,, since X, C O,,, as we saw above.

Next we compute the probability that v preemptively removes u in
round ¢ + 1, for any pair of v € Y, and u € N(v) nY,. The probability
that v.r, | #w.r for all w e N,(v) U N,(u) \ {v} is at least

’ dy(v)+d;(u)-1 r 2A"-1
2A" -1 > 2A" -1 > el
20! 20

And given that this holds, the conditional probability that v.r,,; is the
largest among these values is at least 1/(d,(v) + d,(u)), due to symmetry
and because there are at most d,(v) + d,(u) distinct values. Therefore,
the probability that v preemptively removes u in round 7 + 1 is at least
e~ /(d,(v) + d,(w)).

Recall now that {v,u} € E, \ E,, if u or v either belongs to Y; and is
preemptively removed in round 7 + 1, or belongs to X;. Since this con-
dition may hold simultaneously for both endpoints # and v, we obtain
that 2- E[|E, \ E,;,| | 7] is at least

el -d,(v) _
7@(0) W + UGZXt d,(v) =
el d,w )

d,(v) + d;(u)

veY, ueN (v)NY;

< e!-d,(v)
(i, \ ) +d W

vUEY;
1+ ) 2> ) el=eE|

{vu}€E;: {v.u)EE,
vueX,

{vu)€E;:
veEX, UueY,;
Therefore, E [|E,\ E,»| | F,] 27! - |E;|/2, as desired.

It follows that E [|E,;,|] < 6E[|E,||, where 6 =1 —e7!/2. Ap-
plying this inequality repeatedly, we obtain for any even 7 > 2 that
E[|E|| <8727 E|. Choosing ¢ = ©(log(n| E|)/log §) = ©(logn) large
enough, we obtain that E [|E,|] < 1/poly(n), and Markov’s inequality
yields that w.h.p. |E,| =0 and thus A,,; =}, where the extra round
deals with any isolated nodes left in G,. The theorem then follows by
applying Corollary 2. []

2.2. Algorithm 2

Our second self-stabilizing MIS algorithm, Algorithm 2, is based on
parallel Algorithm B proposed by Luby in [18] (a similar algorithm was
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proposed independently by Alon, Babai, and Itai [3]). Algorithm B of
[18] (adapted to the message-passing model) operates in phases of three
rounds, similarly to Algorithm A of [18] described in Section 2.1. In the
first round, each active node v samples a random bit b that is 1 with
probability 1/max{2d,1}, where d is the number of active neighbors
of v, and broadcasts b to those neighbors along with d; if b =1 and
for every active neighbor v’ of v, its bit »’ and number d’ of its active
neighbors satisfy ¥’ =0 or d’ < d, then v enters the MIS. The second
and third rounds of a phase are identical to those of Algorithm A: newly
added nodes to MIS inform their neighbors to remove themselves from
the competition, and then removed nodes notify their neighbors. Unlike
in Algorithm A, however, the third round is essential as it allows an
active node v to update variable d to the current number of its active
neighbors.

Algorithm 2 does not use phases. Also, instead of sending pair b,d,
each active node broadcasts a single value r =1 + b - d; and each node
with status in broadcasts the special value O similarly to Algorithm 1.
The same update () procedure is used in both algorithms. An extra
complication we have to deal with in the analysis of Algorithm 2 is that,
at the beginning of round ¢, variable d does not contain the current
number of active neighbors (i.e., the number at the end of round 7 — 1),
but rather the number at the end of round ¢ — 2.

We observe that Lemma 1 and Corollary 2 hold for Algorithm 2 as
well, because they only rely on the update () procedure and on the
premise that a node sends value 0 if and only if its status is in, and sends
a positive value if and only if its status is active. From the algorithm it
is also immediate that for any node v and round 7 > 1,

vd,=|N@)NA_l

Next we bound the stabilization time of Algorithm 2. We start with a
lemma which lower bounds the probability that at least one node from
a given set Z C A, \ N(I,) changes its status from active to in in round
t + 1. A similar statement was shown in [18, Lemma B].

Lemma 4. Let t > 3, and let Z C V be a non-empty set. If Z C A, \ N(I,)
then

1 . 1
Plznl F.|l> - 17 el 9 :
[ N1y 5&0' t] = 4mll’l{ 2 maX{1,2U~dz} }

veZ

Proof. We fix the execution up to the end of round ¢, so we do not have
to condition probabilities on F,, and suppose that Z C A, \ N(Z,). Let
Z ={vy,...,0z}, and for each | <i <|Z|, let k; = v;.d, = [N(v;) N
Al

We first argue that k; # 0 for all 1 <i < |Z]: Since v; € A, we have
also v; € A,_;, because A, C A,_, for t >3 by Corollary 2. Suppose that
k; =0. Then N(v;)N A,_; =¥ and thus v.M, is either @ or {0}. In either
case, since v; € A,_; it follows from the update () procedure that v; &
A,, which contradicts the definition of Z. Thus k; # 0.

Let £ be the event that v.r,; > 1 for some v € Z. Then

1

-3 4
Plel=1- [ <1_2L>21—e 1=z 2
1<i<|Z]

i

1 . 1
> —min< 1, — 5,

where in the first equation we used v;.d, = k; # 0, and in the last in-
equality weused e ¥ <1 —-x/2for0<x<1.

For 1 <i < |Z|, let & be the event that v.r, | =-=v;,_1.r =
1 and v;.r,yy > 1. Then € =\, 7 & and since the events &; are
disjoint, P[€]= ¥, ;|7 PIE]

We consider now the case in which event &; occurs. For every w €
N(v))NA;, eitherw.r, .y =1orw.r, =1+w.d, LetU;,={we NN
A, w.d, >k;}. We have that v; € I, if (and only if) w.r, ; =1 for all
weU;:Ifwr,=1forall weU, then v;.r, .y =1+k; >w.r,; for all

(€8]
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w € N(v;) N A,. And since v; € A, \ N(I,), the last rule of update ()
applies, giving v; € I, ;. Therefore,
g,] |

We have |U;| < |[N(v;)) N A/ < |[N(v;)) N A,_;| = v;.d, = k;, and con-
ditioned on &;, for each w € U; \ {vy,...,v;_;} the probability that
>1- 2%[, while v;.r,; =1 for j <i. It follows

Plo, €1,y | E]1=P [ N\ wr =1

weU;

W =1is1- #{
that

P\ ik 1
Plo, €Iy, | E12 <1— 2_k,> A
where in the second inequality we used that 1 —x > 47 when 0 < x <
1/2.
Finally, since the events &; are disjoint,

PIZN I #01> D PIZ0ly, #0|E]-PIE]
1<i217]
> 2 Plo, € I, | &]- PI&]
1<i217]

> Y Lopeg

1<i<|Z|

=L
=5 PIEl.

[\S]

Combining this and (1) completes the proof. []

We will use the following definition of good nodes and good edges
from [3], and also the fact that at least half of the edges of a graph are
good.

Definition 5 (Good Nodes & Edges). Let H = (V, Ey) be a graph. A
node v € Vi of H is good if

[{u € Ny(v): degy () <degy(v)}| > degy(v)/3,

i.e., the degree of more than 1/3 of v’s neighbors is smaller than or equal
to the degree of v. An edge {v,u} € Ey is good if at least one of v and u
is a good node.

Lemma 6 ([3, Lemma 4.4]). At least half of the edges in any graph are good
edges.

Recall that for any set X C V, G[X] = (X, E(X)) is the induced
subgraph of G on X. The next technical lemma compares the graphs
G[A,_1\ I;] and G[A,; \ O, ;51 = G[A;;; \ N(,;1)]. It shows that for
any good node v in G[A,_, \ I,], at least a constant expected fraction of
its incident edges no longer exist in G[A,, | \ O,,,]. The proof proceeds
by applying Lemma 4 to an appropriate subset of the neighbors of good
node v.

Lemma 7. Let t > 3, and for any s > 1 let
Xs =As—l \Is’ Ys =As \ N(IS)~

If v is a good node of G[X,], the expected number of its incident edges
{v,u} € E(X,) not belonging to E(Y,,) is

E “E(U’Xt)\E(Yt+l)| | Fr] > |E(v, X,)|/30.

Proof. Let k = |E(v,X,)| = |N(v)n X,| be the number of neighbors of
vin G[X,]. The statement is obviously true if k = 0, so we assume k # 0.

We first consider the simple case in which at least k/30 of v’s neigh-
bors in G[X,] belong to N(I)), i.e.,

NN X, nNU,)| = k/30.
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In this case, it suffices to consider just the neighbors of v in N(I,) to
establish the claim. Precisely, since N(/,)nY,,; SN )NA, =0, N
A, =0, we have

|E(, X)\ EQY,1)| 2 |N@)nX,nNU| > k/30,

which implies the lemma.

We consider now the case where | N(v) n X; N N(1,)| < k/30. In this
case, we apply Lemma 4 to the following subset Z of v’s neighbors in
GIX,],

Z={ue (NWNX)\NU): |[NwnX,| <k}.

Before doing so, we prove that condition Z C A, \ N(I,) of Lemma 4 is
met, and also show that |Z| > 3k/10, and u.d, <k, forue Z.

Since v is a good node in G[X,], at least k /3 of v’s neighbors in G[X]
have degree at most k. Among these, at least k/3 — k/30 = 3k/10 are
not in N(/,), by the case hypothesis. Therefore,
|Z| >3k/10.

Also

ZCA\NU,),
because Z C X, \ N(I,) and

XANUIN\NANNUT)) =X \NAD\NU)

=(A \LUAD\NUI)CO\NU) =90,
where in the last equation we used N(I;) = O,,; 2 O,, by Corollary 2.
Finally, we have that if u € Z, then u ¢ N(I,), which implies Nw)n I, =
@, and thus N(w)nA,_; = Nw)n(A,_; \I;)= N(u)nX,.Hence,ifue Z,
ud,=|NuwNA_|=INuwnX,| <k,
by the definition of Z.

We can now apply Lemma 4 to obtain

1, 3k 1 31
PIZN], P>~ {1,_._}=_>_.
[Z0 L #0172 gmini L5 501 =30~ 30
If Zn1I, #9, then ve N(,,), and thus v ¢ Y;,; and |E(v,X,) \
E(Y,, l)| = E(v, X,). It follows that

E[|E@.X)\ EG)| 7] 2 55 - B X)

>

as desired. [
We are now ready to prove the main statement.
Theorem 8. Algorithm 2 computes an MIS in O(log n) rounds w.h.p.

Proof. Define X, =A,_;\ I, and Y, = A, \ N({,), as in Lemma 7, and
let X* C X, and E4(X,) C E(X,) be the set of good nodes and the set of
good edges of graph G[ X, ], respectively. Let > 3. The expected number
of edges in E(X,) not belonging to E(Y,,;) is

EEGO\EQ)| 1F1=3 Y ElE@ XO\ER,] 1 7]

veX,

1
25 Y EEQX)\EX)| | 7]

vex?

> Y |E@, X,)|/60

ueXf"
> |E4(X))|/120
> |E(X))|/240,
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where in the third line we used Lemma 7, and in the last we used
Lemma 6. It follows that

EI|ECX)\ B[] 2 EIECX)[1/240.

From this and E(Y,, ;) € E(X,), which holdsbecause Y, ; CA,,; CA, =
A \I, CA,_\I =X, weobtain

E[|E(Y,,)|] < (239/240) - E[| E(X,)|].

This further implies

EL|E(A,42)|] < (239/240) - E[|E(A,_)|l.

since Y1 2 A \ NUi11) = A2 \ Oy = Ay, and X, C A,_,. Fi-
nally, applying repeatedly the last inequality above and using Markov’s
inequality, similarly to the proof of Theorem 3, we obtain that |4, =0
w.h.p. for t = ©(log n) large enough; and the theorem follows by apply-
ing Corollary 2. []
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