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A B S T R A C T

Some aspects of engineering dynamics, such as nonlinearities and transient motion of many
interconnected parts, remain difficult to handle today. To comply with increasing demands
on resilience and safety, the dynamics of large machines need to be better understood.
Complex network methods, already present in many scientific disciplines, provide a tool set
complementary to conventional methods of system analysis. This work aims at providing a
new, function-based view on mechanical systems by generating functional networks. To this
end, a network algorithm is applied to sets of cyclically coupled Duffing oscillators as a
common example of a complex nonlinear mechanical system. In the functional network, each
node represents an oscillator while the direction of the network edges represents a functional
coupling. Results show that the network method is capable of identifying dynamical transitions
and synchronization between components, as well as determining the number of different
states present within a system. Additionally, the time evolution of the component interactions,
especially in response to a disturbance, is studied via a sliding-window approach. The results
of this analysis might hopefully open new ways for a more efficient system analysis through
optional sensor placement, and for effective countermeasures against unwanted dynamics
through improved analysis of transient dynamics.

. Introduction

Engineering dynamics studies large machines, which consist of many connected moving parts. The analysis of these systems is
ften challenging in practice [1]. Large deformations of machine parts [2], joints [3], friction [4,5], or material nonlinearities [6,7]
ause nonlinear effects. These nonlinearities, as well as transient loads and motion, combined with a large number of degrees
f freedom, still pose challenges to state-of-the-art system understanding and modeling approaches. At the same time, the need
or lightweight structures that can withstand large and unsteady environmental loads is growing. Examples of such structures
re offshore wind turbines, satellites, and space antennas. To avoid unwanted and potentially harmful vibrations, for example,
n the blade of a turbine, a deeper understanding of the dynamics of these systems becomes crucial. Transfer path analysis [8] and
perational deflection shape analysis [9] provide a tool set for studying the dynamics of composed structures. The accuracy of the
ormer relies on accurate measurements and suitable sensor placement to collect appropriate data for the analysis [10]. Despite
he available techniques, the identification and analysis of functional dependencies, and especially the study of transient motion,
emain challenging for engineers. This work provides a complementary view of these issues in structural machine dynamics by
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representing the mechanical structure as an alternative network model. Classical, geometry-based models represent these mechanical
systems as components which are connected via springs and dampers based on their geometrical coupling or, in other words, their
geometrical proximity. In our functional networks, each node also represents a component of the mechanical structure. In contrast
to the mechanical model, the edges of the network represent functional interrelations obtained from a network-based approach.
These functional interrelations are based on the dynamical interaction of the components, instead of their geometrical proximity.
This approach opens the door for a variety of new network-based tools.

Network methods are popular in many fields of science, such as mathematics, physics, biology, computer science, the social
ciences, medicine, and climate research [11–15]. Common examples of networks include the internet, neural networks [16], social
etworks [11], or power grids [17,18]. The investigation of dynamical systems as a network provides complementary tools for time
eries analysis [11,15] by generating a network from (measurement) time series data. This transformation from time- to network
omain makes it possible to study the time series through the properties of the resulting network [19,20]. Based on this approach,
etwork analysis has been used to identify coupling properties between different system components of a dynamical system [21–23],
etect anomalies [24] and distinguish various dynamical states [25–28]. Aspects of transient motion of the system can be studied in
he network domain, such as regime changes [29] and types of synchronization [28,30–33]. A detailed review of network methods
or the study of dynamical systems and their possibilities can be found in [15].

In this work, network analysis with the inter-system recurrence network (ISRN) method [21] is applied to a classical toy model
or a mechanical systems, a set of coupled Duffing oscillators, to generate a functional network. ISRN analysis has been used to
dentify the direction of links between two weakly coupled Rössler systems and to study the interrelation between two paleoclimate
ime series in [21], making it an appealing candidate for analyzing the functional dependencies between distinct components. The
onlinear Duffing oscillator, or sets of coupled Duffing oscillators, are a model system in many engineering applications such as
orced coupled pendulums [34], alternating current electric fields [35], or vibrating bladed discs [2,36–38] which exist for example
n aircraft or wind turbines [2]. The obtained functional network is then used to study functional dependencies within the mechanical
ystem at different dynamical states, as well as the evolution of the network structure during transient processes.

The remainder of this work is structured as follows: In Section 2, the model system used in this study is presented, followed by
n introduction of the applied network methods in Section 3. Section 4 includes the results for the functional network and analysis
f a transient system. A discussion of the results is provided in Section 5. The paper closes with a conclusion in Section 6.

. Coupled duffing oscillators

The Duffing oscillator is a well-known dynamical system whose dynamics have been described extensively in several works [36,
9,40]. In engineering, a single Duffing oscillator represents a common model for systems with nonlinearities due to material
onlinearities, or large deformations or motions. Example of these systems are a nonlinear pendulum [34], systems with a nonlinear
pring [2] or a single blade [2,36–38]. More complex structures such as bladed disks in turbines, wind turbines, or space antennas,
an be modeled by coupling several Duffing oscillators [2]. In these models, one machine component can be represented by a
ingle oscillator. The Duffing oscillator exhibits rich dynamical behavior [36,39–41]. For specific parameter combinations, the single
scillator exhibits bi-stability [2,39], and chaotic behavior [39,40]. Correspondingly, sets of coupled oscillators may exhibit multi-
tability. The bi- or multi-stability property can give rise to potentially harmful localized vibrations in coupled systems [2], where a
ingle oscillator or a group of oscillators vibrates at a much higher amplitude than the overall system. In practice, this phenomenon
an lead to system failure, for example if a turbine blade breaks due to high stress induced by high-amplitude oscillations.

A single, forced Duffing oscillator [39] is described by

𝑚𝑥̈ + 𝑑𝑥̇ + 𝑘l𝑥 + 𝑘nl𝑥
3 = 𝑓 (𝑡), (1)

where 𝑚 is the model mass, 𝑑 the damping coefficient, 𝑘l and 𝑘nl the linear and nonlinear spring stiffness. The system displacement
is given by 𝑥, its velocity by the time derivative 𝑥̇ and the acceleration by 𝑥̈. The forcing 𝑓 (𝑡) = 𝐹 cos(𝛺𝑡) is defined as harmonic
orcing with amplitude 𝐹 and angular frequency 𝛺. The damping is defined as Rayleigh damping 𝑑 = 𝛼𝑚+𝛽𝑘l with mass- and spring-

proportional factors 𝛼 and 𝛽, respectively. In this work, the parameter values are chosen such that the system exhibits bi-stability
and the excitation frequency lies in the bi-stable regime. An overview of the parameters is given in Table 1. Fig. 1 illustrates the
bi-stability behavior and hysteresis of the system for the given parameter settings. When the forcing frequency 𝛺 is increased from
zero, the amplitude 𝑥̂ of the system response follows the path marked by red triangles and increases to 𝑥̂ = 1.72 m at 𝛺 = 2.17 rad
s−1, where it suddenly drops to values around 𝑥̂ = 0.3 m. On the other hand, if the forcing frequency is decreased, the amplitude
follows the lower branch, marked by blue crosses, and jumps to a higher value of 𝑥̂ = 1.55 m at 𝛺 = 1.89 rad s−1. The area between
.89 < 𝛺 < 2.17 rad s−1 defines the bi-stability region. In this work, the oscillator is excited at a frequency 𝛺 = 2 rad s−1 within
hat region, marked by a black dashed line. The right panel of Fig. 1 shows the time response of the Duffing oscillator with the
iven parameter settings for two different initial conditions. The initial conditions are defined as 𝒙0 = [𝑥0, 𝑣0], where 𝑥0 is the initial
isplacement and 𝑣0 is the initial velocity of the oscillator. When starting from 𝒙0,1 = [1, 0], the mass oscillates with a much higher
mplitude than when starting at 𝒙0,2 = [0.1, 0].

For the purpose of studying a mechanical system made of several oscillators through a functional network, a system of 𝑀 = 5
yclically coupled Duffing oscillators with nearest-neighbor coupling is implemented, see Fig. 2. Similar systems are used as minimal
odels in engineering to model bladed disks, as described in [2,36,42]. The equation of motion for the 𝑛th oscillator is given by

3

2

𝑚𝑥̈𝑛 + 𝑑𝑥̇𝑛 + 𝑘l𝑥𝑛 − 𝑘c(𝑥𝑛−1 + 𝑥𝑛+1 − 2𝑥𝑛) + 𝑘nl𝑥𝑛 = 𝑓 (𝑡), (2)
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Table 1
Model parameters. Overview of the model parameters used in this study, unless specified otherwise.
Measure Symbol Unit Value

Mass 𝑚 kg 1
Damping prop m 𝛼 s−1 0.1
Damping prop k 𝛽 s 0
Linear spring 𝑘l N m−1 1
Nonlinear spring 𝑘nl N m−3 2
Coupling spring 𝑘c N m−1 0.1
Forcing amplitude 𝐹 N 1
Forcing frequency 𝛺 rad s−1 2

Fig. 1. Duffing oscillator with given parameter settings. The amplitude of the system response 𝑥̂ follows two different paths for an upward- (red triangles) and
downward (blue crosses) frequency sweep over the forcing frequency 𝛺. The bi-stability region is located at 𝛺 = [1.89, 2.17] rad s−1, where two stable solutions
exist. The dashed line marks the chosen excitation frequency 𝛺 = 2 rad s−1. On the right, the system responses for two different initial conditions 𝒙0,1 = [1, 0]
(red), 𝒙0,2 = [0.1, 0] (blue) are shown, illustrating the dependence of the oscillation amplitude and phase on the initial conditions. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 2. Model system composed of a chain of 𝑀 = 5 cyclically components. Each component is represented by a Duffing oscillators with nearest-neighbor
coupling. The figure shows a only section of the entire model, using three oscillators to illustrate the nearest-neighbor coupling. The system is described by
model masses 𝑚, the Rayleigh damping 𝑑 = 𝛼𝑚+ 𝛽𝑘l, linear and nonlinear springs 𝑘l and 𝑘nl and the connecting linear springs 𝑘c. The displacement is given by
𝑥𝑛, and each mass is driven by an harmonic forcing 𝑓𝑛(𝑡) = 𝐹 cos(𝛺𝑡).

where 𝑘𝑐 describes the linear nearest-neighbor coupling spring. These types of coupled systems are known to exhibit complex
dynamic behavior, such as nonlinear vibration localization [2], where a subsystem oscillates with much higher amplitude than
the remainder of the system. This phenomenon is known to be caused by manufacturing imperfections (mistuning), but has also
been shown to arise in fully homogeneous and symmetric structures due to bifurcations [2], as is the case for the model system at
hand. The resulting high-amplitude oscillations cause a large amount of stress in the affected system components. This stress can lead
to component and even system failure. Localization is therefore a potentially harmful phenomenon in the engineering context [2].

Eight different dynamical states of the five-oscillator system are studied, see Fig. 3. Each panel shows the dynamics of the entire
five-oscillator system over time. Within a panel, a row represents a single oscillator of the system and the 𝑥-axis represents time.
The deflection of each mass is mapped to a color bar. The first four states (a) to (d) are achieved solely by variation of the initial
conditions, while the latter four (e) to (h) require variations from the system parameters in Table 1. The states in (a) and (b) show
a uniform motion with all oscillators in low or high amplitude, respectively. Panels (c) and (d) show localized harmonic vibrations
with one and three masses at high amplitudes, while all other masses vibrate at low amplitudes. Localized vibrations with higher
periods are achieved by increasing the forcing amplitude to 𝐹 = 35 N, see panels (e) and (f). By changing the forcing frequency
from well within the bi-stability region to values at the border regions 𝛺 = 1.873 rad s−1 in panel (g) and 𝛺 = 2.295 rad s−1 in
panel (h), fronts are created [43], which propagate a specific state depending on the initial conditions. The initial conditions are
presented in the Appendix.
3
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Fig. 3. Dynamics of the Duffing oscillator chain with 𝑀 = 5 masses. The system parameters are as listed in Table 1, unless specified otherwise. (a) uniform
oscillation at low amplitude, (b) uniform oscillation at high amplitude, (c) localized harmonic vibration: one oscillator with high amplitude, (d) localized
harmonic vibration: three oscillators with high amplitudes, (e) localized higher-periodic oscillation: one oscillator in higher-periodic oscillation, where 𝐹4 = 35 N,
(f) localized higher-periodic oscillation: of three oscillators, where 𝐹2,3,4 = 35 N, (g) transient motion: front at lower end of bi-stability region, where 𝛺 = 1.873 rad
s−1 and (h) transient motion: front at upper end of bi-stability region, where 𝛺 = 2.295 rad s−1. The initial conditions 𝒙0,𝑖 for the 𝑖th case are given in the
Appendix. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Although the studies in this work are limited to a homogeneous system composed of components with two states each, the
approach would be equally valid for a system with components with any number of states, or even a heterogeneous system where
the individual components have different numbers of states. The method focuses on the analysis of time series data, which could
also be obtained from a system described by a partial differential equation, as long as a discretized time series is available.

The time series data used in the following studies is generated by integrating Eq. (2) using the integrator ‘dopri5’ in Python
Scipy [44]. ‘Dopri5’ is an explicit Runge–Kutta method of order 4(5) with step size control and dense output [45]. The resulting
time series have a length of 𝑡 = 100 s and are discretized with a step size of 𝑑𝑡 = 0.05 s.

There is a large variety of well-established tools that can be employed to study data from complex nonlinear models. Most of these
methods are based in time- or frequency domain. This work aims at building a complementary perspective, given by a functional
network. This alternative view on the dynamics of a mechanical system focuses on functional dynamical relationships rather than
geometrical proximity. The following section introduces the inference of functional networks based on a specific network algorithm,
the inter-system recurrence network.

3. Inter-system recurrence networks and functional networks inference

In recent years, a number different methods for inferring networks from time series have been developed [15]. One group of
methods are recurrence-based networks (RN) [46–50], which generate a network based on the mutual proximity of two observations
in phase space. A particular recurrence-based network algorithm for the study of bi-variate data is the inter-system-recurrence
network (ISRN) [15,21], which is the subject of this study. This section is dedicated to introducing the idea of RN in general and
ISRN in particular, as well as an expansion of the ISRN-method to multi-variate data which is developed as part of this work to
generate functional networks. An overview of the work flow for the generation of functional networks is shown in Fig. 4.

3.1. Recurrence networks

Recurrence networks are derived from recurrence plots [51]. The concept of recurrence in dynamical systems, prominent for
example in recurrence quantification analysis, has developed into a well-studied field of research [52]. As an extensive amount of
literature on this topic is already available, for example in [51,53], only a short introduction will be given in this section. Following
the notation in [21], a recurrence plot is computed as follows. Measurements are taken from a dynamical system 𝑋 at distinct times
𝑡𝑖(𝑖 = 1,… , 𝑁𝑋 ). The dynamical system can be deterministic or stochastic [15]. By denoting 𝑥𝑖 = 𝑋(𝑡𝑖), a time series {𝑥𝑖}𝑁

𝑋

𝑖=1 is
obtained. In the case of this study, the time series 𝑥𝑖 represents the solution to a dynamical system represented by a second order
differential equation. If the underlying system 𝑋 is time-discrete, the time series data can be used directly. Time series data from
4



Journal of Sound and Vibration 590 (2024) 118544C. Geier et al.
Fig. 4. Overview of the network generation process. Each of the 𝑀 components of the model system becomes a node of the functional network. Here,
each component is represented by a single Duffing oscillator. The direction of the edges between the nodes is determined via an iterative approach using ISRN
measures. For every possible combination of two components (or, accordingly, nodes), time series measurements are obtained, an inter-system recurrence network
is computed and the cross-clustering and transitivity measures are used to infer the direction of the edge between those two nodes. If 𝐶diff < −𝜇, 𝑇diff < −𝜇, the
coupling direction is from 𝑋 to 𝑌 , for 𝐶diff > 𝜇, 𝑇diff > 𝜇, it is 𝑌 to 𝑋, and for −𝜇 < 𝐶diff < 𝜇,−𝜇 < 𝑇diff < 𝜇 bi-directional coupling is defined. This process is
repeated until each component has been compared with each other component, yielding 𝑀!∕(2(𝑀 − 2)!) combinations in total. The resulting functional network
is directed, but not weighted.

a time-continuous dynamical system has to be sampled with a finite frequency. A recurrence plot is defined as a matrix 𝑅𝑋 with
entries

𝑅𝑋
𝑖𝑗 (𝜀) = 𝑅𝑋 (𝑥𝑖, 𝑥𝑗 |𝜀𝑋 ) = 𝛩(𝜀𝑋 − 𝑑(𝑥𝑖, 𝑥𝑗 )), (3)

where 𝑑(𝑥𝑖, 𝑥𝑗 ) = ‖𝑥𝑖−𝑥𝑗‖ measures the supremum norm between two observations in phase space, 𝛩 is the Heaviside function, and
𝜀𝑋 is a fixed distance measure. This threshold defines a fixed volume of the phase space, within which two observations are counted
as recurrent. Alternatively, it is also possible to perform the analyses using the reconstructed phase space of the discrete time series
obtained through delay embedding, at the cost of introducing two additional hyperparameters, namely the embedding dimension
and the time delay. The recurrence network is obtained by interpreting the resulting recurrence matrix 𝑅𝑋 as the adjacency matrix
𝐴𝑋 of a network [47,49,50]. To exclude self-loops, the main diagonal of the adjacency matrix is set to zero with

𝐴𝑋
𝑖𝑗 (𝜀

𝑋 ) = 𝑅𝑋
𝑖𝑗 (𝜀

𝑋 ) − 𝛿𝑖𝑗 , 𝛿𝑖𝑗 =
{

1, 𝑖 = 𝑗
0, 𝑖 ≠ 𝑗

, (4)

where 𝛿𝑖𝑗 is the Kronecker delta. The resulting network has 𝑁𝑋 nodes, which are connected if they lie within a fixed phase space
volume 𝜀𝑋 of each other. Because the recurrence is defined through a fixed volume of the phase space, the network is called an
𝜀-recurrence network. The resulting network is unweighted and undirected.

3.2. Inter-system recurrence networks

Inter-system recurrence networks [21] form an extension of the RN concept for bi-variate time series data. The following
presentation follows the notation introduced in [21]. A description of the algorithm can also be found in [15]. To study the bi-
variate case, a second dynamical system 𝑌 is introduced. The two dynamical systems 𝑋 and 𝑌 should share the same physical units
and phase space dimension to obtain physically meaningful results [15,21,51]. Applications of the inter-system recurrence theory to
cases where systems do not share the same physical units or phase space are possible using specific transformation approaches [21].
However, results from these comparisons but should be interpreted carefully, as there is no mathematical foundation for the
treatment of the conceptual problems that arise [21]. Analogously to the above description of a time series {𝑥𝑖}𝑁

𝑋

𝑖=1 of a dynamical
system 𝑋, the second dynamical system 𝑌 is measured at times 𝑡𝑗 (𝑗 = 1,… , 𝑁𝑌 ) to generate a second time series {𝑦𝑗}𝑁

𝑌

𝑗=1. The time
series length and sampling frequency of the two time series {𝑥𝑖}𝑁

𝑋

𝑖=1 and {𝑦𝑗}𝑁
𝑌

𝑗=1 do not need to be identical, as the method does
not make use of time information directly, but leverages geometric properties of the system. Accordingly, both time series have to
sample a sufficient part of the underlying attractor. For each of these time series, the corresponding adjacency matrices 𝐴𝑋 and 𝐴𝑌

are obtained as defined in Eqs. (3) and (4), with fixed volumes 𝜀𝑋 and 𝜀𝑌 of the phase space. Additionally, a cross-recurrence plot
is computed as

𝐶𝑅𝑋𝑌
𝑖𝑗 (𝜀𝑋𝑌 ) = 𝛩(𝜀𝑋𝑌 − 𝑑(𝑥𝑖, 𝑦𝑗 )), (5)

where 𝑑(𝑥𝑖, 𝑦𝑗 ) = ‖𝑥𝑖 −𝑦𝑗‖ denotes the supremum norm between two observations of the two different time series. In contrast to the
cross-recurrence plot, which requires two dynamical systems with identical phase space and physical units, but allows for arbitrary
time series length and sampling points, an alternative method, exists. The joint recurrence plot requires identical time series length
and sampling points, but allows for different phase space dimensions and physical units. The cross-recurrence matrix 𝐶𝑅𝑋𝑌 defines
the connectivity between two nodes of different networks [21]. As in an adjacency matrix, two nodes are connected if the respective

𝑋𝑌
5

entry in 𝐶𝑅 equals one, and disconnected if the entry is zero. Due to the symmetry of the problem, the second cross-recurrence
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matrix is the transpose of the first, 𝐶𝑅𝑌 𝑋 = [𝐶𝑅𝑋𝑌 ]T. The ISRN is set up by combining the adjacency matrices 𝐴𝑋 and 𝐴𝑌 derived
from each time series with the cross-recurrence matrices 𝐶𝑅𝑋𝑌 and 𝐶𝑅𝑌 𝑋 to an adjacency matrix

𝐴ISRN(𝜺) =
[

𝐴𝑋 (𝜀𝑋 ) 𝐶𝑅𝑋𝑌 (𝜀𝑋𝑌 )
𝐶𝑅𝑌 𝑋 (𝜀𝑋𝑌 ) 𝐴𝑌 (𝜀𝑌 )

]

, (6)

where 𝜺 = [𝜀𝑋 , 𝜀𝑌 , 𝜀𝑋𝑌 ] comprises the fixed phase space thresholds for each individual computation. This inter-system recurrence
network embodies a network with two sub-networks. The two adjacency matrices 𝐴𝑋 and 𝐴𝑌 represent networks from the two
individual systems, while the two cross-recurrence matrices 𝐶𝑅𝑋𝑌 and 𝐶𝑅𝑌 𝑋 constitute the connections between the two networks.

The ISRN method requires a choice of the threshold parameters 𝜺. There are a number of studies on the determination of a
suitable threshold parameter, for example in [46–48,54]. The threshold parameter 𝜀 determines the recurrence rate 𝑅𝑅 in the
recurrence plot, and therefore the link density of the resulting recurrence network. For practical considerations, it is common to
fix the recurrence rate instead of the threshold parameter in the context of recurrence networks [21]. Ideally, the recurrence rate
is large enough such that most of the nodes in the resulting network are connected within one large component, but small enough
to keep the overall connectivity small. For many systems, 𝑅𝑅 < 0.05 is a good choice [21]. To obtain an ISRN that represents two
onnected networks rather than one large network, there have to be more intra-system than inter-system connections. That is, the
ntra-system recurrence rates 𝑅𝑅𝑋 and 𝑅𝑅𝑌 , defined by

𝑅𝑅 = 1
𝑁2

∑

𝑖
𝑅𝑖𝑗 (7)

have to be larger than the inter-system recurrence rate, which is given by

𝑅𝑅𝑋𝑌 = 1
𝑁𝑋𝑁𝑌

∑

𝑖𝑗
𝐶𝑅𝑋𝑌

𝑖𝑗 , (8)

as recommended in [21,46,48]. The inter-system recurrence rates 𝑅𝑅𝑋𝑌 and 𝑅𝑅𝑌 𝑋 are kept identical, as the symmetry of these
components is crucial to the proposed method, as described in the following section. Studies have shown that network measures
depend on the choice of threshold parameter [47]. However, the method proposed in this work does not require exact quantities,
but relies on the asymmetry of two network-based measures, which will be introduced in the next section. Therefore, it can be
assumed that the exact choice of 𝜀 is not crucial for this method. In this work, the phase space thresholds in 𝜺 are chosen such that
the recurrence rates are 𝑅𝑅𝑋 = 0.03, 𝑅𝑅𝑌 = 0.03 and 𝑅𝑅𝑋𝑌 = 0.02, based on the parameters given in [21]. The computation of the
inter-system recurrence network and the related measures is performed using the pyunicorn package [55] in Python. Numerically
expensive computations are performed in compiled C, C++, or FORTRAN code, rendering the computations relatively efficient. For
example, computing a cross-clustering coefficient in Eq. (10) from a 2000 × 2000 adjacency matrix takes 0.17 s on a 12-core Intel
Core i7 CPU with 2.6 GHz running Ubuntu 20.04.

3.3. Inference of functional interrelations

Two properties of the ISRN, namely the global cross-correlation coefficient 𝐶 and the global cross-transitivity 𝑇 , can be used to
infer functional interrelations between two components 𝑋 and 𝑌 [21]. A short definition and background of these two measures,
based on the descriptions in [21,56], is given in this section. For more detailed information on general network properties,
see [14,15]. The network measures are defined for a network 𝐺 = (𝑉 ,𝐸) with edges 𝐸 and nodes 𝑉 = {1,… , 𝑁}. In the case of the
ISRN, the network consists of the sub-networks 𝑉 𝑋 and 𝑉 𝑌 . For the following description, consider a single node in sub-network
𝑉 𝑋 which is called 𝑣 and two exemplary nodes of 𝑉 𝑌 which are called 𝑝 and 𝑞. The global cross-clustering coefficient 𝐶𝑋𝑌 describes
the probability of a node 𝑣 ∈ 𝑉 𝑋 to have pairs of mutually connected neighbors in 𝑉 𝑌 . It is calculated as the average over all local
cross-clustering coefficients

𝐶𝑋𝑌
𝑣 = 1

𝑘𝑋𝑌
𝑣 (𝑘𝑋𝑌

𝑣 − 1)

∑

𝑝,𝑞∈𝑉 𝑌

𝐴ISRN
𝑣𝑝 𝐴ISRN

𝑝𝑞 𝐴ISRN
𝑞𝑣 , (9)

uch that

𝐶𝑋𝑌 = ⟨𝐶𝑋𝑌
𝑣 ⟩𝑣∈𝑉 𝑋 , (10)

here 𝑘𝑋𝑌
𝑣 =

∑

𝑞∈𝑉 𝑌 𝐴ISRN
𝑣𝑞 denotes the cross-degree. On the other hand, the cross-transitivity 𝑇𝑋𝑌 defines the probability that two

odes 𝑝, 𝑞 in sub-network 𝑉 𝑌 are connected if they are both connected to a node 𝑣 in sub-network 𝑉 𝑋 . It is computed as

𝑇𝑋𝑌 =

∑

𝑣∈𝑉 𝑋 ,𝑝≠𝑞∈𝑉 𝑌 𝐴ISRN
𝑣𝑝

𝐴

ISRN

𝑝𝑞
𝐴ISRN
𝑞𝑣

∑

𝑣∈𝑉 𝑋 ,𝑝≠𝑞∈𝑉 𝑌

𝐴ISRN
𝑣𝑝 𝐴ISRN

𝑣𝑞 , (11)

ounting the number of ‘‘cross-triangles’’ over the number of ‘‘cross-triples’’. Both measures are not invariant under the permutation
↔ 𝑌 , such that 𝐶𝑋𝑌 ≠ 𝐶𝑌 𝑋 and 𝑇𝑋𝑌 ≠ 𝑇 𝑌 𝑋 .
In our functional network, the direction of an edge between two nodes represents a functional relationship between the

orresponding components. The basic idea of inferring a functional interrelation between two components using an ISRN is presented
n [21]. In the case of uni-directional and attractive diffusive coupling from 𝑋 to 𝑌 , the trajectory of 𝑌 is likely dragged towards
he trajectory of 𝑋, increasing the probability of finding triangles 𝑥 − 𝑥 − 𝑦, which add to 𝑇 𝑌 𝑋 and 𝐶𝑌 𝑋 , but not to 𝑇𝑋𝑌 and
6
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Table 2
ISRN measures and related functional dependencies. A small threshold 𝜇 = 0.02 is introduced to avoid wrong
detection of coupling direction due to small asymmetries which may arise due to small system detuning or
rounding.

Network measure Functional dependency

𝐶diff < −𝜇, 𝑇diff < −𝜇 𝑋 on 𝑌
𝐶diff > 𝜇, 𝑇diff > 𝜇 𝑌 on 𝑋
−𝜇 < 𝐶diff < 𝜇,−𝜇 < 𝑇diff < 𝜇 Bi-directional or no dependency

𝐶𝑋𝑌 . The opposite is true for the inverse dependency. Therefore, 𝑇 𝑌 𝑋 > 𝑇𝑋𝑌 and 𝐶𝑌 𝑋 > 𝐶𝑋𝑌 is expected for a uni-directional
nterrelation 𝑋 → 𝑌 , and, accordingly, the opposite for the inverse dependency direction. For clarity, the differences are defined
s 𝐶diff = 𝐶𝑋𝑌 − 𝐶𝑌 𝑋 and 𝑇diff = 𝑇𝑋𝑌 − 𝑇 𝑌 𝑋 in this work, such that 𝐶diff > 0 and 𝑇diff > 0 implies a dependency of 𝑌 on 𝑋,
nd 𝐶diff < 0 and 𝑇diff < 0 implies dependency of 𝑋 on 𝑌 . In the case when the two systems are not interrelated, the measures
an be interpreted as arising randomly, such that 𝐶diff ≈ 0 and 𝑇diff ≈ 0. If the two systems share a symmetric bi-directional
nterrelation, an equal attraction between the two time series is expected, and thus 𝑇 𝑌 𝑋 = 𝑇𝑋𝑌 and 𝐶𝑌 𝑋 = 𝐶𝑋𝑌 , such that 𝐶diff = 0
nd 𝑇diff = 0. Unfortunately, the method does not yield a clear distinction between the case of no interrelation and bi-directional
ependency. For the purpose of this work, these ambiguous cases are always regarded as a bi-directional connection. The definition
f 𝐶diff = 𝑇diff = 0 for no or bi-directional dependency is found to be too strict in the given use case, since even small detuning, for
xample in the natural frequencies of the two coupled systems, can lead to small asymmetries [15]. Therefore, a small threshold
= 0.02 is defined, such that −𝜇 < 𝐶diff < 𝜇,−𝜇 < 𝑇diff < 𝜇 define bi-directional or no interrelation, 𝐶diff < −𝜇, 𝑇diff < −𝜇 represents

he 𝑋 on 𝑌 - dependence case, and vice versa. A summary of the network measures and the corresponding functional dependencies
an be found in Table 2.

This method of inferring the functional interrelation, or edge direction, between two dynamical systems from ISRN measures has
number of applications in literature, including the detection of coupling direction in a system of two coupled Rössler systems and
aleoclimate data [21], and the study of oil-water flow states [25–27]. In this paper, the method is used in an iterative manner to
enerate a functional network from mechanical systems with more than two degrees of freedom. The procedure will be presented
n the following section.

.4. Generation of functional networks

Generating functional networks from a system of multiple connected components is the goal of this work. To achieve this, the
ethod for inferring the functional interrelation between two components is applied in an iterative manner, as illustrated in Fig. 4.

The starting point in this study is a model system composed of five forced nonlinear Duffing oscillators, as introduced in Section 2.
single Duffing oscillator represents one component of the model system. Each of the 𝑀 components of the dynamical system

ecomes a node in the functional network. To compute the connectivity of the nodes, the ISRN-based approach is taken. Every
ossible pairing of components is listed. By picking a pairing, for example, 𝑥𝑛 and 𝑥𝑛+1, and defining the measured displacement
ime series from these components as 𝑥𝑛 = 𝑥 and 𝑥𝑛+1 = 𝑦, the ISRN analysis can be performed as described in Section 3.2. The
dge direction between the two corresponding nodes 𝑛 and 𝑛+1 is then determined according to the procedure in Section 3.3. This
rocess is repeated until every combination of components (or nodes) has been analyzed. The resulting network has 𝑀 nodes and
!∕(2((𝑀 − 2)!)) unweighted, directed edges. Per definition, there is an, either uni- or bi-directional, edge between each node and

ach other node.
In case of a 5-component or model system, the resulting network has five nodes, and can be described by an adjacency matrix

ISRN ∈ R5×5. An exemplary network is shown on the left in Fig. 5, and the corresponding adjacency matrix 𝐴ISRN is given in Eq. (12).
o get a clearer image of the resulting network, a network condensation is performed in a last step. Bidirectionally connected nodes
hat share the same in- and out-edges, such as the nodes ‘‘3’’ and ‘‘4’’ in the aforementioned graph, are combined into a single node
‘34’’. Once all nodes are combined in this way, the edges between them are derived from the edges in the original graphs. The
esulting condensed network has a number of edges 𝐸 ≤ 𝑁 . For the exemplary network, the condensed version is shown on the
ight-hand side in Fig. 5, and the respective adjacency matrix 𝐴cond ∈ R5×5 is presented in Eq. (12). This visualization scheme is
elated to community detection algorithms [57], and allows for a better overview over the connections and symmetries within the
raph.

To summarize, the networks in Fig. 5 are described by the adjacency matrices 𝐴ISRN and 𝐴cond as

𝐴ISRN =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 1 1 1 1
1 0 1 1 1
0 0 0 1 1
0 0 1 0 1
0 0 0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

→ 𝐴cond =
⎡

⎢

⎢

⎣

0 1 1
0 0 1
0 0 0

⎤

⎥

⎥

⎦

, (12)

here the nodes in the second matrix 𝐴cond are ordered by ‘‘12’’–‘‘34’’–‘‘5’’. Each of the nodes in the condensed network represents a
‘functional cluster’’, the nodes within exhibit similar dynamical behavior. For example, the node ‘‘12’’ combines nodes ‘‘1’’ and ‘‘2’’
7

ogether, indicating a dynamical similarity between the two. Links, or edges, between these functional clusters represent a functional
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Fig. 5. Condensation of a five-dimensional network to a lower dimensional one. Bidirectionally connected nodes with identical in- and out-edges are combined
into one node, allowing for a better overview of the graph structure. The corresponding adjacency matrices 𝐴ISRN and 𝐴cond are given in Eq. (12).

relationship between these components. Each non-zero entry in the adjacency matrix defines an edge, such that 𝐴[𝑖, 𝑗] describes an
edge from node 𝑖 to node 𝑗. Note that the diagonal of the adjacency matrix is always zero in this work, since self-loops, or links
from one node to itself, are not allowed. Both the original and the condensed adjacency matrix are typically non-symmetric in this
study, as the networks are directed. The description of the system dynamics as a functional network allows for studying a number
of node–related as well as global network measures.

For example, the network size is defined by the number of nodes in the network, which is given by 𝑁 for the original and by
𝐸 ≤ 𝑁 for the condensed network. Node properties can be studied in terms of in- and out-degree. The former, defined as

𝑘in,𝑝 =
𝐸
∑

𝑞=1
𝐴cond
𝑞𝑝 (13)

for the 𝑝th node, describes the number of in-links to a specific node. The out-degree represents the number of out-links from a node,
and is given by

𝑘out,𝑝 =
𝐸
∑

𝑞=1
𝐴cond
𝑝𝑞 (14)

for the 𝑝th node. Each degree-measure can be summarized to a global network characteristic, the average in- or out-degree, which
is defined as

𝑘avg = 1∕𝐸
𝐸
∑

𝑝=1
𝑘𝑝, (15)

where 𝑘 can be 𝑘in or 𝑘out . A large number of additional network measures, such as clustering, efficiency, or average shortest path
length, exist [15]. An in-depth study of these additional measures on the functional network is left for future work, as larger systems
will likely make these analyses especially interesting.

4. Results

This work seeks to complement the geometry-based view of a mechanical dynamical system as a set of components and their
geometric connections by a functional perspective. In our functional networks, each node represents a mechanical component, and
an edge between two components indicates the functional connection between them. We thus hope to uncover a functional structure
for the underlying dynamics, revealing some more insight into the inner workings of the system. Such a functional structure could
yield insight into how the mechanical components interact with each other, and which of the components dominate the systems
dynamics. To this end, the iterative network-based approach described in Section 3.4 is applied to time series data obtained from
the model system of five cyclically coupled Duffing oscillators of Section 2. Two studies are performed: In the first study, functional
networks are generated from each of the dynamical states presented in Fig. 2. Two versions of the study are performed, one using
the entire time series and one discarding the transients, such that only the steady-state dynamics are considered. Thus, networks
from both transient and steady-state dynamics are obtained. The second study focuses on networks from transient dynamics. The
first front-like dynamics (panel (g) in Fig. 3), where an initial disturbance is propagated through the system, is investigated in more
detail. To do so, consecutive smaller samples are taken from the time series, and functional networks are computed for each sample,
unveiling the evolution of the functional dependencies over time. The results are shown in the following.

Fig. 6 shows the resulting networks for each of the system dynamics presented in Fig. 2. For every dynamical state, three different
networks are shown. On the left-hand side, the functional network inferred from the entire time series is shown in black, and the
network obtained when discarding the first 1500 time steps as transients in blue in the middle. On the right, the condensed networks
obtained following the procedure described in Section 3.4 are shown in red. Where the first two networks are not identical, two
condensed networks are shown.

Per definition of the method, there is an edge between each node and each other node in all networks. The functional networks
differ only in direction of the edges, which can be uni- or bidirectional. In contrast, the reduced networks vary in both size 𝐸
and link direction, as described by the node in- and out-degrees 𝒌in and 𝒌out . Table 3 summarizes the results in terms of network
measures of the condensed network.
8
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Fig. 6. Functional networks from systems of five Duffing oscillators with nearest-neighbor coupling operating in different dynamical states. For each state, the
functional network generated from the entire time series is shown in black on the left, the network obtained when discarding the first 1500 time steps of each
time series as transients in blue in the middle, and the smaller networks, where similar nodes are combined for clarity, as shown in red in the right panel.
Images correspond to the dynamics shown in Fig. 3: Uniform oscillation with (a) low and (b) high amplitude, localized harmonic vibrations of (c) one and (d)
three oscillators, localized higher-periodic vibrations of (e) one and (f) three oscillators, front like dynamics (g) one and (h) two. For the last two cases (g) and
(h), where the networks with and without transients are not identical, two condensed networks as shown. The edge color of the nodes in the reduced network
shows which larger network it relates to. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
article.)

Table 3
Network measures: analysis of the condensed functional networks.

Case Size 𝐸 Node list In-degrees 𝒌in Out-degrees 𝒌out

(a) 1 [‘‘12345’’] – –
(b) 1 [‘‘12345’’] – –
(c) 3 [‘‘12’’, ‘‘35’’, ‘‘4’’] [2, 1, 0] [0, 1, 2]
(d) 2 [‘‘15’’, ‘‘234’’] [1, 0] [0, 1]
(e) 3 [‘‘12’’, ‘‘35’’, ‘‘4’’] [2, 1, 0] [0, 1, 2]
(f) 2 [‘‘15’’, ‘‘234’’] [1, 0] [0, 1]
(g.1) 2 [‘‘1’’, ‘‘2345’’] [1, 0] [0, 1]
(g.2) 2 [‘‘125’’, ‘‘34’’] [0, 1] [1, 0]
(h.1) 3 [‘‘1’’, ‘‘25’’, ‘‘34’’] [2, 0, 1] [0, 2, 1]
(h.2) 3 [‘‘1’’, ‘‘25’’, ‘‘34’’] [1, 0, 2] [1, 2, 0]

The top two cases (a) and (b) show functional networks generated from uniform oscillation with low and high amplitude,
respectively. Both functional networks are fully connected with all bi-directional edges, resulting in a functional network of size
𝐸a,b = 1. The corresponding condensed network has a single node ‘‘12345’’, since all nodes with bi-directional links that share the
same in- and out-edges get combined into one. There is no difference between the networks obtained with and without transients.

The system with a localized vibration of one oscillator at high amplitude in (c) yields a less homogeneous functional network. The
functional networks generated from the full and the truncated time series are the same. Most of the edges become uni-directional,
except for bi-directional edges between the nodes ‘‘1’’ and ‘‘2’’, and ‘‘3’’ and ‘‘5’’, which are integrated into functional clusters.
Accordingly, the size of the condensed network is 𝐸c = 3, with nodes [‘‘12’’, ‘‘35’’, ‘‘4’’]. The node list captures the symmetry
within the system: node ‘‘4’’ corresponds to the component that vibrates at high amplitude, and the remaining nodes are combined
in accordance with their distance to this component. The lists of in- and out-degrees encodes a functional hierarchy within the
network. The node ‘‘4’’, the node with the lowest in- and highest out-degree, appears as leading node with edges to ‘‘12’’ and ‘‘35’’.
An additional edge from ‘‘35’’ to ‘‘12’’ can be observed, making node ‘‘12’’ the one with the highest in- and lowest out-degree.
9
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The localized vibration with three masses at high amplitudes (d) results in a slightly different functional network. Additional
i-directional edges between ‘‘2’’ and ‘‘4’’, and ‘‘3’’ and ‘‘4’’ produce a reduced network with two nodes and size 𝐸d = 2. Two

functional clusters represent the masses at high amplitude ‘‘234’’, and the masses at low amplitude ‘‘15’’once again capturing the
symmetry within the system. In accordance with previous results, the edge between the two points from the higher to the lower
amplitude, that is from ‘‘234’’ to ‘‘15’’, as can be observed from the respective list of in- and out-degrees in Table 3.

The cases with higher-periodic motion (e) and (f) yield the same results as their counterparts in localized harmonic motion, (c)
and (d). For all four cases, the inclusion or omission of the transients does not appear to have an impact on the resulting functional
network.

The bottom panels (g) and (h) show the two different functional networks generated from the front-like dynamics. For all previous
cases (a)–(f), dropping the transients had no impact on the result. For front 1 and front 2, the functional networks from the full
time series and from the truncated time series differ. The color of the node edges indicates which time series they relate to. In
Table 3, (g.1) refers to the black-edged network from the full time series, while (g.2) refers to the blue-edges network from the
truncated time series. The same notation applies for the case (h). In the first case, the number and location of the bi-directional
edges changes. The result are two different condensed networks with two nodes each. The functional network obtained from the
full time series is described by the node list [‘‘1’’, ‘‘2345’’], and in-degrees [1, 0], indicating a link from node ‘‘2345’’ to node ‘‘1’’.
The network from the truncated time series has two different nodes ‘‘125’’ and ‘‘34’’, with an edge from ‘‘125’’ to ‘‘34’’. Both the
functional clustering of the nodes as well as the dominant link directionality change over time. In the case of the second front-like
dynamics, the bi-directional edges do not change, such that the combination of nodes to functional clusters remains unchanged. The
links between the nodes differ, as the different node in- and out-degrees show. While both networks share edges from ‘‘25’’ to ‘‘1’’
and ‘‘34’’, the network from the full time series has an edge from ‘‘34’’ to ‘‘1’’, which inverts its direction in the network from the
truncated time series. This observation motivates a detailed study of the transient dynamics in the following.

In the second study, the analysis is performed by windowing the time series into 5 s samples, from each of which a functional
network is generated. The front-like dynamics in Fig. 2(g) are generated by excitation with a frequency 𝛺 = 1.873 rad s−1 at the
border of the bi-stability region. Only the first mass is displaced initially. Due to the particular excitation frequency at the border of
the bi-stability region, the high-amplitude state propagates through the system, until all masses oscillate in synchrony at the high
amplitude.

Fig. 7 shows exemplary functional networks in full and condensed form as well as the corresponding dynamics for exemplary
samples during the synchronization process. It can be observed that the condensed network size 𝐸g,t=0∶75 = 3 is constant most of the
time, but drops to 𝐸g,t=0∶125 = 1 as the model components synchronize. The partition into functional clusters ‘‘1’’, ‘‘25’’ and ‘‘34’’,
which remains constant through the process, until all nodes merge into one functional cluster ‘‘12345’’ at 𝑡 = 125. This consistent
division into three parts stands in contrast to the two different partitions into two parts obtained when using a longer section of the
time series. Similarly to the case with a localized mass, the network encodes the symmetry of the dynamics. Node ‘‘1’’ corresponds
to the mass that is initially displaced, while the remaining components are divided into nodes according to their proximity to the
single node. The direction of the links between the nodes changes over time, and with it the in- and out-degrees of the nodes. In
Fig. 7, black arrows indicate edge directions where both measures agree, as before. In some cases, the two network measures 𝐶dif f
r 𝑇dif f do not agree on the direction. The edge directions according to 𝐶dif f are shown in orange, the ones according to 𝑇dif f in blue.
nly the out-degrees of the nodes will be listed in the following, counting solely the links that are indicated by both measures.

The first image for 0 < 𝑡 < 5 on the left depicts a functional network analogous to the one for the case of a single mass oscillating
t high amplitude in panel (c) in Fig. 6. In the dynamics of the sample, the first mass oscillates not only with higher amplitude, but
lso with higher frequency, and starts pulling the other masses towards its dynamics. The edge direction in the network, encoded
n the list of out-degrees 𝒌out,t=0 = [2, 1, 0], can be interpreted as representing this fact. At 17.5 < 𝑡 < 22.5, all masses oscillate with
imilar, higher amplitude, but heterogeneous frequencies. The out-degrees change to 𝒌out,t=17.5 = [2, 0, 0], indicating that the two

edges pointing away from node ‘‘1’’ remain the same. For the edge between ‘‘25’’ and ‘‘34’’, the two network measures do not agree
on the link direction. This discrepancy can be interpreted as an indicator for the onset of change: In the next, overlapping sample
20 < 𝑡 < 25, the affected edge ‘‘25’’–‘‘34’’ has changed direction, resulting in new out-degrees 𝒌out,t=20 = [1, 0, 2]. The ‘‘1’’ to ‘‘25’’
link is still unchanged, while the ‘‘1’’ to ‘‘34’’ link inverts. According to the measure 𝐶dif f , there is a bi-directional link between
‘‘1’’ and ‘‘34’’, probably as a result of the transition in link direction. In the dynamics of the corresponding sample, the third and
fourth oscillator vibrate with the highest frequency, the other masses following with a phase lag. Oscillator 2 and 5 appear to have a
slightly slower frequency than the first oscillator. In the fourth sample, the masses have almost synchronized at the high amplitude,
but masses 3 and 4 are, in terms of their phase, visibly ahead of the other masses. This phenomenon is visible in the corresponding
network, where the ‘‘34’’ node now ‘‘pulls’’ the other nodes, and in the out-degrees list, which now reads 𝒌out,t=47.5 = [0, 1, 2]. All
edges have changed direction compared to the initial functional network on the left, inverting the functional hierarchy of model
components. The fifth panel shows a transition phase, where the two networks measures only agree on a minority of link directions
indicated by 𝒌out,t=75 = [1, 1, 0]. This phenomenon seems to be an expression of the transition process, as the system moves to full
synchronization in the right and last panel. As expected from previous results, the corresponding functional network for uniform
motion is a fully connected network with all-bidirectional edges. Accordingly, the node out-degrees are given by 𝒌out,t=125 = [2, 2, 2].
In accordance with previous explanations, the reduced network would be a single ‘‘12345’’-node as shown in panels (a) and (b) of
Fig. 6, but to stay consistent with the remainder of this figure, the three-wise split has been kept.

In summary, the condensed networks shown in Fig. 6, which are obtained from different global system states, encode dynamics-
based, functional dependencies within the system. Functional clusters, formed by merging similar nodes of the functional network
10

together, correspond to components with similar dynamics. Links between these clusters represent functional dependencies within
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Fig. 7. Functional networks generated from time series samples of 5 s length illustrate the synchronization mechanism. The model system consists of five Duffing
oscillators with nearest-neighbor coupling, excitation at frequency 𝛺 = 1.873 rad s−1 at the border of the bi-stability region and initial displacement of a single
mass (‘‘1’’). The networks are generated as before. Black arrows indicate edges where the two metrics 𝐶dif f or 𝑇dif f agree on the direction. Where the measures
do not agree, the coupling directions according to 𝐶dif f are shown in orange, the ones according to 𝑇dif f in blue. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)

the system. The observation that including the transients in the data does not affect the resulting functional networks in cases (a)–(f)
is likely due to the fact that these transients represent only a relatively short section of the time series data. The results indicate that
the network analysis filters out dominant functional relationships over the given time period, and that the comparatively short-lived
transients live on a time scale that is too small to be resolved. The data underlying cases (g) and (h) is dominated by transient motion
on a larger time scale, which is captured by the analysis of even these relatively long time series sections. The second part of the
analysis, which focuses on small samples of the time series in (g) at a time, resolves the functional structure on a smaller time scale.
This change in the time resolution of the analysis yields different functional clusters and functional dependencies within the system,
depending on the time scale to be resolved.

5. Discussion

This study uses ISRN metrics to generate functional networks to study the complex dynamics of a mechanical model system
composed of nonlinear Duffing oscillators. Within the functional network, each node represents a mechanical component, and the
edges correspond to functional dependencies between the respective components. Per definition of the iterative process, the resulting
networks have an edge between each node, the direction of which is identified from the network metrics cross-clustering coefficient
and cross-transitivity. This approach provides an alternative perspective onto multi-dimensional nonlinear systems, which focuses
on function-based interrelations rather than geometrical proximity. As this study presents a novel approach at an early stage, there
are still numerous compelling avenues for exploration and interesting paths to pursue.

The resulting reduced network shows the diversity of motion within a given system: In the case of uniform oscillation, there
is only one distinct system state. In the case of localized vibration with one mass, there are three different types of motion: The
oscillator with initial displacement is clearly in a different state than the other oscillators. The remaining oscillators are split into
groups according to their proximity to the perturbed mass, based on the different time evolution in their respective transient motion.
For the localized vibration with three masses, there are only two nodes in the reduced network, corresponding to the two distinct
states in the time series. The functional networks make no distinction of the specific dynamics of a single oscillator, there is no
difference in the results for a single-period localized vibration or a higher-periodic localized vibration. This finding is closely related
to studies concerning the detection of network size from sparse measurements [58,59], or data-based reduced order modeling [60,61]
and could be a starting point for further investigation. A novel reduced-order modeling approach could entail clustering degrees
of freedom according to their dynamical similarity instead of the geometrical connection, as for example in the combination ‘‘35’’
in network (c) in Fig. 6. Perhaps the detected network size could also be a proxy for the complexity of the underlying dynamics,
indicating the number of active states. The identified number of system states yields useful information on how many sensors are
necessary to resolve the dynamics of the full system, as well as where to place them. For example, from network (a) in Fig. 6, it can
be assumed that a single sensor placed on any of the components is sufficient to get complete measurement of the system dynamics,
while for network (c), three sensors are required. This assumption is of course limited to cases such as the one presented here, where
number and combination of nodes in the condensed network does not change over time.

Additionally, the presented method can track the time evolution of inter-dependencies within a system, because only a short
time series is necessary for the setup of the network [21]. By exploiting this time-evolving network, the interplay of oscillators
11



Journal of Sound and Vibration 590 (2024) 118544C. Geier et al.

d
o
r
(

during the synchronization process can be made visible. In the case at hand, the mechanism is not simply defined by one mass
pulling the others along, but a more intricate process during which the hierarchy of oscillators changes, which ultimately leads to
all masses oscillating with the high amplitude. Based on these observations, this method could represent a possibility for developing
early warning strategies against dynamical transitions, which might be applied in structural health monitoring. Additionally, this
approach could also help understanding the dependencies within a machine and thus form the basis for interfering with the process
to avoid catastrophic events. Here, it could be possible to prevent the initial system disturbance from spreading over the entire
system by simply disrupting the process or changing one of the intermediate components. For example, further studies might help
to identify joints which are especially relevant for the system dynamics, such that modeling and design efforts can be focused
accordingly. A possible extension to the proposed method is the distinction between direct and indirect coupling [33], similar to
methods proposed in [62–64].

The results presented in this work are obtained from time series data with no added noise. For future application to real-world
ata, which is generally noise contaminated, the effects of noise on the functional network will be taken into account. The effects
f noise on statistical features of the recurrence plot and respective analysis have been studied in detail for example in [65]. While
ecurrence-based analyses are generally very susceptible to noise, reliable results can still be obtained for moderate noise levels
below 20% of the standard deviation of the underlying time series), when the threshold parameter 𝜀 is chosen appropriately [15,65].

Even though detailed studies on the effect of noise on this specific recurrence-based method are still required, we are confident that
our method would work for low to moderate noise levels.

6. Conclusion

In this work, an approach for inferring functional networks from data obtained from mechanical model systems is introduced,
which hopes to complement conventional tools for the analysis of large multi-component systems. By assigning each physical
component one network node, and connecting the nodes based on inter-system network measures cross-clustering coefficient and
cross-transitivity, the functional network provides a new, function-based perspective on the dynamics of complex mechanical
systems. The method is applied to a system of five Duffing oscillators with nearest-neighbor coupling operating in different
dynamical states such as uniform oscillation, localized vibrations, and fronts. For each of these, a functional network is computed. By
concatenating ‘‘equivalent’’ nodes together, a condensed network is obtained, which allows for a number of different network-based
analyses. The size of the condensed network, given by the number of nodes, corresponds to the number of different dynamical states
within a system. Each of the nodes within the condensed network form a functional cluster of dynamically similar components,
and capture the symmetry within the system dynamics. Links between the clusters represent functional dependencies within the
dynamical system. These functional relationships encode the global system state. These analyses could provide a basis for better
sensor placement, insight into dynamic symmetries and thus a more efficient system analysis. The study of transient motion, or the
propagation of a disturbance through the system, is made possible with a sliding-window technique. By analyzing small samples
of the time series data over the course of time, the propagation of a disturbance through the dynamical system is studied. The
corresponding functional networks facilitate the analysis of the transient dynamics and the interplay of the system components over
time. We hope that this analysis of transient dynamics using network methods will pave the way for further studies, improved sensor
placement, early warning methods, and counter-measures against potentially harmful vibrations.
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See Table A.1.
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Table A.1
Initial conditions for the numerical data generation presented in Section 2. The data resulting
data is depicted in Fig. 3.

Case Initial condition

(a) 𝒙0,a = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0]
(b) 𝒙0,b = [1, 1, 1, 1, 1, 0, 0, 0, 0, 0]
(c) 𝒙0,c = [0, 0, 0, 1, 0, 0, 0, 0, 0, 0]
(d) 𝒙0,d = [0, 1, 1, 1, 0, 0, 0, 0, 0, 0]
(e) 𝒙0,e = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0]
(f) 𝒙0,f = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0]
(g) 𝒙0,g = [1, 0, 0, 0, 0, 0, 0, 0, 0, 0]
(h) 𝒙0,h = [0, 1, 1, 1, 1, 0, 0, 0, 0, 0]
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