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Preface

Algebraic statistics brings together ideas from algebraic geometry, commutative algebra, and combina-
torics to address problems in statistics and its applications. Computer algebra provides powerful tools
for the study of algorithms and software. However, these tools are rarely prepared to address statistical
challenges and therefore new algebraic results need often be developed. This way of interplay between
algebra and statistics fertilizes both disciplines.

Algebraic statistics is a relatively new branch of mathematics that developed and changed rapidly
over the last ten years. The seminal work in this field was the paper of Diaconis and Sturmfels (1998)
introducing the notion of Markov bases for toric statistical models and showing the connection to
commutative algebra. Later on, the connection between algebra and statistics spread to a number of
different areas including parametric inference, phylogenetic invariants, and algebraic tools for maximum
likelihood estimation. These connection were highlighted in the celebrated book Algebraic Statistics for
Computational Biology of Pachter and Sturmfels (2005) and subsequent publications.

In this report, statistical models for discrete data are viewed as solutions of systems of polyno-
mial equations. This allows to treat statistical models for sequence alignment, hidden Markov models,
and phylogenetic tree models. These models are connected in the sense that if they are interpreted in
the tropical algebra, the famous dynamic programming algorithms (Needleman-Wunsch, Viterbi, and
Felsenstein) occur in a natural manner. More generally, if the models are interpreted in a higher di-
mensional analogue of the tropical algebra, the polytope algebra, parametric versions of these dynamic
programming algorithms can be established.

Markov bases allow to sample data in a given fibre using Markov chain Monte Carlo algorithms.
In this way, Markov bases provide a means to increase the sample size and make statistical tests in
inferential statistics more reliable. We will calculate Markov bases using Groebner bases in commutative
polynomial rings.

The manuscript grew out of a lecture on algebraic statistics held for Master students of Computer
Science at the Hamburg University of Technology. It appears that the first lecture held in the summer
term 2008 was the first course of this kind in Germany. The current manuscript is the basis of a four-hour
introductory course. The use of computer algebra systems is at the heart of the course. Maple is employed
for symbolic computations, Singular for algebraic computations, and R for statistical computations.
The monograph Statistical Computing with R from Maria L. Rizzo (2007) was an excellent source for
implementing the R code in this book. The second and third editions are streamlined versions of the
first one.

Hamburg, Jan. 2016 Karl-Heinz Zimmermann
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Part 1

Algebraic and Combinatorial Methods






1

Commutative Algebra

Commutative algebra is a branch of abstract algebra that studies commutative rings and their ideals.
Both algebraic geometry and algebraic number theory are built on commutative algebra. Ideals in
polynomial rings are usually studied by their Groebner bases. The latter can be used to tackle important
problems like testing the membership in ideals and solving polynomial equations.

1.1 Polynomial Rings

Let K be a field. A monomial in a collection of variables or unknowns X1, ..., X, over K is a product
X=X X, ai,...,op € N (1.1)
The total degree of a monomial X is the sum of the exponents |a] = ay + ... + «a,,. For instance,

X2X3X, is a monomial of total degree 6 in the variables X7, Xo, X3, X4, since a = (2,0,3,1) and
la| = 6.

We can form linear combinations of monomials with coefficients in K. The resulting objects are
polynomials in X1, ..., X, over K. A general polynomial f in X,..., X, with coefficients in K has the
form

F=Y caX® ca€K, (1.2)

where the sum is over a finite number of elements o € Ni. A nonzero product ¢, X* involved in
a polynomial is called a term and the scalar ¢, is called the coefficient of the term. For instance,
taking K to be the field Q of rational numbers and using the variables X, Y, Z instead of subscripts,
f=X2?24YZ—1is a polynomial containing three terms.

The set of all polynomials in Xy, ..., X,, with coefficients in K is denoted by K[X3,...,X,]. The
polynomials in K[X7, ..., X,] can be added and multiplied as usual,

(Z caXa> D dpX? | = (ca +da) X, (1.3)
a B

[0



4 1 Commutative Algebra

(anxa) > dgXP | = (cads) X (1.4)
a B

a,f

Thus K[ X7, ..., X,] forms a commutative ring with identity called polynomial ringin X1, ..., X, over K.
Moreover, the addition of polynomials in K[X7, ..., X,,] suggests that K[ X1, ..., X,] forms an infinite-
dimensional K-vector space with the monomials as a K-basis.

Each nonzero polynomial f in K[Xq,...,X,] has a degree, denoted by deg(f). This is the largest
total degree of a monomial occurring in f with a nonzero coefficient. For instance, f = 4X3+3Y5Z — 74
is a polynomial of degree 6 in Q[X, Y, Z]. The nonzero elements of K are the polynomials of degree 0. For
any nonzero polynomials f and ¢ in K[X7,..., X,], we have deg(fg) = deg(f) + deg(g) by comparing
monomials of largest degree. Thus the polynomial ring K[X7, ..., X,,] is an integral domain (i.e., it has
no zero divisors) and only nonzero constant polynomials have multiplicative inverses in K[ X1, ..., X,].
Hence, K[X71,...,X,] is not a field.

A polynomial f in K[Xy,...,X,] is called homogeneous if all involved monomials have the same
total degree. For instance, f = 3X* 4+ 5Y Z% — X272 is a homogenous polynomial of total degree 4 in
Q[X,Y, Z]. It is clear that each polynomial f in K[X7,..., X,] can be written as a sum of homogeneous
polynomials called the homogeneous components of f. For instance, f =3X*4+5YZ3 + X2 -Y?—1in
Q[X,Y, Z] is a sum of homogeneous components f* = 3X* 4+ 5Y 23, f* = X2 - V2 and f© = -1,

Example 1.1 (Singular). Polynomial rings can be generated over different fields. The polynomial
ring Q[X,Y, Z] is defined as

> ring r1 = 0, (x,y,z), dp;
> poly f = x2y-z2

> fxf-f;
x4y2-2x2yz2+z4-x2y+z2

Polynomials can be written in short (e.g., 22y — 22) or long (e.g., %y — 2?) notation. The definition of

polynomial rings over other fields follows the same pattern such as the polynomial ring over the finite
field Zs,

> ring r2 = 5, (x,y,z), dp;
the polynomial ring over the finite Galois field GF(8),

> ring r3 = (2°3,a), (x,y,z), dp; // primitive element a
> number n = a2+1; // element of GF(8)

> n*n;

ab

and the polynomial ring over the extension field Q(a, b),

> ring r4 = (0,a,b), (x,y,z), dp;

> number n = 2a+1/b2; // element of Q(a,b)
> n*xn;
4a2b4+4ab2+1/ (b4)
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1.2 Ideals

Ideals are the most prominent structures studied in polynomial rings.
A nonempty subset I of the polynomial ring K[X1,...,X,] is an ideal if

e foreach f,g eI, we have —f and f+ g € I, and
e foreach feland g€ K[Xy,...,X,], we have f-g € I.

The first condition ensures that I is an additive subgroup of K[X7, ..., X,] and equals the subgroup
criterion which says that for each f,g € I, we have f —g € I.

Lemma 1.2. Let f1,..., fs be polynomials in K[X1,..., X,], Then the set

(fiyo s fo) = {Zhifi | ha,. .., he eK[Xl,...,Xn]} (1.5)
i=1

is an ideal of K[Xy,...,X,], the smallest ideal of K[X,...,X,] containing f1,..., fs.

Proof. Let f,g € (fi,...,fs). Write f = hifi + ...+ hefs and g = hifi + ...+ hLfs, where h;, hl €
K[X1,...,X,],1<i<s Then f—g=(h1 —hY)fi+...+ (hs — b)) fs and thus f —g € (f1,..., fs)-
Moreover, if h € K[X1,...,X,] then f-h = (hih)fi+...+ (hsh)fs and thus f-h € (f1,..., fs). In view
of the last assertion, note that each ideal of K[Xq,...,X,] that contains f1,..., fs must also contain

(f1ye-ey fs)- O

The ideal (f1,..., fs) is called the ideal generated by fi,..., fs. Theset {f1,..., fs} is sometimes called
a basis of the ideal. In particular, the sets (§) = {0} and (1) = K[X;, ..., X,,] are the trivial ideals.
There are several ways to construct new ideals from given ones.

Proposition 1.3. Let I and J be ideals of K[X1,...,X,]. The sum of I and J is the set
I+J={f+g|felgeJ} (1.6)

o The sum I+ J is an ideal of K[X7,...,X,].
o The sum I + J is the smallest ideal containing I U J.
IfIr={_f,...,fr) and J ={q1,...,9s), then

I+J:<.f17-"afragla"~ags>- (17)

Proof. Let f,f' €I and g,¢g' € J. Then (f+9)— (f'+¢)=(f—f)+(g—¢') in I + J. Moreover, let
heK[Xi,...,X,]. Then (f+g)-h=(f-h)+(¢g-h) € I+ J. Hence, I + J is an ideal.

Let L be an ideal of K[X7,..., X,] containing TUJ.If f € [ and g € J then f + g € L and thus L
contains I + J.

Let h € (fi,..-, fryg1,--,9s). Then h = hyfi + ... + hofr + higr + ... + higs, where h;, b €
K[X1,...,X,], 1 <i<r 1<j<s. Thus his of the form f+ g, where f € I and g € J, and hence
h € I+ J. Conversely, the ideal (f1,..., fr,g1,...,9s) contains I U J and thus by the second assertion
must be equal to I + J. a

Proposition 1.4. Let I and J be ideals of K[X1,...,X,]. The product of I and J is the ideal
I-J=(f-g|fel.gel). (1.8)
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The intersection I N J is an ideal in K[X1,...,X,].
The product I - J is contained in the intersection I N J.

If1={f1,...,fr) and J ={g1,...,9s), then
I-J={fi-g9;11<i<r1<j<s). (1.9)

Proof. Let f,g e INJ. Then f—ge&€ Il and f—ge€ Jandso f—geINJ. Let feINJ and
h e K[X1,...,Xy]. Since I and J are ideals, f-h €T and f-he€ J. Thus f-heINJ.

Let f € I and g € J. Then f - g is contained in both I and J and thus belongs to I N J. That is,
I-JCInd.

Since f; - g; belongs to I - J it follows that I - J contains (f; - ¢; | 1 < <11 < j <s). Conversely,
let h € I-J. Then h can be written in terms of generators f - g, where f € I and g € I. But
the constituents of these generators f and g can be written with respect to the bases fi,..., f, and
g1, .., s, respectively. Thus the polynomial h belongs to the ideal (f;-g; |1 <i<r,1<j<s). O

Example 1.5 (Singular). The above ideal operations in Q[X,Y, Z] can be defined as follows,

> ring r = 0, (x,y,2), dp;
> ideal i = xyz, x2-y2;
> ideal j = x2-1, y2-z2;
> i+j

_[1]=xyz

_[2]=x2-y2

_[3]=x2-1

_[4]=y2-22

> ix%j

_[1]=x3yz-xyz
_[2]=xy3z-xyz3
_[3]=x4-x2y2-x2+y2
_[4]1=x2y2-y4-x222+y2z2

Proposition 1.6. Let I be an ideal of K[Xy,...,X,]. The set
VI = {f eK[Xq,...,X,] | f™ €I for some integer m > 1}. (1.10)

is an ideal of K[X1, ..., Xn] containing I called the radical of I with \/v/T =+/I.

Proof. We have I C /T, since f € I, i.e., f' € I, implies f € V1.

Claim that /T is an ideal. Indeed, let f,g € v/I. By definition, there are positive integers k and
I such that f* gl € I. Expanding (f + ¢)**'=! by the binomial theorem shows that each term is a
multiple of some fmgm, with m 4+m/ = k + 1 — 1. Thus either £k > m or [ > m’ and thus f* or ¢’ is in
I. Thus all terms in (f 4+ g)**t*~! belong to I and hence f + g lies in v/T.

Let f € VT and g € K[X1,...,X,]. By definition, f™ € I for some m > 1. Thus (fg)™ = f™g™
belongs to I and hence fg lies in v/1. It follows that /T is an ideal.

Claim that \/ﬁ = /1. Indeed, we have already shown that /T lies in \/ﬁ . Conversely, let

fe \/ﬁ Then f™ € /T for some positive integer m and thus (f™)! € I for some positive integer [.
Thus f € VI and hence the claim follows. O
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An ideal I is called radical if /I = I. For instance, the above assertion shows that /I is radical.

Example 1.7 (Singular). The computation of the radical of an ideal requires the loading of a library.

> LIB "primdec.lib"; // load library for radical
> ring r = 0, (x,y,2), dp;

> ideal i = xy, x2, y3-yb5;

> radical(I);

_[1]=x

_[2]=y3-y

¢

An ideal I of K[X1,...,X,] is prime if I # K[X1,...,X,] and for every pair of elements f,g €
K[X1,...,X,], fg €I implies f € I or g € I.

An ideal I of K[X}, ..., X,] is mazimal if I # K[X4,...,X,] and I is maximal with respect to set
inclusion.

Lemma 1.8. Each mazimal ideal m of K[X,...,X,] is prime.

Proof. Let f,g € K[X1,...,X,] with fg € m. Suppose f € m. Then mU (f) = K[X,..., X,], since m

is maximal. Then m + af = 1 for some m € m and a € K[X;,...,X,]. Thus mg + afg = ¢g and hence
g €Em.

Example 1.9. For any field K, every maximal ideal m of K[X7, ..., X,,] is given as follows: take a finite
algebraic extension field L of K and a point (ay,...,a,) € L™, consider the ideal (X1 —ay,..., X, —an)

of L[X,...,X,], and put
m=(X; —ay,..., X, —a,) NK[Xy,...,X,].
In particular, if K is algebraically closed, every maximal ideal of K[X1,..., X,] has the form
m=(X; —ay,...,Xn —ay)
for some aq,...,a, € K. &

Example 1.10. In the polynomial ring K[X71, ..., X,], every ideal (S) generated by a subset S of the
set of variables {X1,..., X,,} is prime; in particular, if S = (), then (S) = {0}. The only maximal ideal
among these prime ideals is (X1,..., X,,). &

1.3 Monomial Orders

We study several ways to order the terms of a polynomial. For this, we first consider orders on the set
N§ of n-tuples of natural numbers. The set Njj forms a monoid with the component-wise addition

(a17"'7a7l)+(ﬂla"'a/6n):(al +Bla"'aan+ﬂn)

and the zero vector 0 = (0, ...,0) is the identity element..
A monomial ordering on Njj is a total ordering > on N satisfying the following properties:
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1. If o, 8 € N with a >  and v € N, then a +v > 6+ 7.
2. If o € Nj and a # 0, then o > 0.

The first condition shows that the ordering is compatible with the addition in N§ and the second
condition means that 0 is the smallest element of the ordering. Both conditions imply that if «, 8 € Ng,
then a+ 8 > a.

For the monoid Ny, there is only one monomial ordering

0<1<2<3<...,
but in monoids Ni with n > 2 there are infinitely many monomial orderings.
Example 1.11. The following orderings depend on the ordering of the variables X1,..., X,,.
e Lexicographical ordering (Ip):
a>pf = d<i<n: oy =p5,..., 0.1 =Fi—1, o > B
e Degree lexicographical ordering (Dp):
a>pp B = o] > [B]V (Jo| = [B] Ao > B).
e Degree reverse lexicographical ordering (dp):
a>gp B = o> 18V(o|=18IATL<i<n: ap=Pn .., %+1 = Bit1, & < Bi).

In all three orderings, (1,0,...,0),...,(0,...,0,1) > 0. For instance, (3,0,0) >, (2,2,0) but
(2,2,0) >pp (3,0,0) and (2,2,0) >qp (3,0,0). Moreover, (2,1,2) >p, (1,3,1) but (1,3,1) >qp (2,1,2).
¢

In the following, we require the natural component-wise ordering on Nf given by
(0517"'70[’”) <nat (Bla“-aﬁn) = a1 < B, 0, < By
For instance, (1,1,2) <pat (2,1,2) <pat (2,1,4).

Theorem 1.12. (Dickson’s Lemma) Let A be a subset of Nj. There is a finite subset B of A such
that for each o € A there is a § € B with 8 <pat .

The set B is called a Dickson basis of A (Fig. 1.1).
Proof. For n =1 take the smallest element of A C Ny as the only element of B.
Forn>1, AC Ng“, and 7 € Ny define
A;={a’ eNy | (/i) € A} C NpTL.

By induction, A; has a Dickson basis B;. Furthermore, by induction, B; has a Dickson basis B’.
Since B’ is finite, there is an index j such that B’ C By U...U B;.

Claim that a Dickson basis of A is given by
B={(8,i)eNg™ [0<i<j,B €Bi}.

1€Ng

Indeed, let (o, k) € A. Then o € Ay. Since By, is a Dickson basis of Ay, there is an element 8 € By
such that 8" <pat . If k < j, then (8',k) € B and (8, k) <nat (¢, k). Otherwise, there are v/ € B’
and 7 < j such that v <, 8 and (v/,4) € B;. Then (v/,4) € B and (7, 1) <pat (¢/, k). O
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A
+ ® . . . . . . . .
+ . . . . . . . .
+ . . . . . . . .
1 ® . . . . . . .
1 ® . . . . . .
1 ® . . . .

Fig. 1.1. A subset A of NZ and a Dickson set of A (encircled points).

Corollary 1.13. Each monomial ordering on Ng is a well-ordering.

Proof. Let > be a monomial ordering on N} and A be a nonempty subset of Nij. By Dickson’s lemma,
the set A has a Dickson basis B. Let o € A. Then there is an element 5 € B with 8 <.t a. Thus there
is an element v € Nj with a = 3 + «. Since 0 < v, it follows that 8 < 8 + v = a. Hence, the smallest
element of the Dickson basis B with respect to the monomial ordering is the smallest element of A.
Therefore, the monomial ordering is a well-ordering. O

Corollary 1.14. For any monomial ordering > on Ny, each decreasing chain of elements of Ni
oM >a® > >a® s
becomes stationary (i.e., there is some jo such that o) = a'90) for all j > jo).

Proof. Put A = {a) | i € N}. By Corollary 1.13, A has a smallest element and hence the sequence
must become stationary. O
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A monomial ordering > on Nj carries forward to a monomial ordering on the set of monomials of
the polynomial ring K[X7, ..., X,,]. For this, define for all «, 8 € Ny,

Xe> X = a>p

Since any monomial ordering is total, the terms that are involved in a polynomial of K[ X7, ..., X,,] can
be uniquely written in increasing or decreasing order. A polynomial f in K[X7, ..., X,] whose terms
are written in decreasing order is in canonical form, i.e.,

(0) (m)
f=cX* +... +enX® , ¢ eK*,

where a(® > ... > (™ Note that polynomials stored in canonical form can be efficiently tested on
equality.
For polynomials in a polynomial ring K[X] with one unknown, there is only one monomial ordering,

I<X<X?<X3<...,
but in polynomial rings with several unknowns there are infinitely many monomial orderings.

Example 1.15 (Singular). Polynomials are stored and printed in canonical form.

> ring r1 = 0, (x,y,2), lp;
> poly f = x3yz+y5; f;
x3yz+y5

> ring r2 = 0, (x,y,z), Dp;
> poly f = imap(rl,f); f;
x3yz+y5

> ring r2 = 0, (x,y,z), dp;
> poly f = imap(rl,f); f;
y5+x3yz

The leading data of a polynomial f in K[X},...,X,] are defined as follows:

leading term LT~ (f) = co X,

leading coefficient LCs (f) = ¢g, and
e leading monomial LM (f) = X,

A polynomial f is called monic if its leading coefficient is equal to 1.

Example 1.16. Consider the polynomial f = 4XY?2Z + 422 — 5X3 + 7X2Z? in Q[X,Y, Z], where X
corresponds to X (1:0:0 ¥ to X019 and Z to X0 Thus

f= 4x 020 44 x(00.2) _ 5x(3,00) 4 7x(2,0.2)
In the 1p ordering, (3,0,0) > (2,0,2) > (1,2,1) > (0,0,2) and the canonical form is

f=-5X>+7X2Z% +4XY?Z +42°
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In the Dp ordering, (2,0,2) > (1,2,1) > (3,0,0) > (0,0,2) and the canonical form is
f=7TX2Z% +4XY?Z —5X3 + 422,

In the dp ordering, (1,2,1) > (2,0,2) > (3,0,0) > (0,0,2) and the canonical form is
f=4XY?Z +7XY?Z —5X3 + 427

Example 1.17 (Singular). The leading data of a polynomial can be obtained as follows.

> ring r = 0, (x,y,2), lp;
> poly f = (xy-z)*(x2-yz);
> £

x3y-x2z-xy2z+yz2

> leadmonom(f) ;

x3y

> leadexp(f);

3,1,0

> leadcoef (f);

1

> lead(f);

x3y

> f-lead(f); // tail
-xX2z-xy2z+yz2

1.4 Division Algorithm

The ordinary division algorithm for polynomials in one variable carries forward to the multivariate case
by making use of a monomial ordering.

Theorem 1.18. Let > be a monomial ordering on Nj. Let f be a nonzero polynomial in K[ X7, ..., X,)]
and let F = (f1,..., fm) be a sequence of nonzero polynomials in K[X1,..., X,]. There are polynomials
hi,o..yhm and r in K[X4,..., X,] such that

f=hifit+ -+ hnfm+r (1.11)

and either r = 0 or none of the terms in r is divisible by LT~ (f1),...,LTs (fm). Moreover, if h;f; # 0,
then LT (hif;) < LT (f), 1 <i <m.

The proof is constructive and mimicks the division algorithm (Alg. 1.1).
Proof. First, put hy =...=h,;;, =0, 7 =0, and s = f. Then we have
f=hifit+ 4 hnfm+(r+s) (1.12)

This equation serves as an invariant throughout the algorithm that proceeds in iterative steps. If s = 0,
the algorithm terminates. Otherwise, there are two cases:
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e Reduction step: If LT~ (s) is divisible by some LT~ (f;), 1 < i < m, then take the smallest index i
with this property and put

s:s—w and hi:hi—i-L(S) (1.13)

LT f; LT (fi)

o Shifting step: If LT~ (s) is not divisible by any of the LT~ (f;), 1 < i < m, then put
r=r+LTs(s) and s=s—LT5(s). (1.14)

In both cases, the equation (1.12) still holds. Moreover, if r # 0, then the assertion that no term of r
is divisible by LT~ (f;), 1 < i < m, inductively holds. The leading term of the polynomial s is strictly
decreasing with respect to the monomial ordering after each of the assignments (1.13) and (1.14). Thus
the sequence formed by the leading terms of s in successive steps is strictly decreasing. By Corollary 1.13,
the monomial ordering is a well-ordering and hence the sequence becomes stationary. Therefore, the
division algorithm terminates with s = 0.

In view of the inequalities, the leading term of s decreases in each step and is either added to some
product h;f; (reduction step) or to the remainder r (shifting step). Moreover, in the reduction step,
the leading term of s added to the product h;f; is the largest term added. Since LT~ (s) = LT~ (f) at
the start of the computation, the inequalities follows. a

The remainder on the division of f by F is often denoted by r = fF.

Algorithm 1.1 Division algorithm.

Require: nonzero polynomials f and f1,..., fm in K[X1,..., X,]
Ensure: polynomials hy,...,hn and r in K[X1,..., X,] as in Thm. 1.18
h1+0,...,hm <0
r+<0
s+ f
while s # 0 do
i1
division_occurred < false
while 7 < m and division_occurred = false do
if LT(f[i]) divides LT(s) then
s+ s —LT(s)/LT(f;) * fi
hi < hi +L1(s)/Lr(fs)
division_occurred < true
else
14— 1+1
end if
end while
if division_occurred = false then
T 4 r 4+ LT(s)
s+ s —LT(s)
end if
end while
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Example 1.19. Consider the polynomials f = X2Y + XY2 +Y2 fi =Y2? -1,and f, = X —Y in
Q[X,Y] using the 1p ordering with X > Y. Initially, we have hy = hg = 0, r = 0, and s = f. First,
LT (s) = X?2Y is divisible LT+ (f2) = X and so

X%y
s=5— (X -Y)=2XY?+Y?
and 2y
hy = hy + —7— = XV

Second, LT~ (s) = 2XY? is divisible LT~ (f1) = Y2. Thus

2XY?
s:s—v(ytl):y%ﬂx
and 7?2
2
hi=hi + v =2X.
Third, LT (s) = 2X is divisible by LT~ (f2) = X. So
2X
s:s—Y(X—Y):2Y+Y2

and oy
hgzhg—‘ry:XY—I—?.

Fourth, LT~ (s) = Y2 is divisible by LT (f1) = Y2. Thus

s=s5s——=(Y?-1)=2Y +1

and
hi =2X + 1.

Fifth, LTs (s) = 2Y is not divisible by LT~ (f1) = Y? or LT (f2) = X. It follows that
r=2Y and s=1.
Sixth, LTs (s) = 1 is not divisible by LT~ (f1) = Y2 or LT (f2) = X. Consequently,
r=2Y+1 and s=0.
Therefore,
f=0CX+1)- V> -1+ (XY +2)- (X -Y)+(2Y +1) and fF=2v+1.
¢

Example 1.20 (Singular). The expression of a polynomial as a linear combination with remainder
according to the division theorem is provided by the command division, while the command reduce
only yields the remainder upon division.
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> ring r = 0, (x,y), lp;
> ideal i = y2-1, x-y;
> poly f = x2y+xy2+y2;
> reduce(f,std(i)); // reduction by standard basis of i
2y+1
> division(f,i); // division with remainder
[1]:
_[1,1]=2x+1
_[2,1]=xy+2
[2]:
_[1]=2y+1
[3]:
_[1,11=1

1.5 Groebner Bases

Groebner bases are specific generating sets of polynomial ideals.

Example 1.21. Take the polynomials f = XY? - X, fj = Y2 — 1, and fo = XY +1 in Q[X, Y] using
the 1p ordering with X > Y. First, the division of f into F' = (f1, f2) yields

f=X-(Y?-1)+0- (XY +1).
Second, the division of f into F' = (fa, f1) gives
=Y XY +1)+0- (Y -1+ (-X-Y).

Thus the division depends on the ordering of the polynomials in the sequence F'. Moreover, the first
representation shows that the polynomial f lies in the ideal I = (fi, f2), while this cannot be deduced
from the second representation. &

Let > be a monomial ordering on K[X7, ..., X,] and let I be an ideal of K[ X7, ..., X,]. A Groebner
basis of I with respect to > is a finite set of polynomials G = {g1,...,9s} in I such that for each
nonzero polynomial f € I, LT~ (f) is divisible by LT~ (g;) for some 1 < i < s. Groebner bases were
invented by Bruno Buchberger in the 1960s and named after his advisor Walter Groebner (1899-1980).

Example 1.22 (Singular). Consider the ideal I = (Y2 —1, XY +1) in Q[X, Y] using the 1p ordering
with X > Y. A Groebner basis of the ideal I can be computed by using the command groebner or
std. The latter command is more general and can be applied to calculate standard bases of polynomial
ideals.

> ring r = 0, (x,y), 1lp;

> ideal i = y2-1, xy+1;
> ideal j = std(i);

> j;

j[1]l=y2-1

j[2]l=x+y
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The computed Groebner basis of I is {Y? +1,X +Y}. O

Theorem 1.23. Each ideal I of K[X1,...,X,] has a Groebner basis with respect to any monomial
ordering.

Proof. Let > be a monomial ordering on K[X3,...,X,]. Consider the set
A={aeNy|X*=1LM(f) for some f € I}

of exponents of all leading monomials of the polynomials in the ideal I. By Dickson’s lemma, the set
A has a Dickson basis B = {1, ..., s}, where X% = LM (g;) for some g; € I, 1 <i < 5. Let f be a
nonzero polynomial of I with LM (f) = X®. Then o = 8; + v for some 1 < i < s and v € Nj. Thus
X = XP X7 and hence the leading term of f is divisible by the leading term of g;. It follows that
{g91,--.,9s} is a Groebner basis of I. O

Proposition 1.24 (Ideal Membership Test). Let > be a monomial ordering on K[ X1, ..., X,] and
let I ={g1,...,9s) be an ideal of K[ X1,..., X,)]. If G = {g1,...,9s} is a Groebner basis of I, then for
each polynomial f in K[X1,...,X,], we have f € I if and only if f¢ = 0.

Proof. Let f € K[X1,...,X,] whose division into G yields f = hyg1 + ... + hsgs + f¢. Let f¢ = 0.
Then f € I by definition of I.

Conversely, let f € I. Then f¢ = f — (hyg1 + ...+ hsgs) belongs to I. Assume that f& # 0. Then
LT~ (f) is divisible by some LT~ (g;), since G is a Groebner basis of I. But this contradicts the division
algorithm, since none of the terms in the remainder f< is divisible by any of the terms LT~ (g;). O

Corollary 1.25. Let > be a monomial ordering on K[ Xy, ..., X,] and let I be an ideal of K[ X1, ..., X,].
IfG={g1,...,9s} is a Groebner basis of I with respect to >, then I = (g1,...,9s)-

Proof. By definition, g1,...,gs € I and thus (g1,...,g9s) C I. Conversely, let f € I. The division of f
into G yields f = hi1g1 + ...+ hsgs + f¢. Thus by Prop. 1.24, f¢ =0 and hence f € (g1,...,9s). O

Proposition 1.26. Let G = {g1,...,9s} be a Groebner basis in K[X1,...,X,] with respect to any
monomial ordering >. For each polynomial f in K[X1,...,X,], the remainder fC is uniquely deter-
mined and independent of the order of the elements in G.

Proof. Let f be a polynomial in K[X7,...,X,] and let I = {g1,...,gs). First, assume that there are
two expressions f = hi1g1+...+hsgs+r and f = higi+...+hlgs+7 as given by the division theorem.
Then v’ —r = (hy — h})g1 + ...+ (hs — hl,)gs lies in I. Suppose that 7" — r # 0. Since G is a Groebner
basis of I, the leading term of v’ — r is divisible by the leading term of some ¢;, 1 < ¢ < s. But this
contracts the fact that r and v’ are remainders and so none of their terms are divisible by any of the

Second, let G’ be a permutation of the Groebner basis G. Then the division algorithm yields f =
Rigi + ...+ hlgs + f& . But the remainder is uniquely determined and therefore f& = f& . O

The remainder on division of a polynomial f by a Groebner basis of an ideal I is a uniquely determined
normal form of f modulo I depending only on the monomial ordering and not how the division is
performed.

Theorem 1.27. (Hilbert Basis Theorem) Fach ideal I of K[X7, ..., X,]| is finitely generated.
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The proof follows directly from Thm. 1.23 and Cor. 1.25.
A ring is Noetherian if each ideal of R is finitely generated.

Theorem 1.28. The following conditions of a ring R are equivalent:

1. Fach ideal of R is finitely generated (that is, R is Noetherian).

2. Each ascending chain of ideals Iy C Is C --- in R becomes stationary (that is, there is an indez jo
such that I; = I, for all j > jo).

3. Fach nonempty set of ideals in R contains a maximal element (with respect to inclusion).

Proof. Suppose each ideal of R is finitely generated. Assume that Iy C Is C --- is an ascending chain
of ideals in R. Then I = | ;1 is an ideal in R and by hypothesis has a finite generating set G. If
G CLuU...Ul, then I; = I;, for all j > jo.

Suppose that each ascencing chain of ideals in R become stationary. Assume that S is a nonempty
set of ideals in R. If I; € S is not maximal in S, then there exists an ideal I; in S that properly
contains ;. Continuing like this gives an ascending chain of ideals in S that will become stationary.
Then I; = I, for all j > jo and I, is maximal in S.

Suppose that each nonempty set of ideals in R contains a maximal element. Let I be an ideal of
R, and let S be a set of ideals J C I of R that are finitely generated. Then S is nonempty and by
hypothesis contains a maximal element Jo = (f1,..., fs). Assume that I # Jy. Then there is an element
ferI\dJyandso (f, f1,...,fs) will be a finitely generated ideal in I that properly contains Jy. This
contradicts the maximality of Jy. Hence, I is finitely generated. a

By the Hilbert basis theorem and the above result, we obtain the following.

Corollary 1.29. The polynomial ring K[ X1, ..., X,] is Noetherian.

1.6 Computation of Groebner Bases

The basic algorithm for the computation of a Groebner basis of an ideal in K[X7,..., X,] is due to
Buchberger.
Let > be a monomial ordering on K[X7,..., X, ] and let f,g € K[X1,...,X,]\ {0} with L™M> (f) =
X and LM (g) = X7, respectively. The least common multiple of & and 3 w.r.t. the natural ordering
on Nj is
~v =lem(e, 8) = (max{ay, f1}, ..., max{ay, Bn})

Then the least common multiple of X® and X? w.r.t. the relation of divisibility is
X7 =lem(X%, XP).
Define the S-polynomial of f and g as

X7 X7
S(f,9) = f=
V9= mm @
Note that S(f,g) lies in the ideal generated by f and g. Moreover, in S(f,g) the leading terms of f
and g cancel and thus S(f, g) exhibits a new leading term.

-g. (1.15)
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Example 1.30. Consider the polynomials f = 2Y2+ 22 and g = 3X2Y +Y Z in Q[X, Y, Z] with respect
to the 1p ordering with X >Y > Z. Then LMx (f) = Y2, LMx (g9) = X?Y, and lem (LT~ (f), LT~ (9)) =
X?Y?2. Thus
1 1
=-X?7? - _Y?Z.
773 3

_X2Y? X2y?

¢

Theorem 1.31. (Buchberger’s S-Criterion) Let > be a monomial ordering on K[X1,...,X,]. 4
set G ={g1,...,9s} of polynomials in K[ X1,...,X,] is a Groebner basis of the ideal I = (g1,...,gs) if
and only if S(gi,g;)¢ = 0 for all pairs i # j.

Proof. Let G be a Groebner basis of I. Since each S-polynomial S(g;,g;) belongs to I, it follows from
Prop. 1.24 that S(g;,g;)¢ = 0.
Conversely, assume that S(g;,g;)¢ = 0 for all pairs i # j. Let f € I. Write

f:h191+---+h3957

where hl, .. -7hs S K[Xl, - ;Xn] Let LT>(f) = CXa, LT>(gi) = CiXai, and LT>(hi) = diXBi, 1< <
s. Define § = maxs{a; + 8; | 1 < i < s}. The above equation shows that the leading term of f is a
K-linear combination of the leading terms LTs (h;g;), h;g; # 0, and therefore a < 4.
If § = «a, we can assume that § = a3 + 51 = ... = o, + B, where r < s and h;g; #0 for 1 <i <.
Then
X = (Cldl +...+ CrdT>X6.

Thus LTs (g1) = 1 X divides LT~ (f) = ¢X. If all nonzero polynomials f of I have this property,
then G is a Groebner basis of I.

If a < 4, the maximal leading terms on the right-hand side of the representation of f must cancel.
By the above notation, we obtain

cidy +...+c¢.d. =0. (1.16)
Write the polynomial f in the form
f=C+(hy —1rs(h1))g1 + ... + (hy — LT> () gr + hrp1Gra1 -« - + Nsgs,
where C = 1< (h1)g1 + ... + LT (h,.)g-. By putting k; = X% g;/c;, 1 <i < r, we obtain
C =cidik1 + ...+ c.d kK, (1.17)
= c1d1 (k1 — k2) + (c1dy + cads) (ko — k3) + (c1dy + cada + c3ds) (ks — kg) + ...
oot (adi + .o F eroadior) (kror — k) 4 (ardy + -+ erdy )k
Thus C is a linear combination of k; — k;, 1 <14 < j < r. Define X*#J as the least common multiple of
X% and X . Then there exists £ € Ny so that £ +a;j =a; + 8; = oj + 55, 1 <@ < j < r. We have

C; Cj

_ oy (X0gi X%
CiXai CjXO‘j

= X*S(gi, 9;)

Xﬁii
ki — by = =2
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and LT (k; — kj) < 6,1 <i < j <r. It follows from (1.16) and (1.17) that
C =, XS(g1.92) + ...+ p 1 X718 (gr-1, 90),
where ¢},...,c._; € Kand &,...,& -1 € Nj. By hypothesis,

S(girg;) = h'gr 4+ ...+ hidg,

for some polynomials A%, ... b with LT>(h§j) < LT (5(9i,95)), 1 <i<j<sand 1 <[ <s. It
follows that the polynomial C' can be written as a linear combination of the polynomials ¢1,...,¢gs.
Thus by (1.17), the polynomial f can be expressed as a linear combination of the polynomials ¢1, . .., gs,

f="hlgi+...+hlgs,

where maxs {LTs (hig;) | hig; # 0, 1 <14 < s} < §. Since each monomial ordering is a well-ordering, we
obtain by continuing in this way an expression

f=higi+...+hlgs,

where the leading monomial X° on the right-hand side equals LT (f). Then the case o = § will establish
the result. O

Buchberger’s S-criterion can be used to calculate a Groebner basis of a given ideal (Alg. 1.2).

Algorithm 1.2 Buchberger’s algorithm.
Require: I = (f1,..., fm) ideal of K[X,..., X,], F ={f1,..., fm}
Ensure: Groebner basis G of I with FF C G
G+ F
repeat
G+ G
for each pair f # g in G’ do
S« S(f,9)¢
if S # 0 then
G+ GU{S}
end if
end for
until G = G’

Theorem 1.32. Buchberger’s algorithm terminates and the output is a Groebner basis.

Proof. First, we prove correction. Claim that at each step G C I. Indeed, this is true at the start of
the algorithm. Suppose G C I holds at the beginning of some pass and put G = {g1,...,9s}. Then for
all f,g € G, S(f,g) € (f,g9) C I. Moreover, the division algorithm gives S(f,g) = h1g1 + ... + hsgs +
S(f,9)¢. Thus S(f,9)¢ € I and hence G C I after each pass. Upon termination, the remainders of the
S-polynomials divided by the current set G are 0. In this case, Buchberger’s S-criterion shows that the
set G is a Groebner basis.
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Second, we show termination. For this, consider the ideal of leading terms of G = {g1,...,gs} given
by
(LT(G)) = (Lr(g1), - - -, LT(gs))-

In each pass, the set G is replaced by a new set G’. If G # G', there is at least one remainder r = S(f, )¢
with f, g € G which is added to G’. Since no term of r is divisible by any of the leading terms of the
polynomials in G, we have

(LT(G))  (LT(C)).

This gives an ascending chain of ideals of K[X1,...,X,]. But the polynomial ring K[X7,...,X,] is
Noetherian and so the chain becomes stationary; that is, at some pass

(LT(G)) = (LT(G")).
Thus G = G’ by the way G’ is constructed from G and hence the algorithm stops. O

Example 1.33. Consider the ideal I = (Y2 + Z2, X2Y + Y Z) in Q[X, Y, Z] with respect to the 1p or-
dering with X > Y > Z. The following session provides a Groebner basis of I according to Buchberger’s
algorithm:

> LIB "teachstd.lib"; // library for command spoly
> ring r = 0, (x,y,2), lp;

> ideal i = y2+z2, x2y+yz;

> reduce(spoly(y2+z2, x2y+yz), 1i);

x2z2+23

ideal j = y2+z2, x2y+yz, x2z2+z3;

reduce (spoly(y2+z2, x2y+yz), j);

reduce (spoly(y2+z2, x2z2+z3), j);

reduce(spoly(x2y+yz, x2z2+z3), j);

O VvV OV OV Vv

It follows that {Y?2 + Z2, X2Y + Y Z,X2Z2% + Z3} is a Groebner basis of I. o

1.7 Reduced Groebner Bases

Groebner bases are not unique since a Groeber basis remains a Groebner basis if an arbitrary polynomial
is added. It will shown that reduced Groebner bases are unique.
Let > be a monomial ordering on K[X7, ..., X,]. A Groebner basis G = {g1,...,9:} n K[X1,..., X,]

is minimal if the polynomials g1, ..., g, are monic and LT (g;) is not divisible by LT (g;) for any pair
i 7.
Proposition 1.34. Each nonzero ideal I of K[X1,...,X,] has a minimal Groebner basis with respect

to any monomial ordering.
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Proof. Let G ={g1,...,9s} be a Groebner basis of the ideal I with respect to the monomial ordering
>. We may assume that each generator g; is monic by multiplying g; with the inverse of its leading
coefficient, 1 < i < s.

Suppose G is not minimal. We may assume that LT~ (g;) is divisible by LT (g;) for some 2 < < s.
By reduction, the polynomial

LT (g1)

h=o LT (gi)

9i (1.18)
belongs to I and, by Prop. 1.24, its division into G yields h¢ = 0. But the leading term of ¢g; cancels
in (1.18) and is larger than the leading term of h. Thus the polynomial g; cannot be used during the
division of h by the basis G. Hence, the polynomial A is a linear combination of gs, ..., gs. It follows
that by (1.18), the generator g; is also a linear combination of go, ..., gs. Therefore, G' = {go,...,9s}
also generates the ideal I. Moreover, G’ is a Groebner basis since if the leading term of a polynomial
f €1 is divisible by LTs (¢1), then it is also divisible by LT (g;).

Repeating the above argument leads to a minimal Groebner basis in a finite number of steps. O

Let > be a monomial ordering on K[ X7, ..., X,]. A Groebuer basis G = {¢1,...,9s} in K[X1,..., X,)]
is reduced if G is a minimal Groebner basis and no term in g; is divisible by LT+ (g;) for any pair ¢ # j.

Proposition 1.35. Fach nonzero ideal I of K[X1,...,X,] has a unique reduced Groebner basis with
respect to any monomial ordering.

Proof. Let {f1,...,fr} and {g1,...,9s} be reduced Groebner bases of I with respect to the monomial
ordering >.

Claim that » = s and after reordering LT~ (f1) = LT>(¢1),...,LT>(fs) = LT=(gs). Indeed, by
definition of Groebner bases, LT~ (g1) is divisible by some LTs (f;), 1 < i < r. We may assume that
i = 1. Moreover, LT~ (f1) is divisible by some LT~ (g;), 1 < j < s. Then LT~ (g;) divides LT~ (g1). By
minimality, we have j = 1. Since f; and g¢; are monic, it follows that LT~ (f;) = LT~ (g1). The same
argument applies to the other generators. In this way, we obtain the desired result.

Claim that f; = ¢1,..., fs = gs. Indeed, consider the polynomial f; — ¢g;. The first assertion shows
that the leading terms in f; and g; cancel. From this and the definition of reduced Groebner bases it
follows that no term in f; — g1 is divisible by LT~ (f1) = LT~ (g1),LT>(f2) = LT>(g2),...LTs(fs) =
LT(gs). Thus if f; — gy is divided into (f1,..., fs), it is already the remainder. But f; — gy € I and so it
follows from Prop. 1.24 that (f; — ¢1)¢ = 0. Hence, f; = g1. The same procedure applies to the other
generators and the claim follows.

Finally, claim that the ideal I has a reduced Groebner basis. Indeed, the ideal I has a minimal
Groebner basis {g1,...,9s} by Prop. 1.34. First, replace g; by the remainder of g; modulo (ga,...,gs).
By the division algorithm, none of the terms of the new g is divisible by LT~ (g2), . .., LT~ (gs). Moreover,
by minimality, the leading term of the original g; will be shifted to the new g¢;. Second, substitute g
by the remainder of go modulo (¢1,9s,...,9s). This procedure is Continued until g, is replaced by
the remainder of g5 modulo (g1, ...,gs—1). Then the leading terms of the original generators g1, ..., gs
will survive and thus the new generators g1, ..., gs will still form a Groebner basis. Furthermore, by
construction, none of the terms in g; is divisible by LT~ (g;) by any pair ¢ # j. Hence, we end up with
a reduced Groebner basis as claimed. O

Example 1.36 (Singular). The commands groebner and std compute reduced Groebner bases with
respect to (global) monomial orderings.
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> ring r = 0, (x,y,2), dp;

> ideal i = xyz, xXy-yz, Xz-y2;
> ideal j = std(i);

> 3;

j[1]=y2-xz

j[2]=xy-yz

j[3]=yz2

j[4]=x2z-xz2

j[6]1=xz3

1.8 Toric Ideals

Toric ideals represent algebraic relations between monomials and arise naturally in algebraic statistics.
Let K be a field and let X4,...,X,, and Y3,...,Y,, be variables over K. Let t¢1,...,t, be monomials
in K[Y1,...,Y,,]. Consider the K-algebra homomorphism ¢ : K[X7,..., X, ] — K[Y3,...,Y},] given by

b Xit;, 1<i<n. (1.19)

The kernel of this map, ker¢ = {a € K[X1,...,X,] | #(a) = 0}, is called the toric ideal associated
with ¢1,...,t, and is denoted by I(t1,...,t,).

Proposition 1.37. Let R be a ring and let R[X1,. .., X,] be a polynomial ring over R. Let ty,... t, €
R and let ¢ : R[X4,...,X,] = R be an R-homomorphism defined by (X;) =t;, 1 <i<n.

e For each element f € R[X1,...,X,], there exist elements hy,...,h, € R[X1,...,X,] andr € R
such that

fzzhi'(Xi_ti)+T-
=1

e The kernel of the R-homomorphism 1 is the ideal (X; —t; | 1 <i <n) in R[X1,...,Xn].
Proof.

e Divide the polynomial f € R[X,...,X,] into X; — ¢;, 1 < i < n. The division yields the desired
representation of f.

o We have Y(X; —t;) = ¢¥(X;) —¢(t) = ¥(X;) —t; =0, 1 < ¢ <mn, and thus the ideal (X; —¢; |1 <
i < n) belongs to the kernel of 1. Conversely, assume that f € R[X,..., X,] lies in the kernel of
1. By the first assertion, we have 0 = f =>"" | h;- (X; — ;) +7. Then 0 = ¢(f) = f(t1,....tn) =7
and thus the polynomial f lies in the ideal (X; —¢; | 1 < i < n). a

Proposition 1.38. Let t1,...,t, be monomials in K[Y1,..., Y] and let J = (X; —t; |1 <i<n) be
an ideal of K[X1,..., X, Y1,..., Y]

o We have I(t1,...,t,) = JNK[Xq,...,X,].
o [If G is a Groebner basis of J with respect to an elimination ordering with Y1 > ... > Y, > X1 >
. > Xy, then GNK[Xy, ..., X,] is a Groebner basis of I(t1,...,tn).
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Proof. Take the K-algebra homomorphism ¢ : K[X1,...,X,,Y1,..., Y] = K[Y1,...,Y,] given by
YY) =Y, 1 <i<m,and ¥(X;) = ¢, 1 < i < n. Consider K[Xq,...,X,] as a subring of the
polynomial ring K[Xy,...,X,,Y1,...,Y;,] and observe that the K-algebra homomorphism ¢ given
in (1.19) is the restriction of ¢ onto K[X1,...,X,]; that is, ¢(f) = ¢(f) for each f € K[Xq,...,Xy].
Thus by Prop. 1.37, we have kert) = J and hence I(t1,...,t,) = ker¢ = kergx,... x,] = J N
K[Xy,..., X,].

The second assertion follows directly from the Elimination theorem. a

A polynomial in K[X7, ..., z,] is a binomial if it is given by the difference of two monomials. Thus a
binomial is of the form X®—X” where a, 8 € Nii. A binomial X®— X7 is called pure if ged(X*, X#) = 1.
For instance, the binomial X; X3 — X3X7 is pure, while X; X3 — X; X3X7 is not.

Theorem 1.39. Consider a grading on the polynomial ring K[ X1, ..., X, Y1,..., Y] where the degrees
of the variables Y1,...,Y,, are arbitrary and deg X; = degt;, 1 < i < n. Then the toric ideal I =
I(ty,...,t,) is prime, generated by pure binomials, and homogeneous.

Proof. Let fg € I. Then 0 = ¢(fg) = o(f)o(g). But K[Xq,...,X,] is an integral domain and so
d(f) =0o0r ¢(g) =0. Thus f € I or g € I and hence [ is a prime ideal.

Theideal J = (X;—t; |1 <i<n)of K[Xy,...,Xpn,Y1,..., Y] is generated by binomials. Groebner
basis theory implies that all elements in any reduced Groebner basis of J are also binomials. Thus by
Prop. 1.38, the ideal I is generated by binomials. Let X* — X” be a binomial in I. Suppose it is not
pure. Then X — X# = X7(X? — X¢) for some v,d,¢ € N§ and so 0 = ¢(X* — XP) = t7¢(X? — X°).
Since K[X1, ..., X, is an integral domain, ¢(X° — X¢) = 0. Thus X° — X¢ € I and hence [ is generated
by pure binomials.

The ideal J is homogeneous, since it is generated by homogeneous polynomials. Let f be a polynomial

in JNK[X7y,...,X,]. Since J is homogeneous, all homogeneous components of f lie in J and therefore
all homogeneous components belong to K[ X7, ..., X,,]. Thus all homogeneous components are in I and
hence I is homogeneous. a

Example 1.40 (Singular). The toric ideal I = I(Y3Y3), Y2, YZ) is the kernel of the Q-algebra homo-
morphism ¢ : Q[X1, Xo, X3] — Q[Y7, Y2] given by

$(X1) =YY, 6(Xo) =Y7, and $(X;) =Y5.
Consider the ideal J = (X; — YY3, Xo — Y2, X3 — Y2) of Q[X1, X2, X3, Y1, Ya]. The following compu-
tation provides a reduced Groebner basis of J,

> ring r = 0, (y(1..2), x(1..3)), dp;

> ideal j = x(1)-y(1)"3%y(2)°2, x(2)-y(1)"2, x(3)-y(2)"2;
> eliminate( std(j),y(1)*y(2) );

_[1]1=x(2) "3*x(3) ~3-x(1)"2

The toric ideal I = J N Q[X1, X2, X3] has the reduced Groebner basis {X? — X5 X3}. &

Toric ideals often arise by using integral matrices. To see this, let A = (a;;) be an integral m x n
matrix with non-negative entries. The columns of the matrix A give rise to the monomials

=Y YEmi s 1< i<, (1.20)

in the polynomial ring K[Y1,...,Y,,]. The toric ideal associated to A is the toric ideal I(t1,...,t,) in
K[X7,...,X,], which is also denoted by I(A).
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Proposition 1.41. Let A = (a;;) € ZZ™". The toric ideal I(A) equals the ideal
Ip=(X*—XP|Aa = AB, a, B € N}).

Proof. Let o € NjJ. The K-algebra homomorphism ¢ : K[ X7, ..., X, | = K[Y7,...,Y,] given by ¢(X;) =
t; with ¢; as in (1.20), 1 <4 < n, assigns to the monomial X the monomial YA,

Let X*—X? liein I4. Then ¢(X*—X?) = ¢(X ) —p(X?) = YA« Y48 = 0 and thus X* — X7 lies
in I(A). Conversely, by Thm. 1.39, the toric ideal I(A) is generated by binomials X® — X# «, 3 € NI
For each such binomial, 0 = ¢(X* — X#) = ¢(X®) — ¢(X?) = YA* — V4% Thus Aa = AB and hence
X — X# belongs to I4. &

Example 1.42 (Singular). The integral matrix

0101
A=10011
2110

gives the toric ideal I(A) = I(Y{,Y1Y3, YaY3,Y1Y2). A reduced Groebner basis of this ideal is {X7 X, —
X5 X3} as can be seen from the following calculation,

ring r = 0, (x(1..4),y(1..3)), 1lp;

ideal i = x(1)-y(3)72, x(2)-y(D*y(3), x(3)-y(2)*y(3), x(4)-y(1)*y(2);
ideal j = std(i);

eliminate( j, y(1)*y(2)*y(3) );

_[11=x(1)*x(4)-x(2) *x(3)

vV V V V



24 1 Commutative Algebra



2

Algebraic Geometry

Algebraic geometry is the study of algebraic varieties, which are the zero sets of systems of multi-
variate polynomials. Algebraic varieties are geometric objects that can be described algebraically by
commutative algebra. This section provides a dictionary which allows to translate geometric objects
into algebraic ones.

2.1 Affine Varieties

Let K be a field. The set K™ = {(a1,...,a,) | a1,...,a, € K} is the affine n-dimensional space over
K. Each polynomial f in K[X;,..., X, ] defines a polynomial function f : K™ — K, where the value at
the point a = (ai,...,a,) € K" is obtained by substituting X; = a;, 1 < i < n, and evaluating the
resulting expression in K. More precisely, if f =" ca X%, ¢o € K, then

f(al,...,an):z:caao‘7 a® =aft---air. (2.1)
«

This amounts to a ring homomorphism which assigns to each polynomial f € K[X7,..., X,] its poly-
nomial function f : K" — K.

Proposition 2.1. Let K be an infinite field. A polynomial f € K[X1,...,X,] is the zero polynomial if
and only if the corresponding polynomial function f : K™ — K is the zero function.

Proof. The zero polynomial f = 0 gives rise to the zero polynomial function.

Conversely, we need to show that if f is the zero polynomial function, i.e., f(a) = 0 for all « € K",
then f is the zero polynomial. In case of n = 1, the Fundamental theorem of algebra applies which
says that each nonzero polynomial f € K[X] of positive degree m has at most m roots in K. Since K
is infinite, the assumption that f(a) = 0 for all a € K is only satisfied by the zero polynomial.

Let n > 1. Take a polynomial f in K[Xy,...,X,, X,+1]. Write f as a polynomial in X, with
coefficients in K[ X1, ..., X,]; that is,

N
F="hi(Xy,. . X)X,

=0
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where h; € K[Xy,...,X,]. Let (a1,...,a,) € K" Then f(a1,...,an, Xnt1) € K[Xpt1]. In view of
the case n = 1, f(a1,...,apn, Xnt1) is the zero polynomial. Thus h,(aq,...,a,) = 0 for 0 < ¢ < N.
Since (ay,...,a,) was chosen arbitrarily, each h; is the zero function. By induction, each h; is the zero
polynomial. Hence, f is the zero polynomial. a

Corollary 2.2. Let K be an infinite field and let f,g € K[X1,...,X,]. Then f = g in K[X1,..., X,]
if and only if f,g define the same polynomial functions.

Proof. Suppose f,g € K[X1,...,X,] give rise to the same polynomial function. Then the polynomial
f — g vanishes at all points in K”. By Prop. 2.1, f — g is the zero polynomial and hence f = g. The
converse is clear. O

The situation is different for finite fields. For instance, all elements of the finite field Fy with g elements
are zeros of the polynomial X7 — X.

The objects studied in affine algebraic geometry are the subsets of the affine space defined by one
or more polynomial equations. For instance, in the Euclidean space R3, consider the cone given by the
set of triples (x,v, 2) that satisfy the equation X2 +Y? = Z (Fig. 2.1).

Fig. 2.1. Cone in Euclidean 3-space.

Note that any polynomial equation f = g can be rewritten as f — g = 0. Thus it will be customary
to write all equations in the form f = 0. More generally, the simultaneous solutions of a system of
polynomial equations are considered.

Let S be a set of polynomials in K[X1, ..., X,]. The set of all simultaneous solutions (ay,...,a,) €
K" of the system of equations

flar,...;a,) =0, fe€S, (2.2)

is the affine variety defined by S and is denoted by V(S). In particular, if S = {f1,..., fs} is a finite
set, we also write V(S) = V(f1,..., fs). A subset V of K" is an affine variety if V.= V(S) for some set
S of polynomials in K[X7, ..., X,]. For instance, we have V({1}) = 0 and V({0}) = K", and thus both
the empty set and the affine space K™ are affine varieties (Fig. 2.2).
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Fig. 2.2. Intersection of cone and plane in Fuclidean 3-space.

Example 2.3 (Maple). The cubic plane curve Y? = X2(X + 1) in R? can be generated by using the
command (Fig. 2.3)

> with(plots):
> plot ([sqrt (x~2*(x+1),-sqrt (x"2*(x+1))], x=-1..10);

30
20 1

10 A

Fig. 2.3. Cubic plane curve.

Proposition 2.4. If S and S’ are subsets of K[X1,...,X,] such that S C S’, then V(S’) C V(S).
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If there is more than one defining equation, the resulting affine variety can be considered as an
intersection of other varieties.

On the other hand, the set W = R\ {0, 1, 2, 3} is not an affine variety. Indeed, a polynomial f € R[X]
that vanishes at every point in W has infinitely many roots. Since a polynomial in K[X] of degree n > 1
at most n zeros in K, the polynomial f must be the zero polynomial. Hence, the smallest affine variety
in R that contains W is the whole real line.

The study of affine varieties depends heavily on the base field. In particular, algebraic geometry over
the field of real numbers has some unpleasant surprises. For instance, we have V(X2 + 1) = 0 if taken
over R. On the other hand, each polynomial in C[X] factors completely by the Fundamental theorem
of algebra and we find that V(X2 + 1) = {+i}.

Proposition 2.5. If V is an affine variety in K", there is an ideal I of K[X1,...,X,] such that
vV =v).

Proof. By definition, there is a subset S of K[X1,...,X,] such that V' = V(S). Let I be the ideal
of K[X1y,...,X,] generated by the elements of S. So each element f € I can be written as f =
hifi + ...+ hsfs, where f1,..., fs € S and hq,...,hs € K[X1,...,X,]. Thus for each point a € V(95),
fila) = ... = fs(a) = 0 and thus f(a) = 0. Hence, V(S) C V(I). Conversely, S is a subset of I and
thus V(S) 2 V(I). O
Theorem 2.6 (Weak Nullstellensatz). Let K be an algebraically closed field. If I is a proper ideal
of K[X1,...,X,], the affine variety V(I) is nonempty.

Proof. Each proper ideal I in K[X] is generated by a single polynomial f € K[X]; this can be shown
by using the divison theorem. Thus we have I = (f). The Fundamental theorem of algebra says that if
K is algebraically closed, each nonconstant polynomial f has a zero in K. It follows that V(I) # 0.

Assume that the result holds for the proper ideals of K[Xs, ..., X,;]. Take an ideal I of K[ X7, ..., X,,]
for which V(I) = (). By Hilbert’s basis theorem, I is finitely generated and so I = (f1,..., fs) for some
fis-oo fs € K[X4,...,X,]. Suppose f1 # 0 is not a constant polynomial; otherwise, I = K[X, ..., X,].
Write f1 as a polynomial in K[Xo, ..., X,,][X1]; that is,

fi(Xq,..., X)) = CX{V + terms in which X; has degree < N,
where 0 # ¢ € K[ X3, ..., X,]. Consider the following nonsingular linear change of coordinates,

Xl = Y17
Xo =Ys +a2Y:, az €k,

X,=Y,+a,Y1, a,€eK
By this setting, we obain

[(X, LX) = AV Ya +aYa, . Y +anYh)
= c¢(ag,...,a,)Y;¥ + terms in which Y; has degree < N,

where c(ag, ..., a,) is a nonzero polynomial expression in ag, ..., a,. Since K is algebraically closed, K
is infinite. Thus by Prop. 2.1, as, ..., a, can be chosen such that c(as,...,a,) # 0.
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Under this linear transformation, each polynomial f € K[X},...,X,] becomes a polynomial f €
K[Y7,...,Y,]. Moreover, the ideal I passes to the ideal I = (fy,..., fs) which also satisfies V() = 0.
Furthermore, the polynomial f; transforms into

i, ..., Y,) =c(aq,. .., a")YlN + terms in which Y; has degree < N,

where c(asg, ..., cn) # 0.

Take the projection mapping 7 : K* — K"! : (ay,as,...,a,) — (a2,...,a,) and put I =
In K[Ys,...,Y,]. As the leading coefficient of the polynomial fl is a constant, the Extension theorem
implies that partial solutions in K"~! always extend; that is, V(I;) = 71 (V(1)). It follows that V(I;) =
m(V()) = m(0) = 0. By induction, we have I; = K[Y3,...,Y,]. Thus 1 € I; C I and hence I =
K[X1, ... X]. 0

Example 2.7 (Singular). The substitution defined in the proof is a ring homomorphism given as
follows:

ring r 0, (x,y,2), dp;

poly f = x2yz+xy+z2;

ring s = 0, (u,v,w), dp;

map F = r, u, 2u+v, 3u+w // map F from ring r to ring s
// x => x, y => 2utv, z -> 3utw

> poly g = F(£); // apply F

6u”4+3udv+2udw+u2vw+llu2+uv+buw+w2

vV V V V

o

Example 2.8 (Singular). Consider the ideal [ = (XY —Y,Y? — X2 X —Y?) in Q[X,Y].

> ring r = 0, (x,y), dp;

> ideal i = xy-y, y2-x2, x-y3;

> std(i);

_[11=x-y

_[2]=y2-y
The reduced Groebner basis is G = {X —Y,Y? — Y} and thus the variety V(I) consists of three points
in C2, namely V(I) = V(G) = {(0,0), (1,1), (=1,-1)}. &

2.2 Ideal-Variety Correspondence

We set up a dictionary that allows to relate geometric properties to algebraic ones.
Proposition 2.9. If I and J are ideals of K[X1,...,X,], then V(I + J) =V(I)NV(J).

Proof. By Prop. 1.3, I +J is an ideal. Since I and J are subsets of I 4 J, it follows from Prop. 2.4 that
V(I+J)CV({I)and V(I+ J) CV(J). Therefore, V(I +J) CV(I)NV(J).

Conversely, let (ai,...,a,) € V(I)NV(J) and let h € I + J. Then there are polynomials f € I
and g € J such that h = f + g. By hypothesis, f(ai,...,a,) = 0 and g(ai,...,a,) = 0. Thus
h(ai,...,a,) =0 and hence (a1,...,a,) € V(I + J). O
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Example 2.10 (Singular). In the Euclidean space R?, consider the surfaces V(Y —X?) and V(Z—X?3).
Their intersection yields an interesting curve, the twisted cubic V = V(Y — X2, Z — X?) where

V=YY -X%Z-X)=VY -X*)nV(Z - X3
= {(z,2%,2) | 2,z € Ry N {(z,y,2°) | z,y € R}
= {(x,2%,2%) | x € R}.

The latter representation is a parametrization of V' which provides a way to draw the curve (Fig. 2.4).
However, not every affine variety can be parametrized in this way. &

Fig. 2.4. Twisted cubic.

Proposition 2.11. If T and J are ideals of K[X1,...,Xy,], then V(I -J) =V(I)UV(J).

Proof. Let (ay,...,a,) € V(I - J). By definition, the ideal I - J is generated by elements of the form
f-g, where f € T and g € J. It follows that (f-g)(a1,...,a,) = f(a1,...,a,) g(a1,...,a,) = 0. Thus
(@1,...,an) € V(I) or (a1,...,a,) € V(J) and hence (a1, ...,a,) € V(I)UV(J).

Conversely, let (ay,...,a,) € VI)UV(J). Assume that (a1,...,a,) € V(I). Then f(a1,...,a,) =0
for all polynomials f € I and so f(a1,...,a,) " g(ay,...,a,) =0 for each polynomial g € J. It follows
that (f - g)(a1,...,a,) = 0. But the ideal I - J is generated by elements of the form f - g, where f € I
and g € J. Therefore, (a1,...,a,) € V(I-J). O

Example 2.12 (Singular). The ideals I = (X,Y) and J = (Z) give rise to the (z,y)-plane V(X,Y)
and the z-axis V(Z), respectively. The product ideal IJ = (X Z,Y Z) provides the union of the (x,y)-
plane and the z-axis.

> ring r = 0, (x,y,z), dp;
> ideal i = x,y;
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> ideal j = z;

> ideal ij = i*j;
> std(ij);
_[1]=yz

_[2]=xz

Proposition 2.13. If I and J are ideals of K[X1,...,X,], then V(INJ)=V(I)UV(J).

Proof. Let (a1,...,a,) € VI)UV(J). Assume that (a1, ...,a,) € V(I). Then f(a,...,a,) = 0 for each
polynomial f € I. Thus f(a1,...,a,) = 0 for all polynomials f € INJ and hence (a1, ...,a,) € V(INJ).

Conversely, we have I - J C I'NJ by Prop. 1.4 and thus V(I nJ) C V(I -J) by Prop. 2.4. But
V(I-J)=VY{I)UV(J) by Prop. 2.11 and so V(INJ) CV(I)UV(J). O

Proposition 2.14. If K is algebraically closed, each finite subset of the affine space K" is an affine
variety.

Proof. By Ex. 1.9, each maximal ideal of K[X1,..., X,] has the foom m, = (X; —a4,...,X,, — a,) for
some point a = (ay,...,a,) € K". Take the ideal I given by the sum of maximal ideals m,, where a
runs over the elements of V. Since V(m,) = {a} for each point a € K", we have V = V(I). O

We associate to each affine variety V' in K™ the collection of polynomials Z(V') that vanish at every
point of V| i.e.,

ZV)=A{f eK[Xy,...,Xn] | fla1,...,an) =0 for all (a1,...,a,) € V} (2.3)
The set Z(V') called the ideal of V.
Proposition 2.15. If V is an affine variety in K™, then Z(V') is an ideal of K[X1,...,X,].

Proof. Let f,g € Z(V) and h € K[X1,..., X,,]. For each (a1,...,a,) € V, we have (f —g)(a1,...,a,) =
flai,...,an) —gla1,...,an) =0and (f-h)(a1,...,an) = f(a1,...,a,) - h(ay,...,a,) = 0. Therefore,
f—gand f-heZ(V). O

For instance, we have Z(0) = K[Xy, ..., X,]. If K is infinite, then by Prop. 2.1, Z(K") = {0}. If K
is algebraically closed, for each point (a,...,a,) € K", Z({(a1,...,a,)}) = (X1 —a1,..., Xn —an) by
the proof of Prop. 2.14. For example, Z({i}) = (x — i) over C, but Z({i}) = (z? + 1) over R.

Proposition 2.16. If V and V' are affine varieties in K™ such that V.C V', then Z(V') CZ(V).

If V.=VY(I), is it always true that Z(V) = I? The answer is no, as the following simple example
demonstrates. Consider the ideal I = (X?) in R[X, Y] that consists of all polynomials divisible by X?2.
The corresponding affine variety V = V(X?) is given by the z-axis. Therefore, the ideal Z(V) = (X)
is generated by the polynomial X and hence the ideal Z(V(I)) is strictly larger than I. The reason is
that the ideal (X?) is not radical, but (X) has this property.

Proposition 2.17. If V is an affine variety in K", the ideal Z(V') is radical.
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Proof. Write I = Z(V). Let f € K[X1,...,X,] such that f™ € I for some integer m > 1. Then the
polynomial f™ vanishes at each point of V. But 0 = f™(a) = f(a)™ for each point a € K" and so f
vanishes at each point of V. Thus f € I and hence the ideal I is radical. O

The properties of the field K also affect the relation between an ideal I in K[X7,..., X,] and the
corresponding ideal Z(V(I)). For instance, over the field of real numbers, we have V(X2 + 1) = () and
thus Z(V(X?2+1)) = R[X]. On the other hand, if we take the field of complex numbers, each polynomial
in C[X] factors completely by the Fundamental theorem of algebra. We find that V(X2 + 1) = {%i}
and thus Z(WV(X? 4+ 1)) = (X2 +1).

Proposition 2.18. If I is an ideal of K[X1,...,X,], then VI C Z(V(I)).

Proof. Let f € v/I. Then there exists an integer m > 1 such that f™ € I. Thus for each point a € V(I),
we have 0 = f™(a) = f(a)™ and thus f(a) = 0. Hence, f € Z(V(I)). O

Theorem 2.19 (Strong Nullstellensatz). If K is an algebraically closed field and I is an ideal of
K[X1,...,X,], then

V(D)) = V1. (2.4)

The proof is given by the Rabinowitsch trick, a short way to show the Nullstellensatz.

Proof. Let I be an ideal of K[ X7, ..., X,;]. By Hilbert’s basis theorem, there are polynomials f1,..., fs €
K[Xy,...,X,] such that I = (f1,..., fs). Take f € Z(V(I)). Then f(a1,...,a,) = 0 for each point
(a1,...,an) € V(I). Consider the ideal I = (f1,..., fs,1 =Y - f) of K[X1,..., X,,Y].

Claim that V(I) = 0. Indeed, let (ai,...,an,any1) € KT If (ay,...,a,) € V(I), then
flay,...;a,) = 0. It follows that 1 — Y - f, evaluated at the point (ai,...,an,a,+1), has the value
1—ani1f(as,...,a,) =1 and so (a1,...,an, an1) € V). If (ay,...,a,) € V(I), there is an index
i, 1 <4 < s, such that fi(ai,...,a,) # 0. Think of f; as a polynomial in n + 1 variables. Then
filat,...,an,ans1) # 0 and hence (ay,...,ay,, ant1) € V(f) This proves the claim.

Since V(f) = (), the Weak Nullstellensatz implies that 1 € 1. Thus there are polynomials h, hi, . . ., hs
in K[X4,...,X,,Y] such that

l=hi-fit...+hs-fs+h-(1=Y-f).

Put Y =1/f. Then we obtain an equation of rational functions
1= hi(X1,..., X0, 1/f) - fi.

Multiply both sides by a power f™, where m is sufficiently large to clear the denominators. The resulting
equation has the form f™ = 3" h;f; € I, where h; € K[Xy,...,X,], 1 < i < s. Thus f lies in the
radical ideal v/T and hence we have shown that Z(V(I)) is a subset of v/I. By Prop. 2.18, the result
follows. O

Example 2.20 (Singular). The ideal I = (Y — X2, Z — X?) in Q[X,Y, Z] defining the twisted cubic
curve is radical as the following computation shows.
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> ring r = 0, (x,y,z), dp;
> ideal i = y-x2, z-x3;
> LIB "primdec.lib";
> std(i);

_[1]1=y2-xz

_[2]=xy-z

_[31=x2-y

> ideal j = radical(std(i));
> std(j);

_[1]1=y2-xz

_[2]=xy-z

_[31=x2-y

Theorem 2.21 (Ideal-Variety Correspondence).
o Let K be an arbitrary field. The maps

affine varieties in K" l> ideals in K[ X1, ..., X,]

and
ideals in K[X1,..., X,] Y, affine varieties in K"

are inclusion-reversing, and V(Z(V)) =V for each affine variety V in K".
o Let K be an algebraically closed field. The maps

affine varieties in K" l) radical ideals in K[ X, ..., X,)

and
radical ideals in K[X1,..., X;] Y, affine varieties in K"

are inclusion-reversing bijections and inverses of each other. In particular, Z(V(I)) = I for each
radical ideal I of K[X1,...,X,].

Proof. First, Prop. 2.4 and 2.16 show that the maps are inclusion-reversing.

Second, let V be an affine variety in K"™. Then there is an ideal I in K[X,...,X,] such that
V = V(I). By Hilbert’s basis theorem, there are polynomials fi,..., fs in K[X,...,X,] such that
I = {(fi,...,fs). Let (a1,...,a,) € V. Then fi(ay,...,an) = --- = fs(a1,...,a,) = 0. But each
element h € I is of the form h = hyfi + ... + hsfs, where h; € K[X1,...,X,], 1 < i < s. Thus
h(ai,...,a,) = 0 and hence I is contained in Z(V). Then by Prop. 2.16, V(Z(V)) is contained in
V =V(I). Conversely, let (a1,...,a,) € V. Then f(ay,...,a,) =0 for each polynomial f € Z(V') and
so (a1,...,an) € V(Z(V)). It follows that V is a subset of V(Z(V')). Hence, V(Z(V)) = V.

Third, the Strong Nullstellensatz says that Z(V(I)) = I for each radical ideal I in K[X7,...,X,].
Moreover, the first part exhibits that V(Z(V)) = V for each affine variety V in K". This shows that
the mappings are bijective and inverses of each other. O
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2.3 Zariski Topology

The affine varieties of the affine space K" form the closed sets of a topology on K™. Recall that a family
of subsets = of a set X is a topology on X if both the empty set and the whole set X are elements of
=, any intersection of finitely many elements of = is an element of =, and any union of elements of

Z' is an element of =. The members of = are the open sets in X and their complements in X are the
closed sets in X.

Proposition 2.22. Let I and J be ideals and let (I;) be a family of ideals of K[X1,...,X,].

o V(0)=K" and VKX, ..., X,]) = 0.
o V(IJ)=V(I)UV(J).
V(X 1) =N, V().

Proof. The first assertion is obvious. The second assertion is Prop.2.11. Finally, the ideal y I; consists
of all finite sums of the form >, f;, where f; € I;. It follows that V(3_; I;) is equal to the intersection
of all affine varieties V(I;). O

These assertions show that the affine varieties in K™ are the closed sets in K™: The whole space and the
empty set are closed, the finite union of closed sets is closed, and the arbitrary intersection of closed
sets is closed. This topology is the Zariski topology on K". By Prop. 2.14, each finite subset of K™ is
closed.

Proposition 2.23. If W is a subset of K™, then the set V(Z(W)) is the smallest affine variety that
contains W.

Proof. By Prop. 2.15, the set Z(W) is an ideal of K[X7,..., X,,] and thus by definition V(Z(W)) is an
affine variety in K.

Claim that W is a subset of V(Z(W)). Indeed, if (a1, ..., a,) € W, each polynomial in Z(W') vanishes
at the point (ay,...,a,) and thus the point (ay,...,a,) belongs to V(Z(W)).

Claim that each affine variety V in K" with W C V satisfies V(Z(W)) C V. Indeed, if W C V|, then
by Prop. 2.16, Z(V) € Z(W) and by Prop. 2.4, V(Z(W)) C V(Z(V)). But V is an affine variety and
therefore by Thm. 2.21, V(Z(V)) = V. O

The Zariski closure of a subset W of K" is the smallest affine variety containing it. By Prop. 2.23,
the Zariski closure of W equals V(Z(W)). For instance, we have seen that the Zariski closure of the set
W =R\ {0,1,2,3} is the real line R. By the ideal-variety correspondence, if V' is an affine variety, then
V(Z(V)) =V and hence each affine variety equals its Zariski closure.

2.4 Irreducible Affine Varieties

Affine varieties can be decomposed into irreducible components which can then be studied separately.
An affine variety V in the affine space K™ is irreducible if in each expression of V' as a union of affine
varieties V =V U Vo, either V. =V; or V = V5.

Proposition 2.24. An affine variety V in K™ is irreducible if and only if the ideal Z(V') is prime in
K[Xq,..., X,].
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Proof. Let V be irreducible and let fg € Z(V). Put V1 = VN V(f) and Vo = V N V(g). By Prop. 2.9,
the intersection of affine varieties is an affine variety and thus V7 and V5 are also affine varieties. By
Prop. 2.4, V(fg) 2 V(Z(V)). Moreover, since V. C V(Z(V)), we have V.= V N V(fg). It follows by
Prop. 211, V.=V N (V(f) UV(g)) = (VNV(f)) UV NV(g)) = V1 UV, But V is irreducible and so
V =V, or V= V,. Without loss of generality, let V' = V;. Then the polynomial f vanishes on V' and
thus f € Z(V). Hence, the ideal Z(V) is prime.

Conversely, suppose V' is reducible. Then there are affine varieties V; and V5 contained in V' such
that V' = V7 U V4. By Prop. 2.16, we have Z(V) C Z(V4) and Z(V) C Z(V3). By the ideal-variety
correspondence, we have Vi = V(Z(V1)), Vo = V(Z(Vs)), and V = V(Z(V)). Since V1 £V and V5 £V,
it follows that Z(V;) # Z(V) and Z(V,) # Z(V'). Take polynomials f € Z(V1)\Z(V) and g € Z(Vo)\Z(V).
Then fg € Z(V4 U Va) = Z(V) and hence Z(V) is not prime. O

Example 2.25. The ideals I; = (X,Y) and I> = (Z) are prime in R[X,Y, Z]. Thus the corresponding
affine varieties, the (z,y)-plane V(I1) = {(z,9,0) | z,y € R} and the z-axis V(I2) = {(0,0,2) | z € R},
are irreducible. &

Proposition 2.26. Each affine variety V in K™ can be uniquely written (up to permutation) in the
form
V=WVu...UV,,

where Vi, ...,V are pairwise distinct irreducible affine varieties.

Proof. Let V be an affine variety that cannot be written as a finite union of irreducible affine varieties.
Then V is reducible with V' = V; U VY such that V; # V and V{ # V. Furthermore, at least one of V;
and V{ cannot be described as a union of irreducible affine varieties. Assume that V] is not a union of
irreducible affine varieties. Then again write Vi = Vo U VY, where V5 # V; and V3§ # V;. Continuing
in this way, we obtain an infinite descending sequence of affine varieties V2> V4 D V45 D .... By the
ideal-variety correspondence, the operator Z is one-to-one and thus gives rise to an ascending sequence
of ideals Z(V) € Z(V4) C Z(Vz) C .... By the ascending chain condition 1.28, this chain must become
stationary contradicting the infiniteness of the sequence of affine varieties.

Assume there are two such expressions V =U;U...UU, = Wi U...UW,. Consider Uy =V NU; =
(WinU)U...U(WsnU). Since Uy is irreducible, there is an index j such that U; = W; N Uy; that
is, Uy € W;. Likewise, there is an index k such that W; C Uy. It follows that U; C Uy, which implies
by hypothesis that j = k£ and so U; = W; Continuing we see that » = s and that one decomposition is
only a renumbering of the other. a

Example 2.27. The affine variety V = {(z,v,2) | 2z = yz = 0,2,9y,2 € R} in R? is reducible,
since V' decomposes into the union of the (z,y)-plane Vi = {(x,y,0) | ,y € R} and the z-axis
V2 ={(0,0,2) | z € R}. Both are irreducible affine varieties. O

2.5 Elimination Theory

We provide a straightforward method for solving systems of polynomial equations based on the elimi-
nation orderings.

Let I be an ideal in K[X7,...,X,,] and let £ > 0 be an integer. The kth elimination ideal of I is
given as
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Ik:IﬂK[Xk+1,...,Xn]. (25)

Note that the 0-th elimination ideal is Iy = I. Clearly, I is an ideal of K[X7, ..., X,].

A monomial ordering > on K[Xj,...,X,] has the elimination property for Xq,..., Xy if f €
K[X1,...,X,] and LM> (f) € K[X}41,...,X,] implies f € K[Xk41,...,X,]. That is, monomials which
contain one of X1, ..., Xy are always larger than monomials which contain none of X1, ..., X;. A mono-
mial ordering > on K[Xy,...,X,] is an elimination ordering for Xi,..., X} if it has the elimination
property for Xy, ..., Xk.

For instance, the 1p ordering has the elimination property for any sequence Xi,..., Xk, k& > 0.
Product orderings provide a large class of elimination orderings. For this, let >; be a monomial ordering
on K[Xy,...,X,,] and >3 be a monomial ordering on K[Y7,...,Y,]. Then the product ordering > on
K[X1,...,Xm, Y1,...,Y,], denoted by (>1,>2), is defined by

XVP > XY = XO> XTV(XY=XYAYP >, 70).
The product ordering > on K[X;,..., X,,,Y1,...,Y,] is an elimination ordering for X,..., X,,.

Example 2.28 (Singular). Product orderings can be specified by the ring definitions.

> ring r = 0, (w,x,y,z), (dp(2),Dp(2)); // mixed product ordering
> poly f = wx2z+w2x2yz+wx+yz2+y2z;

> £

W2X2yz+wx2z+wx+y2z+yz2

¢
Theorem 2.29. (Elimination) Let I be an ideal of K[X1,...,X,] and let k > 0 be an integer. If G
is a Groebner basis of I with respect to an elimination ordering > for Xi,..., Xk, the k-th elimination

ideal I, of I has the Groebner basis
Gr =GNK[Xkt1,...,X5]

Proof. Let G ={g1,...,9s} be a Groebner basis of I. Assume that the first r < s elements of G lie in
K[Xki1y---y Xn)-

Claim that Gy = {g1,...,9-} is a generating set of I. Indeed, by definition, G C I and so
{g1,...,9r) C Ij. Conversely, let f € I. Then divide f into gy, ...,gs giving the remainder f¢ = 0. In
view of the given elimination ordering, the leading terms of the (eliminated) polynomials g,41,...,gs
must involve at least one of the variables X1, ..., X} and these terms are greater than any term in f.
It follows that the division of f into ¢1,...,gs does not involve g,y1,...,¢gs and therefore f is of the
form

f=hg+...+hg+0-gry1+...+0-g,+0.

Hence, f € (g1,...,9,) as required.

Claim that G = {g1, ..., g} is a Groebner basis of I;;. Indeed, divide the S-polynomial S(g;, g;) € I
into Gy, for each pair i # j, 1 < 4,j < r. The previous paragraph shows that the remainder S(gi7gj)G’“
is zero. Thus by the Buchberger S-criterion, G, is a Groebner basis of I. O

Example 2.30 (Singular).
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> ring r = 0, (w,x,y,2), lp;
> ideal i = w2,x4,y5,23,wxyz;
> eliminate(i,z);

_[1]=w2

_[2]=x4

_[3]=y5

> eliminate(i,yz);

_[11=w2

_[2]=x4

> eliminate(i,xyz);

_[1]1=w2

¢
An ideal T of K[X1,...,X,] generated by fi1, fa,..., fs provides a system of polynomial equations

f1207 f2207"'afs:O~

Any point (ai,...,a,) € V(I) is a solution of the system of equations, and any point (axi1,...,a,)
in V(Iy) is a partial solution of the system of equations. Each solution truncates to a partial solution,
but not each partial solution extends to a solution. This is where the following Extension results comes
into play. For this, note that each polynomial f in I;_1 can be written as a polynomial in X}, whose
coefficients are polynomials in Xgy1,...,X,,

f =X + terms in which X}, has degree < N, (2.6)
where 0 # ¢ € K[Xk41,...,X,] is called the leading coefficient polynomial of f.

Theorem 2.31. (Extension) Let K is an algebraically closed field. A partial solution (ag41,...,a,) in
V(Iy) extends to a partial solution (ag,agy1,...,a,) i V(Ix—1) if the leading coefficient polynomials of
the elements of the Groebner basis of I,_1 with respect to an eliminiation ordering with X1 > ... > X,
do not all vanish at (ag+1,-..,a0n).

Note that the condition of the theorem is particularly fulfilled if the leading coefficient polynomials
are constants in K. The Elimination theorem shows that a Groebner basis G of the given ideal I with
respect to the 1p ordering eliminates successively more and more variables. This gives the following
strategy for finding all solutions of the system of equations: Start with the polynomials in G with the
fewest variables, solve them, and then extend these partial solutions to solutions of the whole system
adding one variable at a time.

Example 2.32 (Singular). Consider the system of equations
X2 4+Y?24+2%2=2,
X?+2Y? =3,
XZ=1.

Take the ideal [ = (X2 +Y?2+ 2% -2, X24+2Y?-3,XZ —1) in C[X,Y, Z]. First, compute a Groebner
basis of I with respect to an elimination ordering.
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> ring r = 0, (x,y,2), 1lp; // lexicographical ordering
> ideal i = x2+y2+z2-2, x2+2y2-3, xz-1;

> ideal j = std(i); j;

j[11=2z4-2z2+1

j[2]=y2-z2-1

j [3]=x+2y2z-3z

The corresponding Groebner basis is G = {22* — Z2 +1,Y? — Z? — 1, X + 2Y?Z — 3Z}. The second
elimination ideal Iy = INC[Z] has the Groebner basis Gy = {2Z* — Z? 4 1}. The generating polynomial
is irreducible which can be tested by Maple.

> with(PolynomialTools):
> factor( 2z"4-z"2-1+1 );

The zeros of this polynomial can be numerically found as follows.

> LIB "solve.lib";

> ring r2 = 0, (2), lp;

> ideal i2 = 2z4-z2+1;

> solve (i2,6);

[1]:
(-0.691776+i*0.478073)

[2]:
(0.691776-1%0.478073)

[3]:
(0.691776-1*0.478073)

[4]:
(-0.691776+i*0.478073)

However, these roots are algebraic numbers and can be symbolically established by Maple.

> with(PolynomialTools) :
> solve( 2z"4-z"2-1+1, z );

This produces the four solutions

i%\/l+i\ﬁ, %\/1—i\ﬁ.

Note that each algebraic number has a degree which is the degree of its minimal polynomial over Q;
for instance, the above algebraic numbers have degree 4. By elimination, the first elimination ideal
I, = INCJ[Y, Z] is generated by the polynomials Y? — Z2 — 1 and 224 — Z2 + 1. The leading coefficient
polynomial of Y2 — Z2? — 1 € C[Z][Y] is the leading term of Y? which is a nonzero constant. Thus by
extension, each partial solution in V(I3) extends to a solution in V(I). There are eight such points. To
find them, substitute a root of the generator 274 — Z2? + 1 for Z and solve the resulting equation for
Y. For instance, the Maple command

> subs(Z=(1/2)*sqrt (1+I*sqrt (7)), G);

produces
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3 1 1 5 1 1 1
Z—Zwﬁ+§ﬁ+nﬁﬁyﬂ—i—f¢ix—§ 1+m5+1u+mﬁﬁﬂ

We can check that the first expression is a zero by using Maple
> evalf (%) ;

which yields as output

[0+ 04, —1.250000000 — 0.6614378278 - i + Y% —0.9783183438 + 0.6760967252 - i + X].

/5 1
Y =44/ -+ =iVT.
4—1—4z\ﬁ

Finally, the leading coefficient polynomial of X +273 — Z € C[Y, Z][X] is the coefficient of the term X
which is a nonzero constant. By extension, each partial solution in V() can be extended to a point in
V(I). For instance, for the above value of Z we obtain

1 1
= /144 — (144 3/2
X 5V +iV7 4( +iV7)

This gives rise to the following solutions of the system of equations,

(%V1+nﬁ—ig+¢¢ﬂwaiwg+iw€%V1+nﬁ)

All other solutions can be derived in the same way. &

The second expression shows that

Example 2.33 (Singular). Consider the system of equations

XY =1, (2.7)
XZ=1.

This gives the ideal I = (XY — 1,XZ — 1) in C[X,Y, Z]. First, calculate a Groebner basis of I with
respect to an elimination ordering.

> ring r =0, (x,y,2), 1lp;
> ideal i = xy-1, xz-1;

> ideal j std(i); j;
jl)=y-z

j[2]=xz-1

The associated Groebner basis is G = {Y — Z, XZ — 1}. The first elimination ideal I; = I N C[Y, Z]
has the Groebner basis G1 = {Y — Z}. The zeros of this generator are the pairs (a,a) with a € C; that
is, V(I1) = {(a,a) | a € C}.

The leading coefficient polynomial of XZ — 1 equals Z. By extension, each partial solution (a, a)
with a # 0 extends to a solution (X,Y,; Z) = (1/a, a,a) in V(I) and thus solves the system of equations.
Note that the partial solution (0,0) cannot be extended. &
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The above examples is rather simple because the coordinates of the solutions can all be expressed in
terms of roots of complex numbers. Unfortunately, general systems of polynomial equations are rarely
this nice. For instance, it is known that there are no general formulae involving only the field operations
in K and extraction of roots, forming so-called radicals, for solving single variable polynomial equations
of degree 5 or higher. This is a famous result due to Evariste Galois (1811-1832). Thus if elimination
leads to a one-variable equations of degree 5 or higher, we may not be able to give radical formulae for
the roots.

Example 2.34 (Maple). Counsider the system of equations
X5 +Y?2 4272 =2,

X?+2Y? =3,

XZ =1.

To solve these equations, we first compute a Groebner basis of the ideal I = (X® +Y? + 72 —2 X2 4
2Y?2 — 3,XZ — 1) with respect to the 1p ordering.

> with(Groebner) :
> F2 := [x75+y~2+272-2, x"2+2xy~2-3, x*z-1]:
> G2 := gbasis(F2, plex(x,y,z));

This gives the output
227 —7° — 73 +2,4Y? - 22° + 73 + Z — 6,2X +22° — Z* - 7?].

By elimination, the second elimination ideal I, = I N C[Z] is generated by the polynomial 2Z7 — Z5 —
Z3 + 2. This generator is irreducible over Q. In this situation, we need to decide what kind of answer
is required.

If we want a purely algebraic description of the solutions, then Maple can represent solutions of
systems like this by the solve command. Entering

> solve(convert(G2, set), {x,y,z});

gives the output

1 1
X=3- Root of(2.Z" — Z° — 73 +2)? + 3 Root of(2.Z2" — 7% — 7% 4 2)*
—Root_of(2.Z" — _Z° — 73 +2),
1
Y = 5 -Root_of(—6 + Y")?,
Y’ = Root_of(2.2" — _Z° — _Z3 4+ 2) + Root_of(2.Z7 — _Z° — 73 + 2)3
—2-Rootof(2.Z2" — Z° — 73+ 25+ 77,
Z = Root_of(2.2" — _7Z° — 7% +2).
Here Root_of(2_Z7 — _Z% — _Z3 +2) stands for any of the roots of the polynomial equation 2_Z7 — _Z° —
_Z3 +2 =0 in the dummy variable _Z.

On the other hand, in many practical situations where equations must be solved, knowing a numer-
ical approximation to a real or complex solution is often more useful and perfectly acceptable provided
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that the results are sufficiently accurate. The command fsolve finds numerical approximations to all
real or complex roots of a polynomial by a combination of root location and numerical techniques. For
instance,

> fsolve(z"7-z"5-z"3+2);

computes approximate values for the real roots of the polynomial. The output is
—1.160417997.

Using this approximate value Z = —1.160417997 as partial solution in V(I3), we can substitute this
number into the Groebner basis using

> L := subs (z = -1.160417997, G2);

and obtain
[~7-107%, —4.514744785 4 42 1.723516882 + 2X].

It shows that the value of the first polynomial is not exactly 0. Nevertheless, we can extend this
approximate partial solution as follows

>y := solve(L[2]);
> x solve(L[3]);

In this way, we obtain two approximate solutions of the system,
(x,y,2) = (—0.8617584410, £1.062396440, —1.160417997).

Checking one of these by substituting into the Groebner basis using
> subs([x=-0.8617584410, y=1.062396440, z=-1.160417997]1, G2);

we find that
[~7-107%,—1-1072,0].

Thus we have a reasonably good approximate solution in the sense that the values are very close to 0.
The remaining solutions can be derived in the same way. &

2.6 Geometry of Elimination

In this section, it will be shown that elimination can be interpreted as the projection of an affine
variety onto a lower-dimensional subspace. For this, take integers k,n with 0 < k < n and consider the
projection mapping

7 K 5 Kk (a1, an) = (Qkt1, -5 an).

Lemma 2.35. Let I be an ideal of K[ X1,...,X,] and let V = V(I) be the corresponding affine variety.
For each 0 < k < n, the k-th elimination ideal I, of I satisfies

ﬂk(V) Q V(Ik)
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Proof. Let f € Ii. Since f € I, it follows that for any point (a1, ...,a,) € V, we have f(a1,...,a,) =0.
But f only involves the coordinates Xy1,...,X, and so f(mg(a1,...,a,)) = f(ag+1,--.,an) = 0.
Hence, f vanishes at all points of (V). O

It follows that the projection of the k-th elimination ideal I, can be written as
(V) = {(ak+1s - an) € V(L) | Ja1,...,ar € K: (a1,...,a,) € V}.

Thus 7 (V') consists exactly of the partial solutions that extend to complete solutions. However, 7 (V)
is generally not an affine variety.

Example 2.36. Reconsider the system of equations XY = 1 and XZ = 1 in C[X,Y, Z] (Ex. 2.33).
The first elimination ideal I; is generated by the polynomial Y — Z and the associated affine variety
V(I1) = {(a,a) | a € C} is a line in the (y, z)-plane.

On the other hand, the projected set 71 (V) = {(a,a) | a € C,a # 0} is not an affine variety. It
misses the point (0,0), since there is no solution (a,0,0) € V(I) for some a € C. O

The gap between the projected set 7, (V) and the affine variety V(Ij) can be determined by using the
Extension theorem.

Theorem 2.37. Let K be an algebraically closed field, let I be an ideal of K[X1,...,X,], and let
V = V() be the corresponding affine variety. Let Gy = {g1,...,9s} be a Groebner basis of the first
elimination ideal I; of I with respect to an elimination ordering with X1 > ... > X,, and let h; denote
the leading coefficient polynomial of g;, 1 <1i < s. Then we have

V(1) =1 (VYU V(hy,. .., he) N V()]

Proof. By Lemma 2.35, the set on the right hand side lies in V(I;). Conversely, let (ag,...,a,) €
V(I). If (ag,...,a,) € V(hi,...,hs), then by the Extension theorem there exists a; € K such that
(a1,az,...,a,) € V(I) and thus 7 (a1, as,...,a,) = (az,...,a,) € m (V). Otherwise, (az, ..., a,) lies
in V(hl,,hs)OV(Il) O

The relationship between the projected set 7, (V') and the affine variety V(Ix) can be explained as
follows.

Theorem 2.38. (Closure) Let K be an algebraically closed field, let T = (f1,..., fs) be an ideal in
K[X1,...,X,], and let V = V(I) be the corresponding affine variety in K*. For each 0 < k < n, the
affine variety V(Ii,) is the Zariski closure of mp(V').

Proof. By Prop. 2.23, we have to show that V(I) = V(Z(7r(V))).

By Lemma 2.35, we have (V) C V(Ii). But by Prop. 2.23, V(Z(m(V))) is the smallest affine
variety containing 7, (V) and so V(Z(m(V))) C V(Ii).

Conversely, let f € Z(m,(V)); that is, f(ag+1,--.,an) = 0 for all (ag41,...,a,) € (V). Consider
f as an element of K[X1,...,X,]. Then f(ai,...,a,) =0 for all (ay,...,a,) € V; that is, f € Z(V(I)).
By the Strong Nullstellensatz, f € v/I. But f lies in K[Xy11,...,X,] and so f € VIj. It follows that
Z(m(V)) C V/Ig. Therefore, by Prop. 2.16, V(Ix) = V(1) C V(Z(m(V))). O

Example 2.39. Reconsider the system of equations XY = 1 and XZ = 1 in C[X,Y, Z] (Ex. 2.36).
The first elimination ideal I; has the associated affine variety V = {(a,a) | a € C} which is a line in
the (y, z)-plane. On the other hand, the projected set m1 (V) = {(a,a) | a € C,a # 0} is not an affine
variety. By the Closure theorem, the affine variety V is the Zariski closure of (V). &
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2.7 Implicit Representation

An affine variety is defined as the set of solutions of a system of polynomial equations. There is another
way to represent an affine variety, namely, by a system of parametric equations such that its elements
can be explicitly written down. This representation can be used for drawing an affine variety, but not
every affine variety can be described in this way.

Let V' be an affine variety in the affine space K™. An implicit representation of V describes the set
V as a set of solutions a system of polynomial equations,

fi=..=fm=0, (2.9)
where f1,..., fm are polynomials in K[X7,..., X,]. On the other hand, a parametric representation of
V' describes the set V' as the Zariski closure of the set

{(filtr, o stm)y oo frn(trs oo oytm)) |ty tm € K}, (2.10)
where f1,..., f, are polynomials in K[T1,...,T,,] or rational functions in K(71,...,Ty,). The implicit

representation is useful to test whether or not a point lies in the variety, while the parametric repre-
sentation is useful for plotting the variety.

Example 2.40. The affine variety V' given by the solutions of the equation
X?-Y =0
can be equivalently described by the polynomial parametrization

X=T, Y=T%

¢
Take polynomials f1,...,f, € K[T1,...,T;n] and consider the following system of equations in
K[Ty,...,Tm, X1,...,X,] given as

The polynomials f1,..., f, give rise to the mapping F' : K™ — K" defined as

F: (tl,...,tm) — (fl(tla- 7tm);afn(t17atm)) (212)

The set F'(K™) is a subset of K" that is parametrized by the equations (2.11). But F(K™) may not
be an affine variety and thus we search for the smallest affine variety that contains F(K™); that is, the
Zariski closure of F'(K™). For this, we relate implicitization to elimination. To this end, observe that
the system of equations (2.11) defines the affine variety

V=YX~ fi,..., X — fn) CK™™, (2.13)
The points of V' can be written in the form

(tl,...,tm,fl(tl,...,tm),...7fn(t1,...,tm)), tl,...,tmGK. (214)
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Define the embedding ¢,, : K™ — K™*" by
bt (oo oy tm) = (1, ooty 181y oy tm)y ooy (1o ooy tm))s (2.15)
and the projection 7, : K™*" — K" by
Tm 2 (E1y ey, @1y @) = (T1, 0 T0). (2.16)
These maps give rise to the commutative diagram

Km+n

AN

K™ K"
F

That is, the map F' can be written as the composition

F =m0ty (2.17)
By definition, we have
tn(K™) =V. (2.18)
Thus we obtain
F(EK™) = (00, (K™)) = m (V). (2.19)

Therefore, the image of the parametrization equals the projection of the affine variety. Thus the Closure
theorem immediately implies the following result.

Theorem 2.41. (Polynomial Implicitization) Let K be an algebraically closed field, let F : K™ —
K" be a map determined by the polynomial parametrization (2.11), and let I = (X1 — f1,..., X5y — fn)
be an ideal in K[T1,..., T, X1,...,Xy]. Then for the m-th elimination ideal I, = INK[X1,..., X,],
the affine variety V(I,,,) is the Zariski closure of F(K™).

The following algorithm solves the polynomial implicitication problem: Given a system of equations
X’i = fia 1 < 1 < n,

where f1,..., fn are polynomials in K[T},...,T,,]. Consider the ideal I = (X7 — f1,..., X, — fn) in

K[Ty,..., Ty, X1,...,X,]. Compute a Groebner basis of I with respect to an elimination ordering with
T, >...>T, > Xy >...> X,. Then the elements of the Groebner basis which are not involving
Ti,...,T,, form a Groebner basis of the m-th elimination ideal I,,. By the Implicitization theorem,

this basis defines the affine variety in K™ containing the parametrization.
Example 2.42 (Singular). Consider the parametric surface

S = {(wv,w? u?) | u,v € C}
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that is given by the system of equations

X =UV,
Y =UV?,
Z =U?.

The surface S can be illustrated by the Maple code (Fig. 2.5)

> with(plots):
> plot3d([u*v, u*xv~"2, u"2], u=-5..5, v=-5..5, grid=[20,20]);

Fig. 2.5. Parametric surface.

Take the ideal I = (X —UV,Y —UV? Z —U?) in C[U,V, X,Y, Z] and compute a Groebner basis of I
with respect to the 1p ordering with U >V > X >Y > Z.

> ring r = 0, (u,v,x,y,z), lp:
> ideal i = x-uv, y-uv2, z-u2;
> std(i);

_[1]1=x4-y2=z

_[2]=vyz-x3

_[3]=vx-y

_[4]1=v2z-x2

_[5]=uy-v2z

_[6]=ux-vz

_[7]=uv-x

_[8]=u2-z

Thus the second elimination ideal I has the Groebner basis {X* — Y2Z}. By the Implicitization
theorem, the affine variety V = V(X* — Y2Z7) is the Zariski closure of the parametric surface S. &
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Second, consider a parametric representation of an affine variety V' in K" as the Zariski closure of
the set

{(fl(tl,...,tm) Fu(te, ..

tm
2 tm) | t1,.. ., tm €K}, (2.20)
gl(tl,...,tm) t

gl(t17"'a m)
where f1,..., f, and ¢1,..., g, are polynomials in K[T1,...,Ty].

Example 2.43 (Maple). Consider a curve in C? parametrized by rational functions

B b(1)
(1) T ATy

where a,b, ¢ € K[T] are polynomials such that ¢ # 0 and ged(a, b, ¢) = 1. In particular, consider the

curve
2T?2 +4T +5 37?4+ T +4
C= ) |[teCy.
T2 4+2T+3°T24+2T+3

This curve can be drawn by using the Maple code (Fig. 2.6)

> with(plots):
> plot( [(2T"2+4T+5)/(T"2+2T+3), (3T "2+T+4)/(T"2+2T+3)], t=-10..10);

1
10

o

Fig. 2.6. Parametric curve.

Parametrizations of this form play an important role in computer-aided geometric design. A question
of particular interest is the implicitization problem, which asks how the equation f(X,Y) = 0 of the
underlying curve is obtained from the parametrization. &

Take polynomials f1,..., f, and g1,..., g, in K[T1,...,T),] and consider the system of equations
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(T, ..., T,
XZ_fZ( 1, ) m)

= . 1<i<n. 2.21
gi(T17~"7Tm) ( )

These polynomials give rise to the mapping F' : K™ — K" defined as

tyeroitm (st
Aty ),...,“1 >>. (2.22)
gi(te, ... tm) g1(ty, .. tm)

The mapping F may not be defined at all points in K™ because of the denominators. Therefore, we put
W =V(g1,-..,9n) and obtain the mapping F' : K™\ W — K". In order to control the denominators,
we put g = g1 - - gn, introduce an additional variable Y, and consider the ideal

F:(tl,...,tm)0—>(

Y

I=(g1 X1~ f1, - 9nXn — fn,Yg = 1). (2.23)
The equation 1 — Yg = 0 means that the denominators g1, ..., g, never vanish on V(I).
Define the embedding ¢, : K™\ W — K™*n+! by
1 t1,...,t t1,...,t
ot (b1 b)) (,tl,...,tm,fl( Lo m),...,f"< Lo m>>, (2.24)
g(tl,...,tm) gl(t17~-~7tm,) gl(tl,...,tm)
and the projection 7,1 : K™+l 5 K" by
Tm+1 * (yutlu s 7tm7x17 s vxn) = (‘Tlv cee 7‘rn)‘ (225)
These maps give rise to the commutative diagram
Km+n+1
ln m\\
K™\ W K"

F

That is, the mapping F' can be written as the composition F' = 7,41 © t,,. By definition, we have
tn (K™ \ W) =V(I) and thus

FE™AW) = Tmp1 (60 (K™ \ W) = w11 (V). (2.26)

Therefore, the image of the parametrization equals the projection of the affine variety. The Closure
theorem yields the following result.

Theorem 2.44. (Rational Implicitization) Let K be an algebraically closed field. Let F : K™\ W —
K™ be the mapping determined by the rational parametrization (2.21) and let I = (g1 X1 — f1,..., 1 Xn—
fn, 1 =Yg) be an ideal in K[Y,T1,..., T, X1,...,X,], where g = g1+ gn. Then for the (m + 1)-th
elimination ideal I, 11 = INK[X1, ..., X,], the affine variety V (I n41) is the Zariski closure F(K™\W).

The following algorithm solves the rational implicitication problem: Given a system of equations

X, = fi(Ty, ..., T)

= , 1<i<n,
gi(le---aTm)
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where fi,..., f, and g1, ..., g, are polynomials in K[T},...,T,,]. Take a new variable Y and consider
the ideal I = (g1 X1 — f1,. -, gnXn — fn, 1 = Yg) of K[V, T1,..., T, X1, ..., Xp]. Compute a Groebner
basis with respect to the an elimination ordering with Y > Ty > ... > T,, > X; > ... > X,, By the
Elimination theorem, the elements of the Groebner basis not involving Y, Ty, ...,T;, form a Groebner
basis of the (m + 1)-th elimination ideal I,,,41. By the Implicitization theorem, this Groebner basis
defines the affine variety in K™ containing the parametrization.

Example 2.45. Consider a curve in K? parametrized by the rational functions

o 21 +4T+5 _3T*+T+4
 T242T+3 CT242T+3

This parametrization gives the following ideal in C[Z, T, X, Y]
I={(((T*+2T +3)X — (2T% + 4T + 5),(T? + 2T + 3)Y — (T* 4+ 2T +3), (T? + 2T + 3)°Z — 1).
A Groebner basis of I with respect to the 1p ordering is given by
XY - Y, YT? +2YT +2Y,2XT? + 4XT +5X —T? —2T — 3, -4X? +4X + Z — 1.

Thus the second elimination ideal is I = (XY —Y") and underlying curve is given by f(X,Y) = XY -Y.
¢



3

Combinatorial Geometry

In this chapter we examine some interesting recently discovered connections between polynomials and
the geometry of convex polytopes. This will naturally lead to the polytope algebra that can be viewed
as a multi-dimensional generalization of the tropical algebra.

3.1 Tropical Algebra

A semiring is an algebraic structure similar to a ring, but without the requirement that each element
must have an additive inverse. A prominent example of a semiring is the so-called tropical algebra.

A semiring is a non-empty set R together with two binary operations, addition + and multipli-
cation -, such that (R,+) is a commutative monoid with identity element 0, (R,-) is a monoid with
identity element 1, multiplication distributes over addition, i.e., for all a,b,c € R,

a-(b+c)=(a-b)+(a-¢) and (a+b)-c=(a-c)+(b-c),

and multiplication with 0 annihilates R, i.e., foralla € R, a-0=0=0-a. A commutative semiring is
a semiring whose multiplication is commutative. An idempotent semiring is a semiring whose addition
is idempotent, i.e., for all a € R, a + a = a.

Example 3.1. Each ring is also a semiring. The set of natural numbers Ny forms a commutative
semiring with the ordinary addition and multiplication. Likewise, the non-negative rational numbers
and the non-negative real numbers form commutative semirings. &

Example 3.2. The set R U {oco} together with the operations
x@y=min{z,y} and z0y=z+y, z,y€RU{co}

forms a commutative, idempotent semiring with additive identity co and multiplicative identity 0. Note
that additive and multiplicative inverses may not exist. For instance, the equations 3 & x = 10 and
00 ® z = 1 have no solutions z € R U {co}. O

This semiring is also known min-plus algebra or tropical algebra. The attribute ”tropical” was coined by
French scholars (1998) in honor of the Brazilian mathematician Imre Simon who studied the tropical
semiring in the early 1960s.
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Proposition 3.3. The mapping ¢ : R>g — RU {oo} : © — —logx is an antitone, bijective mapping
such that $(0) = oo, ¢(1) =0, and

d(z-y) =d(z) ©9(y), z,y € Rxo. (3.1)

Thus the mapping ¢ is a monoid isomorphism from (R>g,-) onto (RU {oo}, ®). This mapping is called
the tropicalization of the ordinary semiring (R>o, +,-) (Fig. 3.1).

infinity 3

)
infinity

-infinity 4

Fig. 3.1. The function = — — log x.

3.2 Shortest Paths Problem

We illustrate an important problem in graph theory that makes use of the tropical algebra. For this,
let G = (V, E) be a digraph with vertex set V' = {1,...,n}. Each edge (i,7) in G has an associated
length d;; given by a positive real number. We put d;; = 0, 1 < ¢ < n, and d;; = +o0 if (4,7), i # J,
is not an edge in G. We represent the digraph G by the n x n adjacency matrix Dg = (d;;). Consider
the (n — 1)th power of the matrix D¢ in the tropical algebra (RU {o0}, @, ®),

Dgn—l =Dg®Dg®--®Dg (n—1 times). (32)

Proposition 3.4. Let G be a digraph on n vertices with n x n adjacency matriz Dg. The entry of the
matric D(G;"_1 in row i and column j equals the length of the shortest path from vertex i to vertex j.

Proof. Let dl(;) denote the minimum length of any path from vertex ¢ to vertex j, which uses at most
r edges in G. Clearly, we have dgjl-) = d;;. The shortest path from vertex i to vertex j visits each vertex
at most once, because the weights are assumed to be nonnegative. Thus the shortest path uses at most

n — 1 edges and hence the length of a shortest path from 7 to j equals dgl_l).
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Observe that a shortest path from vertex i to vertex j, which uses at most r > 2 edges, consists of
a shortest path from vertex 4 to some vertex k, which uses at most » — 1 edges, and the edge (k, j).
That is, the shortest paths from vertex i to vertex j satisfy the equation

d) =min{d, V +dy; |1<k<n}, 2<r<n-1 (3.3)

The tropicalization of this equation yields

A =@d; Vody, 2<r<n-1. (3.4)
k=1

The right-hand side is the tropical product of the ith row of Dg’“_l and the jth column of D¢g. Thus
the left-hand side is the (4, 7)th entry of the matrix Dgr. Hence, the assertion follows. O

The iterative evaluation of Eq. (3.3) is known as Floyd- Warshall algorithm for finding the shortest
paths between each pair of vertices in a digraph.

Example 3.5. Consider the following digraph G,

O—®

® ®

The corresponding adjacency matrix is

0 1 oo
o 0 1 o0
Do = 1 00 0 0
1 cooo 0
and the tropical matrix products are
01 2 o0 012
201 o0 201 0
02 _ ©3 _
D =11200 | ™4 P& =|1200
1200 0 1230

3.3 Geometric Zoo

We consider the Euclidean n-space R™ equipped with the ordinary scalar product



52 3 Combinatorial Geometry

(u, vy =ugvy + -+ - + UpUy, u,v €R™. (3.5)
The Euclidean distance between two points u and v in R" is defined as
lu —v|| =V {u—v,u—wv). (3.6)

A set C in R" is called convex if it contains the line segment connecting any two points in C. The
line segment between two points v and v in R™ is given as

[u,v] ={Au+ (1 -Nv|0<A<1}. (3.7

Simple examples of convex sets are the singleton sets {v}, where v € R™, and the Euclidean space R™.
There is a simple way to construct new convex sets from given ones.

Proposition 3.6. The intersection of an arbitrary collection of convex sets is convex.
Proof. If a line segment belongs to every set in the collection, it also belongs to the intersection. a

If a set is not itself convex, its convez hull is the smallest convex set containing it (Fig. 3.2). The convex
hull of a set S in R™ is denoted by conv(.S).

Fig. 3.2. A set and its convex hull, a convex polygon.

Proposition 3.7. If S is a subset of R™, then its convex hull is

conv(S) ={As1+... +Ansm |m>0,8¢€5, N\ >0, Z)\i =1} (3.8)

Moreover,

e for each subset of R™, conv(conv(S)) = conv(S).
o IfSy and Sy are subsets of R™, then conv(conv(Sy) U conv(Sy)) = conv(S; U S3), and if S; C Ss,
then conv(S7) C conv(Ss).

Proof. Let u,v € S. By definition, for each A, 0 < A < 1, the point Au + (1 — A)v belongs to conv(S)
and so conv(S) is a convex set. Moreover, for each s € S, s =1-s € conv(S) and thus conv(S) contains
the set S.



3.3 Geometric Zoo 53

Let C be a convex set in R” containing S. We show that conv(.S) lies in C' by using induction on the
size (i.e., number of terms) of the linear combinations. Each element of S lies in C. Let $1,..., Sm4t1
be elements of S. Consider the convex combination

§=AS1+ ...+ AnSm + Ant+1Sm+1,

where \; > 0,1 <¢<m+ 1, and Zi Ai =1 If \pyp1 =1, then s = sp41 € C, and if A, 11 = 0, then
by induction we have s € C. Otherwise, we have

Ai
=(1-X —5i A .
S ( m+1) ; 1= )\m+1 S; + m+1Sm—+1
and .
— >0, 1<i<m, and — =1.
1- Arn+1 Zz:; 1- )\m+1
Thus, by induction, the convex combination
m
s
/ 1
s = T
Z 1- )\m+1 ’

i=1

belongs to C. Since C' is convex and contains S, it follows that the element s = (1—Xp,41)8 +Amt18m+t1
belongs to C', as required. The remaining assertions are left to the reader. a

A linear combinations of the form Ais; + ...+ A\ Sp,, where s; € S, A >0, and Y, A\; = 1, is called a
convex combination.

A polytope is the convex hull of a finite set in R™. If the set is S = {s1,..., 8} in R™, then by
Prop. 3.7, the corresponding polytope can be expressed as

conv(S) = {A1s1 4+ ...+ AnSm | A > O,ZAi =1} (3.9)

In lower dimensions, polytopes are familiar geometric figures: A polytope in R is a line segment, a
polytope in R? is a line segment or a convex polygon (Fig. 3.2), and a polytope in R? is a line segment,
a convex polygon lying in a plane, or a convex polyhedron. In particular, a lattice polytope is a polytope
given by the convex hull of a set of integral points.

Example 3.8. The mathematical software polymake was designed to work with polytopes. Each poly-
tope in polymake is treated as an object and is given by a file storing the data. The program polymake
allows to construct polytopes from scratch or by applying constructions to existing polytopes.

Consider the lattice polytope given by the convex hull of the points (0,8), (0,7), (0,6), (0,5), (1,6),
(1,5), (1,4), (1,3), (2,4), (2,3), and (3,2) (Fig. 5.7). In polymake, this polytope can be specified in a text
file, say dude, containing the following information

POINTS
108
107
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106

10656

116

115

114

113

124

123

132
The points are always represented in homogeneous coordinates, where the first coordinate is used for
homogenization. &

In particular, a n-dimensional simplex or n-simplex is the convex hull of n+ 1 points mq, ..., my11
in R™ such that the vectors mg —my, ..., my, 11 —my form a basis of R"”. A n-simplex can be constructed

from a (n — 1)-simplex in R"~! by adding one point in the n-th dimension and connecting the point
with all points of the (n — 1)-simplex. In this way, one obtains inductively simplices that are singleton
points, line segments, triangles, tetrahedrons (Fig. 3.3), and so on.

Fig. 3.3. A tetrahedron.

Each polytope has a well-defined dimension. To see this, we need to develop the theory of affine
subspaces. An affine subspace of R™ is a subset A of R™ with the property that if m > 0 and s1,..., s, €
A then Aisy + ... 4+ Apmsm € A with Aq,..., Ay, € R, whenever ), \; = 1. Linear combinations of the
form A\1s1 4 ...+ Apmsm, where s; € A and ). \; = 1, are called affine combinations.

Given a subset S of R™ and a vector v € R", the translate of S by v is the set

v+ S={v+s|seS} (3.10)
Proposition 3.9. Each affine subspace of R™ is a translate of a unique linear subspace of R™.

Proof. Let A be an affine subspace of R™ and v € A. Consider the translate

—v+A:{)\1a1+...+)\mam|m20,ai€A7Z)\i:O}.

It is easy to check that the translate —v + A is a linear subspace of R™. Since A = v + (—v + A),
it follows that A is a translate of the linear subspace —v + A. Moreover, if v,w € A, then the above
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representation of a translate shows that the linear subspaces —v + A and —w + A are equal. It follows
that the affine subspace A is a translate of a unique linear subspace of R™. a

The dimension of an affine subspace in R™ is defined as the dimension of the linear subspace of R™
corresponding to it as in Prop. 3.9.

Proposition 3.10. The translate of a polytope is a polytope.

Proof. Let P be a polytope in R™ and let v € R™. By definition, there is a subset S = {s1,..., sy} of R®
such that P = conv(S). Claim that v 4 conv(S) = conv(v + 5). Indeed, let w € P. Write w = Y, \;s;,
where \; > 0,1 <4 <m,and ), \; =1. Then

U-"-Z)\iSiZZ)\i(’U—FSi).

The left-hand side is a point in v 4+ conv(S) and the right-hand side is a point in conv(v + S). This
proves the claim. Thus the translate v + P is the convex hull of the set v + S and hence v + P is a
polytope. a

If a set is not itself an affine subspace of R™, its affine hull is the smallest affine subspace containing
it. The affine hull of a set S in R™ is denoted by aff(S).

Proposition 3.11. If S is a subset of R™, then

aff(S) = {\is1+ ...+ Amsm [ M >0, 5, € S, M €R, YN =1} (3.11)

Moreover,

o for each subset S of R", aff(aff(S)) = aff(.5).
o If Sy and Sy are subsets of R™ such that S1 C Sy, then aff(S;) C aff(Ss).

Proof. By definition, the set aff(.S) is an affine subspace of R™. Moreover, for each s € S, s = 1-s € aff(5)
and thus aff(S) contains the set S.

Let A be an affine subspace of R™ containing S. We show that aff(S) lies in A by using induction on
the size (i.e, number of terms) of the linear combinations. Each element of S lies in A. Let $1,. .., Smit1
be elements of S. Consider the affine combination

S=MS1+ ...+ AnSm + /\m_|_18m_|_17
where Y~ A\, = 1. If A1 = 1, then s = 5,41 € A, and if A\, = 0, then by induction we have s € A.

Otherwise, we have
m

s
s=(1—Ant1) 8+ At 18mt1-
; 1- )‘m+1
and
SN
i—1 1- /\m+1

Thus, by induction, the affine combination
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s’ = Z — s
i=1 1- )\m-&-I

belongs to A. Since A is an affine subspace and contains S, it follows that the element s = (1— X\, 11)s"+
Am+1Sm+1 belongs to A, as required. The remaining assertions are left to the reader. a

For instance, the affine hull of a point is a point, the affine hull of a line segment is a line, the affine
hull of a convex polygon is a plane, and the affine hull of a convex polyhedron is the Euclidean 3-space.

The dimension of a polytope in R" is defined as the dimension of its affine hull. This is the small-
est affine space containing the polytope. For instance, a point has dimension 0, a line segment has
dimension 1, a convex polygon has dimension 2, and a convex polyhedron has dimension 3.

Proposition 3.12. Fach n-simplex in R™ has dimension n.

Proof. Let C be a n-simplex in R™ given by the points myq, ..., m,+1. The affine hull of C' contains the
points mg —my, ..., muy41 —mi. These points form a basis of R™ and thus the affine hull has dimension
at least n. But aff(C') is an affine subspace of R™ and so has dimension at most n. O

The unbounded counterparts of polytopes are cones. A cone in R" is a subset C of R™ with the
property that if m > 0 and s1,...,s,;, € C then A\1s1 + ...+ A\pSm, whenever A\; >0, 1 <i < m.

If a set is not itself a cone, its positive hull is the smallest cone containing it. The positive hull of a
set S in R™ is denoted by pos(S).

Proposition 3.13. If S is a subset of R™, then the positive hull of S is
pos(S) ={As1+ ...+ AnSm | Mm >0, 5, €85, \; >0} (3.12)

Proof. Let u,v € S. By definition, the set pos(S) is a cone in R™. Moreover, for each s € S, s=1-s €
pos(S) and thus pos(S) contains the set S.

Finally, let C' be a cone in R™ containing S. We show that pos(S) lies in C' by using induction on
the size (i.e., number of terms) of the linear combinations. Each element of S lies in C'. Let s1,. .., Smi1
be elements of S. Consider the linear combination

S=MS1+ ...+ AnSm + /\m+13m+17

where \; > 0,1 <i<m+ 1. If \,,,;1 =0, then by induction we have s € C. Otherwise, we have

1
5= Am+1 E )\751 + An418m+1
i=1 M+l

and

Thus, by induction, the linear combination

s = Ly
23

belongs to C. Since C' is a cone and contains S, it follows that the element s = A\ji18" + Ar1Smat
belongs to C, as required. a
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For instance, quadrants in R? are cones, octants in R3 are cones, and half-spaces are cones.

Proposition 3.14. The positive hull of a set is conver.

Proof. By definition, convex combinations are nonnegative linear combinations and so the positive hull
of a set is convex. O

3.4 Geometry of Polytopes

The geometric structure of polytopes will be studied in more detail.
An affine hyperplane is an affine subspace of codimension 1 in the Euclidean space R™. In Cartesian
coordinates, an affine hyperplane is given by a single linear equation (with not all w; equal to 0)

MW, + ... +F VW, = Q.
More specifically, an affine hyperplane in R™ is defined as
Hyo={veR"|(v,w) =a} (3.13)

where w # 0 is a vector in R”™ and « is a real number. Note that two affine hyperplanes H, o and H,, g
for different values o and [ are parallel to each other. Moreover, the sets

HY = {v]{v,w) >a}
and
Hy, o =A{v|(v,w) <a}

are called the half-spaces bounded by the affine hyperplane.
For instance, a point is an affine hyperplane in Euclidean 1-space, a line is an affine hyperplane in
Euclidean 2-space (Fig. 3.4), and a plane is an affine hyperplane in Euclidean 3-space.

Fig. 3.4. Affine hyperplane 2z + y = 6 in Euclidean 2-space.
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Proposition 3.15. An affine hyperplane in R™ is an affine subspace of R™ with dimension n — 1.

Proof. Let H = {v | (v,w) = a} be an affine hyperplane in R™. Consider the linear mapping ¢ : R —
R : v — (v,w) given by the scalar product with fixed w. The kernel of this mapping is the linear
subspace U = {u | {(u,w) = 0} and the image is R, since by definition w # 0. The dimension formula
gives dim R™ = dim ker ¢ + dimim ¢ = dim U + dim R and so dim U = n — 1. But the affine hyperplane
H is a translate of the linear subspace U given by v + U, where v € H. It follows that the hyperplane
H has also dimension n — 1. ]

Let P be a polytope in R™, let w # 0 be a vector in R", and let a be a real number. Define the
number

pp(w) = min{(v,w) | v € P}. (3.14)

The number pp(w) always exists, since the linear map P — R : v — (v, w) given by the scalar product
with fixed w is continuous and P is closed and bounded. Thus the minimum on P will be attained.
The corresponding affine hyperplane

Hpw = {v | {v,w) = pp(w)} (3.15)

is called a supporting hyperplane of P, and we call w the outward pointing normal (Fig. 3.5).

Fig. 3.5. A polytope P given as a square, two supporting hyperplanes, and associated outward pointing normals.

Proposition 3.16. If Hp,, is a supporting hyperplane of a polytope P in R™, then the intersection
P, =PNHp, is a non-empty polytope and P is contained in the half-space H;w.

Proof. The set P, is non-empty, since the number pp(w) always exists.

Let u,v € P,. Then u,v € P and (u,w) = (v,w) = pp(w). Since P is a polytope, for each A with
0<A<1, Au+ (1= XNw € P. Moreover, (Au+ (1 — X)v,w) = Mu,w) + (1 — N){v,w) = pp(w) and so
M+ (1 —XN)v € Hpy,. Thus Au+ (1 — X)v € P, and hence P, is convex.

Assume that P is the convex hull of the points aq,...,a, in R™. Suppose that the points a1, ..., q
are on the hyperplane Hp,,, while the points a;41, ..., an are not. Equivalently, there are positive real
numbers G411, ..., Bm such that
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) _ PP(w)7 ISZSL
<a/law> - {pP(w)+/Bi7l+1 Szgm'

Let v be a point in P. By definition, the point v is a convex combination of the points a1, ..., amn,
v=Aa1+ ...+ A\nm,

where \; > 0,1 <7 <m,and ), \; = 1. It follows that

m

(v,w) =" Ailai,w) =D Nipp(w) + D Xy = pp(w) + Y Aif;.
i=1

i=1 i=l+1 i=l4+1

Therefore, v € Hp,, if and only if A\jy18,41 + ... + ABm = 0. By hypothesis, this is equivalent to
Al41 = ... = Ay = 0. Equivalently, the point v is a convex combination of the points ay,...,a;. It
follows that P, = PN Hp, = conv({ai,...,a;}) is a polytope.

Finally, by definition, P,, belongs to the half-space Hf; a

w’

We call the non-empty polytope P, the face of P determined by w. That is, the face P, is the set of
all points in P at which the linear map P — R : v — (v, w) given by the scalar product with fixed w
attains its minimum.

Proposition 3.17. Fach polytope has only finitely many faces.

Proof. Let P be a polytope in R™. By definition, there is a finite set A = {a1,...,an} such that P =
conv(A). The proof of Prop. 3.16 shows that for each supporting hyperplane H of P, the corresponding
face P N H is the convex hull of a subset of A. But there are only finitely many subsets of a finite set
und so the result follows. O

Proposition 3.18. Fach face of a polytope P in R™ has dimension less than dim P.

Proof. We may assume that P is a polytope in R™ with dimension n. For each supporting hyperplane
H of P, the affine space PN H is contained in the affine space aff(H) = H. But, by Prop. 3.15, the
affine subspace H has dimension n — 1 and so, by Prop. 3.11, the face P N H has dimension at most
n — 1. O

Since each face is a polytope, it can be assigned a dimension. A k-face of a polytope P is a face of
P with dimension k. A 0-face of P is called a vertex of P and a 1-face of P is called an edge of P. If
P has dimension n, then a (n — 2)-face of P is called a ridge of P and a (n — 1)-face of P is called a
facet of P. We write fi(P) for the number of k-faces of a polytope P in R™, 0 < k < n — 1. If P has
dimension n, the vector f(P) = (fo(P), fi(P),..., fn—1(P)) is termed the f-vector of P. For instance,
a tetrahedron (Fig. 3.3) has 4 facets, 6 edges, and 4 vertices and so its f-vector is (4,6, 4).

Lemma 3.19. The vertices of a polytope P are precisely the points in P that cannot be written as
convex combinations of other points in P.

Proof. Let v € P be a vertex given by the supporting hyperplane Hp,, in P. Write the point v as a
convex combination v = ZZ Aia; of points a; € P, where A\; > 0 and ZZ A; = 1. Then, by definition,
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pr(w) = (v,w) = 3" Aifaiw) = 3" hipp(w) = pe(w).

Thus (a;, w) = pp(w) for each index ¢ with A; > 0; that is, a; € PN Hp,, for each index i with A; > 0.
But v is a vertex of P and so v = a; for each index ¢ with \; > 0.

Suppose v € P is not a vertex. Then v lies in a k-face P, = H N P for some k£ > 1 and supporting
hyperplane H = Hp,,. The polytope P, has a finite set A = {a1,...,an} such that P = conv(A).
Write the point v as convex combination v = Aja; + ...+ Apam. If v = a; for each index i with A\; > 0,
then v will be a vertex. Thus by hypothesis, the point v can be written as nontrivial linear combination
of points in P,,. a

Proposition 3.20. Fach polytope is the convex hull of its vertices.

Proof. Let P be a polytope in R™. By definition, there is a finite set A = {ay,...,a,,} such that
P = conv(A). The proof of Prop. 3.16 shows that each vertex of P is of the form {a}, where a € A.
Suppose P; = {a;}, 1 < i < I, are the vertices of P. Then, by Prop. 3.7, conv(P, U...UP) =
conv({ay,...,a;}) C conv(P) = P.

Conversely, we may successively eliminate points from A that can be written as convex combinations
of other points in A. For instance, assume that a,, = Z;’:ll Niai, where A\; > 0,1 <i<m—1, and
>; Ai = 1. Then for each point v € P,

m—1

v = Z,uiai = Z (,Ui + )\iﬂm)ah
i=1

i=1

where p1; > 0,1 <¢<m,and ), p; = 1. But pt; + Aiptr, > 0,1 <7 <m—1, and Zlﬁglm—i—)\mm =1,
and so the point v can be written as a convex combination of the points aq,...,amy_1. It follows that
conv({ay,...,am}) =conv({ay,...,am-1}).

Assume that all points are eliminated from A that can be written as convex combinations of other
points in A. Claim that the remaining points in A are vertices of P. Suppose the point a,, can be
written as convex combination of points wvi,...,vx in P. That is, a,, = Zle (v, where pu; > 0,
1<j<k, and Zj pj = 1. Write v; = >, Nj;a;, where A\j; > 0,1 <i<m, and }_; A\j; = 1. Then

m k
Am = Z Z ,Uj)\jzaz
i=1 j=1
and so
m m—1 k
(1 — Zuj)\jm)am = Zuj)\jiai.
j=1 i=1 j=1
But by hypothesis, the point a,, cannot be written as convex combination of the points aq, ..., Gm_1
and so Z;nzl tiNjm = 1. Thus A, = 1 for each index j for which u; > 0; that is, v; = a,, for each
index j for which p; > 0. By Lemma 3.19, the points in A are the vertices of P. O

Example 3.21. Consider the set of points A = {(0,0), (1,1)
lattice polytope conv(A) is the triangle with the vertices (0,0
convex combination of the triangle’s vertices

1),(2,0),(0,3)} in R% The corresponding
), (2,0), and (0, 3). The point (1,1) is a
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1 1 1
1,1) = =(0,0 —(2,0 —(0,3).
(1,1) = 50,00+ 5(2.0) + 5(0,3)

A polyhedral set in R™ is the intersection of a finite number of half-spaces in R™.

Proposition 3.22. A bounded polyhedral set in R™ is a polytope in R™, and vice versa.

Proof. Let P be a polyhedral set in R™ given by the intersection of m > 1 half-spaces. Then it is easy
to check that P = {v € R™ | Av > b,v > 0} for some matrix A € R™*" and vector b € R™. The set P
is convex and since P is bounded, it is a polytope in R™.

Conversely, let P be an n-dimensional polytope in R™ with facets Fy, ..., F; having outward pointing
normals wy, ..., w;, respectively. Then it is easy to check that

P={veR"|(v,w)) =2 pp(w;),1 <j<I}.
Hence, P is a bounded polyhedral set. a

Example 3.23. The square P = conv({(0,0), (0,1),(1,0),(1,1)}) in R? has four facets that are given
by the inequalities

<v,w1> >0, <Uv 7w2> > -1, <v,w3> >0, <1}, *w4> > -1,
where e; = w; = wy and es = w3 = wy are the unit vectors (Fig. 3.5). &

It follows that each convex polytope can be represented either as the set of convex combinations
of a finite number of points (vertices), or as an intersection of a finite number of half-spaces. These
representations are referred to as V-polytopes and H-polytopes, respectively. Both representations are
useful in their own respect. For instance, the representation as V-polytopes is preferable if one wants
to show that every projection of a polytope is a polytope. On the other hand, the representation as H-
polytopes is preferable if one has to prove that every intersection of a polytope with an affine subspace
is a polytope.

Example 3.24. Consider the polytope in Ex. 3.8. The vertices of this polytope are produced by the
polymake command

> polymake dude VERTICES
VERTICES
108

=R e
w = O
N W o

The system also provides the vertex normals (i.e., the i-th row is the normal vector of a hyperplane
separating the i-th vertex from the remaining ones),

VERTEX_NORMALS

01/3 1/3
0 -3 -1
01-1

010
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Furthermore, the updated file dude yields the representation of the polytope as a polyhedral set,

FACETS
-5 21
010

8 -2 -1
-712

AFFINE HULL

This output tells us that the polytope is defined by four linear inequalities

—5+2x1 + a2 >0,
x1 2 0,

8 —2x1 —x9 >0,
-7+ x1 + 229 > 0,

while there is no affine hull contribution which would provide additional linear equalities.
The command DIM confirms that the polytope is two-dimensional,

> polymake dude DIM
DIM
2

The f-vector of our polytope is

> polymake dude F_VECTOR
F_VECTOR
44

Inspecting the updated file dude again shows that each facet of the polytope is given by four lines,

VERTICES_IN_FACETS
{1 2}
{0 1}
{0 3}
{2 3}

¢
A fan in R" is a family F = {C1,Cs,...,Cp,} of nonempty cones with the following properties:

Each non-empty face of a cone in F is also a cone in F.
The intersection of any two cones in F is a face of both.

A fan F in R™ is complete if the union JF = C1 U...UC,, equals R". A fan F in R™ is pointed if {0}
is a cone in F and therefore a face of each cone in F.

Example 3.25. The pointed fan in Fig. 3.6 in R? has m = 11 cones, of which 5 are full dimensional.
¢
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Fig. 3.6. A fan in R?.

Let P be a polytope in R™ and let F' be a face of P. The normal cone of P at F' is defined as
Np(F)={weR"|F=PNHp,} (3.16)

That is, Np(F') consists of all vectors w € R™ with the property that F is the set of all points at which
the linear map P — R : x — (x,w) given by the scalar product with fixed w attains the minimum.
In particular, if FF = {v} is a vertex of P, then its normal cone Np(v) consists of all linear maps
P — R:z— (x,w) that attain the minimum at the point v.

Example 3.26. Linear programming is a method to minimize or maximize a linear function over a
convex set. The canonical form of a linear program in Euclidean n-space is

min ¢’z

st. Az >b
and z >0

where A € R™*" b € R™, and ¢ € R™ are given and x is the vector of variables. The objective function
R™ - R : z +— (¢, z) has to be minimized over the convex set P = {x € R" | Az > b,z > 0}. Suppose
the minimum is attained at the face F' of P. Then the normal cone Np(F') consists of all vectors ¢
which attain the minimum at F. This amounts to an inverse problem of linear programming. &

Proposition 3.27. Let P be a polytope in R™ and let F be a face of P. The normal cone Np(F) is a
cone in R™ with dimension dim Np(F) =n — dim F.

Proof. For each w € R", let f,, : P — R : z+— (z,w) be the scalar product with fixed w. Let v,w € R”
such that the linear mappings f, and f,, attain the minimum at F, and let A > 0 and x4 > 0. Then the
linear mapping fy+uw attains the minimum at F' and so Av + pw belongs to Np(F).

Let F be a k-face. Then the face F' is determined by n — k linearly independent linear equations
and the cone Np(F') is determined by k linearly independent linear equations. Hence, the dimension
formula follows. O

Example 3.28. Consider the square P in R? as given in Fig. 3.5. We may assume that it has a facet
F = {(z,0) | 0 < z < p} for some real number p > 0. The affine subspace U = aff(F') is thus the
real line given by the z-axis. Take the linear subspace W of R? orthogonal to U; that is, U @ W = R?
as linear spaces. Then W is the real line given by the y-axis. For each w € W, pp(w) = 0 and so
Np(F) = W. Therefore, dim W = dimR? — dim U = 1, as required. &



64 3 Combinatorial Geometry

The collection of all non-empty normal cones Np(F'), as F runs over all faces of P, is called the
normal fan of P and is denoted by N(P).

Proposition 3.29. Let P be a polytope of R™. The normal fan N'(P) is a complete fan of R™.

Proof. Let w € R”. If we put F' = PN Hp,, then w € Np(F). It follows that the normal cones are
non-empty and their union is the Euclidean n-space. a

Example 3.30. Consider the triangle P in R? as given in Fig. 3.7. The normal cone of each vertex v is
an cone Np(v) and the normal cone of an edge e is a half line Np(e). The normal fan consists of seven
cones, of which are three full-dimensional (Fig. 3.8). &

NP('LL)

v w Np(v) Np(vw)  |Np(w)

Fig. 3.7. A triangle and its normal cones.

Np(u)

Np(vw)

Fig. 3.8. The normal fan of the triangle in Fig. 3.7.

3.5 Polytope Algebra

We introduce important constructions of new polytopes from given ones. For this, the vector space
structure of the Euclidean n-space is used.
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Let P and @ be polytopes in R™. The Minkowski sum of P and @ is given as

P+Q={p+qlpePqecQ} (3.17)

where p + ¢ denotes the addition in R™. Moreover, let A > 0 be a real number. The polytope AP is
defined by

AP ={)\p|pe P}, (3.18)
where Ap denotes the A-multiple of p € P.

Example 3.31. The Minkowski sum of the two polytopes P and @ in Fig. 3.9 can be obtained by
placing a copy of P at every point of ). This works because P contains the origin. &

+ + P+Q

Fig. 3.9. Two polytopes and their Minkowski sum.

Proposition 3.32. If P and ) are polytopes in R™, then the Minkowski sum P 4+ @) is also a polytope
i R”.

Proof. Let p,p’ € P and ¢q,¢ € Q. For each X, 0 < A <1, we have
Ap+a)+ 1 =N +d)=Pp+1-Np]+ A+ (1-Nd]€P+Q.

Thus the Minkowski sum P + @ is convex.
Let P = conv(A) for some finite subset A = {a1,...,a,,} of R, and let p € P and ¢ € ). Write
p=>,;Nia;, where \; > 0,1 <¢<m,and ), \; = 1. Then

p+q= (Z)\iai) +q=z/\i(ai+Q> € conv (U(GZ+Q)>

i



66 3 Combinatorial Geometry

Conversely, by Prop. 3.7 and the fact that P + @ is convex, we obtain

conv (U (a; + Q)) Cconv(P+Q)=P+Q.

K2

It follows that

P+Q:conv<U(ai+Q)>.

2

Let @ = conv(B) for some finite subset B of R™. Then by Prop. 3.10, a; +Q = conv(a; + B), 1 < i < m,
and by Prop. 3.7,

P+ Q = conv <U conv (a; + B)) = conv (U (a; + B)) .
i i
Thus P + @ has a finite generating set and hence is a polytope. a
Proposition 3.33. Let P and Q be polytopes in R™, and let w # 0 be a vector in R™. We have
pra(w) = pp(w) + po(w) and (P+Q), = Py +Qu.

Proof. First, we have

pp+@(w) = min{{v,w) | v € P+ Q} = min{(p,w) + (¢,w) | p € P,q € Q}
= min{(p,w) | p € P} + min{(q,w) | ¢ € Q}
= pp(w) + pg(w).

Second, by the first asseration,

(P+Q)w=(P+Q)NHpigw={p+q|{p+qw)=ppigw),p € P,qcQ}
={p+al(p,w)+{gw) =pp(w) + pg(w),p € P,q € Q}
={p| p,w)=pp(w),p € P} +{q| (g, w) = po(w),q € Q}
=(PNHpyw)+ (QNHQw) =Py + Qu.

O

The polytope algebra on R™ is a triple (P,,,®,®) that consists of the set of all polytopes in R,
denoted by P,,, and two arithmetic operations @ and ©, called addition and multiplication, defined as

PpQ@Q=conv(PUQ) and POQ=P+Q. (3.19)
By Prop. 3.32, the multiplication is well-defined.
Proposition 3.34. If P = conv(A) and Q = conv(B) are polytopes in R™, then

P& Q =conv(AUB).
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Proof. By Prop. 3.7, we have conv(AU B) C conv(PUQ) = P @ Q. Conversely, let v € P @& Q. Write
the point v as a convex combination of points in PUQ); that is, v = >, \ip; + Zj t;q; for some points
p; € P and ¢; € Q. But by definition, the points p; and ¢; are convex combinations of the points in the
generating sets A and B, respectively. It follows that v € conv(A U B). O

Example 3.35. Consider the non-collinear line segments P = {(2,0) | 0 < z < p} and Q = {(0,y) |
0<y<g}in R2. Their sum and product are illustrated in Fig. 3.10.

Fig. 3.10. Two line segments P and Q in R? and their sum P & Q and product P ® Q.

Proposition 3.36. The polytope algebra (P, ®,®) on R™ is a commutative, idempotent semiring.

Proof. Tt is easy to see that (P, ®) is a commutative monoid with identity element @ and (P,,®) is a
commutative monoid with identity element {0}. Moreover, by Prop. 3.7, the addition is idempotent and
multiplication with the empty set annihilates P,. To see that the distributive law holds, take p € P,
q € Q, and r € R. Then for each A\ with 0 < A < 1, we have

P+ Ag+ (1 =Nr)=Ap+q+(1-Np+r)
The left-hand side is a point in P ® (Q @ R) and the right-hand side is a point in (P® Q) ® (P®R). O

Example 3.37. Consider the polytope algebra P; on the Euclidean 1-space. The elements of P, are
exactly the line segments [a,b] = {Aa+ (1 — A)b |0 < X\ < 1}, where a,b € R. The sum and product of
two line segments [a, b] and [c, d] are given by

[a,b] @ [¢,d] = [min{a, c}, max{b,d}] and [a,b] ® [c,d] =[a+ ¢, b+ d].
¢

Proposition 3.38. The mapping [ : P1 — RU {0} : [a,b] — a is an epimorphism from the polytope
algebra Py onto the tropical algebra.
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Proof. The mapping is well-defined and we have f(f) = oo and f({0}) = f([0,0]) = 0. For any two line
segments [a,b] and [c,d] in P,

#([a,8] & [e,d)) = f(fmin{a, c}, max{b,d}]) = minfa,c} = a @ ¢ = f([a,8]) & f([e. )

and
f(a,b)ole,d) = f(la+e.b+d)=a+c=a6c= f([a,b]) ® f([c,d]).

a

In this way, the polytope algebra on R™ can be viewed as a natural higher-dimensional generalization
of the tropical algebra.

3.6 Newton Polytopes

We establish an interesting connection between lattice polytopes and polynomials. For this, take a
polynomial f in the polynomial ring K[X1,...,X,] and write

f= Z Cca X,

aeNg
The Newton polytope of f, denoted as NP(f), is the lattice polytope
NP(f) = conv({a € N} | co # 0}).

That is, the Newton polytope is generated by the exponents of the monomials involved in the polyno-
mial. It is a measure of shape or sparsity of a polynomial. Note that the actual values of the coefficients
do not matter in the definition of the Newton polytope.

Example 3.39. Any polynomial in K[X, Y] of the form
f=aXY +bX?+cY? +d,
where a, b, ¢, d are nonzero elements of K, has the Newton polytope equal to the triangle
P = conv({(1,1),(2,0),(0,3),(0,0)}).
By Ex. 3.21, polynomials of the above form with a = 0 have the same Newton polytope. &

We can also go the other way, from exponents to polynomials. Suppose we have a finite set of
exponents A = {aq,..., o} in Njj. Then let L(A) be the set of all polynomials whose terms all have
the exponents in A,

LA) ={a X"+ -+ ¢XY|c1,...,q € K}

Note that L(A) is a vector space over K with basis {X“! ..., X*} and dimension [. The following
result is immediate from the definitions.

Proposition 3.40. Let A be a finite subset of Ni. For each polynomial f in L(A), we have NP(f) C
conv(A).



3.6 Newton Polytopes 69

The formation of Minkowskis sums is compatible with polynomial multiplication. To see this, let
w # 0 be a vector in R™ and f =" _ co X be a polynomial in K[X}, ..., X,]. Define the number

mp(w) = min{ (e, w) | co # 0}.

This number exists, since each polynomial has only a finite number of terms. The initial form of f with
respect to w is the subsum in,, (f) of all terms ¢, X<, ¢, # 0, such that (o, w) is minimal. That is,

in,(f) = Z{caXa | ca # 0, (a,w) = 7f(w)}.
Example 3.41. Any polynomial in R[X, Y] of the form
f=aXY +bX%+cY3 +4d,
where a, b, ¢,d are nonzero real numbers, has with respect to w = (—2,2) the initial form
in,(f) = bX2
¢

Proposition 3.42. Let f and g be polynomials in K[X1, ..., X,], and let w # 0 be a vector in R"™. We
have

in,, (f - g) = ing,(f) - iny,(g),
7y (w) = pnp(sy(w),
NP (iny(f)) = NP(f)w.

Proof. Let f =73, caX¥and g= 3,4 dgX? be polynomials in K[X7,..., X,]. First, we have

7pg(w) = min{{a + B,w) | ca # 0,ds # 0}
— min{ (e, w) | o # 0} + min{ (3, w) | ds # 0}
= 7y (w) + 7y (w).

Then we obtain

iy (f-9) = Y {cadsX*TF [ ca #0,ds # 0, (@ + B, w) = mp.q(w)}

= {caX [ ca # 0, {a,w) =7p(w)}- > {dsX” | dg #0,(8,w) = my(w)}
= inw(f) -inw(g).

Second, we have m(w) > pxp(s)(w) by definition. On the other hand, the Newton polytope NP(f)
is the convex hull of the set A = {a | ¢4 # 0}. By the proof of Prop. 3.16, the vertices of NP(f) belong
to this set. Let ai,...,a, € A be the vertices of NP(f). We may assume that (a1, w) < (a;,w) for
each i, 1 < i < m. Let v € NP(f) such that pxp(s)(w) = (v,w). By Prop. 3.20, v = }_, \ja;, where
Ai>0,1<i<m,and ), \; = 1. Then (v,w) = >, Ai{a;, w) > >, Ni{ar,w) = (a1, w). It follows that

prp () (w) = mp(w).
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Third, by using the last assertion, we obtain

NP(f)w = NP(f) N Hyp(f),w
= conv{a | ca # 0} N{v | v € NP(f), (v,w) = pxp(s)(w)}
= conv{a | co # 0} N{v | v € NP(f), (v,w) = m¢(w)}
= conv{a | ¢y # 0, (o, w) = 7s(w)}

= NP (iny(f)).
O
Lemma 3.43. If f and g are polynomials in K[X1, ..., X,] and w # 0 is a vector in R™, then
NP (ing (f) - inw(g)) = NP(f)ew + NP(g)w. (3.20)
Proof. Let f =3, caX® and g = Y2, ds X" be polynomials in K[X1, ..., X,]. We have
NP(in, (f) - inw(g)) = convi{a+ B | ca # 0.dg # 0, (@, w) = 7p(w), (B, w) = 7y (w)}
= conv{a | ca # 0, (@, w) = mp(w)} + conv{B | dg # 0, (B, w) = my(w)}
= NP(f)uw + NP(g).
O

Theorem 3.44. Let f and g be polynomials in K[ X1, ..., X,]. Then
NP(f-g) =NP(f) © NP(g).
Proof. Let w # 0 be a vector in R"™. We have by Prop. 3.42, Lemma 3.43, and Prop. 3.33,

NP(f - g)w = NP(iny,(f - 9))
= NP(in,(f) - inw(g))
= NP(f)w + NP(g)w
= (NP(f) + NP(g)),, -

This equality shows that the polytopes NP(f - ¢g) and NP(f) ® NP(g) have the same set of vertices.
But by Prop. 3.20, each polytope is the convex hull of its vertices and so the result follows. a

Theorem 3.45. Let f and g be polynomials in K[X1,...,X,]. Then
NP(f + g) € NP(f) & NP(g).
Equality holds, if all coefficients in the polynomials f and g are positive.
Proof. Let f =3, caX%and g=3 4 dsX” be polynomials in K[X1, ..., X,]. By Prop. 3.34, we have

NP(f) ® NP(g) = conv(conv({e | co # 0}) Uconv({B | dg # 0}))
— conv({a, B ca £ 0,ds £ 0}).
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On the other hand, we have f +¢=>__(cy +d,)X" and so

NP(f +g) = conv({7 [ ¢y +dy # 0}).

Let ¢y +dy #0. Then ¢, #0 or d, # 0 and so v € {a, 3 | ca # 0,dg # 0}. This proves the inclusion.
Finally, suppose that all coefficients in f and g are positive. Then ¢y # 0 or d, # 0 implies that
¢y +d, # 0. Thus the other inclusion also holds and hence both polytopes are equal. a

Example 3.46. In R[X, Y] consider the polynomials
f=XP+1 and g=Y9+1,

where p and ¢ are positive integers. The corresponding Newton polytopes are line segments in R? given
as

NP(f) = conv({(0,0), (p,0)}) = {(2,0) | 0 < = < p}
and
NP(g) = conv({(0,0),(0,9)}) = {(0,y) [0 <y < g}

The sum f 4 g has the Newton polytope
NP(f +g) = NP(X? +Y? +2) = conv({(p,0), (0,9), (0,0)}),
which is a triangle with vertices (0,0), (p,0), and (0, ¢), and the product f - g has the Newton polytope

NP(f-g) = NP(zPy? + 2 + y? + 1) = conv({(p, 9), (p,0), (0,9), (0,0)}),

which is a rectangle with vertices (0,0), (p,0), (0,¢), and (p,q) (Ex. 3.35). &

3.7 Parametric Shortest Path Problem

The problem of finding shortest paths in a network can be extended by making use of the polytope
algebra. For this, let G = (V, E) be a digraph with vertex set V= {1,...,n} and edge set E. Assume
that each edge (4, ) in G has an associated polytope P;; in the Euclidean d-space. We put P;; = {0},
1 <i<mn,and P;; =0if (4,5), i # j, is not an edge in G. We represent the digraph G by the n x n
matrix Dg = (P;;) of polytopes in the polytope algebra Pg.

Each vector w € R™ allows to assign scalar values to the edges (4, j) in G by linear programming on
the polytope Pj;:

dij = dij(w) = min{(w, p) | p € P}, (i,)) € E. (3.21)

In particular, we have d;; =0, 1 <4 <n, and d;; = oo if (¢,), ¢ # j, is not an edge in G. Thus each
vector w € R™ gives rise to an n x n adjacency matrix Dg = Dg . = (d;;) with respect to w. We show
that the lengths of the shortest paths in G given by the n x n adjacency matrix Dg with respect to w
can be derived by computation in the polytope algebra P,.
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Proposition 3.47. Let G be a digraph on n vertices with n x n adjacency matriz Dg and let w € RY.
The length of the shortest path from vertex i to vertex j in the digraph G is given by

n—1 . n—1
d ™Y = minf(w,p) | p € P57},
where (Pi(]nfl)) is the (i,j)-th entry in the (n — 1)th power of the matrix Dg computed in the polytope
algebra P,
Proof. The proof of Prop. 3.4 shows that the lengths of the shortest paths satisfy the recursion formula

dg;) S min{dgz_l) +dy; | 1<k<n}, 2<r<n-1.
We put Pi(jl) = P;;, 1 <4,5 <n. Claim that for 1 <r <n -1,

d) = min{(w,p) | p € PJ'}.

Indeed, this assertion holds by definition for r = 1. For 2 < r < n — 1, we have
dz(-;) = min{dl(;_l) +dy; |1 <k<n}

= min{min{(w,p) | p € P~} + min{(w,p) | p € B} |1 <k <n}

= min{min{(w,p) | p € Pi(,:_l) © Py} |1<k<n}

= min{(w,p) | p € PP " © Py}

k=1

= min{(w,p) | p € P}}.
The second equality follows from the induction hypothesis, the third from the definition of multiplication
in the polytope algebra, and the fourth from the definition of addition in the polytope algebra and the

fact that the minimum is attained at a vertex which is, by Prop. 3.34, a vertex of one of the involved
polytopes. a

The Floyd-Warshall algorithm for finding shortest paths in a weighted digraph can be extended to this
parametric setting. If the parameter d is kept fixed, the algorithm still runs in polynomial time.

Example 3.48. Reconsider the directed graph G in Ex. 3.5. Suppose the adjacency matrix of G is
defined over the polytope algebra P, as follows

{0 P 0 0
P )
STl P 0 {0} 0 |
P 0 0 {0}
where P is a polytope in R?. Then we have

{0} P P®% ¢ {0} P P®% ¢
s | P2 {0} P 0 3 | PP2 {0} P 0
Dg* = P P®2 {0} 0 and  D&* = P P2 {0} 0
P P2 § {0} P P©2 po3 10}
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Basic Algebraic Statistical Models

Statistics is the study of the collection, analysis, interpretation, presentation, and organization of data.
Statistics builds models of the process that generated the data. In descriptive statistics, data are sum-
marizes and measured by indexes such as mean and standard deviation, while in inferential statistics,
conclusions about data are drawn subject to random variation such as confidences intervals and hy-
pothesis testing. In this chapter, some basic algebraic statistical models are introduced which will serve
as a basis for the subsequent chapters.

4.1 Introductory Example

We consider a statistical model called DiaNA that produces sequences of symbols over the DNA alphabet
{A,C,G, T} such as

CTCACGTGATGAGAGCATTCTCAGACCGTGACGCGTGTAGCAGCGGCTC. (4.1)

DiaNA uses three tetrahedral dice to generate DNA sequences. The first two dice are loaded and the
third die is fair (Table 4.1). DiaNA first picks one of her three dice at random, where the first die
(GC-rich) is picked with probability 6;, the second die (GC-poor) is picked with probability 82, and the
third die is picked with probability 1 — 6; — 65.

Table 4.1. The three tetrahedral dice of DiaNA.

|A ¢ G T
first die |0.15 0.33 0.36 0.16
second die|0.27 0.24 0.23 0.26
third die [0.25 0.25 0.25 0.25

DiaNA uses the following probabilities to generate the four symbols:

pa = —0.10-6; +0.02 - 62 + 0.25,
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pc = 0.08-6; — 0.01 - 6y + 0.25, (4.2)
PG = 0.11- 91 —0.02- 92 + 025,
pr = —0.09-60; +0.01 -6, + 0.25.

We have

pa +pc +pc+pr =1,

and the three distributions in the rows of Table 4.1 are obtained by specializing (61, 62) to (1,0), (0,1),
and (0,0), respectively.

Consider the likelihood of observing the data (4.1). For this, note that the data contains 10 A’s, 14
C’s, 15 G’s, and 10 T’s. Assume that all symbols were independently generated. Then the likelihood of
observing the data is given by

L=py -pc - pg - pr-

The likelihood function L = L(6;,65) is a real-valued function on the triangle
o= {(61,02) | 01 >0,05 >0,0, +65 < 1}
Equivalently, the likelihood of observing the data can be described by the log-likelihood function

€(91,92) = logL(91,92)
=10 -logpa(61,02) + 14 - log pc (61, 02) + 15 - log pg (61, 02) + 10 - log pr (61, 02).

The parameters 6 and 65 can be estimated by maximizing this likelihood function. For this, we equate
the two partial derivatives of the function to zero:

ol 10 0 14 0 15 0 10 0

00 _10 Opa 14 Opa 15 Opa 10 Opa_,

9  pa 061 pc 06,  pc 061  pr 06

ol 10 apA 14 6]),4 + 15 8pA + 10 8]),4

0y pa 00y  pc 00y ' pe 00y | pr 96y

We use Maple to solve these equations:

> pA := -0.10*x + 0.02xy + 0.25:

>pC := 0.08%x - 0.01xy + 0.25:

> pG := 0.11xx - 0.02xy + 0.25:

> pT := -0.09*%x - 0.01xy + 0.25:

> L := pA™10 * pC~14 * pG~15 * pT~10:
>1 :=log(L):

> 1x := diff (1, x):

> ly := diff(1, y):

> fsolve( {1x=0, 1y=0}, {x,y}, {x=0..1}, {y=0..1} );
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The fsolve command provides the critical point
0 = (61,0,) = (0.5191263945, 0.2172513326).
The corresponding probability distribution is
(Ba,bc,Pa, pr) = (0.202432,0.289358, 0.302759, 0.205451).

This distribution lies very close to the empirical distribution

1
19 (10,14, 15,10) = (0.204082, 0.285714,0.306122, 0.204082).

To determine the nature of the critical point é, we examine the corresponding Hessian matrix

8% 8%¢
_ 2967 96100,
H= 824 8%¢ :

00,00, 962

At the critical point 8 = é, the Hessian matrix equals

—7.409465471  1.195056562
1.195056562 —0.2034803046 |

Since the Hessian matrix is a real-valued symmetric matrix, its eigenvalues are real-valued
—7.602486025, —0.01045975018.

As the eigenvalues are negative, the Hessian matrix is negative definite. Thus the critical point 6 is
a local maximum of the likelihood function £(6). These calculations can be carried out by Maple as
follows:

> x := 0.5191263945: y := 0.2172513326:
> with( linalg ):
> H := matrix( [[ diff(diff(1,x),x), diff(diff(1l,x),y) 1,
[ diff(diff(1,y),x), diff(diff(1l,y),y) 11 );
> eigenvalues ( H );

4.2 General Algebraic Statistical Model

The above example exhibits all characteristics of an algebraic statistical model. In general, one considers
a state space given by the first m positive integers

[m] :={1,...,m}. (4.3)

A probability distribution on the set [m] is a point in the probability simplex

A1 ={(p1,--.,pm) €[0,1]™ | Zpi =1} (4.4)
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An algebraic statistical model is defined by a polynomial map f : R* — R™ given by

(91,...,9d)»—>(fl(H),...,fm(H)), (45)

where 601,...,04 are the model parameters and fi,..., f;;, are polynomials (or rational functions) in
R[X1,...,X,]. Note that the number of parameters d is usually much smaller than the size of the state
space m.

The parameter vector (61, ...,0,) ranges over a suitable nonempty open subset © of R?, the param-
eter space of f. We assume that the parameter space @ satisfies

O C{hcRY| f(0) >0,1<i<m} (4.6)
Thus we have
H(O) € Ay = Fi(0) + ..+ funlb) = 1. (4.7)

The right-hand side is an identity of polynomial functions in which all nonconstant terms cancel and
the constant terms add up to 1. If (4.7) holds, then the model is simply the set f(O).

However, not all algebraic statistical models satisfy (4.7). In this case, the vectors in f(€) can be
scaled to obtain a family of probability distributions on [m],

1
S0 (f1(0),.... fm(0), 6€O. ",

The denominator polynomial >, f;(6) is known as the partition function of the model.
The sample data are typically given by a sequence of values from the state space,

i1i, 03, 0N (4.9)

The integer N is the sample size. Assume that the values are independent and identically distributed.
Then the data can be summarized by the frequency vector

w= (U1, us,...,Unp), (4.10)
where w; is the number of occurences of i € [m] in the data, 1 <1 < m. It follows that
U +ug+ ...+ Uy =N (4.11)

and the empirical distribution corresponding to the data is given by the scaled vector

1
N(ul,m,...,um), (412)
which belongs to the probability simplex A,,_1. The coordinates u;/N are the observed relative fre-
quencies of the outcomes.

Consider an algebraic statistical model f : R? — R™ for the data. The probability of observing the
data (4.9) is given by

L(0) = fi,(0)fi(0) - - fin (0) = f2(O)™ - -~ fi,, (0)"™. (4.13)
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If the frequency vector w is kept fixed, the likelihood function L is a function from the parameter space
O to the positive real numbers.

By reordering the data (4.9), we obtain the same frequency vector u. Thus the probability of
observing the frequency vector u is given by

(uh N >L(0). (4.14)

ey U

The frequency vector is a sufficient statistic for the model f since the likelihood function L(#) depends
on the data only through u (and not through the data itself).

We may run into numerical problems when multiplying many probabilities. For this, we use the log
transformation and represent the likelihood function by the log-likelihood function

00) =log L(0) = uy -log f1(0) + ... + um - log [ (6). (4.15)

The log-likelihood function £(6) is a function from the parameter space © to the negative real numbers.

The problem of mazimum likelihood estimation is to maximize the likelihood function L(@) or,
equivalently, the scaled likelihood function (4.14), or, equivalently, the scaled log-likelihood function
£(9), over the parameter space:

max £(6)

st.0e€O (4.16)

A solution to this optimization problem is called mazimum likelihood estimate of 6 with respect to the
model f and the data u. The simplest algebraic statistical models are the linear and toric models, since
they easily allow to establish maximum likelihood estimates.

4.3 Linear Models

An algebraic statistical model f : RY — R™ is called a linear model if its coordinate functions f;(6),

1 <¢ < d, are linear functions. That is, there are real numbers a;1,...,a;q and b;, 1 <14 < d, such that
d
j=1

For instance, DiaNA is a linear model f : R2 — R* given by the coordinate functions

~

1(8) = —0.10 - 61 4 0.02 - 6 + 0.25,

(6) = 0.08-6; — 0.01 - 6 + 0.25,
(f) = 0.11-6; — 0.02- 6, + 0.25,
()

f2
f3
f4(0) = —0.09 - 6, +0.01 - 65 4 0.25.

Proposition 4.1. For any linear model f : R — R™ and sufficient statistic u € NJ*, the log-likelihood
function
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= Zui log f:(6)
i=1

is concave. If the linear map [ is one-to-one and the data u;, 1 < i < m, are positive, then the
log-likelihood function £(0) is strictly concave.

Proof. Consider the Hessian matrix of the log-likelihood function,

0%
H =
(89j89k >j,k

The log-likelihood function ¢(0) is concave if and only if the Hessian matrix H is negative semi-definite
for each 6§ € ©. Since the Hessian matrix is real-valued and symmetric, its eigenvalues are real-valued.
It follows that the Hessian matrix H is negative semi-definite if and only if the eigenvectors of H are
non-positive.

Taking partial derivatives of the coordinate functions gives

Thus the partial derivatives of the log-likelihood function are

mua
-y 1sg<a

Taking partial derivatives again yields

uzaz]alk .
< <d.
90,00, aek Z lsjksd

Thus the Hessian matrix is given by the matrix product

. Uy Um
= —AT-Chag <f1(9)2’”. fm(9)2> CA,

where A is the m x d matrix with entries a;;. Hence, the eigenvalues of H are non-positive.

If the mapping f is one-to-one, the matrix A has full rank d, and if the data u;, 1 < i < d, are
strictly positive, then by (4.18) all eigenvalues of the Hessian matrix are strictly negative. Hence, the
log-likelihood function is strictly concave. ad

Maximum likelihood estimates for a linear model are given by the critical points of the log-likelihood
function.

Corollary 4.2. If the linear model f : RY — R™ is one-to-one and the data u;, 1 < i < m, are positive,
then each critical point of the log-likehood function ¢(0) is a local mazimum.
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Consider the simple linear regression model given by n real-valued data points (x;,y;) for 1 <i <mn.
Suppose the relation between the coordinates of these data points is described by the linear expressions

yi=b61xi+6p+e, 1<i<mn,
where 0,0, € R and ¢; is an N(0,02) error. The objective is to find the equation of the straight line
Yy = 91$ + 90

which provides the best fit for the data points in the sense of least-squares minimization; i.e., >, € is
minimal. The ordinary least-squares method gives

= i (@i )i =) Say
iy (i —7)? 52

D>

and . A

0 =7 — 017.
Example 4.3 (R). The computation of the statistics of a linear model in R can be accomplished by
the function 1m (Fig. 4.1)

# relation between age and specific blood value of 20 persons

age <- c(46,20,52,30,57,25,28,36,22,43,57,33,22,63,40,48,28,49,52,58)
bv <- ¢(3.5,1.9,4.0,2.6,4.5,3.0,2.9,3.8,2.1,3.8,4.1,3.0,2.5,4.6,3.2,4.2,
2.3,4.0,2.3,4.0,4.3,3.9)

srm <- 1m( bv ~ age ) # linear model

summary( srm )

vV V + VvV V

Call:
Im(formula = bv ~ age)

Residuals:
Min 1Q Median 3Q Max
-0.48979 -0.22844 -0.02445 0.20009 0.63844

Coefficients:

Estimate Std. Error t value P(OIt])
(Intercept) 1.15174 0.22257 5.175 6.37e-05 *x**
age 0.05583 0.00522  10.695 3.15e-09 *xx

Multiple R-squared: 0.864,

The parameter estimates are g = 0.56 (intercept) and 6; = 0.15 (age). The standard errors of the
parameter estimates are se(3y) = 0.223 and se(3;) = 0.005. The R? value of 0.86 indicates that about
86% of the variance of the blood values can be explained by the model. &
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Fig. 4.1. Simple linear regression.

4.4 Toric Models

The toric models form another class of simple algebraic statistical models. To define a toric model, take

a matrix A = (a;;) € NE*™ whose column sums are all equal:

d

Let the jth column vector «; of the matrix A represent the monomial
0% =07 057, 1<j<m. (4.19)

By (4.18), these monomials all have the same degree. The matrix A provides an algebraic statistical
model f : R* — R™ defined as

f0—= (09, ...,0%), (4.20)
which is called the toric model associated with A. The parameter space of this toric model is given by

O={0cR[0° >0, 0% =1}. (4.21)

J

Given a frequency vector u € Nj* with sample length N = . u;. The maximum likelihood function
of this model has the form

L(B) = F1(0)" -+ f(6)""
— (9@1)“1 .. (e(xm)um
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d d
= ( 9?1'1“1) (H Q?imum> (4-22)
i=1 i=1

i1t Fasouz+...FoimuUm
K3

|
s

1
Au

I
> -

The vector b = Au is a sufficient statistic for the model. Maximum likelihood estimation for the toric
model means solving the optimization problem

max 6°

st.0c0. (4.23)

Proposition 4.4. Let f : R — R™ be the toric model associated with a matriz A € NgX" and let
u € NJ be a frequency vector. If 0 is a local mazimum of the optimization problem (4.23), then

1
A-p=—.b
p N

where b = Au is the sufficient statistic, N = uy + ...+ u,, is the sample size, and p = f(é)

Proof. We introduce a Lagrange multiplier A. Each local optimum of (4.23) is a critical point of the
following function in the variable 6,...,04 and A,

0+ X[ 1= 0%
j=1
If this function is subjected to the (scaled) gradient operator

9 a\"
0‘v9—<01%7...,0d%) 5

we obtain the expression

m [ 1)

_)\.Z 9% .
j=1

« dj

by - 6

by - 04

We abbreviate the left vector by the expression 6°-b. If we put p = (61, ...,0%)T the critical equation
obtained by equating (4.24) to zero becomes

0" -b=X-) 0% a; =X\ A-p.

j=1

For each critical point 6 with p = (éal, cey éa"'L)T, we obtain
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@) -b=X-A-p.

Thus the vector A-p is a scalar multiple of the vector b = A -u. But the matrix A has the all-one vector
(1,...,1) in its row space and }; p; = 1. Hence the scalar factor must be 1/N. O

Example 4.5 (Maple). Take the matrix
210
A= (0 1 2) '

f : R2 — R?’ : (01,92) — (9%,9192,9%)

The associated toric model is given as

Suppose u = (11,17,23) is a frequency vector. The sample size is N = 51 and we have

39
b= Au= (63>

The problem is to maximize the likelihood function L(f) = 63°65 over all positive real vectors
(61,02) that satisfy 62 + 016, + 62 = 1. For this, by Prop. 4.4, we consider the system of equations

202 + 6,0, 1 (39
ok o)== . 4.24
<91 0> + 29% 51 63 ( )
We use Maple to solve these equations. To this end, the toric model is described by the matrix

> with(linalg}:
>d :=2: m := 3:
> A := matrix( 4, m, [2,1,0,0,1,2] );

Take the frequency vector
>u := vector( [11,17,23] );

Using the matrix A and the vector u, we obtain

>N := 0: for j from 1 tom do N := N + u[j] od:
> b := scalarmul( multiply( A, u), 1/N);
> p := vector( [ x"A[1,1] * y~A[2,1],
x"A[1,2] * y~A[2,2],
x"A[1,3] * y~A[2,3] 1);
> v := multiply( A, p);

We solve (4.24) by the floating-point solver fsolve

> fsolve( {v[1] = b[1], v[2] = b[2]}, {x,y}, {x=0..1}, {y=0..1} );



4.4 Toric Models 85

and obtain the unique solution
0, = 0.4718898804, 0, = 0.6767378939.
The corresponding probability distribution satisfies
P = (0.2226800592, 0.3193457638, 0.4579741770),

which lies close to the empirical distribution
1
N U= (0.2156862745, 0.3333333333, 0.4509803922).

¢

A particularly simple toric model is the socalled independence model. To describe an independence
model for two random variables, we take positive integers m; and mso, and put d = m; + my and
m = my - my. Consider the d x m matrix

A L1 (4.25)

whose first m; rows successively contain the all-one vector of length my and whose last mg rows are
comprised of successive mo X mo identity matrices. The column sums in this matrix are all equal to 2.
Thus the matrix A defines a toric model f : R* — R™ given by

fi(01,-50a) = (0i0j1m,)icimi].jcims)- (4.26)
The probability distribution p = (p;;) has the form
pij = 0i0jem,, 1 <i<mi, 1<j<mo, (4.27)

and satisfies

010,41+ ..+ 010, +m,

_ 9m19m1+1 4+ ... + 0m19m1+m2
Ap= 010,41+ ...+ 0y Oy 41 . (4.28)

919m1+m2 +.o.t 9m19m1+m2

This model can be considered as the independence model for two random variables. To this end, let
X1 and X5 be random variables on the state sets [mq] and [ms], respectively. These random variables
are independent if
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By putting P(X; = i) = 6; and P(X3 = j) = 6,4m,, we see the analogy to the algebraic statistical
model.

Given a frequency vector u = (u;;) € Ni* with sample length N = 3, u;;. The sufficient statistic
of this model is

U1+ - UL,

b=A.u=|"m vma | 4
u u11—|—...+um171 ( 30)

Ul,my - Umy ms

By Prop. 4.4, we obtain the following result.

Proposition 4.6. Let f : R? — R™ be the independence model associated with the matriz A € Ngxm
in (4.25) and let v = (u;;) € NJ* be a frequency vector. A local mazimum 6 for these data is given by

P ,
aiZNzuij, 1 <i<ma,

J=1

and
N 1 & _
0j+77z1 = N;’U,ij, 1 S J S mao.

Example 4.7. Consider the independence model for a binary and ternary random variable (m; = 2
and my = 3) given by the matrix

111000
000111
A=1100100
010010
001001

The matrix A gives rise to the toric model f : R® — R2*3 defined as
(01,02,03,04,05) — (0103,0104,0105, 0203, 0504, 0:05).

Thus we obtain
0103 + 0104 + 0105

0203 + 0204 + 0205
A-p= 0103 + 0203
0104 + 0204
0105 + 6205

Given a frequency vector u = (u11, 12, U13, U21, U2z, Uas ), we derive the sufficient statistic
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U1 + w12 + U3
U21 + Ug2 + U23
b=A u= U1 + U921 ,
U2 + U22
U1z + U2

and the likelihood function

L(6) = (0105)"** (6164)"**(6165) "> (0205)"*" (0204)">* (6205)">
_ 9“11+U12+u139u21+U22+u23 9u11+u21 9u12+u22 9“13+u23
1 2 3 4 5 .

By Prop. 4.6, the maximum likelihood estimates for the frequency vector u are

1
1 = —(u11 + u12 + u13),

6
N
= i( + gy + un3)
2 = N U21 T U22 T U23),
A 1
03 = ﬁ(un + u21),
~ 1
04 = N(Uu + u92),
A 1
05 = N(U13+u23)~

4.5 Markov Chain Model

A basic algebraic statistical model that is more complex than the linear and toric models is the Markov
chain model.

First, we introduce the toric Markov chain model. For this, we take an alphabet Y with [ symbols
and fix a positive integer n. We consider words 7 = 71 .. .7, of length n over X' and count the number
of occurrences in 7 of length-2 words ¢ = 0102. The number of such occurrences is denoted by a, ;.
For instance, we have acg aceace = 2 and acc,ceace = 0.

We record all possible occurences by a matrix A; ,, = (as,-). Note that the matrix A has d = 12 rows
labelled by the length-2 words o over X' and m = [ columns labelled by the length-n words 7 over
X. The matrix A;, has the property that the sum of each of its columns is n — 1, because each word
of length n consists of n — 1 consecutive length-2 words. Thus the matrix A;, defines a toric model
= fin:RY— R™ given by

0= (0)oex2 > (Pr)resm, (4.31)

where

1
pr = 797'172 Orgrg o Orp 7y T=T1...T €27 (432)
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The leading coeflicient indicates that we assume a uniform initial distribution on the states in the
alphabet X' as described by (7.1). The parameter space of the model is the set of positive [ x [ matrices
© = RY/ and the state space is the set of all words over ¥ of length n. This model is called toric
Markov chain model.

Example 4.8. Take the binary alphabet ¥ = {0,1} and n = 4. We have | = 2, d = 2? = 4, and
m = 2% = 16, and the 4 x 16 matrix Ay 4 is defined as

0000 0001 0010 0011 0100 0101 0110 0111 1000 1001 1010 1011 1100 1101 1110 1111

00 3 2 1 1 1 0 0 0 2 1 0 0 1 0 0 0
01 0 1 1 1 1 2 1 1 0 1 1 1 0 1 0 0
10 0 0 1 0 1 1 1 0 1 1 2 1 1 1 1 0
11 0 0 0 1 0 0 1 2 0 0 0 1 1 1 2 3
The matrix As 4 provides the toric Markov chain model given by the mapping
faa : R* = R 2 (Boo, fo1, 010, 611) — (Po00os Pooot s - - - P1111),
where
1
p7'17'27'37'4 = 587'17‘2 : 07'27'3 : 97‘37’47 T1,7T2,73,T4 S 2
For instance, we have Poooo = %080, Pooo1 = %080901, and Po11o = %901911910. <>

Second, we introduce the Markov chain model as a submodel of the toric Markov chain model. For
this, the parameter space of the toric Markov chain model is restricted to the set all matrices 6 € Rl;Ol

whose rows sum up to 1. The parameter space of the Markov chain model is thus a subset ©; of Rl;Ol,
and the number of parameters is d = [ - (I — 1). The entries of the matrices § € ©1 can be viewed as
transition probabilities. That is, 0,,,, can be interpreted as the probability to transit from state o; to
state oo in one step. The Markov chain model is given by the map f;, : R? — R restricted to the

parameter space ©1. Each point p in the image f;,(61) is called a Markov chain.

Example 4.9. Reconsider the toric Markov chain model in Ex. 4.8. The parameter space ©; of the
Markov chain model can be viewed as the set of all pairs (6p, 61) € ]R2>0 which give rise to the probability

matrices
B 0 1—106
0= (1 0 o ) . (4.33)

The Markov chains in f54(61) are as follows:

Poooo = %98’7 P0001 = %93(1 — o),

Poo10 = ?90(1 —0p)(1 = 61), poo11 = ?90(1 —06p)01,
Po100 = ?(1 — 61)63, Po101 = ?(1 —600)%(1 —61),
Po110 = ?(1 —60)01(1 —01), po111 = ?(1 —00)03,

P1000 = ?(1 — 61)63, P1o01 = ?90(1 —0p)(1 = 61),
P1o10 = ?(1 —601)*(1 = 6), pro11 = ?(1 —60)0:1(1 —01),
P1100 = ?91(1 —61)bo, P1101 = ?(1 —60)0:1(1 —61),
p1110 = 507(1 —64), P11 = 365
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Let w = (u,) € NJ* be a frequency vector representing N observed sequences in X™. That is,
Ur = Ury .., counts the number of times the sequence 7 = 71 ... 7, was observed. Hence, ZT ur = N.
The sufficient statistic v = A;, - v can be regarded as an [ x [ matrix with entries vy, o,, where
01,09 € Y. The entry v,,,, equals the number of occurrences of o109 € X2 as a consecutive pair in
any of the N observed sequences.

Example 4.10. Reconsider the Markov chain model in Ex. 4.9. The sufficient statistic is given as

Voo = 3ugooo + 2uooo1 + %oo10 + Uoo11 + o100 + 2U1000 + %1001 T U1100;

Vo1 = Upoo1 + Ugo1o + Ugo11 + U100 + 2Uo101 + U110 + U111 + U001 + U010 + U011 + Ull01,
V10 = Y0010 + Uo100 + Uo101 + Uo110 + 2U1000 + U1001 + 2U1010 + U1011 + U1100 + Y1101 + U1110,
V11 = Upo11 + Uo110 + 2Uo111 + U011 + U100 + U101 + 2U1110 + U111

¢

Proposition 4.11. In the Markov chain model f; ,,, the mazimum likelihood estimate of the frequency
data w € NY" with sufficient statistic v = A, -u is given by the | x | matriz 0 = (0,,,,) in Oy such that

Voyos

=, 01,00 €.
20620010

90’10’2 =

Proof. Let X = {1,...,1}. The likelihood function for the toric Markov chain model is given by

_ pAinu _ g _ Vij
L(O) =04 =0 = ] 05

ijeEX?
and so the log-likelihood function equals
6(0) = Z Vij 1Og0ij
ijex?
-1
= Z (Uil log ;1 + ...+ v;1-11log8;;—1 + vy log (1 - Z 9ik>> .

= k=1

For any length-2 word ij € X2, we obtain
(% Uij Vil

= -
ij Oy 1S O
Equating these expressions to zero yields the unique critial point with coordinates

Vij ..
9”‘:$7 ZjEEz.
Vi1 + ...+ U

a

Example 4.12. Reconsider the Markov chain model in Ex. 4.9. Suppose there is a sample of length
N = 89 given by the frequency vector
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u=(7,2,810,7,9,7,10,4,2,5,7,4,3,2,4)".
Then the sufficient statistic is v = A4 - u = (64,79,63,67)7. The likelihood function is given by
L(0) = 0% (1= 00)° - 5% - (1 — 0,)°"
and thus the log-likelihood function equals
£(0) =64 -log by + 79 - log(1l — 0p) + 63 - log 61 + 67 - log(1 — 61).

By Prop. 4.11, the maximum likelihood estimate of the data wu is

. 4 .
o 6 =0.447552 and 6; =

= = 0.484615.
64+ 79 63 + 67

4.6 Maximum Likelihood Estimation

Maximum likelihood estimation is a popular statistical method used for fitting a statistical model to
the data and providing estimates for the model parameters. Consider an algebraic statistical model
f:C%— C™ given by

f:00= (f1(0),..., fm(0)). (4.34)
Here the ambient spaces are taken over the complex numbers, but the coordinates fi,..., f; are
polynomials in Q[fy,...,0,]. It is assumed that the parameter space © is an open subset of R% and
that the image f(©) of the parameter space is a subset of RZ,,.
Given a sample set which is summarized by the frequency vector u = (u1,uz, ..., uy) of positive
integers. The probability of observing the data is given by the likelihood function
Lo(0) = £i,(0) fi,(0) - - fin (0) = f2(0)" - fi,, (6)". (4.35)

Equivalently, the likelihood function can be described by the log-likelihood function
0,(0) =log L, (0) = uy - log f1(0) + ... + um, - log fin (0). (4.36)

The problem of maximum likelihood estimation is to maximize the (log) likelihood function. Each
maximum of the log-likelihood function is a solution of the critical equations
o,
a20;

0, 1<i<d (4.37)

The derivative of £, with respect to the variable 6; is the rational function

8€u “ Uj 8f] .
= <7 <d. .
90, Z:l @y ae, ‘si=d (4.38)
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We can use Groebner bases to compute the critical points. For this, consider the polynomial ring
Q[Z1,...y Zm,01,...,04] and take the ideal

Ju={Z1fi =1, .., Z o — 1XMJW9 Z:Zfﬁ (4.39)

A point (z,60) € C¥™ lies in the affine variety V(J,) if and only if # is a critical point of the log-
likelihood function, where f;(0) # 0 and z; = 1/f;(0) for 1 < j < m.

Consider the m-th elimination ideal of J, with respect to an elimination ordering for Zi,..., Z;
that is,

I,=JuNClhy,....04. (4.40)

The ideal I, is called the likelihood ideal and the variety V(I,,) is called the likelihood variety of the
model f with respect to the data wu.

Proposition 4.13. A point 6 € C? with f;(0) # 0 for 1 < j < m lies in the likelihood variety V(I,,) if
and only if 0 is a critical point of the log-likelihood function £,,.

Proof. Let 6 be a critical point of ¢,,. Put z; = 1/f;(0), 1 < j <m. Then (z,0) € V(J,) and so by the
Closure theorem 6 = m,,(z,0) € V(I,,).

Conversely, we make use the Extension theorem. First, we extend by the variable Z;. Consider the
generator Zy f; — 1. Since f1(0) # 0 and 6 € V(1,,), it follows that the solution # can be extended to a
solution (0, z1), z1 = 1/f1(0), of the ideal (Z; f; — 1) + I,,. By continuing this way, we obtain an element
(0,z) of V(J,,). Then 0 is a critical point of Z,. O

The problem of maximum likelihood estimation can be solved by computing the likelihood variety
V(I,) in C?, intersecting the variety with the preimage f~'(A) of the probability simplex A,, 1, and
identifying all local maxima among the points in V(I,,)N f~1(A). Equivalently, the maximum likelihood
estimates can be obtained by augmenting the ideal J,, with the polynomial f; + ...+ f,, — 1; that is,

Ju=(fi+fotfatfatfs—Lafi—1.. . 2nfm—1, Zu]z]ae Z u; jaej . (4.41)

Then the likelihood variety V(Iu) is intersected with the preimage f~!'(RZ,) and all local maxima
among the points in V(I,,) N f~1(RZ,) are determined.

Example 4.14 (Singular). We compute the likelihood variety of the DiaNA model. For this, take the
algebraic statistical model f : C? — C* given by

> ring bigring = real, (t(1..2),z(1..4), 1
> poly f1 = -0.10%t(1) + 0.02*%t(2) + 0.25;
> poly £2 = 0.08*t(1) - 0.01%t(2) + 0.25;
> poly £3 = 0.11%t(1) - 0.02%t(2) + 0.25;
> poly f4 = -0.09%t(1) + 0.01%t(2) + 0.25;

Suppose the frequency vector is
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> int ul = 10;
> int u2 = 14;
> int u3 = 15;
> int u4 = 10;

The ideal J,, in the big ring Q[Z1, Z2, Z3, Z4, 01, 02] is defined as

> ideal Ju = f1+f2+f2+f4-1,

z(1)xf1-1, z(2)*xf2-1, z(3)*f3-1, z(4)*f4-1,

ul*z (1) *diff (£1,t(1)) + u2*z(2)*diff (£2,t(1))

+ u3*z(3)*diff (£3,t (1)) + ud*z(4)*diff(f4,t(1)),
ul*z(2)*diff (£1,t(2)) + u2*z(2)*diff (£2,t(2))

+ u3*z (3)*diff (£3,1(2)) + ud*z(4)*diff(f4,t(2));

The likelihood ideal I, is obtained from J, by elimination:

ideal Iu = eliminate (Ju, z(1)*z(2)*z(3)*z(4));
ring smallring = real, (t(1..2)), 1p;
ideal Iu = fetch (bigring, Iu);

> std(Iu);
Tu_[1]1=t(2)"3-(8.071e+01) *t (2) "2-(3.202e+04) *t (2) +(6.959e+03)
Tu_[2]=t(1)+(2.110e-04)*t (2) "2-(1.627-01) *t (2) - (4.838-01)

vV V V

Finally, the zeros of the reduced Groebner basis of I, are computed as follows:

> LIB "solve.lib";
> solve (Iu, 10);

The zeros are

[1]:

[1]:
-27.1481605843
[2]:
-143.2004435005
[2]:

[1]:
0.5191557516
[2]:
0.2174490559
[3]:

[1]:
26.3283769148
[2]:
223.6954677454

The second zero is the maximum likelihood estimate (Section 4.1).
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4.7 Model Invariants

Each algebraic statistical model gives rise to model invariants that describe the relationships between
the probabilities. Consider an algebraic statistical model f : C* — C™ given by

f:(01,...,00) — (f1(0),..., fm(9)). (4.42)

Here the ambient spaces are taken over the complex numbers, but the coordinates fi,..., f;, are
polynomials in Q[f1,...,604]. We study the image f(C%) by the polynomial parametrization

pi = fi(01,....02), 1<i<m. (4.43)
The Implicitization theorem yields the following result.

Proposition 4.15. Consider the ideal I = (p1 — f1,...,pm — fm) @ Cl01,...,04,p1,...,pm]. For the
d-th elimination ideal Iy = INClp1,...,pm], the affine variety V(1) is the Zariski closure of the image
f(CY).

The polynomials in the elimination ideal I; are called invariants of the model f. By the Elimination
theorem, these invariants can be established by computing the reduced Groebner basis of the elimination
ideal I with respect to an elimination ordering for 61 > ... > 03 > p1 > ... > pm.

Example 4.16 (Singular). Consider the mapping f : C? — C3: (01,02) + (63,6010,0105). The image
of f is a (dense) subset of a plane in three-space,

F(C) ={(z,y,2) €C* |y=2A(z=0=y=0)}
— V(Y = 2)\V(X,Y — Z)]UV(X,Y, Z).

This is a Boolean combination of affine varieties, but not an affine variety. In view of the ideal I =
(p1 — 03, p2 — 0102, p3 — 0105) in C[6, 02, p1,p2, p3), the reduced Groebner basis with respect to the 1p
ordering with 61 > ... > 60; > p; > ... > py, can be calculated as follows,

> ring r = 0, (£(1..2),p(1..3)), 1lp;

> ideal i = p(D)-t(1), p(2)-t(L*t(2), p(3)-t(L)*t(2);
> std(i);

_[11=p(2)-p(3)

_[21=t(2)*p(1)-p(3)

_[BI=t (1) -p(1)

Thus the reduced Groebner basis of the second elimination ideal Iy = INQ[p1, p2, p3] is {p2 —p3} Hence
the Zariski closure of the image f(C?) is V(pa — p3) and py — p3 is a model invariant for f. O

Example 4.17 (Singular). Reconsider the toric model f : C2 — C3 : (61,605) — (62,0105, 02) studied
in Ex. 4.5. Take the ideal I = (p; — 0%, pa — 0102, p3 — 03) in C[0y, 02, p1, p2, p3] and calculate a Groebner
basis of I with respect to the 1p ordering with 6; > 62 > p; > py > ps.

> ring r = 0, (£(1..2),p(1..3)), 1lp;
> ideal i = p(D)-t(1)"2, p(2)-t(L)*t(2), p(3)-t(2)"2;
> std(i);
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_[I=p)*p(3)-p(2)~2
_[21=t(2)~2-p(3)
_[BI=t(1)*p(3)-p(2)~2
_[41=t (1) *p(2)-t (2)*p(1)
_[B1=t (L) *t(2)-p(2)
_[61=t(1)~2-p(1)

The first element provides the Groebner basis of the second elimination ideal I and yields the model
invariant pjp3 — p3. O

Example 4.18 (Singular). Reconsider the DiaNA model. The polynomial parametrization of the
DiaNA model is given in (4.2). Take the ideal I in C[f1, 02, p1, P2, ps, pa] generated by

P1— (—010 : 91 +0.02 - 92 + 025),
p2 — (0.08 - 0 — 0.01 - 63 + 0.25),
pP3s — (0.11 . 91 —0.02 - 92 + 0.25),
pa — (—0.09 - 61 4 0.01 - 6 + 0.25).

A Groebner basis of I with respect to the 1p ordering 61 > 03 > p1 > pa > p3 > py is

—0.5500000002 4+ 1.399999999 - p2 — 0.1999999995 - p3 + 1.0000 - p4,
—0.05059523811 + 0.2380952383 - p4 + 0.9523809525 - p3 + 0.8333333334 - p1,
—0.4285714291 + 0.9428571435 - py + 0.7714285717 - p3 + 0.6000000000e — 2 - 4,
—1.071428573 + 2.857142859 - py + 1.428571429 - p3 4 0.100 - 6;.

The first two polynomials generate the second elimination ideal I3 and thus provide invariants of the
DiaNA model. &

Example 4.19 (Singular). Consider the dishonest casino in Ex. 6.1. Assume that the dealer always
starts with the fair coin and then switches eventually to the loaded one. If a game consists of n = 4
coin tosses, the probability for an outcome 7 € X'* is

Pr =PrFFFr Y PFFFLr + PFFLLr + PFLLL, 7

The invariants for this model can be computed as follows.

> ring r = 0, (FF,FL,LL,Fh,Ft,Lh,Lt,p(0..15)), dp

> ideal i =

# hhhh

p(0) - Fh*FF*Fh*FF*Fh*xFF+xFh — Fh*FF*Fh*FF*Fh*FL*xLh - Fh*FF*Fh*FL*Fh*LL*Lh
- Fh#FL*xLh*LL*Lh*LL*Lh,

# hhht

p(1) - Fh*FF*Fh*FF*Fh*FFxFt — Fh*FF*Fh*FF*Fh*FL*Lt - Fh*FF*Fh*FL*Fh*LL*Lt
- Fh*xFL*Lh*LL*Lh*LL*Lt,

# hhth

p(2) - Fh*FF*Fh*FF*Ft*xFF*Fh — Fh*FF*Fh*FF*Ft*FL*xLh - Fh*FF*Fh*FL*Ft*LL*Lh
- Fh*FL*xLh*LL*Lt*LL*Lh,

# hhtt



p(3) -

# hthh
p(4) -
# htht
p(5) -

# htth
p(6) -

# httt
p(7) -

# thhh
p(8) -

# thht
p(9) -

# thth
p(10)-

# thtt
p(11)-

# tthh
p(12)-

# ttht
p(13)-

# ttth
p(13)-

# tttt
p(15)-

Fh*FF*Fh*FF*xFt*FF*Ft
Fh*FL*Lh*xLL*Lt*LL*Lt,

Fh*FF*xFt*xFF*Fh*FF*xFh
Fh*xFL*Lt*LL*Lh*LL*Lh,

Fh*FF*Ft*FF*xFh*FF*Ft
Fh*FL*xLt*xLL*Lh*LL*xLt,

FhxFF*Ft*FF*Ft*xFF*Fh
Fh*FL*Lt*LL*xLt*LL*Lh,

Fh*FExFtxFF*Ft*xFF*xFt
Fh*FL*xLt*xLL*Lt*LL*xLt,

Ft*xFF*Fh*FF*Fh*xFF*Fh
Ft*FL*Lh*LL*Lh*LL*Lh,

Ft*FEF*xFh*FF*Fh*xFF*xFt
Ft*FL*xLh*LL*Lh*LL*Lt,

Ft*xFF*Fh*FF*Ft*FF*Fh
Ft*FL*Lh*LL*xLt*LL*Lh,

Ft*FE*xFhxFF*Ft*xFF*Ft
Ft*xFL*Lh*LL*Lt*LL*Lt,

Ft*xFF*Ft*FF*xFh*FF*Fh
Ft*FL*xLt*LL*Lh*LL*Lh,

Ft*FE*xFt*xFF*Fh*xFF*Ft
Ft*xFL*xLt*LL*xLh*LL*Lt,

Ft*FE*xFt*xFF*Ft*FF*Fh
Ft*FL*xLt*xLL*Lt*LL*Lh,

Ft*FExFt*xFF*Ft*xFF*Ft
Ft*FL*xLt*LL*Lt*LL*Lt;

> ideal j = std(i);
> eliminate(j, FF*FL*LL*Fh*Ft*Lh*Lt);

Fh*FF*Fh*FF*xFt*FL*xLt

Fh*FF*xFt*xFF*Fh*FL*xLh

Fh*FF*Ft*FF*xFh*FL*xLt

Fh*xFF*Ft*FF*Ft*xFL*Lh

Fh*FE*xFt*xFF*Ft*xFLxLt

Ft*FF*Fh*FF*Fh*FL*Lh

Ft*FF*Fh*xFF*Fh*xFLxLt

Ft*xFF*Fh*FF*Ft*FL*Lh

Ft*FF*FhxFF*Ft*FLxLt

Ft*FF*Ft*FF*xFh*FL*Lh

Ft*FF*Ft*xFF*Fh*FL*Lt

Ft*FF*xFt*xFF*Ft*FL*xLh

Ft*xFF*Ft*FF*Ft*xFL*xLt

The output is a list of 53 generating invariants.

4.7 Model Invariants

Fh*FF*Fh*FL*xFt*LL*Lt

Fh*FF*Ft*xFL*Fh*LL*Lh

Fh*FF*Ft*FL*xFh*LL*Lt

Fh*FF*Ft*FL*xFt*LL*Lh

Fh*FFxFt*xFL*Ft*LLxLt

Ft*FF*Fh*FL*xFh*LL*Lh

Ft*FF*xFh*xFL*Fh*LL*xLt

Ft*FF*Fh*FL*xFt*LL*Lh

Ft*FF*FhxFL*Ft*LLxLt

Ft*FF*Ft*FL*xFh*LL*Lh

Ft*FF*Ft*xFL*Fh*LLxLt

Ft*FF*xFt*xFL*Ft*LL*Lh

Ft*xFF*Ft*FL*xFt*xLL*Lt

95
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4.8 Statistical Inference

We explain the concept of statistical inference for algebraic statistical models with observed and hidden
random variables. In these kind of models, we know content of the observed data but nothing about
the content of the hidden data. The task is then to find the most likely set of data of the hidden
random variables given the set of data of the observed random variables. This problem is known as
statistical inference problem and the most likely set of data of the hidden random variables is referred
to as explanation of the observed data.

Consider an algebraic statistical model with hidden and observed variables such that the probability
of the observed sequence 7 is given by

Pr =) Por (4.44)

where p, - is the probability of having the data o at the hidden variables and the data 7 at the observed
variables. Thus the probability of the observed sequence 7 is the marginalization over all possible values
of the hidden variables. Finding an explanation of the model means identifying the set of hidden data
& with maximum a posteriori probability of generating the observed data 7,

7 = argmax,{po,r }- (4.45)

By putting w, » = —log(ps,r), the tropicalization of the marginal probability (4.44) yields
wr = P wor, (4.46)

Thus the explanation & is given by evaluation in the tropical algebra,
& = argmin, {wy r }. (4.47)

We generalize the machinery of maximum a posteriori probability estimation by allowing the ob-
served data to include parameters. For this, consider an algebraic statistical model

f:RT S R™: 0 (f1(0),..., fm(0)).

Suppose there is an associated density function

M
g(0) => 6765, (4.48)

=1

where v; = (vi1,...,04) € Ng, 1 <i < M. For a fixed value of 0 € Rio, the problem is to find a term
077" -0, 1 < j < M, in the expression g(f) with maximum value

J = argmax, {67 --- 0, }. (4.49)

Each such solution is called an ezplanation of the model. By putting w; = —log6; and w = (w1, ..., wq),
we obtain
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—log(07*" -+ 0") = —[virlog(01) + - - + viglog(0a)] = (v, w). (4.50)

This amounts to finding a vector v; that minimizes the linear expression

d
(vj,w) =Y wivj, 1< <M. (4.51)
i=1

This minimization problem is equivalent to the linear programming problem

min(z, w).

s.t. x € NP(g) (4.52)

To see this, observe that the Newton polytope NP(g) of the polynomial g is the convex hull of the
points v;, 1 <7 < M, and the vertices of this polytope form a subset of these points. But the minimal
value of a linear functional z — (x,w) over a polytope is attained a vertex of the polytope. Thus we
have shown the following assertion.

Proposition 4.20. For a fixed parameter w, the problem of solving the statistical inference prob-
lem (4.49) is equivalent to the linear programming problem of minimizing the linear functional
x +— (x,w) over the Newton polytope NP(g).

The parametric version of this problem asks for the set of parameters w for which the vertex v;
gives the explanation. That is, we seek the set of all points w such that the linear functional x — (z, w)
attains its minimum at the point v;. By definition, this set is given by Nxp(g4)(v;), the normal cone of
the polytope NP(g) at the vertex v;.

Proposition 4.21. The set of all parameters w for which the vertex v; provides the explanation in the
algebraic statistical model given by the density (4.48) is equal to the normal cone of the polytope NP (g)
at the verter v;.

The normal cones associated with the vertices of the Newton polytope NP(g) are part of the normal
fan N'xp(g) of the Newton polytope NP(g). The normal fan provides a decomposition of the parameter
space into regions, but only the regions corresponding to the vertices of the polytope are relevant for
statistical inference. An example of parametric statistical inference is given in the section on parametric
sequence alignment.
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5

Sequence Alignment

A fundamental task in computational biology is the alignment of DNA or amino acid sequences. The
primary objective of biological sequence alignment is to find positions in the sequences that are homol-
ogous; that is, the symbols at those positions are derived from the same position in some anchestral
sequence. It may be possible due to evolution that the two homologous positions have different states
and are located at different positions. An alignment is biologically correct if it matches up all positions
that are truly homologous. Unfortunately, the biological truth is in most cases unknown. Therefore, a
guess is made by treating sequence alignment as an optimization problem. The corresponding objective
function assigns a score to each alignment according to a scoring scheme. Then an alignment is sought
that maximizes this score. But which scoring scheme should be used to predict biologically correct
alignments? For this, the scoring scheme needs to be analyzed over all possible parameter values.

This chapter introduces an algebraic statistical model for pairwise sequence alignment. The in-
terpretation of their marginal probabilities in the tropical algebra will lead to a formalization of the
alignment problem as an optimization problem, and the interpretation in the polytope algebra will
allow to analyze scoring schemes over all possible parameter values.

5.1 Sequence Alignment

We take a finite alphabet X' with [ letters and an additional symbol “—”, denoted as blank, and call
Y U{-} the extended alphabet. We consider two sequences o' = o1 ...0} and 0? = o7 ...02 over the
alphabet Y.

An alignment of the sequences o' and o2 is a pair of aligned sequences (u*, u?) over the extended
alphabet X U {—} such that both sequences u! and ;2 have the same length and are copies of o' and
o? with inserted blanks, respectively. An alignment (1!, 4?) does not allow blanks at the same position.

It follows that the aligned sequences have length at most m + n.

Example 5.1. Consider the sequences o' = ACGTAGC and o2 = ACCGAGACC. An alignment of these
sequences is given by

W =AC—-G-TA-GC

W2=ACCGAGAC-C
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An alignment of maximal length is

o

An alignment of a pair of sequences (o!,02) can also be represented by a string h over the edit
alphabet {H,I,D}. The string h is called an edit string and the letters of the edit alphabet stand for
homology (H), insertion (1), and deletion (D). A letter I stands for an insertion (indel) in the first
sequence o, a letter D is a deletion (indel) in the first sequence o', and a letter H is a character
change (mutation or mismatch) including the identity change (match). We write #H, #I, and #D
for the respective number of instances of H, I, and D in an edit string for an alignment of the pair
(0',0?%). Then we have

#H+#D =m and #H + #I =n. (5.1)

Example 5.2. Reconsider the sequences o' = ACGTAGC and 02 = ACCGAGACC. An alignment of these
sequences including the edit string is given by

h =HHIHIHHIDH
Ww=AC—-G-TA-GZC
W=ACCGAGAC-C

We have #H =6, #1 = 3, and #D = 1. O

Proposition 5.3. A string over the edit alphabet {H,I,D} represents an alignment of an m-letter
sequence ol and an n-letter sequence o2 if and only if (5.1) holds.

Proof. Given an alignment of the pair (o1, 02). We form an edit string h from left to right. Each symbol
in o! either corresponds to a symbol in o2, in which case we record an H in the edit string, or it gets
deleted, in which case we record a D. This shows that the first equation in (5.1) holds. Each symbol in
o2 either corresponds to a symbol in ¢!, in which case we already recorded an H in the edit string, or
it gets inserted, in which case we record a I. This shows that the second equation in (5.1) holds.

Conversely, each edit string h with the property (5.1), when read from left to right, produces an
alignment of the pair (o1, 0?). 0

We write A, , for the set of all strings over the edit alphabet {H,I, D} that satisfy the equa-
tions (5.1). We call A,,.,, the set of all alignments of the sequences o! and o in spite of the fact that
it only depends on m and n and not on the specific sequences. The cardinality of the set A, , is called
Delannoy number (Fig. 5.2).

Proposition 5.4. The cardinality of the set Ay, can be computed as the coefficient of the monomial

m,n ; ; ; 1
x™y" in the generating function fp——

Proof. Consider the expansion of the generating function

o0

1 oo
l—z—y—ay Z Am,n® Y (52)

m=0n=0
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The coeflicients are characterized by the linear recurrence
mn = Qm—1,n + A n—1 + Um—1,n—1, M > 07” > O,m +n > 17 (53)

with initial conditions ag,0 = 1, @m,—1 = 0, and a_y 5, = 0. The same recurrence holds for the cardinality
of Ay, n. To see this, note that for nonnegative integers m and n with m +n > 1, each string in A,, ,,
is either a string in A;;,—1 n—1 followed by an H, or a string in A,,—1,, followed by a D, or a string in
A n—1 followed by an I (Fig. 5.1). Moreover, Ag o has only one element, the empty string, and A,
is the empty set if m < 0 or n < 0. Thus the coefficient a,, , and the cardinality of A,, , satisfy the

same initial conditions and the same recurrence. It follows that they must be equal. O
h = H h = .. D h = I
ol = ob| ot = oLl lo! = ok — —
o? = o2 | |o% = o2 — o? = o2

amnl0 1 2 3 4 5 6 7 8 9 10
11 1 1 1 1 1 1 1 1 1
13 5 7 9 11 13 15 17 19 21
15 13 25 41 61 85 113 145 181 221
1 7 25 63 129 231 377 575 833 1,159 1,561

0
1
2
3
4119 41 129 321 681 1,289 2,241 3,649 5,641 8,361
5/1111 61 231 681 1,683 3,653 7,183 13,073 22,363 36, 365
6/113 8 3771,289 3,653 8,989 19,825 40,081 75,517 134,245
71115113 575 2,241 7,183 19,825 48,639 108,545 224,143 433,905
8|1 17 145 833 3,649 13,073 40,081 108,545 265,729 598,417 1256,465
9|1 19 181 1,159 5,641 22,363 75,517 224,143 598,417 1,462,563 3,317,445
0|1 21 221 1,561 8,361 36,365 134,245 433,905 1,256,465 3,317,445 8,097,453

Fig. 5.2. The first hundred Delannoy numbers.

The alignment graph of an m-letter sequence and an n-letter sequence is a directed graph G,, ,, on
the set of nodes {0,1,...,m} x {0,1,...,n} and three classes of edges: edges (i,5) — (i,j + 1) are
labelled I, edges (4,j) — (i + 1, ) are labelled D, and edges (i,5) — (i + 1,5 + 1) are labelled H.

Proposition 5.5. The set of all alignments A,, ,, corresponds one-to-one with the set of all paths from
the node (0,0) to the node (m,n) in the alignment graph G, n .

Proof. Given an alignment in A,, , by the edit string h. The string h provides a path in G, ,, starting
from the node (0,0). By (5.1), this path terminates at the node (m,n).

Conversely, given a path in G,, ,, from (0,0) to (m, n). The labelling of the path provides a string h
over the edit alphabet that satisfies (5.1). By Prop. 5.3, the string h is an edit string corresponding to
an alignment in A, ,,. O
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Example 5.6. Consider the sequences o' = ACG and 02 = ACC. The edit string h = HHID provides
the alignment

HHDI
ACG-—
AC-C
This alignment can be traced by the solid path in the alignment graph Gs 3 (Fig. 5.3). &
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Fig. 5.3. The alignment graph G3 3 and the path corresponding to the alignment in Ex. 5.6.

5.2 Scoring Schemes

We introduce scores to alignments. For this, we need a scoring scheme defined by a pair of mappings
w:YU{-}xXYu{-} >R and w':{H,I,D} x{H,I,D} —R. (5.4)

Take two sequences o' and o2 over the alphabet Y. An alignment of the pair (!, 0?) is given by a pair
of sequences (u', u?) over the extended alphabet that can be fully represented by an edit string h over
the edit alphabet. The weight of the alignment h is defined as

Rl |k

W(h) =Y wluj,ui) +ZW’(hi—1,hi)7 (5:5)

=1

where |h| denotes the length of the string h. Thus the weight of an alignment is given by the sum of
column scores of the aligned sequences and the sum of consecutive scores of the edit string.
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Assume that the sequences o' and o2 are defined over the DNA alphabet X = {A,C,G, T}. We may
represent the scoring scheme (w,w’) by a pair of matrices,

WAA WA,C WAG WAT WA, —
we,A We,o We,g We,T We,—
w= | WA WG,c WG,G WG, T WG,— (5.6)
wr,A WT,c WT,G WT,T WT,—
W— A W—- Cc W—-,g W-T

and
!/ / !
W g Wy Wy D
! !/ / !/
w = | wg wip wip |- (5.7)
/ !/ /
Wp,g Wp,1 Wp,p
The lower right entry w_ _ in the matrix w is left out because it is never used by our convention. It

follows that the total number of parameters in the alignment problem is 24 + 9 = 33. We identify the
parameter space with the Euclidean space R33. Thus each alignment h € A,, ,, gives rise to a mapping
W(h):R3 — R.

Example 5.7. Consider the alignment of the sequences ! = ACGTAGC and o = ACCGAGACC given by
the edit string h = HHIHIHHIDH (Ex. 5.2). The weight of this alignment is the linear expression

W(h) =2 -was+2 woc+1l-wege+l-wrg+2-w_c+1-w_a+1 wg_
+2~w}I7H—|—3~w}I7I+2~w’I7H—|—1~w’17D+1-wb7H.

¢

Example 5.8 (Maple). We compute symbolically the weight of an alignment. For simplicity, we put
w’ = 0 and consider the sequences

s1 := [A,C,G]: s2 := [A,C,C]:

The scoring scheme is given by the matrix w and can be defined as

w := array([ [ tAA, tAC, tAG, tAT, t_A 1,
[ tCA, tCC, tCG, tCT, t_C 1,
[ tGA, tGC, tGG, tGT, t_G 1],
[ tTA, tTC, tTG, tTT, t_T 1,
[ tA_, tC_, tG_, tT_, 1 1D:

Assume that the alignment is given by the edit string
h := [H;H:D:I] :

First, it must be checked that the string h describes an alignment. For this, we need to show that (5.1)
holds
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1 := nops(h): m := nops(sl): n := nops(s2):
nH := 0: nI := 0: nD := 0O:
for i from 1 to 1 do
if h[i] = H then nH := nH + 1
elif h[i] = D then nD := nD + 1
else nI := nl + 1
end if
end do;
if nH + nD = m and nH + nI = n then
print("h defines alignment");
end if:

Second, the aligned sequences are established

il :=1: i2 := 1:
al 0; a2 := [1;
for i from 1 to 1 do
if h(i] = H then
al := [op(al), s1[il1l]; il := il + 1;
a2 := [op(a2), s2[i2]]; i2 := i2 + 1
elif h[i] = D then
al := [op(al), s1[i1]]; i1 := i1l + 1;
a2 := [op(a2), _]
else h[i] = D then
al := [op(al), _1;
a2 := [op(a2), s2[i2]]; i2 := i2 + 1
end if
end do:
al, a2;

The last command provides the aligned sequences

[A)C’G’_]
[A’C,—’C]

Third, the weight of the alignment is calculated

ul := subs( { A=1, C=2, G=3, T=4 }, s1);
u2 := subs( { A=1, C=2, G=3, T=4 }, s2);
W_h := 0:
for i from 1 to 1 do

W_h := W_h + wlull[i],u2[i]]
end do:
expand (W_h);

The last command outputs the alignment weight

tAA + tCC + tG_ + t_C
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¢

Let o' and o2 be sequences of length m and n over the alphabet X, respectively. Given a scoring
scheme (w,w’), the alignment problem is to compute alignments h € Ay, , of the pair (o!,02) that
have minimum weight W (h) among all alignment in A,, ,,. These alignments are called optimal. The
problem is thus to solve the optimization problem

min W(h).

st h € Ay (5.8)

Sometimes we simplify the alignment problem by assuming that w’ = 0. Then the weight of an alignment
(u*, u?) given by the edit string h is the linear functional

|
W(h) = w(p}, ). (5.9)
=1

The alignment problem can be interpreted in terms of the alignment graph. For this, the edges of
the alignment graph G,, , are weighted by scores

w_1 w1

W_ 52 ol - olio?, ]
() " (@i+1), g = (i+14), (4) "7 (1L +1).
This decorated graph is called weighted alignment graph with respect to the scoring scheme (w,w’ = 0).

Proposition 5.9. Let o' and o2 be sequences over X of length m and n, respectively. The problem of
finding the optimal alignments for the pair of sequences (o', %) with respect to (w,w’ = 0) is equivalent
to finding the minimum weight paths from the node (0,0) to the node (m,n) in the weighted alignment
graph G, », with respect to (w,w’ = 0).

Proof. By Prop. 5.5, the alignments of the pair of sequences (o!,0?) correspond one-to-one to the
paths from (0,0) to (m,n) in the graph G,, ,,. Moreover, by definition, the weight of an alignment given
in (5.9) equals the weight of the corresponding path from (0,0) to (m,n) in the weighted graph. O

Example 5.10. Take the sequences o' = ACG and 02 = ACC, and use the scoring scheme given by

3—-1-1-1-2
-1 3-1-1-2
w=|-1-1 3-1-2 and w' =0.
-1-1-1 3-2
-2 -2-2-2

That is, matches are scored with +3, mismatches are scored with —1, and indels are scored with —2.
The alignment (u', u?) = (AC — G, ACC—) is given by the edit string h = HHID (Ex. 5.6) and has the
score

W(h) = w(A,A) + w(C,C) +w(—,C) + w(G,—)=3+3-2-2=2.

The weighted alignment graph and the path corresponding to this alignment are shown in Fig. 5.4. $
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-1 N N -1 N
AN AN AN
G _ = B >
—2 —2 —2

Fig. 5.4. A weighted alignment graph and the path corresponding to the alignment in Ex. 5.6.

5.3 Pair Hidden Markov Model

We show that the sequence alignment problem can be interpreted as an algebraic statistical model.
For simplicity, we restrict our attention to the DNA alphabet X' = {A,C,G,T}. The pair hidden Markov
model for the set of alignments A,,,, over X is the algebraic statistical model

FiRB S RY(60,6) = (far02). (5.10)

The model has 4™+™ states that correspond to all pairs of sequences o' and o2 of length m and n over
X’ respectively. Moreover, the model has 24 +9 = 33 parameters that are written as a pair of matrices
(0,0") as follows,

Oa,4 0a,c 0a,g a1 04—
Oc.a 0c.c Oc,c bor Oc,—
0= aG,A HG,C eG,G GG,T 9(;’, (5.11)
01,4 Or.c Or.¢ Or,1 O,
0 a0 cO GO 7

and

! ! !
H.H g1 YD
/_ / / /
0 = I.H 91,1 I,D | > (5.12)
/ ! /
9D,H 913,1 eD,D

where the lower right entry #_ _ in the matrix 6 is left out as it is never used by our convention. The
parameter space of the model is the product of six simplices of dimensions 15, 3, 3, 2, 2, and 2,

O = A5 x Az x Az x Ay x Ay x Ay C R33, (5.13)
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The big simplex A;5 consists of all non-negative 4 x 4 matrices (6;;); jex whose entries sum up to 1.
The two thetrahedrons Az come from the equalities

O_a+0_c+0_c+0_1=04_+0c_+0c_+0r_=1. (5.14)
The three triangles A, provide the equalities
Oupg+0u;+0up=0ru+0r,+07p=0py+0p,+0pp=1 (5.15)
The coordinate function f,1 52 of the pair hidden Markov model represents the marginal probability of
observing the aligned pair of sequences o' and o2 and is given by

k| |h]

'f‘717‘72 = Z HGM%#? ’ He;hi—lahi’ (516)
1=2

hEA, , i=1
where (u', %) is the pair of aligned sequences over X U {—} which corresponds to the edit string
h e Ann.

Example 5.11. Consider the alignment of the sequences o' = ACGTAGC and o = ACCGAGACC given by
the edit string h = HHIHIHHIDH (Ex. 5.2). The string h corresponds to the following term in the
marginal probability f,1 52,

2 2 2 2 3 2 / /
Oan-bcc 0= c-boc 0-abrc-bc— -0y Our 01u-010 0DH

Proposition 5.12. The alignment problem (5.8) for the pair of sequences (o', 02) is the tropicalization
of the marginal probability fs1 ,2 of the pair hidden Markov model.

Proof. We apply the tropicalization map to the marginal probability f,1 ,2. For this, we put w;; =
—log0;; and Wy = —logfy, where 1 <i<m,1<j<n,and X,Y € {H, D, I}, and replace the
outer sum by a tropical sum and the inner product by a tropical product. In this way, we obtain the
tropical polynomial

|| R

trop(fy1,42) = @ @wu},uf ® @w;”_l’hi. (5.17)
i=2

h€A, n i=1
For each alignment h € A,, ,, the corresponding tropical product in (5.17) equals the weight of the
alignment h,
|R| 7|

W(h) = (w2 © (O wh, 4 (5.18)
=1 1=2

Since the tropical addition is associated with the formation of minima, the tropical polynomial

trop(fs1,52) corresponds to the alignment problem for the pair of sequences (o1, 0?),

trop(fy1 02) = hénin W(h). (5.19)

m,n

O

It follows that the evaluation of marginal probability f,: ,2 solves the alignment problem for the
sequences o! and o2. However, this is only practical for smaller sequences.



108 5 Sequence Alignment

5.4 Sum-Product Decomposition

We show that the marginal probabilities of the pair hidden Markov model can be efficiently calculated
by a sum-product decomposition. For this, let o' = of ...0}, and 02 = 0% ...02 be DNA sequences.

Let ol; denote the prefix of...0} of ¢!, 1 < i < m, and let 0%; be the prefix 0% crj2 of o2,

1 < j < n. Let M™(i,7) be the probability of observing the aligned pair of sequences o%; and 02, such
that X is the last symbol in the corresponding edit string. Then the marginal probability f,1 o2 can be
decomposed as follows,

foror =Y M¥(m,n), (5.20)
X

where
M, ) ZMX )01, (5.21)
MP (i) = 0,1 _ ZMX ) - 0% b (5.22)
M (i, ) = 051 52 - ZMX i—1,j—1)- 0% g, (5.23)

and
MX(0,0)=1, X e{H,1,D}, (5.24)
MX(0,j) =1, X €{H,D}, (5.25)
MX(E,0)=1, X e{H, I}, (5.26)
J

MI(Oa]) = ef,crf ’ H 0;,] : ef,oia (527)
MP(i,0) = 0,1, Ha - (5.28)

Note that three cases can occur for the alignment of the prefixes 019- and 0’% ; as given by the equa-

tions (5.21)-(5.23) (see Fig. 5.5).

h = 1 h = D| |h | H
1 1 1 1 1 1
O<; = ... 0; — ... 72 0'2<_1 = ..2. o; O<; = 0'7(2
O'<j: O O'<j:...0']-—...— O'<j:...0']-

Fig. 5.5. The alignment of the prefixes 019- and a%j.

Proposition 5.13. The evaluation of the marginal probability f,1 ,2 in (5.20) requires O(mn) steps.
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Proof. The array ®*(i,5), 0 <i <m, 0 < j <n, X € {H,D, I}, has 3mn entries and each entry is
computed by a constant number of operations. a

Example 5.14 (Maple). We calculate the marginal probability f,: ,2 by using Maple. For simplicity,
we put w’ = 0 and consider the model f : R?* — R4, Then the matrix ¢’ specializes to

111
=(111
111

Take the sequences
sl := [A,C,G]: s2 := [A,C,C]:

and provide the 24 parameters by the matrix 6 defined as

T := array([ [ tAA, tAC, tAG, tAT, t_A ],
[ tCA, tCC, tCG, tCT, t_C 1],
[ tGA, tGC, tGG, tGT, t_G ],
[ tTA, tTC, tTG, tTT, t_T 1,
[ tA_, tC_, tG_, tT_, 1 1:
We initialize
m := nops(sl):
n := nops(s2):
ul := subs( { A=1, C=2, G=3, T=4 }, s1);
u2 := subs( { A=1, C=2, G=3, T=4 }, s2);

blank := 5:
and obtain by ordinary arithmetics on polynomials:

M := array( [, 0..m, 0..n):
M[0,0] := 1;
for i from 1 to m do
M[i,0] := M[i-1,0] * T[ul[i],blank]
od:
for j from 1 to n do
M[0,j] := M[0,j-1] * T[blank,u2[j]l]
od:
for i from 1 to m do
for j from 1 to n do
M[i,j] := M[i-1,j] * T[ull[i]l,blank]
+ M[i,j-1] * T[blank,u2[jl]
+ M[i-1,j-1] * T[u1l[il,u2[j]]
od:
od:
lprint( expand(M[m,n]) );
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This code produces the marginal probability face acc:

20%tC_"2%t _Axt_Cxt_G*tA_
6xtC_"2xt_G*t_CxtAA
3xtC_"2xt _G*t_AxtCA
tC_"2xt_Axt_CxtGA
4xtC_*t_Gxt_CxtA_xtAC
TxtC_xt _G*tCCxt_AxtA_
3xtC_xt_G*tCCxtAA
9xtC_*xtGC*xt _Axt_CxtA_
3xtC_*xtGCxt _CxtAA

2%t _C*tGCxtA_*xtCA
t_GxtCC*tA_xtAC

tGCxt _C*tA_xtAC
2xtGC*xtCCxt _A*tA_
tGCxtCC*tAA.

+ 4+ + F + + + + + + o+

This polynomial has 14 terms and each term stands for an alignment. Moreover, the sum of all coef-
ficients equals the total number of alignments, |A3 3| = 63. For instance, the term 2 % _C * GC % A_* CA

indicates the alignments
ACG-— and AC—-G
—ACC —ACC

5.5 Optimal Alignment

The tropicalized marginal probability f,1 ,2 of the pair hidden Markov model corresponds to the align-
ment problem for the pair of sequences (0!, 0?). We can compute the tropicalized marginal probability

fo1 .02 by tropicalizing its sum-product decomposition. For this, we put ¢~ (i,j) = —log MX (i, 5),
w;; = —logh;;, and w'yy = —logfy,, where 1 < i <m, 1< j <mn,and X,Y € {H,D,I}. By
replacing sums by tropical sums and products by tropical products, we obtain
trop(fo1,02) = @@X (m,n), (5.29)
X
where
B (i,5) = w_ 2 © P I¥(i,5 - 1) © Wiy, (5.30)
102 1 ,
BP (i, §) = wer - © P ¥ (i — 1,5) © wh p, (5.31)
X
Q)H(Zaj) :wa,il,a'? Q@Q)X(Zijf 1)®w/X,H7 (532)
X

and
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$%(0,0) =0, X c{H,I, D}, (5.33)

®X(0,5) =0, X e{H,D}, (5.34)

&% (i,0) =0, X € {H, I}, (5.35)

J

¢I(07j) =W_ 2 © @w/IJ © W_ 52, (536)
k=2

B (6,0) = wor — © (D wh p O wey - (5.37)
k=2

5.6 Needleman-Wunsch Algorithm

The tropicalized sum-product decomposition of the marginal probability f,1 ,2 corresponds to the
alignment problem for the pair of sequences (0!, 02). This decomposition provides directly an efficient
algorithm for computing the optimal alignments of the pair (¢!, 02). The Needleman-Wunsch algorithm
is a special case of this algorithm by assuming that the 3 x 3 matrix w’ is zero (Alg. 5.1).

Algorithm 5.1 Needleman-Wunsch algorithm.

Require: sequences o' € ¥™, 02 € £ and scoring scheme w € R**
Ensure: alignment h € A, ,, with minimal weight W (h)
M <+ matrix[0..m, 0..n]
M][0,0] < 0
for i < 1 to m do
MTi, 0] <= M[i —1,0] + w1
end for ’
for j + 1ton do
M0, 5] < M[0,j — 1]+ w_ o

—,07
7

end for
for i +— 1 to m do
for j + 1ton do
M, 5] = min{M[i = 1,5 = 1] + wo g2, M[i = 1, 5] + wpn _, Mli,j — 1] +w_ 2}
color the edges directed to (4,7) that attain the minimum
end for
end for
Trace a path in the backward direction from (m,n) to (0,0) by following an arbitrary sequence of colored
edges.
Output the edge labels in {H, I, D} of the given path in the forward direction.

Proposition 5.15. Let o' and o2 be sequences over X of length m and n, respectively. The Needleman-
Wunsch algorithm computes an optimal alignment of the pair (o, 02) with respect to the scoring scheme
(w,w’ = 0) and has running time O(mn).
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Proof. By Prop. 5.12, the alignment problem for the pair (c!,0?) equals the tropicalization of the
marginal probability f;1 ,2. The sum-product decomposition of this tropicalized probability for the
scoring scheme (w,w’ = 0) given by the equations (5.29) to (5.37) corresponds one-to-one with the
Needleman-Wunsch algorithm.

The computation of the (m + 1) x (n+ 1) array M requires O(mn) steps. The coloring of the edges
takes constant time and both the tracing of a colored path and the output of the aligned sequences
take O(m + n) steps. O

The Needleman-Wunsch algorithm follows the paradigm of dynamic programming introduced by
Richard Bellman in the 1950s. This is a method for solving a complex problem by breaking it down
into a collection of subproblems. It makes use of subproblem overlap and optimal substructure to solve
a problem in much less time than problems that cannot take advantage of these characteristics.
Example 5.16 (Maple). Take the sequences

s1 := [A,C,G]: s2 := [A,C,C]:

and provide the 24 parameters by the matrix w defined as

T := array([ [ -3, 1, 1, 1, 21,
[ 1, -3, 1, 1, 217,
[ 1, 1,-3, 1, 21,
L 1, 1, 1, -3, 217,
L 2, 2, 2, 2, 1D:
We initialize
m := nops(sl):
n := nops(s2):
ul := subs( { A=1, C=2, G=3, T=4 }, sl1);
u2 := subs( { A=1, C=2, G=3, T=4 }, s2);

blank := 5:
and obtain by ordinary arithmetics

M := array( [], 0..m, O..n):
M[0,0] := 0O;
for i from 1 to m do
M[i,0] := M[i-1,0] + T[ul[i],blank]
od:
for j from 1 to n do
M[0,3] := M[0,j-1] + T[blank,u2[j]]
od:
for i from 1 to m do
for j from 1 to n do
M[i,j] := min( M[i-1,j] + T[ul[i],blank],
M[i,j-1] + T[blank,u2(jl],
M[i-1,j-1] + T[u1l[il,u2[j1] )
od:
od:
lprint( M[m,n] );
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The last command provides the score —5. The entries of the table M can be read out by the loop

for i from 1 to m do
for j from 1 to n do
printf("%2d ", M[i,j1);
od;
printf ("\n");
od;

The weighted alignment graph in Fig. 5.6 illustrates the table output together with the colored edges.
The graph exhibits exactly one colored path from (0,0) to (3,3): (0,0) — (1,1) — (2,2) — (3,3).
This path amounts to the optimal alignment with score —5:

h =HHH
wt=4C G
w=4cCcC
¢
- A C c

Fig. 5.6. The weighted alignment graph Gs 3. The nodes provide the values of the array M and the colored
edges are indicated in bold.

5.7 Parametric Sequence Alignment

We have formalized the problem of DNA sequence alignment by a pair hidden Markov model with 33
parameters. If the scoring scheme is fixed, the sum-product decomposition given by the equations (5.29)
to (5.37) can be used to compute the optimal alignments for any pair of DNA sequences. Now we want



114 5 Sequence Alignment

the scoring scheme to vary over all possible parameter values. We will see that the parameter space can
be subdivided into regions such that parameter values in the same region give rise to the same optimal
alignment. This subdivision can be attained by evaluating the coordinate functions of the pair hidden
Markov model in the polytope algebra.

More concretely, we replace the parameter space R3? by the polynomial ring R[#,6'] in the 33
variables (6,6’) and consider each marginal probability f,1 ,2 as a polynomial in this ring. Each such
polynomial can be assigned a Newton polytope in the polytope algebra Pss. Since each marginal proba-
bility fo1 ,2 can be computed according to the sum-product decomposition given by the equations (5.20)
to (5.28), the associated Newton polytope can be calculated by a corresponding sum-product decom-
position in the polytope algebra Ps3. The evaluation of such a Newton polytope is called polytope
propagation.

Let o! and 02 be DNA sequences of length m and n, respectively. The polytope propagation algo-
rithm for evaluating the marginal probability fs1 ,2 in the polytope algebra P33 is given as follows:

NP(fo1,02) = P P*(m,n), (5.38)
X
where
PI(i,j) = NP(0_ ,2) © D P*(i,j — 1) © NP (0 p), (5.39)
X
PP(i,5) = NP(0,: ) © PP (i — 1,5) ©NP(by p), (5.40)
X
PH(i,j) = NP(0,1,52) © PP (i - 1,j — 1) © NP (b ), (5.41)
X
and
PX(0,0) = {0}, X €{H,I,D}, (5.42)
P*(0,5) = {0}, X € {H,D}, (5.43)
PX(,0) = {0}, X e {H, I}, (5.44)
P1(0,5) = NP(0_ ,2) © éNP( 1.0) ONP(6_ ,2), (5.45)
k=2
PP(i,0) = NP(0,1 ) ® éNP( b.0) © NP(0,1 _). (5.46)
k=2

By Prop. 4.21, the normal cones of the polytope NP(f,1 ,2) corresponding to the vertices provide
an explanation of the marginal probability fs1 2.

Example 5.17 (Maple). We consider a simplified pair hidden Markov model for the alignment of
DNA sequences with two parameters X and Y that correspond to matches, mismatches, and indels as
follows:
0oo =X, a€{ACG,T},
Oup =Y, a,be{ACGT,—}, a#b,
Q’X’Y =1, X,Ye{HI, D}.
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Let o' and o2 be DNA sequences of length m and n, respectively. We view X and Y as variables
over R and write Px and Py for the corresponding Newton polytopes NP(X) = {(1,0)} and NP(Y) =
{(0,1)}, respectively. In this case, the marginal probability f,: ,2 can be viewed as a polynomial in the
polynomial ring R[X,Y]. The polytope propagation algorithm for evaluating the marginal probability
fo1 2 in the polytope algebra P; has the shape

NP(fal.,a?) = P(m7n)7 (547)
where
Plirj) = (Pli= 1,5 = 1) O NP0 2)) @ (Pli = 1,) © Px) & (P(i,j ~ 1) © Py)  (5.48)
and
7)(0’0) = {(O’O)}, (5.49)
P(i,0) = P(i — 1,0) ® Px, (5.50)

Note that the polytopes P(i,0) and P(0, j) are translates of polytopes by unit vectors, and the polytope
P(i,j) is given by the convex hull of three translates of polytopes by unit vectors, 1 < ¢ < m and
1<5<n.

We implement this polytope propagation algorithm by using Maple. For this, we take the sequences

sl := [A,T,C,G]: s2 := [T,C,G,G]:
use the linear algebra package
with(linalg):

and initialize as follows:

m := nops( sl ):
n := nops( s2 ):
ul := subs( { A=1, C=2, G=3, T=4 }, s1 )
u2 := subs( { A=1, C=2, G=3, T=4 }, s2 )

Px := vector( [1,0] ):
Py := vector( [0,1] ):

Each polytope in R? is given by the convex hull of a finite set of points in R?, and this set or any
superset of it can be viewed as a generating set of the polytope. In the Maple code, we represent each
polytope P by a generating set.

The operations in the polytope algebra P can be implemented by using generating sets. To see
this, let P and @ be polytopes in R? with generating sets A and B, respectively. The sum P @ Q has
the generating set AU B. Note that the union of two sets can be formed by the Maple operation union.
The product P ® @ has the generating set {a +b | a € A,b € B} and can be obtained as follows:

MinkowskiSum := proc ( P, Q )
local R:
R := {}:
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for p in P do
for q in Q do
R := R union { matadd (p,q) }
od
od
return R:
end proc:

The Newton polytope of the marginal probability farcercee can be established by polytope arithmetics
as follows:

M := array( [J, 0..m, O..n ):
M[0,0] := { vector([0,0]) }:
for i from 1 to m do
M[i,0] := M[i-1,0] union { Py }
od:
for j from 1 to n do
M[0,j] := M[0,j-1] union { Py }
od:
for i from 1 to m do
for j from 1 to n do
M[i,j] := MinkowskiSum( M[i,j-1], { Py } ):
M[i,j] := M[i,j] union MinkowskiSum( M[i-1,j], { Py } )
if uil[i] = u2[j] then

M[i,j] := M[i,j] union MinkowskiSum( M[i-1,j-1], { Px } )
else
M[i,j] := M[i,j] union MinkowskiSum( M[i-1,j-1], { Py } )
end if
od
od:
M[m,n];

The last statement prints a generating set of the polytope P = NP ( farce,1cac):

(0,81,
(0,71,
fo,el, [1,6],
o,s1, [1,5],
(1,41, [2,4],
(1,31, [2,3],
[3,2].

The polytope P illustrated in Fig. 5.7 has the vertices (0, 8), (0,5), (1,3), and (3,2). The normal cones
of the vertices are exhibited in Fig. 5.8. The normal fan of the polytope decomposes the Euclidean 2-
space into four cones corresponding to the vertices and four half rays associated to the edges (Fig. 5.9).

The normal cones of the vertices yield the optimal sequence alignments. For instance, the cone of
the vertex (3,2) is given by the intersection of two half-spaces defined by the inequalities —X +2Y < 0
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Fig. 5.7. The polytope P= NP(fATCG,TCGG)~

and —2X +Y < 0. We take an arbitrary point in this cone, say (1,0), and calculate an optimal
alignment for the associated scoring scheme with X = 1 (matches) and ¥ = 0 (mismatches and indels)
by the Needleman-Wunsch algorithm. This is an optimal alignment for all scoring schemes located
in this normal cone. Note that this alignment is uniquely determined up to column permutations,
since alignments are represented by monomials that are elements of a commutative polynomial ring
(Ex. 5.14). All four optimal alignments are illustrated in Table 5.1. &
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Fig. 5.8. The normal cones of the polytope P = NP( farce,1cee) of the vertices.

Table 5.1. The optimal alignments of the sequences ATCG and TCGG.

vertex normal cone scoring scheme alignment score
0,8) —z42y>0, y>0 0,1) figgg P
(0,5) —z+2y>0,y<0 (-3,-1) f i g E z -11
(1,3) =242y <0, 2z+y >0  (-22) ffff;g;g -16
(3,2) —z4+2y<0, 22x+y<0 (1,0) ATCG—— 0

——=TCGG
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—x+2y =0

—x+2y=0 4

—2r+y&=0

Fig. 5.9. Normal fan of the polytope NP (farce,tcec)-

119
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Hidden Markov Models

The hidden Markov model is a statistical model in which the system modelled is a Markov chain with
unknown parameters, and the challenge is to determine the hidden parameters from the observable
data. Hidden Markov models were introduced for speech recognition in the 1960s and are now widely
used in temporal pattern recognition.

We first introduce the fully observed Markov model in which the states are visible to the observer.
Then we proceed to the hidden Markov model where the states are not observable, but each state has
a probability distribution over the generated output data. This information can be used to determine
the mostly likely state sequence that generated the output data.

6.1 Fully Observed Markov Model

We introduce a variant of the Markov chain model that will serve as a prelimiarly model for the hidden
Markov model.

For this, we take an alphabet X with [ symbols, an alphabet X’ with I’ symbols, and a positive
integer n. We consider words ¢ = 01...0, and 7 = 7 ... 7, over X and X’ of length n, respectively.
These words are used to label the entries of an integral block matrix

A(l,l'),n = (Ao,r)oezn rexm, (6.1)

whose entries A, . are pairs of matrices (w,w’) such that w = (w,s) is an [ x [ matrix and w’ = (w},)
is an | x I’ matrix. The entry w,s = w,s(c) counts the number of occurrences in o of the length-2 word
rs, and the entry w), = wg (o, 7) counts the number of indices 4, 1 < i < n, such that o; = s and 7; = ¢.

We may view the matrices (w,w’) as columns of the matrix A ;) ,. Then the matrix A ;) , has
d=1-1+1-1=1241-1 rows labelled by the length-2 words rs in X? and in turn by the length-2
words rt in X' x X’. Moreover, the matrix has m = [™ - I'* columns labelled by the pairs of length-n
words o and 7 over X and X, respectively. The matrix A ;) , has the property that the sum of each
of its column entries is (n — 1) +n = 2n — 1, since each word of length n has n — 1 consecutive length-2
words and two words of length n pair in n positions. Thus the matrix A ), defines a toric model
f=faiymn: R? — R™ given as

(97 9/) = (pU,T)GGE”,TEE/"v (6.2)
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where

Po,r = %0(,71,7'1 051,05 0;2,72 0os.05 " 00, 1,00 957”,7—”' (6.3)
Here we assume a uniform initial distribution on the states in the alphabet X as described by (7.1). All
terms p, » have n+(n—1) = 2n—1 factors. The parameter space © of the model is the cartesian product
of the set of positive [ x [ matrices 6 and the set of positive | X I’ matrices 0’; that is, © = IR{;XOZ X Rl;oll.
The matrix 6 encodes a toric Markov chain, while the matrix 6’ encodes the interplay between the two
alphabets. The state space of the model is X" x X', This model is called a fully observed toric Markov
model.

Example 6.1. Consider a dishonest dealer in a casino tossing coins. We know that she may use a fair
or loaded coin, the latter of which is supposed to have the probability of 0.75 to get heads. We also
know that she does not tend to change coins, which happens with probability of 0.1 (Fig. 6.1). Given
a sequence of coin tosses we wish to determine when she used the biased and fair coins.

0.1
0.9 ;“\i:t :; :) 0.9
C@ o1 @
| |
\ \
0.5(h), 0.5(1) output 0.75(h), 0.25(¢)

Fig. 6.1. Transition graph of casino model.

This model can be described by a toric Markov model consisting of the alphabets X' = {F, L}, where
F stands for fair and L stands for loaded, and X’ = {h,t}, where h stands for heads and ¢ stands for
tails. The corresponding 8 x 256 matrix A, o) 4 for sequences of length n = 4 consists of the columns
A, -, where o and 7 range over all words of length 4 over X' and X', respectively; e.g.,

FF /1 FF [ 2
FL | 1 FL| 1
LF| O LF| O
AFPFLL htht = ]Ei 1 and Apprrhnhh = ]Ei g
Ft | 1 Ft | 0
Lh| 1 Lh| 1
Lt \ 1 Lt \ O

The model has d = 8 parameters given by the matrices

_ (OrF OFL o O Oy
o= (orrry) ma v =G i)
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Suppose the dealer tosses four coins in a row such that we consider sequences of length n = 4. Then the
model has m = (2-2)* = 256 states. The fully observed toric Markov model is defined by the mapping

.8 256 . /
f R =R . (07 6 ) = (p0,7)0624,7'€2’4a
where 1
_ / ’ / /
Poiorosos,mimatsTs — 5 : 901,7'1001702902,7’2902703003,73903704904,7'4'

For instance, in view of the above pairs of sequences, we obtain

1
PFFLLhtht = 5 O, 0r 05, 0rL07,00L07,
1
=3 OrrOrLOLL0%,0007,0T,
and
1 ! ! / /
PFFFLhhhh = 5 - Orh0rFO0ph0rFr0r,0rL0T ),
1 3
=3 0% 010 F1 0

¢

Second, we introduce the fully observed Markov model as a submodel of the toric Markov model.
For this, the parameter space of the fully observed toric Markov model is restricted to the set of pairs of
matrices (0, §) whose row sums are equal to 1. The parameter space of the fully observed Markov model
is thus a subset ©; of Rl;o(l_l) X ngo(l,_l), and the number of parametersisd = (- (1—1))-(I-(I'=1)) =
[- (141" —2). A pair of matrices (,6") in ©; provides an [ x | matrix 6 describing transition probabilities
and an [ x !’ matrix ¢’ providing emission probabilities. The value 0;; represents the probability to transit
from state i € X' to state j € X' in one step, and the value ¢} is the probability to emit the symbol j € X’
in state ¢ € 2. The fully observed Markov model is given by the mapping f i) : R¢ — R™ restricted
to the parameter space ©;. Each point p in the image f(; /), (01) is called a marginal probability. We
assume usually that the initial distribution at the first state in X' is uniform.

Let u = (ug,r) € Nf)nle be a frequency vector representing N observed sequence pairs in X" x X",
That is, us, - counts the number of times the pair (o, 7) is observed. Thus, we have Y _u,, = N. The
sufficient statistic v = A(; 1), - u can be regarded as a pair of matrices (v, v’), where v = (vps) is an
I x | matrix whose entries v,.; are the number of occurrences of rs € X? as a consecutive pair in any of
the sequences o occurring in the observed pairs (o, 7), and v = (v.,) is an | x I’ matrix whose entries
v, are the number of occurrences of st € X x X' at the same position in any of the observed sequence
pairs (o, T).

The likelihood function of the fully observed Markov model is given as

L(0,0) = (0,0) A =9° . (0'), (0,0) € 6. (6.4)

Proposition 6.2. In the fully observed Markov chain model f( 11y, the mazimum likelithood estimate
of the frequency data u € Nénle with sufficient statistic v = Aq 1y - u is the matriz pair (é, 9’) in O
such that

/
A Voi0o Al Voi1y /
boros = <% apd @, = UM g e Sme X
dex UUUT ZTGE’ Ua'lT
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The proof is analogous to that of Prop. 4.11, since the log-likelihood function similarly decouples into
independent parts.

Example 6.3 (Maple). We reconsider the dealer’s example. The parameter space @1 of the fully
observed Markov model can be viewed as the set of all pairs of probability matrices

_ Orr 1—0prF v O, 1—0%,
6(1_9LL 9LL > and 97 1_0/Lt G/Lt 9

where 0p p = 61,1, = 0.9 is the probability to stay with a fair or loaded coin, 8, = 0.5 is the probability
to observe heads for a fair coin, and 6y, j, = 0.75 is the probability to observe heads for a loaded coin.
This model has only d = 4 parameters.

Suppose a game involves rolling the coin n = 4 times. Then the model has m = (2-2)* = 256 states.
This Markov model is given by the mapping f(22)4 : R* — R?*® with marginal probabilities

1

_ .y / / /
Poiorosos,rimatsTa = 5 VYorm 001,02902,72902703003,@903,04004,7—4-

For instance, in a game the fair coin was used two times and then the loaded coin was taken two times,
and each time heads was observed. The corresponding probability is given by

1
3 Opn0rrp, (1 —0pp)(1 —07,)0LL(1 — 0L,).

PFFLL,hhhh =
We compute symbolically the likelihood function. For this, we take the packages
with(combinat): with(linalg):
and initialize
:=4: 1 :=2: 1 :=2:m:= (1 *1°)"n:
array([ [tFF, tFF], [tLL, tLL] 1):

array([ [tFh, tFh]l, [tLt, tLt] 1):
array([], 1..1°n, 1..1°"n):

R
o

The marginal values are computed by the following code,

R := powerset([1,2,3,4]):
S := powerset([1,2,3,4]):
for i from 1 to nops(R) do
x := vector( [1,1,1,1] ):
for u from 1 to nops(R[i]) do
x[R[i,ul] := 2;
od:
for j from 1 to nops(S) do
y := vector( [1,1,1,1] ):
for v from 1 to nops(S[j]l) do
yIslj,vl]l := 2;
od:
P[i,j]l := 1/2 * E[x[1],y[1]1] * T[x[1]1,x[2]1] * E[x[2],y[2]]
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* T[x[2],x[3]] * E[x[3],y[3]1] * T[x[3],x[4]]
* E[x[4],y[4]];
od
od:

Consider a frequency vector, whose entries are randomly chosen integers between 1 and 5:

roll := rand (1..5):
u := randmatrix ( 1°n, 1’°n, entries = roll ):

The likelihood function can be calculated as

L :=1:
for i from 1 to 16 do
for j from 1 to 16 do
L :=L*P[i,jl uli,j]
od
od:

The output (up to a constant) is given by the expression

tFh~799 tFF~577 tFt~742 tLh"806 tLF~579 tLt"753 tFL"579 tLL"590

Thus the maximum likelihood estimates are
577

Orr :1_éFL:m
Orp =1—01 = 5795_’_%
Opn, = 1= O, = 799739742
O =1~ 01y = ez

6.2 Hidden Markov Model

125

A fully observed Markov model gives rise to a hidden Markov model by only observing the emitted
sequences. This can be formally described by a socalled marginalization mapping. Consider the fully

observed Markov model
F o RIXU-1) o RIXI'=1) _y pI"x)"

and the marginalization mapping

nn

p RO RO

(6.5)

(6.6)
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that maps each {"™ x (I’)™ matrix to the vector of column sums. The algebraic statistical model given
by the composition f = po F is called a hidden Markov model

£ RXUD S RIXA=D L RED™, (6.7)
Both, the hidden Markov model and the underlying fully observed Markov model have the same pa-
rameter space @1 C Rl;o(l*l) X ]Rl;O(l ~Y_ For each pair of matrices (0,6") € ©1, we have
f(oa 0/) = (pT)TEE’"a (68)
where

DPr = Z Do, (69)

oexmn

1
/ / /
- 01,711701,02%59,7Y02,03 * " "Yon_1,00V0,, 7"
I 0 0 0 0 0 0

c1€X opneX

In the hidden Markov model, the states are not observable. What is observable is the output of the
current state (Fig. 6.2).

’
91,71

’
92,72

’
03,73

I I I

I I I

I I I

I I I
\i Y Y
T1 T2 T3

Fig. 6.2. Hidden Markov model.

Example 6.4 (Maple). We reconsider the dealer’s example. In the corresponding hidden Markov
model, the dealer’s coin tosses are observed but not whether she chooses a fair or load coin. This model
is given by the mapping (n = 4)

. o4 16 . 1
JiRT =R (979 ) = (pT)TEE’47
whose marginal probabilities are
_ 1 0 _ 0 0. _ 0 0.0 o
Prirorsta = 5 01,71 701,02%55 79V 02,03Y53,73Y03,04Y0,, 74
01€X 026X o3€X 04X

Suppose the game is observed N times. Let u = (u,) € N6 be the corresponding frequency vector.
That is, u, counts the number of times the sequence 7 € X'* is observed. Then we have >, ur=N.
The goal is to maximize the likelihood function of the model,
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Z(GF'FaaLLvethvelLt): H pgT
TEX

The Maple code for the computation of the likelihood function for the fully observed Markov model
can be easily modified to calculate the likelihood function for the associated hidden Markov model. For
this, the marginal probabilities are computed as follows,

M := vector (1’"n, 0):
for j from 1 to 1’"n do
M[j]1 := 0;
for i from 1 to 1°n do
M[j1 := M[j] + PI[i,]j]
od
od:

By taking a randomly chosen frequency vector

roll := rand(1..5):

u := randvector (1’"n, entries = roll):
here v = [5,2,5,2,3,4,4,5,3,1,5,2,3,2,2, 4], we obtain the likelihood function
L :=1:

for i from 1 to 1°"n do
L :=1L % M[i] uli]

od

simplify(L);

The likelihood function (up to a constant) is given as follows,

( rFh~4 tFF~3 + 3 tLt tLL tFh"3 tFF"2 + 3 tLt"2 tLL"2 tFh"2 tFF
+ tLt"3 tLL"3 tFh + tFh"3 tFF~3 tLt + 3 tLt"2 tLL tFh~2 tFF~2
+ 3 tLt"3 tLL"2 tFh tFF + tLt"4 tLL"3 )~52

6.3 Sum-Product Decomposition

We show that the marginal probabilities of the hidden Markov model can be efficiently calculated by
a sum-product decomposition. For this, consider a hidden Markov model of length n with state set X
of | symbols and emission set X’ of I’ symbols. The model parameters are the transition probability
matrix § € R~ and the emission probability matrix 6’ € R™>*@'~1_If we assume a uniform initial
distribution on the states, the probability of occurrence of the sequence (o,7), 0 € ™ and 7 € X', is
given as

_ 1y

/ /
Do,r = l 01,71901,02902’72902,03 T eanflxgneo'ny‘rn. (6.10)

The marginal probability of the observed sequence 7 is then given by
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Pr= Y Por (6.11)

cexn

This probability has the sum-product decomposition
1
pT - 7 Z 0:77“7_n Z 907"*170n0:7n7177—n—1 (’ o < Z 0”17020‘;1le> o .> * (612)
on€X On—1€X o1eX

This expression can be evaluated by an (n — 1) x [ matrix M defined as follows,

Mlﬂ = Z 901,09:71,7'13 s Ev

og1EX
Mio= > 0000, s Mi10,, 2<k<n—-1l0€X
or€eEX
1 /
br = 7 Z agmq—n : Mnfl,a,f
on€X

The computation of the marginal probability p, by using this decomposition is called the forward
algorithm of the hidden Markov model. Its time complexity is O(I?n), because the matrix M has O(In)
entries and each entry is evaluated in O(l) steps.

Example 6.5 (Maple). We reconsider the occasionally dishonest casino. We compute the marginal
probability p, for the observed sequence 7 = hhtt. For this, we put

t := [0,0,1,1]:
and provide the parameters in a hidden Markov model by the matrices

T := array([ [tFF, tFF ], [tLL, tLL] 1:
E := array([ [tFh, tFh ], [tLt, tLt] ]:

We initialize
n := nops(t):
1 :=2:
u := subs( {0=1, 1=2 }, t):

and obtain by symbolic computation,

M := array( [], 0..n, 1..1):
for i from 1 to 1 do
M[0,i] := 1
od:
for k from 1 to n-1 do
for i from 1 to 1 do
for j from 1 to 1 do
Mlk,i] := M[k,i] + T[j,i] * E[j,ulk]] * M[k-1,j]
od:
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for j from 1 to 1 do

p:=p+ 1/2 x E[j,uln]] * M[n-1,j]
od:
expand (p) ;

This code produces the marginal probability p.. &

6.4 Viterbi Algorithm

The sum-product decomposition of the marginal probabilites can be used to find an explanation for
a given sequence of observed data 7 € X'™. Finding an ezplanation means identifying a hidden state
sequence & with maximum a posteriori probability that generated the observed data 7; that is,

& = argmax,{ps r - (6.13)

By putting w, = —logp, and we r = —logps -, the tropicalization of the marginal probability (6.9)
yields

Wy = @wU,T. (6.14)

The explanation ¢ is given by evaluation in the tropical algebra,
o = argmin, {w, ; }. (6.15)

The value w, can be efficiently computed by tropicalizing the sum-product decomposition of the
marginal probability p,. For this, we put u;; = —log6;; and v;; = —log 923-. By replacing the sums
by tropical sums and the products by tropical products in the sum-product decomposition (6.12), we
obtain

Wy = @va”,rn ©) @ U 1.om @ Vo 1z 1 © ( . (@ Ugy.og @ U«n,n) > . (6.16)

On—1

This gives us the following result.

Proposition 6.6. Let 7 € X'™. The tropicalization w, of the marginal probability p, provides an ex-
planation for the observed data T.

The tropicalized term w, can be computed by evaluating iteratively the parentheses in (6.16):
M[0,0]:=0, oc€X,
Mk,0] = € (oo Ovorr, ©Mk—1,0"]), c€ X, 1<k<n-—1, (6.17)
oley
Min,o] :==vs,, ©M[n—1,0], oc€X,

wy = @ Min,o].

oeX
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This algorithm is known as Viterbi algorithm and the computed explanation is called Viterbi sequence.
The Viterbi algorithm consists of a forward algorithm evaluating the data as given by Alg. 6.1 and a
backward algorithm yielding an optimal state sequence that is comprised by the symbols o which attain
the minimum in each minimization step. This information can be recorded by the forward algorithm
similar to the forward algorithm for sequence alignment (Alg. 5.1). The time complexity of the Viterbi
algorithm is O(I?n) as described in the previous section.

Algorithm 6.1 Viterbi forward algorithm.
Require: sequence 7 € X", scores (ui;) and (vi;)
Ensure: tropicalized term w
M < matrix[0..n, 1..]
for 0 + 1tol do
MI0,0] + 0
end for
for k< 1ton—1do
for 0 + 1tol do
Mk, o] « oo
for ¢/ < 1tol do
Mlk, o] + min{M|k, 0], U0’ » + Vo' 5, + M[k —1,0']}
end for
end for
end for
for 0 + 1 tol do
Min,o] + vo,r, + M[n —1,0]
end for
Wy 4— 00
for o + 1tol do
wr < min{w,, M[n, o]}
end for

Example 6.7. Reconsider the dealer’s example. Take the weights as given in Fig. 6.3 and the output
sequence 7 = hhth. The calculation of the Viterbi algorithm is given in Fig. 6.4. The solid lines show

3

J—

IC@\ 3
I

2(h),2(t) output 1(h),3()

Fig. 6.3. Weighted transition graph of casino model.

where the minima are attained. Tracing back gives the explanation ¢ = LLLL. &
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Fig. 6.4. Trellis for the output sequence 7 = hhth.
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Example 6.8 (Maple). Reconsider the occasionally dishonest casino. We implement the Viterbi al-

gorithm by using Maple. For this, take the observed sequence 7 = hhtt encoded as

t = [050:1:1]:

and provide the minus-log probability matrices

T := array([ [-10g(0.9), -log(0.1) 1, [-log(0.1), -log(0.9) 1 1:
E := array([ [-1og(0.5), -log(0.5) 1, [-log(0.75), -log(0.25)] 1:

We initialize
1 := 2:
nops (t) :

n :

u

subs( {0=1, 1=2 }, t):

and obtain by tropical arithmetics,

M := array( [], 0..n,

for i from 1 to 1 do
M[0,i] := O
od:

1..1):

for k from 1 to n-1 do
for i from 1 to 1 do
M[k,i] := min( T[1,i] + E[1,ulk]] + M[k-1,1],

od:
od:

T[2,i] + E[2,ulk]] + M[k-1,2] ):

w := min( E[1,uln]] + M[n-1,1], E[2,uln]] + M[n-1,2] ):

print (M) ; print(w);

This code produces the table M and the minimum negative log probability ws 0o11 = 3.088670.

ML,
ML,
M2,
M2,

F] = min{0.798508(F), 2.590267(L)} = 0.798508
L] = min{2.995732(F), 0.393043(L)} = 0.393043
F] = min{1.597015(F), 2.983310(L)} = 1.597015
L] = min{3.794240( F), 0.786085(L)} = 0.786085
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M]3, F] = min{2.395523(F), 4.474965(L)} = 2.395523
M]3, L] = min{4.592748(F), 2.277740(L)} = 2.277740
w = min{3.088670(F), 3.664034(L)} = 3.088670.

A corresponding Viterbi sequence ¢ can be obtained by tracing the optimal decisions made in each step
the optimal decision. Here the optimal path turns out to be M[4, F] — M[3,F] — M[2,F] — M1, F]
giving rise to the explanation ¢ = FFFF.

In view of the emission sequence 7 = hhht, we obtain the table

M][1, F] = min{0.798508(F), 2.590267(L)} = 0.798508
M]1, L] = min{2.995732(F), 0.393043(L)} = 0.393043
M][2, F] = min{1.597015(F),2.983310(L)} = 1.597015
M][2, L] = min{3.794240(F), 0.786085(L)} = 0.786085
M]3, F] = min{2.395523(F), 3.376352(L)} = 2.395523
M([3, L] = min{4.592748(F), 1.179128(L)} = 1.179128

w = min{3.088670(F), 2.565422(L)} = 2.565422.

The resulting explanation is ¢ = LLLL. O

6.5 Expectation Maximization

The linear and toric models have the property that the likelihood function has at most one local
maximum. However, this property fails for most other algebraic statistical models including those
used in computational biology. In these cases, the numerical optimization technique called expectation
mazimization (EM) is widely used. It will provide under some conditions a local maximum of the
likelihood function.

Consider the hidden model F : R? — R™*" given by

Assume that the sum of all the f;;(6) equals 1 and there is an open subset © C R? so that f;;(6) > 0
for all 6 € ©. We assume that the hidden model F' has an easy and reliable algorithm for solving the
maximum likelihood problem.

Consider the linear mapping that takes an m x n matrix to its vector of row sums p : R™*" — R™
given by

P (gij) = Zglja-“azgm]’ : (6.19)
Jj=1 j=1
The observed model is the composition f = po F : R — R™ defined as

Fr0= (D F500),  fmi(0) | - (6.20)
j=1 j=1
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We put
L0 =3 10, 1<i<m. (6.21)
j=1

Suppose we have a data vector u = (uy,...,u,) € N™ for the observed model. The problem is to
maximize the log-likelihood function for these data with respect to the observed model,

max fops(0) = uq - log f1(0) + - - + up, - log fin(6).

st.0€0O (6.22)

This problem is usually hard to tackle due to multiple local solutions. It would be much easier to solve
the corresponding problem for the hidden model,

max hig(0) = u11 - log f11(0) + -+ - + wmn - 10g frnn(0).

st.0 €0 (6.23)

But here do not know the hidden data; that is, the matrix U = (u;;) € N™*™. All we know is the
marginalization data p(U) = u.

Algorithm 6.2 EM algorithm for observed model

Require: m X n matrix of polynomials f;;(0) representing the hidden model and observed data u € N™
Ensure: Maximum likelihood estimate § € © of the log-likelihood function £obs() for observed model
[Init] Threshold € > 0 and parameter 6§ € ©
[E-Step] Define matrix U = (u;;) € R™*™ with

u; - fi; ()
Ui =
! fi(0)
[M-Step] Compute solution 8* € @ of the maximation problem in the hidden model
[Comp] If Lobs(0™) — Lobs(0) > €, set 0 := 0™ and resume with E-step
Output 0 := 0

Theorem 6.9. During each iteration of the EM algorithm (Alg. 6.2), the value of the log-likelihood
function weakly increases; that is, Lops(0%) > Lops(0). If Lons(0*) = Lops(0), then 6* is a critical point of
the log-likelihood function.

Proof. We have

Cobs (07) = Lobs(8) = Zui - [log £;(07) — log £:(0)]

=D > ui - [log fi5(67) — log fi;(0)] (6.24)

i=1 j=1

. ZXT_”; wr - 1og <J;ji((‘9;))> _ Zn: % -log <]}j({09*)))

j=1 *
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The first term equals £p;q(0*) — £hia(0) and is non-negative due to the M-step. We show that the second
term is also non-negative. By the E-step, the parenthesized expression equals

e (20 > g (Z00) <og (L00) 4 Z L20) g (520 2

Jj=1

This expression can be rewritten as

=~ fi;(0) oo [ £i107) ~ fi;(0) o [ L0
250 os (%37 ) 2w ! (745 (6:26)
and thus amounts to
— fi;(0) o fi0)  fi;(6)
270! g(fijw*) 7.00) ) (6.27)

Jj=1

Take the non-negative quantities

i (6) fii(67) ,
mp = and o; = , 1<53<n. 6.28
J fi (9) J fz (9*) ( )
We have 71 +...4+m, =1 =01+...+0,. Thus the vectors 7 and ¢ are probability distributions on the
set [m]. The expression (6.27) equals the Kullback-Leibler distance between the probability distributions
m and o,

H(rlo) = 3 o () = 3o 105 (2

J

zi}f(—g>:. (6.29)

where we used the inequality logx < x — 1 for all x € R+g.
Let Lops(0*) = Lops(6). Then the two terms in (6.24) are both zero. Moreover, the Kullback-Leibler
distance satisfies H(7||o) = 0 if and only if 7 = . Thus we obtain

fi(8) _ fi;(07)
fi(0)  fi(0%)’

1<i<m,1<j<n. (6.30)

Therefore,

_ Z U; ) ifl (9*) _ a‘gobs(e )’ 1 S k S d’
. ; k 00y,

where in the third equation we used the E-step and (6.30). O
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The EM technique can be particularly used to provide maximum likelihood estimates for the hidden
Markov model, because the hidden Markov model is the composition f = p- F of a fully observed toric
model F' and a marginalization mapping p. A version of the EM algorithm for the hidden Markov model
is given by Alg. 6.3. In the E-step, the Viterbi algorithm can be used to compute the entities p, » and
in the M-step, Prop. 6.2 is used to compute the locally maximal estimates 6* and 6'*.

Algorithm 6.3 EM algorithm for hidden Markov model

Require: Hidden Markov model f : RO o RIXC=1) R with parameter space @1 and observed data
u=(u-) € N

Ensure: Maximum likelihood estimate (,60) € 6,
[Init] Threshold € > 0 and parameters (0,0') € ©1
[E-Step] Define matrix U = (u,,,) € R " with

Ur - po,T(e’ 9,)
pr(6,0")
[M-Step] Compute solution (6*,6*) € ©; of the maximation problem in fully observed Markov model

[Comp] If £(67,6"") — £(6,6") > ¢, set 6 := 0" and §' := " and resume with E-step
Output 0 := 0%, 6’ :== 6~

, ceXtreXx",

U, 7 =

6.6 Finding CpG Islands

The CpG sites are regions of DNA in a linear DNA strand where a cytosine is next to a guanine linked
by one phosphate group. The notation ”CpG” is used to distinguish this linear sequence from the CG
base pairs where cytosine and guanine are on different DNA strands linked by hydrogen bonds.

Cytosines in CpG can be methylated to form 5-methylcytosine. In mammals, 70 % to 80 % of the CpG
cytosines are methylated. The methylated cytosines within a gene can change the gene’s expression.
Gene expression is a mechanism to transcribe and translate a gene into a protein.

CpG islands are regions with a high frequency of CpG sites. An objective definition of CpG island
is lacking. The usual formal definition is that a CpG island is a region with at least 200 base pairs in
length, a CG percentage greater than 50 %, and the observed-to-expected CpG ratio greater than 60 %,
where the observed-to-expected CpG ratio is given by the ratio between an observed part (i.e., number
of CpG times length of sequence) and an expected part (i.e., number of C times number of G).

In mammals, many genes have CpG islands at the start of a gene (promoter regions). In mammalian
genomes, CpG islands are usually 300 to 3,000 base pairs in length and occur in about 40 % of promoter
regions. In particular, the promoter regions in human genomes have a CpG content of about 70 %. Over
time, methylated cytosines in CpG sites tend to turn into thymines because of spontaneous deamination.

The methylation of CpG sites within promoter regions can lead to the silencing of the gene. Silencing
is a phenomenon which can be found in a number of human cancers such as the silencing of tumor
suppressor genes. Age has a strong impact on DNA methylation levels on tens of thousands of CpG sites.

In computational biology, two questions about CpG islands arise. First, decide whether a short stretch
of a genomic linear strand lies inside of a CpG island. Second, find the CgG regions of a long stretch of
a genomic linear strand.
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We begin with the first question. From a set of human DNA sequences there were extracted a total
of 48 putative CpG islands. From the regions labelled as CpG islands the + model was derived and from
the remaining regions the — model was established. The transition probabilities for each model were
calculated using the equations

+ C;F(Y — Cxy
>.zCxz dzCxz

where C}Y and ¢y are the number of times the nucleotide Y followed the nucleotide X in a CpG island
and non-island, respectively. In this way, the transition probabilities of the two Markov chain models
are given in Tab. 6.5.

+ A C G T - A C G T

A 0.180 0.274 0.426 0.120 A 0.300 0.205 0.285 0.210
C 0.171 0.368 0.274 0.188 C 0.322 0.298 0.078 0.302
G 0.161 0.339 0.375 0.125 G 0.248 0.246 0.298 0.208
T 0.079 0.355 0.384 0.182 T 0.177 0.239 0.292 0.292

Fig. 6.5. Transition probabilities for + model and — model.

Consider a DNA sequence w. We calculate in both Markov chain models the probabilities p™ (w)
and p~ (w). For discrimination purposes, the log-odd ratio is used,

+ o+
p (w) Wi, Wwit1
S(w) = lo = log ————.
(w) gp* E g

(U}) Wi, Wi41

If the value of S(w) is positive, there is a high chance that the DNA sequence represents a CpG island;
otherwise, it will not.

Finally, we study the second question. For this, we build a hidden Markov model for the entire DNA
sequence that incorporates both of the above Markov chain models. To this end, the states are relabelled
such that Ay, Cy, G1, and T4 determine CpG island areas, while A_, C_, G_, and T_ provide non-island
areas. For simplicity, we assume that there is a uniform transition probability of switching between

island and non-island. The transition probabilities are given in Tab. 6.6, where p™ and p~ = 1 —p™ are
the probabilities for staying inside and outside of a CpG island.
For instance, we have 07+ 4+ = 0.079p™ and 07+ 4- = (1 — pT)/4. The transition probabilities in

this model can be set so that within each region they are close to the transition probabilities of the
original component model, but there is also a chance of switching into the other region.
Finally, the emission probabilities are all 0 and 1. The state X or X~ outputs the symbol X with
certainty; that is,
/ _y _ { 1if X =Y,
XPY TUXTY T 0if X £Y.

There are three canonical problems associated with a Hidden Markov model. First, given the pa-
rameters of the model, a DNA sequence (output), and a state sequence. Calculate the probability of
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0] Af ct Gt Tt A™ c G~ T
At[0.180pt 0.274p" 0.426pt 0.120p7 l=pm =t lpT o lopn
ct0.171p* 0.368p™ 0.274p* 0.188pT =P l=pt  l-pt 1opt
GT|0.161p™ 0.339p™ 0.375p™ 0.125p7 =pt  1=pl  1opT  1opt
TH(0.079p" 0.355p™ 0.384p™ 0.182p" 1=z~ 1=pt  1-pT  1opt
A 1*41’: 115: 1*4?: ij: 0.300p~ 0.205p~ 0.285p~ 0.210p~
c| =2 L . =P 0.322p~ 0.298p 0.078p~ 0.302p™
G| =2 L2 L2 ImP 0.248p 0.246p  0.298p~ 0.208p
| 1—p— 1—p— 1—p— 1—p— — — - —
To| =2 - - 2 0.177p" 0.239p™ 0.292p 0.292p

Fig. 6.6. Transition probablities for hidden Markov model.

the output sequence when the model runs through the states. For instance, the DNA sequence CGCG
generated by the state sequence C;GC; G has the probability

1
_ ’ / / /
PCLG4CLGL,CGCG = §90+7090+,G+90+709G+,C+9c+,(;90+,c+9g+7c~

Second, given the parameters of the model and a DNA sequence (output). Find the maximum
a posteriori probability of generating the output sequence. This problem is tackled by the Viterbi
algorithm that finds the most probable path. When this path goes through the + states, a CpG island is
predicted. For instance, consider an output sequence and a corresponding a postoriori state sequence,

ACCCGCCGAATATTOCG GG GT CTCGH AATA
ACctcterGgrerecrGr A A~ T A~ T T CTGFGrGrCcrCcrGr A= A= T A™

The state sequence would indicate that the strand has two CpG islands.

Third, given a set of DNA sequences (output), find the most likely set of transitions probabilities.
This amounts to the discovery of the parameters of the hidden Markov model given the data set. This
problem can be tackled by the EM algorithm.
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7

Tree Markov Models

Phylogenetics is a branch of biology that seeks to reconstruct evolutionary history. Inferring a phylogeny
is an estimation procedure that is to provide the best estimate of history based on the incomplete
information contained in the observed data. Ultimately, we would like to reconstruct the entire tree of
life that describes the course of evolution leading to all present day species.

Phylogenetic reconstruction has a long history. The classical reconstruction has been based on the
observation and measurement of morphological similarities between taxa with the possible adjunction of
similar evidence from the fossil record. However, with the recent advances in technology for sequencing
of genomic data, reconstruction based on the huge amount of available DNA sequence data and is
now by far the most commonly used technique. Moreover, reconstruction from DNA sequence data can
operate automatically on well-defined digital data sets that fit into the framework of classical statistics,
rather than proceeding from a somewhat ill-defined mixture of qualitative and quantitative data with
the need for expert oversight to adjust for difficulties such as morphological similarity.

This chapter is mainly devoted to two approaches for phylogenetic reconstruction, the maximum
likelihood method that evaluates a hypothesis about evolutionary history in terms of the probability
and the algebraic method of phylogenetic invariants.

7.1 Data and General Models

Phylogenetic reconstruction makes use of the structure of trees. A tree is a cycle-free connected graph
T = (N, E) with node set N = N(T') and edge set E = E(T).

An wunrooted tree is considered as an undirected graph; that is, the edges are 2-subsets of the node
set. Each edge {k,l} is written as a word k!l with kl = lk since there is no ordering on the nodes. The
edges are also called branches. An unrooted binary tree (or trivalent tree) contains only nodes of degree
one (terminal nodes or leaves) and degree three (internal nodes).

A rooted tree is considered as a directed graph; that is, the edges are ordered pairs. Each edge (k,1)
is denoted as a word kl with kl # [k since there is an ordering on the nodes. A rooted binary tree
contains besides nodes of degree one and three also one node of degree two, the socalled root. The edges
are always directed away from the root.
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A tree is labelled if its leaves are labelled. In phylogenies, trees are built from data corresponding to
the leaves. These data are called taza, while the data at the inner nodes are called intermediates. Taxa
and intermediates are both called individuals.

In a phylogenetic tree, the arrow of time points away from the root (if any), paths down through
the tree represent lineages (lines of descent), any point on a lineage corresponds to a point of time in
the life of some ancestor of a taxon, inner nodes represent times at which lineages diverge, and the root
(if any) corresponds to the most common ancestor of all the taxa.

The basic data in phylogenetics are DNA sequences corresponding one-to-one with the taxa that
have been preprocessed in some suitable way. These sequences are assumed to be aligned. For simplicity,
we suppose that we are dealing with segments of DNA without indels such that all taxa share the same
common positions, and differences between nucleotides at these positions are due to substitutions.

Suppose we have the following four aligned DNA sequences,

taxon lAGACGTTACGTA...
taxon 2AGAGCAACTTTG...
taxon SAATCGATACGCA...
taxon4 TCTAGTAACCCC...

A standard assumption is that the behavior at widely separated positions on the genome are statistically
independent. With this assumption, the modelling problem reduces to the modelling of nucleotides
observed at a given position. For this, define a pattern o to be a sequence of symbols that we get when
we look at a single site (column) in the aligned sequence data. For instance, the third column gives rise
to the pattern AATT. A tree that might describe the course of evolution based on this pattern is shown
in Fig. 7.1. Any tree with four leaves labelled by the pattern in some order is a potential candidate

&)

Fig. 7.1. Rooted binary tree with labelled leaves.

that describes the course of evolution. To this end, we need to capture the various tree topologies and
labellings.

Two trees T and T’ are isomorphic if there is a bijective mapping ¢ : N — N’ between the node
sets which is compatible with the edges; that is, for each pair of nodes k,[ in T', kl is an edge in T if
and only if ¢(k)p(l) is an edge in T'. The mapping ¢ is also called an isomorphism.
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Let X denote the DNA alphabet (or any other alphabet used for bioinformatics data, like RNA
or amino acids). Let T be a tree with set of leaves L. A labelling of T by DNA data is a mapping
Y : L — X. A tree equipped with such a labelling is called labelled. Two labelled trees T and T’ are
equivalent if there is an isomorphism ¢ : N — N’ which is compatible with the labelling of the leaves;
that is, if ¢ : L — X is a labelling of T and ¢’ : L’ — X is a labelling of 7", then 1 (l) = ¢'(¢(1)) for
each leaf [ € L.

Example 7.1. There are two non-isomorphic rooted binary trees with four leaves (Fig. 7.4). The first
has twelve labelled trees (Fig. 7.2) and the second has three labelled trees (Fig. 7.3). &

leaves|4 5 6 7||leaves|4 5 6 7
ACGT GACT
AGCT GCAT
ATCG GTAC
CAGT TACG
CGAT TCAG
CTAG TGAC

Fig. 7.2. Labellings of the first rooted tree in Fig. 7.4.

leaves|4 5 6 7

Fig. 7.3. Labellings of the second rooted tree in Fig. 7.4.

Proposition 7.2. A labelled unrooted binary tree with n > 3 leaves has n — 2 internal nodes and 2n — 3
edges. The number of inequivalent labelled unrooted binary trees with n > 3 leaves is

n

[12i-5).

1=3

Proof. Let g, denote the number of inequivalent labelled unrooted binary trees with n > 3 leaves.
There is one labelled unrooted binary tree with n = 3 leaves, i.e., g3 = 1. This tree has n — 2 =1
internal nodes and 2n — 3 = 3 edges (Fig. 7.5).

Consider a labelled unrooted binary tree 7' with n > 3 leaves. Choose an edge of T, bisect it by
introducing an internal node and connect this node to a new leaf (Fig. 7.6). By induction, the new tree
has n+ 1 leaves, (n —2) + 1 = (n+ 1) — 2 internal nodes, and (2n —3) +2 = 2(n+ 1) — 3 edges. Each
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Fig. 7.4. Two rooted binary trees with four leaves.

Fig. 7.5. Labelled unrooted binary tree with three leaves.

labelled unrooted binary tree with n+1 leaves can be constructed in this way and the constructed trees
are all pairwise inequivalent. Since each labelled unrooted binary tree with n leaves has 2n — 3 nodes,
we have gny1 = gn - (2n —3) = gn - (2(n + 1) — 5) as required. O

@ ©)

@;7

Fig. 7.6. Labelled unrooted binary tree with four leaves.

Proposition 7.3. A labelled rooted binary tree with n > 2 leaves has n — 1 internal nodes and 2n — 2
edges. The number of inequivalent labelled rooted binary trees with n > 2 leaves is
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n

[12i-3).

1=2

Proof. Let h,, denote the number of inequivalent labelled rooted binary trees with n > 2 leaves. There
is one labelled rooted binary tree with n = 2 leaves, i.e., ho = 1. This tree has n — 1 = 1 internal nodes
and 2n — 2 = 2 edges (Fig. 7.7).

Fig. 7.7. Labelled rooted binary tree with two leaves.

Each labelled unrooted binary tree T" with n > 3 leaves can be converted into a labelled rooted
binary tree with n by bisecting one of its edges and taking this new node as the root (Fig. 7.8). By
Prop. 7.2, each such constructed tree has (n —2) +1 =n — 1 internal nodes and (2n —3)+1=2n—2
edges. Each labelled rooted binary tree with n + 1 can be constructed in this way and the constructed
trees are pairwise inequivalent. Since the number of labelled unrooted binary trees with n leaves is
gn and each such tree has 2n — 3 edges, the number of labelled rooted binary trees with n leaves is
B = gn - (20— 3) = T175, (20 — 3)(2n — 3) =[]/, (2i — 3) as required. 0

®—o—

&)

Fig. 7.8. Labelled rooted binary tree with three leaves.

The proofs are constructive and provide a method for generating both all labelled unrooted binary trees
and all rooted binary trees with a small number of leaves.

7.2 Fully Observed Tree Markov Model

We assume that not only the nucleotides for the taxa can be observed but also the nucleotides for the
intermediates represented by the interior nodes of a phylogenetic tree. Two individuals in a phylogenetic
tree share the same lineage up to their most recent common ancestor. After the split in lineages, it is
a reasonable first approximation to assume that the random mechanism by which substitutions occur
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are operating independently on the genomes that are no longer shared. Equivalently, the nucleotides
exhibited by the two individuals are conditionally independent of the corresponding nucleotide exhibited
by their most recent common ancestor.

Example 7.4. Consider the four taxa tree in Fig. 7.1. Let X; denote the random variable over the
DNA alphabet corresponding to the individual i, 1 < i < 7. In view of the dependence structure given
by the tree, a joint probability such as

P(X1=A0Xo=06X3=T,X;,=A X5 =4 Xe=T,X; =T)

can be computed as

P(X, = A)
P(Xy=A| X1 = DP(Xs =G| X; = A) (7.1)
P(Xs=A| Xo =GQ)P(X3 =T | X5 = Q)

P(Xe=T| X3 =T)P(X7 =T | X3 =T).

Thus, for a given tree, the joint probabilities of the individuals exhibiting a particular set of nucleotides
are determined by the probability distribution of the root and the transition probabilities corresponding
to the edges. &

We describe formally the tree model. For this, let T be a rooted binary tree with root r. Each node
i € N(T) corresponds to a random variable X; with values in an alphabet X;. Each edge kil € E(T)
is associated to a matrix 6% with positive entries, where the rows are indexed by Y and the columns
are indexed by Xj. The parameter space @ of the tree model is given by the collection of the matrices
6" with kl € E(T). Thus the dimension of the parameter space is d = Yrierm |2kl - 121]. A state o
of the tree model is a labelling of the nodes of tree; i.e., 0 = (04);en (1), where 0; € ;. The state space
of the model is the Cartesian product of the alphabets X; with ¢ € N(T'). Thus the cardinality of the
state set is m = [[;c n(py [ 2.

The fully observed toric tree Markov model for the tree T is the mapping Fr : R — R™ defined as

Fr:0=(0")uenr — p= (Do), (7.2)
where
1
ro=r57 1 (7:3)
" kleB(T)

for each state o = (0);cn(r). Note that the factor 1/|X,| corresponds to a uniform distribution of
states at the root (Ex. 7.4).

We consider a subset ©; of the parameter space © given by all positive matrices 8% whose row sums
are 1. The matrices 8" can then be viewed as transition probability matrices along the branches. The
dimension of the parameter space © is therefore d =}, g(py [Zk[ - (| 21| —1). The fully observed tree
Markov model for the tree T is given by the restriction of the mapping Fr : R? — R™ to the parameter
space O1.

Tree models in phylogenetics have usually the same alphabet X for the edges, but the transition
probability matrices remain distinct and independent.
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Example 7.5. Consider the I,n claw tree T in Fig. 7.9. This is a tree with no internal nodes other
than the root r and n leaves; that is, N(T') = {r,1,...,n} and E(T) = {rl,...,rn}.
Assume that all nodes have the alphabet X' = {0,1}. The fully observed toric tree Markov model
Fr has d = 4 - n parameters given by the 2 X 2 matrices
0'r‘i<900901>7 ISZSH

Tt Ori
10 Y11
The model has m = 2" states which are given by the binary strings o,0; ...0, € "1,
The fully observed tree Markov model Fr has d = 2 - n parameters defined by the 2 x 2 matrices

9”:<3991_929>, 1<i<n.
10 + — Y10

The coordinates of the mapping Fr : R2" — R2""" are the marginal probabilities

g g

Poroy...on = 9 0,01 Oron "

®

Fig. 7.9. The 1,3 claw tree.

We provide maximum likelihood estimates for the fully observed tree Markov model. For this, let T’
be a rooted binary tree T with n leaves. Note that the tree has 2n —1 nodes. Assume that all individuals
share a common alphabet X of cardinality ¢q. Given a sequence of observations o',02,...,0" in X271,
In the corresponding data vector u = (u,), the entry u, provides the number of occurrences of the
state o € X?"~1. Thus we have > _u, = N. Let vfjl denote the number of occurrences of ij € X? as
a consecutive pair for the edge k! in the tree (Fig. 7.10). The vector v = (v;;) provides the sufficient

statistic of the model (Prop. 4.11).

Proposition 7.6. The mazimum likelihood estimate of the data vector w in the fully observed tree
Markov model is the parameter vector 8 = (é}j) in ©1 with coordinates

kl
~ Usj ..
Qijl = m, kl S E(T), () S 22.

Proof. The log-likelihood function of the toric model can be written as follows,
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Fig. 7.10. Labelled edge k — [.

£00) = Z Z (vfll log 08 + ... + qul logefql) .
kL i

The log-likelihood function of the fully observed tree Markov model is obtained by restriction to the set
O of positive matrices whose row sums are all equal to one. Therefore, £(8) is the sum of expressions

qg—1
v log 08 + ... + vf’qul log 9%,1 + qul log (1 — Z 91“;) .
s=1

These expressions have disjoint sets of unknowns for different sets of the indices &, [, and . To maximize
£(0) over Oy, it is sufficient to maximize the above concave functions over a (¢ — 1)-dimensional simplex
consisting of all non-negative vectors (thl)t of coordinates summing to 1. By equating the partial
derivatives of these expressions to zero, the unique critial point has the required coordinates. a

Example 7.7 (Maple). Consider the rooted binary tree T in Fig. 7.11. Assume that each node is
associated with the binary alphabet X = {1,2}. For this, we initialize

> restart: with(combinat): with(linalg):
> V12 := array(1..2,1..2);

> V13 := array(1..2,1..2);
> V24 := array(1..2,1..2);
> V25 := array(1..2,1..2);
> V36 := array(1..2,1..2);

> V37 := array(1..2,1..2);

> T12 := array([[0,0],[0,0]11);
> T13 := array([[0,0],[0,0]11);
> T24 := array([[0,0],[0,0]1);
> T25 := array([[0,0],[0,0]1);
> T36 := array([[0,0],[0,011);
> T37 := array([[0,0],[0,0]1);

generate 128 states o € X7 uniformly at random,
digs := rand(1..2): M := randmatrix(128, 7, entries = digs):
and calculate the sufficient statistic

> for i from 1 to 128 do
> T12[M[i,1],M[i,2]] := T12[M[i,1],M[i,2]]1 + 1;
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T13[M[i,1],M[i,3]]
T24[M[1,2],M[1,4]] :
T25[M[i,2],M[i,5]] :
T36[M[i,3],M[i,6]]
T37[M[i,3],M[1,7]] :
od:
> print(T12,T13,T24,T25,T36,T37);

35371 [3735] [3728] [2342] [3027] [2829
2630 |2828| |2835| |3429| |4328| |3437|

This allows to estimate the parameters according to Prop. 7.6,

T13[M[i,1],M[i,3]]
T24[M[i,2],M[i,4]]
T25[M[i,2],M[i,5]]
T36[M[i,3],M[i,6]]
T37[M[i,3],M[i,7]1]

V V V V VYV
+ + + + +
e

Vi2 :

array([[T12[1,1]1/(T12[1,1]+T12[1,2]),

T12[1,2]1/(T12[1,11+T12[1,21)],

[T12[2,1]1/(T12[2,1]+T12[2,2]),
T12([2,2]1/(T12[2,11+T12[2,21)11);

V13 := array([[T13[1,1]/(T13[1,1]+T13[1,2]),

T13[1,2]/(T13[1,11+T13[1,2]1)],

[T13[2,1]1/(T13[2,1]1+T13[2,2]),
T13[2,2]1/(T13[2,11+T13[2,21)11);

V24 := array([[T24[1,11/(T24[1,1]1+T24[1,2]),

T24[1,2]/(T24[1,11+T24[1,2]1)],

[T24[2,1]1/(T24[2,11+T24[2,2]),
T24[2,2]1/(T24[2,11+T24[2,21)11);

V25 := array([[T25[1,1]1/(T25[1,1]+T25[1,2]),

T25[1,2]/(T25[1,11+T25([1,2]1)],

[T25[2,1]1/(T25[2,11+T25[2,21),
T25[2,2]1/(T25[2,11+T25[2,21)11);

V36 := array([[T36[1,1]/(T36[1,1]1+T36[1,2]),

T36[1,2]1/(T36[1,11+T36[1,21)],

[T36[2,1]1/(T36[2,11+T36[2,2]),
T36[2,2]1/(T36[2,11+T36[2,21)11);

V37 := array([[T37[1,1]/(T37[1,1]+T37[1,2]),

T37[1,2]1/(T37[1,11+T37[1,21)],

[T37[2,1]1/(T37[2,11+T37[2,2]),
T37[2,2]1/(T37[2,11+T37[2,21)11);

> print(V12,V13,V24,V25,V36,V37);
The parameter estimates are
23 42 10 9 28 29
65 65 19 19 57 57
7134207 |43 28| |34 37|
63 63 71 71 7171

35 37
2 T2
13 15 |’
28 28

o= J1%
Jle D&
| I
| —— |
ol RS
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Fig. 7.11. Rooted tree with four leaves.

7.3 Hidden Tree Markov Model

A fully observed Markov tree model exhibits nucleotides of all involved individuals (taxa and inter-
mediates). By taking the marginal probability distribution for the taxa, we obtain the corresponding
hidden tree Markov model in which nucleotides are only exhibited by the taxa.

Example 7.8. Reconsider the tree with four taxa (Fig. 7.1) in Ex. 7.4. The joint probability distribution
for the taxa is given by

P(Xs=AXs=AXe=T,X;=T) =

> 3 Y P(Xy =By, Xy =By, X3 =B, X4 =4, X5 =4, X¢ =T, X7 =T),
B1 By B3

where the sums are taken over all nucleotides for the intermediates. &

We formally describe the hidden tree Markov model. For this, let T' be a rooted binary tree with
root r and leaf set [n]. The hidden tree Markov model for the tree T is obtained from the fully observed
tree Markov model Frpr by summing the marginal probabilities over the internal nodes of the tree. The
parameter space remains the same. However, the state space is X1 x Xy x ... x X, the product of
the alphabets associated with the leaves of T. Thus the state space has the cardinality m’ = |X}] -
| Y| -+ |Xn]. The restriction of the fully observed to the hidden model is defined formally by the
marginalization mapping pr : R™ — R™ which takes real-valued functions on ILic N(T) X to real-
valued functions on []!_; X; such that the hidden tree Markov model is given by the marginalization
of the fully observed tree model fr = pr o Fr.

Note that the EM technique can be used to provide maximum likelihood estimates for the hidden
tree Markov model. For this, Prop. 7.6 can be employed to yield maximum likelihood estimates for the
corresponding fully observed tree Markov model. Note that the hidden Markov model is a specialization
of the hidden tree Markov model in which the tree is the caterpillar tree (Fig. 6.2).

Example 7.9 (Singular). Reconsider the 1,n claw tree T in Ex. 7.5. The corresponding hidden tree
Markov model has d = 2 - n parameters and m = 2" states given by the binary strings o;...0, € 27
whose letters correspond one-to-one with the taxa. The coordinates of the mapping fr : R?" — R?"
are the marginal probabilities
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1 1
Dor.on = 36il...962n4+ §9r1 ..o

Oon — 5 1oy~ " Y1oa:

The corresponding EM algorithm is illustrated in (7.1). Note that the sufficient statistic v € Z%% can

Algorithm 7.1 EM algorithm for Markov model given by the 1,n claw tree.

Require: Hidden 1,n claw tree Markov model f : R?*" — R?" with parameter space @; and observed data
u=(us) € X", ¥ ={0,1} binary alphabet

Ensure: Maximum likelihood estimate 6 € ©,
[Init] Threshold € > 0 and parameters 6§ € O
[E-Step] Define matrix U = (uo,.,0 )0, e5,0cxn with

_ Uo " Poy,o (9)
pa(0) 7

[M-Step] Compute solution 6* € ©; of the maximation problem in fully observed 1, n claw tree Markov model
[Comp] If £(67) — £(6) > ¢, set 0 := 0" and resume with E-step
Output 0 := 6*.

Uo, o or € 2,0’ S Zn

be established from the data U € ZQZTBH in the E-step by a linear transformation v = AU, where the

matrix A € Zi%xznﬂ is given as follows (n = 3),

0000 0001 0010 0011 0100 0101 0110 0111 1000 1001 1010 1011 1100 1101 1110 1111

1

o5 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
o5t 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
075 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
o7} 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
052 1 1 0 0 1 1 0 0 0 0 0 0 0 0 0 0
052 0 0 1 1 0 0 1 1 0 0 0 0 0 0 0 0
02 0 0 0 0 0 0 0 0 1 1 0 0 1 1 0 0
072 0 0 0 0 0 0 0 0 0 0 1 1 0 0 1 1
053 1 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0
053 0 1 0 1 0 1 0 1 0 0 0 0 0 0 0 0
073 0 0 0 0 0 0 0 0 1 0 1 0 1 0 1 0
073 0 0 0 0 0 0 0 0 0 1 0 1 0 1 0 1

Phylogenetic invariants of the 1,3 claw tree with common binary alphabet X = {0, 1} are calculated
as follows.

ring r = 0, (x(1..3),y(1..3),p(1..8)), dp;

x(1) encodes theta_00"ri, y(i) encodes theta_10"ri, i=1,2,3
1-x(i) encodes theta_01"ri, 1-y(i) encodes theta_11"ri, i=1,2,3
ideal i0 = p(1) - (x(1)*x(2)*x(3)+y(1)*y(2)*y(3)); # 000

V V.V V & H# V

ideal i1 = p(2) - (x(1)*x(2)*(1-x(3))+y (D) *y(2)*(1-y(3))); # 001
ideal i2 = p(3) - (x(1)*(1-x(2))*x(3)+y(1)*(1-y(2))*y(3)); # 010
ideal i3 = p(4) - (x(D)*(1-x(2))*(1-x(3))+y (1) *(1-y(2))*(1-y(3))); # 011
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> ideal i4 = p(5) - ((1-x(1))*x(2)*x(3)+(1-y(1))*y(2)*y(3)); # 100

> ideal i5 = p(6) - ((1-x(1))*x(2)*(1-x(3))+(1-y(1))*y(2)*(1-y(3))); # 101

> ideal i6 = p(7) - ((1-x(1))*(1-x(2))*x(3)+(1-y (1)) *(1-y(2))*y(3)); # 110

> ideal i7 = p(8) - ((1-x(D)*(1-x(2))*(1-x(B))+(1-y(1))*(1-y(2))*(1-y(3))); # 111
> ideal i = i1+i2+i3+i4+i5+i6+i7+1i8;

> ideal j = std(i);

> ideal k = eliminate( j, x(1)*x(2)x(3)*y(1)*y(2)*y(3) );

The output yields two phylogenetic invariants in the ring R[py, ..., ps] one of which being p; + ps +
Ps + pa + ps + pe + p7 + ps — 2 and the other being rather large. &

Example 7.10 (Maple). Consider the fully observed tree Markov model for the tree T in Fig. 7.11.
This model has d = 2 - 6 = 12 parameters and m = 2* = 16 states. The coordinates of the associated
mapping fr : R'2 = R16 are the marginal probabilities

1
_ E § § 12 13 24 25 36 37
Poysosogor = 5 00’1029010390204002059030600307’
o1€X 026X 03€X

These probabilities can be computed as follows,

P := vector(16):
R := powerset([1,2,3,4,5,6,7]):
for i from 1 to nops(R) do
r := vector( [1,1,1,1,1,1,1] ):
for j from 1 to nops(R[i]) do
r[R[i,j1] =2
od
k = 1+(r[4]-D+@[B]-1)*2+(r[6]-1)*2"2+(r[7]-1)*2"3:
Plk] := 1/2*T12[r[1],r[2]]1*T13[r[1],r[3]1]1*T24[r[2],r[4]]
*T25[r[2],r[5]11*T36[r[3],r[6]1]1*T37[r[3],r[7]1];

od:

7.4 Sum-Product Decomposition

We show that the marginal probabilities of the hidden tree Markov model can be efficiently computed by
a sum-product decomposition. For this, consider a rooted binary tree T" with n leaves. The probability
of occurrence of the pattern o € X" labelling the leaves of the tree is given by

Po = Zpr,oa (74)

where 7 runs over all states of the internal nodes of the tree and p, , is the probability that the tree is
decorated by the state (7,0) where 7 labels the interior nodes and o labels the leaves.

Let r be the root of the tree T and let a and b denote the decendents of the root. The marginal
probability of the pattern o then decomposes into a nested sum
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Do = ﬁ Z [(Z G:f'rapgrl...as> . (Z 9:frbp35+1...an>‘| 5 (75)

Ta Tb

where pg . and pgsﬂmgn denote the marginal probabilities of the subtrees of T' with roots a and b
and decorations of the leaves given by o,...,0s and o541, ...,0,, respectively (Fig. 7.12).

O1,...,0s Osqly---50n

Fig. 7.12. Decomposition of a rooted binary tree into two subtrees.

Example 7.11. Reconsider the hidden tree Markov model in Ex. 7.10. The marginal probabilities are

given by
1
_ 12 13 24 25 36 37
Poioyo304 = 5 § : E : E : 9‘F1T29717'397'20197’20297'30397304
TIEX To€X T3€ X

whose sum-product decomposition amounts to

Poioso304 = Z [( Z 9}'12T2p§'10'2> ’ (Z 071'?73p3304>‘|

T1 ToE€X T3EX
- % ' Z [( Z 071'127'2 (9"2';1171072'50'3)> : (Z 0‘}'?7’3 (0£§ﬂ30§;04)>] . (76)
T1EX ToEX T3€X
¢

7.5 Felsenstein Algorithm

In the early 1980s, Felsenstein was the first who brought the maximum likelihood framework to
nucleotide-based phylogenetic inference.

The Felsenstein algorithm provides an explanation for a sequence of observed data o € X™ of a
tree T" with n leaves. Finding an explanation means identifying the hidden data 7 with maximum a
posteriori probability that generated the observed data o; that is,

7 = argmax, {pro} (7.7

By putting w; , = —log pr », this equation becomes
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7 = argmin_ {w, ; }. (7.8)

The sequence 7 provides a labelling of the internal nodes and is the solution of the marginalization (7.4)
performed in the tropical algebra,

= @waﬁ. (7.9)

The value w, can be efficiently computed by tropicalization of the sum-product decomposition of the
marginal probability p,. For this, we put w}} = —log#}! for each parameter and wg, = —logps, for
each tree node a and each sequence ¢’ decorating the leaves of the subtree of T' with root a. Then the
sum-product decomposition (7.5) performed in the tropical algebra becomes

w, =P K@ W, Ow ) (@ wt owl >] : (7.10)

Tr Ta

The computation of this expression is known as Felsenstein algorithm. It consists of a forward algorithm
that evaluates the expression w, (Alg. 7.2) and a backward algorithm that traces back the optimal
decisions made in each step; that is, the symbols for which the minimum is attained. The computed
explanation 7 is called Felsenstein sequence.

Proposition 7.12. The tropicalization of the marginal probability p,, o € []_, X, of the hidden tree
model provides an explanation for the observed data o in O(I*n) steps, where | is an upper bound on
the alphabet size.

Proof. The computation can be carried out by using an (2n — 1) x [ table M, where

:@M[nﬂ,

Ta

M[r’r]:<@wra®MaTa> <@w£ib@MbTb]> Texy,

and
M¢, 7] =0 foreachleaf ¢, 7€ X.

The table M has size O(In) and each entry is evaluated in O(]) time steps. O

Example 7.13. Reconsider the hidden tree model in Ex. 7.11. The tropicalization of the marginal
probability (7.6) gives

Weoyo90304 — @ [(@ leTQ 0'10’2> <@ w‘l’17‘3 030‘4>‘|

1 ToEX T3€X

— 37

- @ [( @ w7'17'2 7'201 @ 7'203 ) (@ w7'17'5 T30'3 ® wT30'4)>‘| . (711)
TEX ToEX T3EX

¢
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Algorithm 7.2 Felsenstein forward algorithm.

Require: Rooted binary tree T with leaf set [n] and root r, observed sequence o € X", X' common node
alphabet
Ensure: Evaluation of table M
for each leaf £ in T' do
M[t, 7]+ 0
mark node /¢
end for
repeat
take unmarked node v in T" whose descendents a, b are already marked
for each symbol 7 in Y do

Mlo,7] (@, wit, © Mla, 7)) © (., vk, © Mb,n))
end for
mark node v
until root r is marked

One problem with the maximum likelihood approach is model selection. Suppose we have n taxa, d
parameters, m states, and a vector u € N for observed data. Then we may consider all rooted binary
trees with n leaves. Each such tree leads to an algebraic statistical model f : R — R™. The task is then
to select a “good” model for the data; that is, a model whose likelihood function attains the largest
value. However, the number of trees grows exponentially with the number of taxa and henceforth this
approach is only viable for a handful of taxa.

7.6 Evolutionary Models

The above general model for the observed nucleotides allows the substitution matrices to be arbi-
trary. However, there are practical reasons for constraining the form of these matrices. This leads to
evolutionary models that are described by time-continuous Markov chains.

A time-continuous Markov chain is based on a matrix of rates which describes the substitution
of nucleotides at an infinitesimally small time interval. A rate matriz is an n x n real-valued matrix
Q = (¢;;) with rows and columns indexed by a common alphabet X such as the DNA alphabet
Y ={A,C,G, T} that satisfies the following conditions,

e all off-diagonal entries are non-negative,

qi; >0, i# ],
e all row sums are zero,
> =0, i€x,
jex

e all diagonal entries are negative,
gii <0, i€l

A rate matrix is an infinitesimal generator matriz for a time-continuous Markov chain capturing the
notion of instantaneous rate of mutation.
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A rate matrix @ gives rise to a probability distribution matrix &(t), t > 0, by exponentiation. The
matriz exponential for the matrix Qt is the n x n real-valued matrix

B(t) = exp(Qt) = Y %thk, t>0. (7.12)
k=0

The entry of @(t) in row ¢ and column j equals the conditional probability that the substitution ¢ — j
occurs at a time interval of length ¢t > 0.

Theorem 7.14. Each rate matrixz Q has the following properties:
e Chapman-Kolmogorov equation:
P(s+t)=P(s) P(t), s,t>0.
o The matriz D(t) is the unique solution of the differential equation
t)=2(1)-Q=Q-®(), ®0)=1I, t>0.

e Higher derivatives at the origin:

a0 (0)=Q", k>0
o The matriz ®(t) is stochastic (non-negative entries with row sums equal to one) for each t > 0.
Proof. The matrix exponential exp(A) is well-defined because the series converges componentwise for

any square matrix A. If two n x n matrices A and B commute, we obtain (AB)¥ = A*B* k > 0. Then
the basic exponentiation identity holds

exp(A + B) = exp(A) exp(B). (7.13)

But tQ and sQ commute for any values s,t and thus &(s +t) = J(s) + D(t).
The matrix exponential exp(tQ) can be differentiated term-by-term, since the power series exp(tQ)
has infinite radius of convergence. We have

e tklek
k—1)

&' (t) = b(t)-Q=Q -Pb(t), t>0.

k=1

The uniqueness is a standard result for systems of ordinary linear differential equations. Iterated dif-
ferentiation leads to the identity in item three.

Finally, when ¢ approches 0, the Taylor series expansion gives ®(t) = I +tQ + O(t?). Thus, when ¢
is sufficiently small, ¢;;(t) > 0 implies $;; > 0 for all ¢ # j. But by the first part, $(t) = $(t/m)™ for
all m and thus g;;(¢) > 0 implies &;; > 0, ¢ # j, for all ¢ > 0. Moreover @ has row sums equal to zero
and thus Q™ has the same property for each integer m > 1. Hence, the matrix @(t) is stochastic. 0O

Example 7.15 (Maple). The matrix exponential for a matrix can be calculated as follows,

> with(LinearAlgebra) :
> Q := Matrix( [[-2,1,1],[1,-2,1],([1,1,-2]1] ):
> MatrixExponential(Q,t);
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The resulting matrix is

%e‘“—i—% é_ %e—St % _ §€—3t

exp(Qt) = i §e‘3t §€_3t + 3 i 23
—3t 2 -3t —3t 1

3—3¢ 33736 +tg

¢

The matrix exponential exp(A) for a nxn complex-valued matrix A is invertible, since by the Chapman-
Kolmogorov equation, exp(A)-exp(—A) = exp(A+(—A)) = exp(0) = I and thus the inverse of exp(A)
is exp(—A). The matrix exponential provides a mapping exp : M, (C) — Gl,,(C) from the vector space
of all n x n complex matrices (M, (C),+,0) to the general linear group of degree n, i.e., the group of
all n x n invertible complex matrices (GL,,(C), -, I). This mapping is surjective which shows that each
invertible complex matrix can be written as the exponential of some other complex matrix.

Moreover, the matrix exponential exp(A) for a n x n real-valued symmetric matrix A can be easily
computed. For this, notice that any n x n real-valued symmetric matrix can be diagonalized by an
orthogonal matrix; that is, there is a real-valued orthogonal matrix U such that D = UT AU is a
diagonal matrix. For each diagnonal matrix D with main diagonal entries dy, . .., d,, the corresponding
matrix exponential exp(D) is a diagonal matrix with main diagonal entries e®, ... e . Since UU” =
I, it follows from the definitions that exp(A) = U exp(D)U”. Since the formation of determinants
commutes with matrix multiplication, we obtain

det(exp(A)) = det(exp(D)) = [ e = "), (7.14)

where tr(A) denotes the trace of the matrix A. By taking the natural logarithm, we obtain
tr(A) = log(det(exp(A))).

An evolutionary model for n taxa over an alphabet X' is specified by a rooted binary tree T with n
leaves together with a rate matrix @ over the alphabet Y and an initial distribution for the root of the
tree (which is often assumed to be uniform on the alphabet). The transition probability matrix for the
edge kl of the tree T is given by the matrix exponential exp(Qty;), where the socalled branch lengths
ti1 are to be determined. The corresponding algebraic statistical model R — R™ is a specialization of
the hidden tree Markov model to these matrices.

The Felsenstein hierarchy is a nested family of evolutionary models. It can be seen as a cumulative
result of experimentation and development of many special time-continuous Markov models with rate
matrices that incorporate biologically meaningful parameters.

The simplest model is the Jukes-Cantor model (JC) developed in the late 1960s. This model is highly
structured with equal transition probabilites among the nucleotides and with uniform root distribution.
It is based on the Jukes-Cantor rate matrixz

—3a « « o
Q= a —3a « o ’ (7.15)

« a —3a «
« « a —3a

where the parameter o > 0 indicates that all substitutions occur at the same rate. The corresponding
transition probability matrix is
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1+ 3674at 1— 6740475 1— 674at 1— 674at
1— 6740& 1+ 3674005 1— 674at 1— 674041‘/
_ 2t > 0. .
exp(tQ) 4 1— e—4o¢t 1— e—4at 1+ 36—4at 1— e—4at ’ t - 0 (7 16)

1— e—4at 1— e—4at 1— e—4at 1+ 36—4o¢t
Note that all transition probabilities converge to % as t approaches infinity. Thus in the equilibrium

distribution all nucleotides are substituted with the same rate. Put a = e ***. Then the transition
probability matrix has the form

1—3a a a a
a 1—-3a a a
a a 1—-3a a ’ (7.17)
a a a 1-—3a

where a is the probability of a mutation from nucleotide i to another nucleotide j and 1 — 3a is the
probability of staying at the nucleotide. Since the rows must sum to 1, we have 0 < a < 1/3.
The expected number of mutations over time ¢ is the quantity

Sat = —% e(Q) -t = —% log(det(®(1))), (7.18)

where the last equation follows from (7.14). This number is called the branch length of the model and
is used to label the edges of a phylogenetic tree. Although the JC model does not capture the biology
very well, it is easy to work with and is often used for quick calculations.

We make a change of variables in the JC model. For this, assume that the tree 7" has m edges
and the leaves are indexed by the set [n]. Let @) = &(t;) denote the transition probability matrix
associated to the i-th edge, 1 < i < m. Instead of using the parameters «; and t;, we introduce new
parameters

1

1
T = 1(1 —etity)y and gy = 1(1 + 3e~daiti), (7.19)

The parameters are the entries of the transition probability matrix for the i-th edge,

Mg T T T
o) = exp(t;Q) = Zz l;: ZZ 772 (7.20)
TG T4 T4 [
The entries satisfy the linear constraint
i+ 3m; = 1. (7.21)
The branch length of the i-th edge can be recovered from the matrix @) as follows,
3ait; = *% -log(det(®™)). (7.22)

The JC model has m parameters by (7.21) and 4™ states and is thus given by the mapping f : R™ — R*".
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Example 7.16. Reconsider the 1,3 claw tree T (Fig. 7.9). We take the JC model with uniform root
distribution. This model is given by the mapping f : R? — R4 with five distinct marginal distributions
(Fig. 7.13).

The probability of observing the same symbol at all three leaves is

1
D123 = Z(muzus + 3mmams). (7.23)

The probabilities of seeing the same nucleotide at two distinct leaves i, j and a different one at the third
leaf are

1

Py = Z(ul,uyrg + My T3 + 2T TTs), (7.24)
1

P13 = Z(MMMS + T1piams + 2mMams), (7.25)
1

D23 = 1(771/12#3 + i moms + 2m ToT3). (7.26)

The probability of noticing three distinct letters at the leaves is

1
Pdis = 1(#17T27T3 + T o3 + T3 + T TTS). (7.27)

@ @

Fig. 7.13. Labellings of the 1,3 claw tree for pi23, pi2, and pais, respectively.

The nucleotides fall biochemically into two families: purines (adenine and guanine) and pyrimidines
(cytosine and thymine). Substitutions within a family are called transitions and substitutions between
families are called transversions.

The Kimura two-parameter model K2P (1980) is an extension of the Jukes-Cantor model that
distinguishes between transitions and transversions by assigning a common rate to transversions and
a different common rate to transitions but still assumes an equal root distribution. The model K2P is
based on the rate matrix

; (7.28)

s Qo=

™R ™ -

P ™ ™A

D @R @
™R ™A
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where «, 5 > 0 and the diagonal entries are determined by the constraint that the row sums are equal
to zero.

The Kimura three-parameter model K3P (1981) is a generalization of the K2P model that allows
two classes of transversions to occur at different rates. Its rate matrix is of the form

A C G T
A/, B a v
C|lpB . v «
¢la ~ . 8] (7.29)
T\y a p
where «, 3,7 > 0. The corresponding matrix exponential is
Tt St Ut Ut
ST Uit oy s, (7.30)
Ut Vg Tt St
Ut Ut St Tt
where
1 1 1 1
= exp(—2(a+ p)t) + 1 exp(—2(a+v)t) + 1 exp(—2(8+)t) + 1
1 1 1 1
st =—7 exp(—2(a+ B)t) — 1 exp(—2(a +v)t) + 1 exp(—2(8 +7)t) + 1
1 1 1 1
up = =7 exp(—2(a+ B)t) + 1 exp(—2(a+v)t) — i exp(—2(8 +v)t) + 1
1 1 1 1
ve = 3 exp(=2(a + B)t) — L exp(=2(a+7)t) — pexp(=2(6 +7)t) + .

The strand symmetric model CS05 (2004) extends the K2P model by assuming that the root dis-
tribution fulfills 7wy, = 7w and w¢ = mg. The CS05 model has the rate matrix

Bme ame By
By . Brc amy
, 7.31
amy Bre . PBma ( )
By ame Brig

where a, 5 > 0.
The Felsenstein model F81 (1981) is an extension of the JC model that allows a non-uniform root
distribution. The rate matrix is

QTe ATTg ATT
Qamy . QTg AT
Qmy Tt . QT
Ty T AT

: (7.32)

where a > 0.
The Hasegawa model HKY85 (1985) is a compromise between the models F81 and CS05. Its rate

matrix is
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Bre amg By
Bmy . pmg amg
7.33
amy fre . B ( )
By ame Brg

where «, 5 > 0.
The Tamura-Nei model TN93 (1993) is an extension of the HKY85 model including an extra pa-
rameter for the two types of transversions. It has rate matrix

Bre amg By
Bmy . Bmg ymr
) 7.34
amy Bre . Bmr (7.34)
By yme Brg

where a, 5,7y > 0.
The symmetric model SYM (1994) is given by a symmetric rate matrix and assumes uniform root
distribution. Its rate matrix is

.afy
a .0 ¢

Bo .o’
Yy e Q.

(7.35)

where «, 3,7,0,¢€,¢ > 0.
The REV model (1984) is the most general DNA model. Its only restriction is symmetry. The rate
matrix is

ame g Y
amy . Omg emr
B ome . omr |’

YTy €Te PTG

(7.36)

where «, 3,7, 6,€,¢ > 0.

Example 7.17 (Singular). Reconsider the JC model of the 1,3 claw tree f : R® — R% studied in
Ex. 7.16. Since the model has only five different marginal probabilities, we may consider the JC model
as the image of the simplified mapping f’ : R? — R® with marginal probabilities given by (7.23)-(7.27).
The following program computes invariants of the simplified model,

> ring r = 0, (x(1..3),y(1..3),p(1..5)), dp;

> ideal il = p(1)-(x(1)*x(2)*x(3)+3*y (1) *y(2)*y(3));

> ideal i2 = p(2)-(x(1)*x(2)*y(3)+y (1) *y(2) *x(3)+2*y (1) *xy (2) *y(3)) ;

> ideal i3 = p(3)-(x(1)*y(2)*x(3)+y (1) *x(2) *y (3)+2*y (1) *xy (2)*y(3));

> ideal i4 = p(4)-(y(1)*x(2)*x(3)+x (1) *y (2)*y (3)+2*y (1) *y (2)*y(3));

> ideal i5 = p(5)-(x(1)*y(2)*y(3)+y (1) *x(2)*y(3)+y (1) *xy(2)*x(3)+y (1) *y (2)*y (3)) ;
> ideal i = i1+i2+i3+i4+i5, x(1)+3*y(1)-1, x(2)+3*y(2)-1, x(3)+3*y(3)-1;

> ideal j = std(i);

> ideal k = eliminate(j,x(1)*x(2)*x(3)*y(1)*y(2)*y(3));
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The output provides three (large) phylogenetic invariants in the ring R[p, ..., ps]. &

Given a set of observed DNA sequences. We may ask the question whether or not these sequences
come from a particular evolutionary model M given by a tree T' and a root distribution 7. For this,
we compute the pattern frequencies (p,) from the observed taxa. These pattern frequencies can serve
as estimates for the marginal probabilities (p,) of the model. Then we evaluate each of the model
invariants using the pattern frequencies. If the sequence data come from the model, we will expect the
evaluated invariants not to differ significantly from zero. These evaluated invariants give us a score of
the model. Then we may choose the evolutionary model with the minimal score among all models as
the ”true” evolutionary model.

7.7 Group-Based Evolutionary Models

The Jukes-Cantor model for either binary or DNA sequences and the Kimura models with two or three
parameters belong to the class of group based models. These models have the property that a linear
change of coordinates by using discrete Fourier transform translates the ideal of phylogenetic invariants
into a toric model. More specifically, the symbols of the alphabet in a group-based model can be labelled
by the elements of a finite group in such a way that the probability of translating group elements (from
g to h) depends only on their difference (g—h). By replacing the original coordinates p;, .. ;, by Fourier
coordinates g;, ... i, , the ideal of phylogenetic invariantes becomes toric.

An evolutionary model on the state space [n] is called group-based if there is an abelian group G
with elements ¢1,...,¢9, and a mapping ¥ : G — R such that the n X n instantaneous rate matrix
Q = (Q;;) satisfies the condition

Qij =v(gj —g), 1<i,j<n (7.37)

Example 7.18. Consider the cyclic group G = Z4. The group table for the differences g — h of group
elements g, h € G has the form

(7.38)

and can be mapped onto the entries of the instantaneous rate matrix for the Kimura’s two-parameter
model K80,

.afa
a.af
ba. «a
apfa.

Q- (7.39)
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Example 7.19. Take the Klein group G = Zs X Zs. The group table for the differences g — h of group
elements g, h € G has the form

(0,0) (0,1) (1,0) (1,1)
(0,0) (0,1) (1,0) (1,1)
(0,1) (0,0) (1,1) (1,0) (7.40)
(1,0) (1,1) (0,0) (0,1)
(1,1) (1,0) (0,1) (0,0)

and can be mapped onto the entries of the instantaneous rate matrix for the Kimura’s three-parameter
model K81,

o= 78] (7.41)

¢

We show that the substitution matrices share the same dependencies. To this end, we need to
summarize some basic facts about characters and discrete Fourier transforms. For this, let G be a finite
abelian group. We denote the group operation by addition, the neutral element by 0, and the I-fold
multiple of a group element g € G asl-g = g+ --- 4+ g (I times). Let C* denote the set of non-zero
complex numbers; we can regard C* as an abelian group with ordinary multiplication.

A character of G is a group homomorphism mapping G into C*; that is, x : G — C* is a character
if x(g1 + g2) = x(91)x(g2) for all elements g1, g2 € G. The set of characters of G is denoted by G. The
set G is non-empty, since it contains the trivial character € defined by e(g)=1forall g € G.

Lemma 7.20. The set of characters of G forms an abelian group under pointwise multiplication; that
18,
0)(9) =x(@xX'(9), x;xX' €G,g€C.

The groups G and G are isomorphic.

Proof. First, the defined operation on G is associative and commutative which follows directly from
associativity and commutativity of complex multiplication. Thus G forms a commutative semigroup.
The trivial character € is the neutral element of G and so G forms a commutative monoid.

Suppose the group G has order n. Then for each character y € G, we have x(g)" =x(g™) =x(1) =1
Thus the image of G under Y lies in the group of n-th roots of unity. The norm of an n-th root of unity
Cis |¢| = \/i = 1, where Z denotes the conjugate of a complex number z. Thus (¢ = 1 and hence
¢ = (1. Therefore, the inverse of a character y is given by x~!(g) = x(g) for all g € G. It follows that
G forms an abelian group.

Second, the fundamental theorem of abelian groups says that each finite abelian group G is a
direct sum of cyclic groups Zi,...,Z;. Let z; be a generating element of Z; with order n;; that is,
Zi={l-%|0<1<n;—1},1<i<k. Let ( denote a primitive n;-th root of unity; that is, (' =1
and(ij;élforlgjgni—l.

Define y; € G such that Xi(li - zi) = Qf", where 0 < [; <n; —1, 1 <14 <k, and extend such that
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Xilli 21+ +le-z) = 0<lLi<n—1,1<i<k
Let ge G. Write g =1y - 21 + -+ -+l - 2z, where 0 < 1; <n; — 1,1 < j <k, and put
$(g) = XX (7.42)

For each g, h € G, we have by definition ¢(g + h) = ¢(g)d(h). Hence, ¢ is a group homomorphism.
Let g € G such that ¢(g) = e. Writing g = Iy - 21 + -+ I - 25 gives 1 = e(z;) = (X} - X&) (2) =
x1(z) - xn(z) = xi(z)b = Cfi, 1 < i < k. It follows that n; is a divisor of [; for each 1 <7 < k
and thus g = 1. Hence, the mapping is one-to-one.
Let x € G. Since x(z;) is an n;-th root of unity, we have x(z) = ¢ = xi(z;)¢ for some 0 < ¢; <
n; —1,1<i <k Thus x = xi" -+ x3" and hence the mapping is onto. O

The group G is called the dual group or character group of G.

Lemma 7.21. Let G and H be finite abelian groups. The dual group of the direct product G x H =
{(g9,h) | g € G,h € H} is isomorphic to G x H.

Proof. Let x be a character of G x H. The restriction of x to G is a character of G and the restriction
to H is a character of H; we denote the restricted characters by xg and xg, respectively. This gives
x(g,h) = xa(g) - xu(h) for all (g,h) € G x H. The mapping x — (xag,xn) provides the required
isomorphism. a

Example 7.22. The dual group of the cyclic group G = Z,, = {0,1,...,n — 1} is the group G = {x" |
0<b<n—1} with

xP(a)=¢® 0<a,b<n-—1, (7.43)
where ( is a primitive n-th root of unit. &

Example 7.23. The dual group of the additive group G = Z& of order 2% has the characters

k
O X b1z b zm) = [ (- 20) = [[ (=)™ = (=1)fe?. (7.44)
i=1 ]

where 0 < a;,b; < 1,1 <7< k. &

Let G be a finite abelian group and let L?(G) = {f | f : G — C} be the set of all complex-valued
functions on G. This set becomes a complex vector space by defining addition

(f1+ f2)(9) = fil9) + f2(9), f1,f2 € L*(G), g € G, (7.45)

and scalar multiplication

(af)(g)=a-flg), feEL*(G),g€CG, acC. (7.46)

Define the delta functions d4, g € G, on G by
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_J1,ifg=n,
0g(h) = {O, otherwise.

The vector space L?(G) has the delta functions as a C-basis, since each function f € L?(G) has the

Fourier expansion
=Y f(h)onlg), g€C.
h

A multiplication on the C-space L?(G) is given as

(frxf2)(9) =D filh)f2lg—h), gE€G, fi, f2 € L*(G).

heG

This operation is associative and is called convolution or Hadamard product.
An inner product on the vector space L?(G) is defined by

(fr,f2) = > f1(@)fl9),  f1, f2 € L*(G). (7.47)

geG

The delta functions on G define an orthonormal basis of L?(G) with respect to this inner product, since

we have ; N
1,if g=h,
(3, On) Z(S {O, otherwise, g:heG.

Theorem 7.24 (Orthogonality Relations). Let G be a finite abelian group.
e For all characters x and ¥ of G, we have

oo = { G (7.49)

0, otherwise.

o For all elements g and h in G, we have

> x(g)x(h) = { |§7|’ tg="h (7.49)

otherwise.

Proof. First, we have

O6e) =Y x(@)e(9) =D (xt )(9)elg) = (xv ™ e),

g g

since ¢ = ¢~!. Thus we can reduce to the case 1) = e. Put
=> x(9)
g

If x is the trival character, the result will follow. Otherwise, there is a group element h € G with
x(h) # 1. By multiplying the above equation with x(h), we obtain
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X()S =x() Y x(9) =D x(h+9) =Y x(g)=5.

g9 g

Thus we have x(h)S =S with x(h) # 1 and hence S = 0. This proves the first assertion.

Second, we have

d xox() => xlg—h), ghea.

If g = h, the result will follow. Otherwise, there is a character 1 with ¢(I) # 1 for some [ € G. Define

S=>2 x(1). Thus ¢(1)S =3, (¥x)(I) = S and hence S = 0.

O

The discrete Fourier transform (DFT) F : L?(G) — L?(G) assigns to each function f € L*(G) a

function Ff = f defined by

X) =Y flo)x(g), xeq.

geG

In particular, the DFT of the delta function d,, g € G, is given by
09(x) = D> x(M)d4(h) = x(9), x €G-
h

Theorem 7.25. Let G be a finite abelian group.

Linearity: The DFT F : L2(G) — L*(G) is a C-space isomorphism.
Convolution: The DFT turns convolution into multiplication,

fir o) = 00 - o), X €G, fi, f2 € LX(G).

o Inversion: For each function f € L*(G),

e Parseval identity: For all functions fi, f» € L*(Q),

(f1, f2) = fi, f2).

i

e Translation: For each h € G and f € L*(Q), define f"(g) = f(h + g). Then we have

P00 =x(M i), feL*@),xeqG, hed.

Proof. First, the DFT provides a linear map, since

(fr+ )00 = L) + f00) =D x(@)flg) + f2(9)]

*ZX [f1+ £)(9) = fi + 2()

(7.50)

(7.51)
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and

af(x) = > _(af)(@x(g) = > a- flgx(g) =a- f(x), aecC.

g

The inversion formula implies that this mapping is one-to-one. Since both spaces have the same dimen-
sion, it follows by linear algebra that the mapping is also onto. Hence, the mapping is a vector space
isomorphism.

Second, we have

fi* Fa(x Zx )Fi* Falg Zﬁzh:fl(h)fz(g*h)
—ZthHfl f2(0), l=g—h,
—ZZX x() f2(1)
=Zh:>< A xW) f2(1)

I
= fl(X) ) fz(X)-

Third, due to linearity, we may consider only the basis elements §5,, h € G. By the orthogonality
relations (7.49) and (7.51), the right-hand side gives

1 . B 1 —~ _J 1, if g =h,
Gl ZX(Q)%(X) G| ZX(Q)X(h) o {07 otherwise,
X X

which is equal to dp(g), as required.
Fourth, the orthogonality relations (7.49) give

Bl = S A0
= Z (Zﬁ Zf2 )
— ZZZfl 9) f2(R)x(g)x(h)
X g h
=> > A fm)> x(@x(h)
g h X
= \G|~Zf1(9)f2(9)

= |G| (f1, f2)-

Finally, we have
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O

Example 7.26. Consider the cyclic group G = Z,. By taking the basis of L?(G) given by the delta
functions, the proof of Lemma 7.20 and (7.51) show that

ba(x") = xb(a) = 1/x"(a) =¢"*, 0<a,b<n—1, (7.52)
where ¢ = exp(2mi/n) is a primitive n-th root of unity. Thus the matrix of the DFT is given by

A, = (g—(a—l)“’—l)) (7.53)

a,be(n] '

In the binary case n = 2, we obtain

Ay = (} i) . (7.54)

The DFT of the function f = (fy, f1) is given by

(500G (k) v

Moreover, the inversion formula gives

fo= %(fo +fi) and fi = %(fo - f. (7.56)
In the quaternary case n = 4, we obtain
1 1 1 1
Ay = 1 o _1 _} (7.57)
1 +-1—3
¢

Example 7.27 (Maple). The constant function f : Z, — C: a+> 1 has the DFT
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f(Xb):{nibe,

0 otherwise.
To see this, we have

FO) =3 flayc .

Clearly, if b = 0 then f(l) = n. On the other hand, if b # 0, then by the formula for geometric
progression,

. 1—¢(n
O =14¢+...+¢ = 1_2 =0.
Take the function f(a) = 3(61(a) +d—1(a)) for all a € Z,; here we assume that n is odd and so we can
identify Z,, with the set {—(n —1)/2,...,-1,0,1,...,(n —1)/2}. The DFT of the function f is

F(x?) = cos (QZb> . A E Ly

Indeed, we have

fxh) = Z fla)(™b = %exp(—Zm’b/n) + %exp(%rib/n)

1 —27b L —27b 1 27h L 27h
= —|cos| —— | +2-sin | —— + = |cos| — | +2-s1n | —
2 n n 2 n n

2mb
=cos| — ).
n

The function f : Z, — C : a +— a> has the DFT shown in Fig. 7.14. It can be computed by the
following Maple code:

> with(DiscreteTransform):

> with(plots):

> Z := Vector ( 9, x -> evalf(x~3)):

> F := FourierTransform ( Z, normalization = full):

> ptlist := convert ( F, ’list’):

> complexplot ( ptlist, x = -50..225, style = point);

¢

Example 7.28. Consider the additive group G = Z§ of order 2*. The DFT of a function f € L%*(G)
can be specified as

FOS X)) =D (1)@ f(b), 0<ar,...,a5 < 1. (7.58)
beG

This mapping is provided by the 2% x 28 Hadamard matriz

H . = (1))
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100

504

T T L L R L L L L L B
-50 O 50 100 150 200
1 X

,50_

-100

Fig. 7.14. DFT of cubic function (n =9).
These matrices can be recursively defined as follows,

11 Hy Ho
H2:<11), HWI:(Hi: Hz:>=H2k®H2, k> 1. (7.59)

¢

We will see that if the instantaneous rate matrix @ is group-based, the corresponding substitution
matrices exp(Qt) will also be group-based.

Lemma 7.29. Let G be an abelian group of order n. The eigenvalues of a n X n group-based instanta-
neous rate matriz Q satisfying (7.37) are

A=Y x(Ww(h), xed. (7.60)
hedG
The transition probabilities of the corresponding time-continuous Markov model are
1
Pyu(t) = @l > x(h—g)eMt, t>0. (7.61)
x€G

Proof. First, define the n x n matrix B = (x(g))y,q- We have
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(BQ)y.g = > _ x(h)¥(g— h)

heG

= xlg— D)

leG

— X(9) S XD (1)

leG
= X(g))‘x‘

Thus if we put G = {g1,...,9n}, then

(x(g1)s -5 x(9n)Q = A (x(91), - - -, x(gn))- (7.62)

Hence, the rows of B are the left eigenvectors of Q. This shows the first assertion.
Second, let D be the n x n diagonal matrix with diagonal entries \,. By (7.62), we have Q =

B~ 'DB. But the orthogonality relations (7.49) imply that B! = ﬁB*, where B* = (x(g))g,y is the

Hermitian matrix of B. Thus

.
@ (B* exp(Dt)B), 1

- |—§;| S X@eM ()

1
= ial Z X(h = g)e".
X

(exp(Q1))g,n =

This proves the second assertion. a

Example 7.30 (Singular). Consider the binary JC model for the 1,3 claw tree (Fig. 7.15). Let m =

Fig. 7.15. The 1,3 claw tree.

(mp, 1) denote the probability distribution of the root and let the transition probability matrices along
the branches be given as

ptr) _ (@0 @ pr2) _ (Po b pe3) _ (Yo
ayag )’ B1Bo )’ 71 Yo

Then the algebraic statistical model is defined by the mapping f : R* — R® with marginal probabilities
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Pooo = oS00 + T By,
Poo1 = Moo Syt + T 1o,
Po10 = TooS170 + T S,
po11 = TooB171 + m1a1 Boos
P100 = o1 B0 + TS,
p1o1 = Mo Soy1 + TS0,
p110 = o110 + T Soi,

P111 = moa1 S171 + m1apBovo-

The discrete Fourier transform gives a linear change of coordinates in the parameter space by us-
ing (7.56),

mo = 5(ro +r1), a0 = (a0 + a1), fo = %(bo +b1), 70 = 3(co + 1),

T = 5(ro — 1), a1 = (a0 —a1), f1 = 5(bo — b1), 1 = 5(co — c1).

Simultaneously, it provides a linear change of coordinates in the probability space by making use

of (7.58),
1 1 1
9ijk = Z Z Z(_l)iT+js+ktprst-

More specifically, we obtain

gooo = Pooo + Poo1 + Poio + Poi1 + Pioo + Pio1 + P1io + Piaa,
¢oo1 = Pooo — Poo1 + Poio — Poi1 + P1oo — Pio1 + P11o — Piit,
¢o10 = Pooo + Poo1 — Poio — Poi1 + P1oo + P1o1 — P11o — P111,
¢o11 = Pooo — Poo1 — Poio + Poi1 + Pioo — P1o1 — Pi1o + Pi11,
4100 = Pooo + Poo1 + Poio + Poi1 — P1oo — P1o1 — P110 — Piil,
¢101 = Pooo — Poo1l + Poio — Poi1 — P1oo + Pio1 — P11o + P11t
g110 = Pooo + Poo1 — Po1o — Po11 — P10o — P1o1 + Pi1o + P111,
¢111 = Pooo — Poo1l — Poio + Poi1 — Pioo + Pio1 + Pi1o — Pi11-

After these coordinate changes, the model has the monomial representation

qooo = Toapboco,
qoo1r = T1apboci,
qo10 = T1agbico,
qo11 = roagbicy,
q100 = T1a1boco,
q101 = Toaiboci,
q110 = Toa1bico,
q111 = maibicy.

This model is toric and the phylogenetic invariants are given by binomials that can be established by
the following program,
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ring r = 0, (r(0..1),a(0..1),b(0..1),c(0..1),q(0..7)), dp;
ideal i0 = q(0)-r(0)*a(0)*b(0)*c(0);

ideal il = q(1)-r(1)*a(0)*b(0)*c(1);

ideal i2 = q(2)-r(1)*a(0)*b(1)*c(0);

ideal i3 = q(3)-r(0)*a(0)*b(1)*c(1);

ideal i4 = q(4)-r(1)*a(1)*b(0)*c(0);

ideal i5 = q(5)-r(0)*a(1)*b(0)*c(1);

ideal i6 = q(6)-r(0)*a(1)*b(1)*c(0);

ideal i7 = q(7)-r(1)*a(1)*b(1)*c(1);

ideal i = i0+il+i2+i3+id+i5+i6+i7;

ideal j = std(i);

eliminte (j, r(0)*r(1)*a(0)*a(1)*b(0)*b(1)*c(0)*c(1));

V VV VYV V VVYVYVVYV

The output provides the following invariants,

_[11=q(1)*q(6)-q(0)*q(7)
_[2]1=q(2)*q(5)-q(0)*q(7)
_[31=q(0)*q(4)-q(0)*q(7)
_[41=q(2)*q(4) *q(6)-q(2)*q(6) *q(7)
_[561=q(1)*q(4)*q(6)-q(1)*q(6)*q(7)

&

Example 7.31. Consider the 1,n claw tree with root r and n > 1 leaves and take an abelian group
G of order n. Let 7 denote the probability distribution of the root and let the transition probability
matrices P("), 1 < i < n, along the branches be given as

P (X, =g| X, =h)=fD(g—h), gheG 1<i<n. (7.63)
The joint probability of the group based model is then given by

Pg1s--gn) = P(X1=g1,..., X =ga) = > _ w(W)P")(X; =g; | X, = h)
heG

= w) [[ 17— ).

heG i=1

In order to find the discrete Fourier transform of this probability density with respect to the group G™,
the root distribution is replaced by the new function 7 : G™ — C as follows,

~ o W(hl),ifhlz...:hn,
o Pn) = { 0, otherwise. (7.64)
This definition gives
plgr-ngn) = >, w e, ha) [T (g — ) (7.65)
(B1seeshn)EG i=1

If we define
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n

flgrss00) =117 9), g1, 0m €6, (7.66)

i=1
the joint probability distribution p can be written as convolution of two functions on G,
p(9177gn):(ﬁ*f)(91779n)7 9177gn€G (767)

Taking the discrete Fourier transform yields

GOX15 -5 Xn) = T (X155 Xn) - F(X1s s Xn)- (7.68)

In particular, the discrete Fourier transform of the function f has the form

FOaoxn) = > g 90) (X1 Xn) (915 9n)

(g15+-,9n)EG™

= > TIr%0 [ xie0
(g1+--,9n ) EG™ i=1 i=1

= H > g)xig)
i=1g;€G

= Hf/(r\l)(Xz) (7.69)
i=1

Moreover, the discrete Fourier transform of the root distribution is

(X1, -y Xn) = Z T(Gg1s -y Gn) (X153 Xn) (G155 Gn)
(gl,...,gn)EG"

= Zﬂ(g)(le,Xn)(gavg)

geqG
=Y 79 [[xil9)
geqG i=1
— Rt Xn). (7.70)

It follows that the discrete Fourier transform of the joint probabilities has the monomial representation

S

40Xt xn) = 70 xn) - TT A0 (va).- (7.71)
1

K3

¢

This example is the base case for the induction in the general case. Given a rooted binary tree
T with root r and n leaves. For each node v in T different from the root, write a(v) for the unique
parent of v in T. The transition from a(v) to v is given by the substitution matrix P, Suppose the
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states of the random variables are the elements of a finite abelian group G. Then the joint probability
distribution of the labelling of the leaves can be written as

plgrs-n90) =Y 7w(g) [T PYL, 00 (7.72)

veEV(T)
vt
where the sum extends over all states of the interior nodes of the tree T'. We assume that the transition

matrix entries Pg:’)(“)’ 4. depend only on the difference of the group elements g,(,) and g,. We denote

this entry by f (”)(ga(v) — gv). Thus the group based model has the joint probability distribution

p(gh o >gn) = Zﬂ-(gr) H f(v)(ga(v) - gv)' (773)

veV(T)
vFET

Theorem 7.32. Given the joint probability distribution p(gi, ..., gn) of a group-based model parametrized
in (7.78). The corresponding discrete Fourier transform has the form

a0t xn) =70a - xa) - [ FOCTT w0 (7.74)
vev(m) 1EA(v)

where A(v) is the set of leaves which have the node v as a common ancestor.

The formula (7.72) is a polynomial representation of the evolutionary model, while formula (7.74)
provides a monomial representation of the same model. Since the groups G and G are isomorphic, the
monomial representation can be rewritten as follows,

Gorogn R+t ga) [ FOCY o) (7.75)

ueU‘;(TT) leA(v)
We can regard this formula as the monomial mapping from a polynomial ring in |G|™ unknowns
qgl7"~ag'rl, = q(gla-"7gn> (776)

to the polynomial ring in the unknowns 7(g) and ﬁ“\)(g), which are indexed by the nodes of T' and the
elements of G.



174 7 Tree Markov Models



8

Computational Statistics

Computational statistics is a fast growing field in statistical research and applications. This chapter is
concerned with the study of ideals defining statistical models for discrete random variables. The binomial
generating sets of these ideals are known as Markov bases. Besides giving an algebraic description of
the set of probability distributions coming from the model, the major use of Markov bases is as a tool in
Markov chain Monte Carlo algorithms for generating random samples from a statistical model. Several
important statistical models are addressed such as contingency tables, the Hardy-Weinberg law, and
logistic regression.

8.1 Markov Bases

Markov bases are used in algebraic statistics to estimate the goodness of a fit of empirical data to a
statistical model. In algebraic geometry Markov bases are equivalent to generating sets of toric ideals.
In order to introduce Markov bases, let A € Ziﬁ" be an integral matrix. Note that the matrix A

provides a Z-module homomorphism ¢ : Z"® — Z¢ : 2 — Az. The kernel of this mapping,
ker ¢ = {u € Z" | Au = 0},

is a free Z-submodule of Z™.
Let b be a vector in Z?. The set of all non-negative integral vectors u that have the marginal b = Au
is the b-fibre of A, denoted as A=1[b]; i.e.,

ATMb] = {u € Z% | Au=b}. (8.1)

In statistical terms, the vector b is called a sufficient statistic.

A vector m € Z" is a move for A if Am = 0, i.e., if m lies in the kernel of the linear mapping
induced by A.

Each integral vector m € Z™ decomposes into a unique difference

m:m+—m_,

where m™ > 0 and m™ > 0 are the positive and negative parts of m, respectively. We have
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m; = max{m;,0} and m; = —min{m;,0}, 1<i<n. (8.2)

P =

For instance, (2, —3,—1) = (2,0,0) — (0, 3,1). If m is a move for A, then Am = 0 and thus the positive
part m™ and the negative part m~ have the same marginal: Am™ = Am™.

Example 8.1 (Maple). The matrix A = (12 3) has the kernel Zby & Zby with by = (—3,0,1)" and
by = (—2,1,0). It follows that for any marginal b € Z with Aug = b for some ug € Z>, the b-fibre is
given by all points u = ug + 21b1 + 22b2 € Z‘;O for some z1, 25 € Z. &

A move m for A is called applicable to a vector u in the b-fibre of A if u+m > 0. Let B be a finite
set of moves for A, and let u and v be elements in the b-fibre of A. We say that u is connected to v in

the b-fibre of A if there exists a sequence of moves myq,...,my in B such that
k h
vzu—l—Zmi and u—i—ZmiZO, 1<h<k. (8.3)

i=1 i=1

That is, it is possible to pass from u to v by moves in B without causing negative entries on the way.

Obviously, the notion of connectedness is reflexive and transitive. It is symmetric if with each move
m in B also —m is a move in B. If connectedness by B is also symmetric, then it forms an equivalence
relation on the b-fibre of A and thus the b-fibre is partitioned into disjoint equivalence classes by moves
in B. These classes are called the B-equivalence classes of the b-fibre of A. The B-equivalence classes
can be considered as a graph; this is an undirected graph G = G p with set of vertices V = A~'[b]
and edges between nodes u,v € A71[b] if v = u + m for some move m € B.

Example 8.2. Take the matrix A = (1 2 3) and the following set of moves for A,
B ={+(0,3,-2)", £(1,-2,1)", £(1,1, -1)", £(2,-1,0)"}.
The points u = (3,2,7)" and v = (6,5,4)" are connected, since
v=u+(0,3,-2)" +(1,-2,1)" +2-(1,1,-1)".
¢

A finite set of moves B is called a Markov basis of A if for each marginal b € Z", the b-fibre of A
itself constitutes a single B-equivalence class; that is, the graph G p is fully connected for all marginals
b.

A Markov basis B is called minimal if no proper subset of B is a Markov basis. A minimal Markov
basis always exists, because from any Markov basis we can remove redundant elements one by one,
until none of the remaining elements can be removed any further.

Let B be a finite set of moves for A. Define the corresponding ideal of moves in the polynomial ring

QX1, ..., Xy as
Iz =(X"" —X™ |meB). (8.4)

Example 8.3. In view of the above example, X is generated by the binomials X3 — X2, X; X5 — X2,
X1X2—X3, and X%_XQ. <>
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We study the relationship between the ideal Iz and the toric ideal I4 associated with the matrix
A. By Prop. 1.41, the latter ideal is defined as
Iy = (X" = X" | Av = Au, v,u € Z3,).
Proposition 8.4. We have Ig C 4.

Proof. Let m € B be a move with m =m*™ —m™. Then 0 = Am = A(m*™ —m~) = Am* — Am™ and

thus X™" — X™ belongs to 4. 0

Proposition 8.5. Let u and v be elements of Z%. If u and v are connected in a fibre of A, the binomial

XY — X" lies in the ideal Ig.

Proof. Let m be a move in B such that v = u+m. Then X¥ — X% = X*=™ (X™" — X™ ) lies in I5.
Let w and v be connected as in (8.3). Then put w = u + Zf;ll m;. The points v, w and w,v are

connected and thus by induction hypthesis, XV — X™ and X% — X" lie in Ip. Hence, their sum X" — X
belongs to Ip. O

Theorem 8.6. If B is a Markov basis of A, then Ig = 14.

Proof. Let u,v € Z%, and let X* — X" be a generating binomial of I4. Then Au = Av and thus the
vectors v and v are in the same b-fibre of A. Since B is a Markov basis of A, the points v and v are
connected in the fibre. Hence, by Prop. 8.5, the binomial XV — X™ belongs to Ig. The other inclusion
has already been given in Prop. 8.4. a

Proposition 8.7. Let {X’"+ —X™ | m € B} be a generating set of the toric ideal 14 in Q[X1, ..., X,].
Then the set =B is a Markov basis of A.

Proof. Let u,v € Z%, and let X* — X be a generating binomial of /4. By hypothesis, we can write

k
XU - xu =3 XU(X™ - X™), my € B, w; € 2, 1< i< k.
i=1
Claim that the vectors myq,...,my connect u to v. Indeed, in case of k = 1, we have

XV XU = XU(X™ — X™), my € B, w €7,
By comparing the binomials, we have v = w; + mi" and v = wy; + m; . Thus w; = v —m] and hence
v=u—m; + mf = u + m, as required.
Let k > 1. The case k = 1 gives X — X" = X”“‘“(Xml+ —X™1 ) and w = u+m > 0, where m; € B
and wy € Zgo. Thus
k . B
XV _ XU — (Xw —X") +ZXwi(Xmi _ XM ), m; € B, w; € Z’ZLO7 2<i<k,
i=2

and hence

k
XU - X0 =3 XW(X™ — X)), my € B w; € L2, 2 < i <kl
=2

By induction hypothesis, we have v = w + Zf:z m; and w + 2:;2 m; > 0 for each 2 < h < k. Thus
mq connects u to w and ma, ..., my connect w to v. The claim follows. O
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Finally, the problem is to compute a Markov basis of an integral matrix A € Z‘%". For this, consider
the following ideal in Q[X1,...,X,,Y1,...,Yy), B

J=(X; =YY 1< i < n). (8.5)
In view of section 1.8, we have the following result.

Proposition 8.8. A Markov basis of the matriz A is given by computing a Groebner basis of the ideal J
with respect to an elimination ordering for Y1,...,Y, and then taking only those elements which involve
only the indeterminates Xq,..., X,.

Example 8.9 (Singular). Reconsider the matrix A = (1 2 3). Take the corresponding ideal J =
(X1 -Y,Xo — Y2 X3 —Y3) in Q[X1, Xo, X3,Y]. A reduced Groebner basis of the elimination ideal 4
of J with respect to an elimination ordering for Y can be computed as follows,

> ring r = 0, (y, x(1..3)), dp;

> ideal j = x(1)-y, x(2)-y"2, x(3)-y~3;
> eliminate(std(j),y);
_[11=x(2) ~2-x (1) *x(3)
_[21=x(1)*x(2)-x(3)

_[31=x(1)"2-x(2)

The reduced Groebner basis of I4 is G = {X3 — X1 X3, X1 X2 — X3, X? — X5}. Thus the associated
Markov basis of A is {£(1,—2,1)%, +£(1,1,—-1)%, (2, —-1,0)*}. &

8.2 Markov Chains

We consider discrete time, discrete state space Markov chains. A Markov chain is an infinite sequence
of random variables (X;) indexed by time ¢ > 0. The set of all possible values of X; is the state space.
The state space is assumed to be a finite or countable set S. The sequence (X;) is a Markov chain if it
satisfies the Markov property,

P(Xt+1 - leO == iQ, e 7Xt—1 == it—laxt == Z) == P(Xt-‘,-l == .7|Xt - Z), (86)

for all states 4,1g,...,41_1,j € S and ¢t > 0. That is, the transition probabilities depend only on the
current state, but not on the past.

A Markov chain is homogeneous if the probabilities of going from one state to another in one step
are independent of the current step; that is,

P(Xt—',-l == j|Xt == ’L) == P(Xt == j|Xt_1 == 7,), ’L,j S S, t Z 1 (87)

Let (X;) be a homogeneous Markov chain and let the state space S be finite; we put S = [n]. Then
the transition probabilities P(X;11|X;) can be represented by an n x n transition probability matrix
P = (pi;), where the entry p;; is the probability that the chain provides a transition from state ¢ to state
7 in one step. Note that the conservation of probability requires that the matrix P is row stochastic,

i.e., ijij =1.
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Let p(l-c) denote the probability that the chain moves from state i to state j in k& > 1 steps. The

ij
k-step transition probabilities satisfy the Chapman-Kolmogorov equation
P =" pp 0, ijes 0<i<k. (8.8)
z€S
It follows that the k-step transition probabilities are the entries of the power matrix P*;i.e., P* = (pg ))
Let @ = (Q(7)) be a distribution on the state space. Then the distribution Q' = (Q’( )) on the state

space at the next time instant is given by

= ZpijQ(i)a JES, (8.9)
=
or in shorthand notation,
Q' = PQ, (8.10)

where P can be viewed as an operator on the space of probability distributions on the state set S.
An induction argument shows that the evolution of the Markov chain through ¢ > 1 time steps is
given by

Zp(t)P =1), je€S.
i€S
Starting from an initial distribution Qg on the state space S, the marginal distribution Q; after ¢ time
steps is given by
Q:=P'Qy, t>1. (8.11)

Thus the operator on the space of probability distribution on the state set S is linear.
A distribution @ on the state space S is stationary if it satisfies the equation

Q= PQ. (8.12)

Thus a stationary distribution is an eigenvector of the transition matrix with eigenvalue 1. The problem
of finding the stationary distributions of a homogeneous Markov chain is a non-trivial task.

Example 8.10 (Maple). Counsider the transition probability matrix for the Jukes-Cantor model

1—3a a a a

a 1—3a a a
P= a a 1—-3a a

a a a 1-—3a

Since the matrix must be row stochastic, we have 0 < a < 1/3. Taking a = 0.1, the 2-step and 16-step
transition matrices are

0.520.16 0.16 0.16 0.2502 0.2499 0.2499 0.2499
p2_ 0.16 0.52 0.16 0.16 nd p6 — 0.2499 0.2502 0.2499 0.2499
1 0.160.16 0.52 0.16 & ~ | 0.2499 0.2499 0.2502 0.2499

0.16 0.16 0.2458 0.52 0.2499 0.2499 0.2458 0.2502
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The transition probabilities in each row converge to the same stationary distribution 7 on the four
states given by 7 (i) = § for 1 <i <4 (Sect. 7.6).

In view of the initial distribution (0.1,0.2,0.2,0.5), we obtain after 2 steps and after 16 steps
the distributions (0.1960,0.2320,0.2320, 0.3400) and (0.2499,0.2499, 0.2500, 0.2500), respectively. The

corresponding Maple code is

> with(LinearAlgebra);

> A := Matrix([1-3*a,a,al],[a,1-3*a,al,[a,a,1-3*a,a],[a,a,a,1-3*al]l);
>a :=0.1;

> A~2; A”16;

> v := Vector([0.1,0.2,0.2,0.5]);

> (A™2).v;

> (A~16) .v;

¢

We study the convergence of Markov chains. For this, we consider a homogeneous Markov chain
with finite state space S and transition probability matrix P = (p;;). To this end, we need a metric on
the space of probability distributions on the state space.

Proposition 8.11. A metric on the space of probability distributions on the state space S is given as

d(@,Q") =Y 1Q(s) = Q'(s)]. (8.13)
ses
Proof. Clearly, we have for all probability distributions @, @', and Q" on S, d(Q,Q) =0, d(Q,Q’) > 0
i1 Q # Q') and d(Q,Q) = d(Q',Q). Finally, the triangle inequality d(Q, Q) < d(Q,Q") + d(Q", Q')
holds, since
d(Q,Q") =>_1Q(s) = Q"(s) + Q"(s) = Q'(s)]
seS
<Y QM) = Q ()| + > 1Q"(s) — Q'(s)]
ses seS
=d(Q,Q") +d(Q",Q").
%

We assume that the transition probabilities satisfies the strong ergodic condition; that is, all transi-
tion probabilities p;; are positive. First, we provide a fixpoint result that will guarantee the existence
and uniqueness of fixed points.

Theorem 8.12. If the transition probabilities P satisfy the strong ergodic condition, they define a
contraction mapping with respect to the metric; that is, there is a non-negative real number a < 1 such
that for all probability distributions Q and Q' on the state space S,
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Proof. Let @Q and Q' be distinct distributions on S. Define
We have
d(PQ, PQ) Z |PQ(s) (s)]
s i
s t

We decompose the sum ), into to partial sums Y, +>,— such that t* and ¢~ are the states where
AQ is positive or negative, respectively. This gives us

(s [)Q(t) — P(s [ )Q'(t)

(s | )AQ(¢)

d(PQ,PQ) =)

ZP | tH)AQ(t) +ZP (s|t7)AQ'(t )’

;(ZP (s [tHAQ(™) ZP |t7)AQ (¢ >>

~2) " min {| S Ps | £9)AQ(H) |3 Ps | t‘)AQ(t‘)I}
=3Pl 1014Q)

23" min {| S P(s | 9)AQ)] | S P(s | t‘)AQ(t‘)I}
= Z |AQ(t)| — QZmin {| ZP(S | tH)AQ()), | ZP(S | t)AQ(tN}
SIS mmmm{IZAQW),IZAQ(t‘)}

where we used |(|z] — |y])| = |=| + |y| — 2min{|z|,|y|} and P, = min{P(s | ¢) |t € S} > 0. But we

have

mlIl

DAQEN) +D AQET) = Q) =Y Q1) =

and thus

->‘ = 2 14Qu)
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It follows that

If we put a =1 — P;,, for some s € S, we obtain the desired result.

¢

Theorem 8.13. Let the transition probabilities P satisfy the strong ergodic condition. For each prob-
ability distribution Q on the state space, the sequence (Q, PQ, P2Q,...) has the property that for each

number € > 0, there exists a positive integer N such that for all steps n and m larger than N,
0<d(P"Q,P™Q) < e.
The sequence (Q, PQ, P%Q, ...) converges to the probability distribution
Q* = lim P"Q
n=o0
such that Q* is the unique fized point of P.

Proof. First, by repeated application of the triangle inequality and Thm. 8.12, we obtain

d(P"Q,P"Q) < d(PVQ,P"Q) + d(PYQ,P™Q), min{m,} >N >0,

n—N-—1 m—N-—1
S Z d(PN+kQ,PN+k+1Q) + Z d(PN+lQ,PN+l+1Q)
k=0 =0
n—N-—1 m—N-—1
< ANFQ, PQ)+ Y V(@ PQ)
k=0 =0

Thus N

w2 (sig 7))

Hence, if we put

we have
d(P"Q,P™Q) < e.

Thus the series (P"Q) is a Cauchy sequence and hence is convergent by completeness of R™.
Second, let @* denote the limiting point. We have

0 <d(P"'Q,PQ*) < «a-d(P"Q,Q%), n>0.

(8.15)

(8.16)
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But o - d(P"Q, Q") tends to 0 as n goes to infinity. Thus P"Q goes to PQ* when n tends to infinity.
Since limits are unique, it follows that Q* = PQ*.

Third, assume there is another distribution @ satisfying PQ = Q. Then 0 < d(Q,Q*) =
d(PQ,PQ*) < a-d(Q,Q*). Thus 0 < (1 — a)d(Q,Q*) < 0 which shows that d(Q,Q*) = 0 and
hence Q = Q*. &

A probability distribution @ on the state space S is called a fized point or a stationary distribution of
the operator P provided that PQ = Q.

Example 8.14 (R). A one-dimensional random walk is a discrete-time Markov chain whose state space
is given by the set of integers S = Z. For some number p with 0 < p < 1, the transition probabilities
(the probability p;; of moving from state i to state j) are given by

P if j=14i+1,
pij =4 1—pifj=i—-1, foralli,jeZ
0 otherwise,

In a random walk, at each transition a step of unit length is made at random to the right with probability
p and to the left with probability 1 — p. A random walk can be interpreted as the betting of a gambler
who bets 1 Euro on a sequence of p-Bernoulli trials and wins or loses 1 Euro at each transition; if
Xy = 0, the state of the process at time n is her gain or loss after n trials. The probability to start in
state 0 and return to state 0 in 2n steps for the first time is

2n 2n n n
i = ()
(2n)

It can be shown that > 7 pyo~ < oo if and only if p # 1/2. Thus the expected number of returns to 0
is finite if and only if p # 1/2. A random walk with Bernoulli probability p = 0.7 can be generated over
a short time span as follows.

> n <- 400

# n p-Bernoulli trials

> X <- sample( c(-1,1), size=n, replace = TRUE, p=(0.3,0.7) )
# coerce to a data frame

> D <- as.integer( c(0,cumsum(X)) )

# cumulative sum with prepended O

> plot ( D, type="1", main="", xlab = "i" )

A trajectory of the process starting at state 0 is given in Fig. 8.1.

Another way to define a one-dimensional random walk is to take a sequence (X;);>1 of independent,
identically distributed random variables, where each variable has state space {£1}. Put Sy = 0 and
consider the partial sums S, = 2?21 X; for n > 1. The sequence (S;);>0 is a simple random walk
on Z. The series given by the sum of sequences of 1’s and —1’s provides the walking distance if each
part of the walk is of unit length. In case of p = 1/2 we speak of a symmetric random walk. In a
symmetric random walk, all states are recurrent; i.e., the chain returns to each state with probability 1.
A symmetric random walk can be generated over a short time span as follows.
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Q 100 200 200 400

Fig. 8.1. Partial realization of a random walk with p = 0.7.

n <- 400

n Bernoulli trials with p=1/2

X <- sample( c(-1,1), size=n, replace = TRUE )
coerce to a data frame

S <- as.integer( c(0,cumsum(X)) )

cumulative sum with prepended O

plot ( S, type="1", main="", xlab = "i" )

vV % V &% V % V

A trajectory of the process starting at Sy = 0 is given in Fig. 8.2. The process returns to 0 several
times within the given time span. This can be seen by invoking the command which(5==0). &

8.3 Metropolis Algorithm

The Metropolis algorithm can be used to generate random samples from a given probability distribution.
The idea is to generate a Markov chain (X;);>¢ whose stationary distribution is the target distribution.
The algorithm must specify for a given state X; how to generate the next state X, ;. For this, a
candidate point Y is generated from a proposed distribution g(-|X;). If the candidate point is accepted,
the chain moves to state Y at time ¢ + 1. Otherwise, the chain stays in state X; and X;y1 = X;.

First, we formulate the Metropolis algorithm in the context of Markov bases. For this, let B =
{m1,...,m;} be a Markov basis for a matrix A € Z2%". Given a marginal b € Z%, the state set is the
b-fibre of A consisting of all vectors in ZZ, with marginal b,

ATMY] = {u € Z% | Au = b}. (8.17)

Consider the Markov chain P’ given by the transition probabilities



8.3 Metropolis Algorithm 185
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Q 100 200 200 400

Fig. 8.2. Partial realization of a symmetric random walk.

/ _ J1/2lif v =u+m > 0 for some m € B,
P(vle) = {0 otherwise. (8.18)

Clearly, the Markov chain P’ is a random walk based on the Markov basis with a uniform stationary
distribution.

Fix a positive function f : A7![b] — Zso on the b-fibre of A. The function f is assumed to
be proportional to a given target distribution. The Metropolis construction provides a Markov chain
P = (X;) on the state space A[b~!] with transition probabilities defined as

(v]u), ifv+#£wuand f(v) > f(u),
(v]u) L8| ifv#uand f(v) < f(u), (8.19)

P (vl
P’ (vl fu

pvlu) =
P (ulw) + X o)< puy P'(V|W) (1 — ;EZ;) , otherwise (u = v).

Z

We have ) p(v|u) = 1 for each state v and thus P forms a Markov chain. This chain can be imple-
mented as follows:

Take the state u and choose a new state v from the Markov chain P’. If f(v) > f(u), move
to the state v with certainty. If f(v) < f(u), perform a random experiment such that the new
state v is accepted with rejection probability f(v)/f(u). (The random experient is implemented
by generating a number r € [0, 1] uniformly at random and checking if r < f(v)/f(u). If so, the
new state v is accepted.) Otherwise, stay at the state u.

Proposition 8.15. The Markov chain P on the b-fibre of A defined by the transition probabilities (8.19)
satisfies the condition of detailled balance:

fF)p(vlu) = f(v)p(ulv), u,ve A7), (8.20)
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Proof. The equation is clear for u = v. Let v # w. If f(v) > f(u), then p(vlu) = p'(v|u) and
p(ulv) = p'(ulv)f(u)/f(v). Since p'(vlu) = p'(u|v), the equality follows. If f(v) < f(u), then
p(w|u) = p'(v|u) f(v)/f(u) and p(ulv) = p'(u|v). Since p’(v|u) = p’(ulv), the equality follows. O

In view of the algorithm, only quotients of f are considered and therefore it is sufficient to know the
target distribution f up to a constant. The condition of detailled balance is sufficient such that the
Markov chain becomes stationary.

Proposition 8.16. The Markov chain P on the b-fibre of A defined by the transition probabilities (8.19)
has stationary distribution proportional to f.

Proof. Let v € A~1[b]. We have

> fp(lu) =Y f)plulv) = f(v) Y plulv) = f(v), (8.21)

where the first equation follows from the condition of detailled balance and the last one from the con-
servation of probabilities. Thus the distribution proportional to (f(u)) is a fixed point of the transition
matrix. a

Example 8.17 (R). Reconsider the matrix A = (12 3). The corresponding Markov basis is B =
{+(1, -2, 1), +(1,1,-1), +(2, —1,0)!}. Take the fibre b = A(1,1,1)* =1+ 2+ 3 = 6 and use as target
distribution the multinomial distribution

|
n: Wy us

11 Py ps’
3.

f(U17U2,U3) = W

with probabilities pi, pa, p3s > 0 such that p; + ps +p3 =1 and uy, ug, uz € Z>q are chosen in the fibre
with u1 + uo + ugz = 6.

> B <- matrix( ¢c(1,-2,1, 1,1,-1, 2,-1,0, -1,2,-1, -1,-1,1, -2,1,0), nrow=6, ncol=3)
> f <- function (u) {

p <- ¢(0.1,0.3,0.6)

return (p[1] ul[1]*p[2]~ul[2]*p[3]~ul3])

}
>k <- 0
> N <- 100
> z <~ runif(N) # random numbers between O and 1
>u <-c(1,1,1) # starting point
> for (j in 2:N) {
# generate random integer between 1 and 6

i <- sample(1:6, 1)
v <- ¢(B[i,1]+ul1],B[i,2]+ul[2],B[i,3]+ul3])
if (£(v) > f(u))
u<-v
else {
if ( z[j] - £(v)/f(u) < 0)
u <-v
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else
k <= k+1 # v is rejected
}
}
> print(k) # number of rejections
[1] 62

¢

In general terms, given a target distribution f we choose a Markov chain (X;) and a target distri-
bution g(-|X;) which fulfills some regularity conditions (irreducibility, positive recurrence, and aperiod-
icity). Then the Metropolis algorithm given in Fig. 8.1 will converge to the given target distribution.
Note that the candidate point Y is accepted with probability

fY)g(XilY)
f(X)g(Y[X:)

Since only quotients of the target distribution occur, it is sufficient to know the target distribution up
to a constant.

r(X,Y) = min{1, 1.

Algorithm 8.1 Metropolis algorithm.
Require: S state set, f target distribution on S
Ensure: Markov chain (X;):>0 on S with stationary distribution f.
Choose target distribution g(:|X¢) on S
Generate Xo from distribution g
while (Chain not converged to stationary distribution according to some criterion) do
Generate Y from g(-|X¢)
Generate U from uniform distribution on [0, 1]
if U< FL00CH0 then
Xt+1 <
else
Xt+1 < Xt
end if
t—t+1
end while

Example 8.18 (R). A random walk can be implemented by the Metropolis algorithm. For this, a
candidate point Y is generated from a symmetrical target distribution ¢(Y|X;) = ¢(|X;—Y'|) depending
on the distance between the points X; and Y. At each iteration, a random increment Z is generated
from the target distribution g and the candidate point is set to Y = X; + Z. The target distribution
is the Student’s ¢ distribution with v degrees of freedom and the target distribution is the normal
distribution N(X},o?). Note that the () density is proportional to

Fla) = (Lt a? ) D

Thus by the symmetry of the target distribution, we have



188 8 Computational Statistics

_ f(y)

(1 + yZ/V)f(qul)/Q

) = )

The Metropolis algorithm then looks as follows.

>
>
>
>
>
>

}

The convergence of the random walk is sensitive to the parameter choice. To this end, we have provided

x <-
x[1]
z <-
k <-

for (j in 2:N) {

numeric (N)
<- x0
runif (N)

0

y <= rnorm(1l, x[j-1], sigma)
if (dt(y,nu) > dt(x[j-1]1,nu))

el

}
}

x[j] <~y
se {

(1+a2/v)-wi/2

metropolis <- function(nu, sigma, x0, N) {

if ( z[j] - dt(y,nu)/dt(x[j-1],nu) < 0 )

x[j] <~y
else {

x[j1 <= x[j-1]

k <- k+1
}

return(list(x=x,k=k))

random walks with several choices of o (Fig. 8.3).

> nu <- 4 # degrees of freedom of target Student’s t distribution

> N <- 1000

> sigma <- ¢(0.1, 0.2, 0.5, 1.0, 1.5, 2.0, 3.0, 5.0, 10.0)

x0
ml
m2
m3
m4
mb
mé
m7
m3
m9

V ¥V VVV VYV VYV VYV

20

metropolis(
metropolis(
metropolis(
metropolis(
metropolis(
metropolis(
metropolis(
metropolis(
metropolis(

nu,
nu,
nu,
nu,
nu,
nu,
nu,
nu,
nu,

sigma[1], xO,
sigmal2], %O,
sigmal[3], xO0,
sigmal4], xO0,
sigma[5], %O,
sigmal[6], %O,
sigmal7], %O,
sigmal[8], xO0,
sigma[9], xO0,

number of candidate points rejected
print( c( mi$k, m2$k, m3$k, m4$k, m5%k, m6$k, m7$k, m8%k, m9%k ) )

[11 1, 3, 7, 18, 28, 48, 71, 119, 169

ZE====222=2=
NN NS N N N N N N
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Fig. 8.3. Random walk with o = 0.5.

8.4 Contingency Tables

In statistics, contingency tables are matrices that record the multivariate frequency distribution of two
or more discrete categorial variables. They form a basic tool in business intelligence and survey research.
They show a basic picture of the interrelation between two or more random variables and are used to
find interactions between them.

Example 8.19. Consider the 4 x 4 contingency table shown in Table 8.1 that presents a classification
of 592 people according to eye color and hair color. A basic question of interest for this table is whether
eye color and hair color are independent features. &

Table 8.1. Eye color vs. hair color for 592 subjects. (The right-hand column and the bottom row contain are
the marginal totals and the bottom right-hand corner cell is the grand total.)

Hair Color
Eye Color|Black Brunette Red Blonde|Total
Brown| 68 119 26 7 220
Blue| 20 84 17 94 | 215
Hazel| 15 54 14 10 93
Green| 5 29 14 16 64
Total| 108 286 71 127 | 592

Let X and Y be random variables with state sets [r] and [c], respectively. An r x ¢ contingency table
displays the frequencies of random selections from these two variables (Table 8.2). All probabilistic
information about the random variables X and Y is contained in the joint probabilities
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Table 8.2. Scheme of r X ¢ contingency table for two categorial random variables.

X\Y|Y=1...Y=j5...Y =c|Total
X=1 n11 nij Nic ni+
X =1 na Nij Nic | Mit
X=r Nr1 Nrj Nre N+
Total | ny1 Ngj Nyc | N4t

The way of which the sample data are acquired is of central importance.

o Unrestricted sampling: Suppose the number of observations n = n 4 is not fixed (e.g., connection
between car brand and exceeding the speed limit in traffic control). Then the frequencies n;; can
be viewed as realizations of independent Poisson distributed random variables with mean A,

Nij

P(X

The maximum likelihood function is given by

S

i=1j=1

and the maximum likelihood estimates of the means \;; are

)\ijznij, 1§i§r,1§j§c.

e Multinomial sampling: Suppose the number of observations n = n4; is fixed (e.g., connection
between eye color and hair color of n persons). Then the common density is given by a multinomial

distribution
| H H pij’-

1=17=1

Tl = e et 1H

=1 Mij-

The maximum likelihood function is

T C pli
—n! tj
m = [TT] 5
i=1j=1 "4
and the maximum likelihood estimates are
. Nij . .
Pbij = ”a 1§Z§T,1<]<C

n
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e Hypergeometric sampling: Suppose the row and column sums are fixed (e.g., classical tee test). Take

the row and column sums
(& T
ni+:Znij7 1<¢<r, and n+j:Znij7 1<j5<e¢,
j=1 i=1
respectively, and the vectors of row and column sums
ny=Mnie,...,n4)" and ny = (ngg,...,n4)k,
respectively. Then the common density is given by the hypergeometric distribution

Flngln. s,y ) = Mz rie iz
v T an::lH;:lnij!

H;:l (nlxuf"m)

— = gty (8.22)

(s )
In particular, in view of a 2 x 2 contingency table,
(i) G
nii ny1—ni1
f(nitn 4,ny ) = Tty
ni+

An important problem in multivariate statistics is finding the dependence structure between cate-
gorial random variables. In inferential statistics, a test of independence assesses whether the observed
features expressed in a contingency table are independent of each other. The null hypothesis refers to
the general assertion that there is no relationship between the measured phenomena. In view of two
random variables X and Y with state sets [r] and [c], respectively, we assume that the frequencies n;;

in the 7 x ¢ contingency table follow a multinomial distribution. Define the marginal probabilities
pi+ =P(X=1i), 1<i<r,andp;; =P =j), 1<j<s.

Then the null hypothesis states that the random variables X and Y are independent,
Ho: pij=PX=4Y =j)=pispyj, 1<i<r 1<j<cg,

and the alternative hypothesis Hy states that the opposite holds.
Under the null hypothesis, the theoretical frequencies of the outcomes are

Ni4

~ . o ny 4 .
Piv = —» ]-SZSTa and p—i—j:j, 1§]§C7
n n
and nen
~ ~ ~ o~ i+ 145 . .
R =n-piy =npispy; = ——=, l<isrnl<j<c

Proposition 8.20. The random variables X and Y are independent if and only if the r X ¢ matriz

P = (pi;) has rank 1.
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Proof. Suppose X and Y are independent. Then the matrix P can be written as a product of the
column vector (p;+) and the row vector (p;_). It follows that the matrix has rank 1.

Conversely, let P have rank 1. Then the matrix has the form P = ab”, where a € R” and b € R°.
All entries of the matrix are non-negative and so the vectors can be chosen to have non-negative entries
as well. We have p;; = a;b;, 1 <17 <r, 1 <j <c Let a; and b, be the sums of the entries in a and
b, respectively. Then p;+ = aiby, p1j = aqbj, and apby =1, 1 <4 < r, 1 < j < c It follows that
pij = aib; = aibpay by =piipy;, 1<i<r, 1<j<ec &

The test of independent can be assessed by Pearson’s chi-squared test. For this, the statistical
evaluation of the difference between the observed frequencies and the expected frequencies under the
null hypothesis is based on Pearson’s cumulative test statistic

=Yy (829

Fras
i=1 j=1 v

This test statistic is approximately chi-squared distributed with v degrees of freedom. The number of
degrees of freedom is determined by the dependencies among the data: 22:1 piy = 1, Z;Z (P =1,
and Y., 25:1 pi; = 1. Thus we have

v=>r-c—-1)—=((r=1)+(c—-1)=r-c—r—c+1=(r—-1)(c—1).

Note that for small values of n and {2 values < 0.1, the x?2 distribution is only a coarse approximation.

The significance level of a statistical test is a probability threshold below which the null hypothesis
will be rejected. Common values are 1% or 5%. The rejection of the null hypothesis when it is actually
true is known as type I error or false positive determination. For instance, if the null hypothesis is
rejected at the significance level of @ = 0.05, then on average in 5 of 100 cases a type I error will be
committed.

The distribution of a test statistic T = x2 under the null hypothesis and according the significance
level o decomposes the possible values of T into two regions, one for which the null hypothesis is
rejected, the so-called critical region, and one for which it is not. The two regions are divided according
to the (1 — a)-quantile x7., , of the chi-squared distribution. The probability of the critical region is
a (Fig. 8.4).

Decide to reject the null hypothesis in favor of the alternative if the calculated value %2 of the test
statistic in (8.23) is larger than the (1 — a)-quantile x7,,_,, and accept the null hypothesis otherwise
(Table 8.3).

Example 8.21 (R). Reconsider the 4 x4 contingency table relating eye color and hair color for n = 592
persons (Table 8.1). The test of independence is conducted using R as follows.

> eh <- matrix( c(68,118,26,7,20,84,17,94,15,54,14,10,5,29,14,16), ncol=4 )
> chisq.test( eh, correct=TRUE)

Pearson’s Chi-squared test

data: eh
X-squared: 138.29, df = 9, p-value < 2.2e-16
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Fig. 8.4. Critical region.

Table 8.3. The 0.95-quantiles of the x?2 distribution for small degrees of freedom v with 1 < v < 9.

X3,0<95
3.84
5.99
7.81
9.49

11.07
12.59
14.07
15.51
16.92

© 00 N1 O UL W R

> qchisq( 0.95, 9 )
[1] 16.91898
> qchisq( 0.99, 9 )
[1] 21.66599

The test statistic yields ¥ = 138.29 and the 95%-quantile of the chi-squared distribution with v = 9
degrees of freedom is X3;0.95 = 16.91898. Thus the null hypothesis must be strongly rejected at the
significance level of 5%. A similar result holds for the significance level of 1%. &

The p-value is a statistic defined as the probability of obtaining a result equal to or more extreme
than what was actually observed under the assumption that the null hypothesis is true. If the p-value
is smaller than the significance level, the observed data are inconsistent with the null hypothesis and
therefore the null hypothesis must be rejected.

Finally, we consider two-way contingency tables with fixed row and column sums. The probability
of such an r x ¢ two-way contingency table is given by (8.22). Generally, it is difficult to provide a
complete list of all those tables. An alternative is sampling in the fibre of a given table by using the
Metropolis algorithm and Markov bases. In order to find a Markov basis for two-way r X ¢ contingency
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tables with fixed row and column sums, consider the integral (r + ¢) X rc¢ matrix

(1T eI,
ho= (B 05) o2
1...10...0...0...0
0...01...1...0...0

~10...00...0...1...1
1 01 0 1 0

0 10 1 0 1
where 1, is the all-one vector of lenght r, I,. is the r X r identity matrix, and ® denotes the Kronecker
product.

If (n;;) denotes an r X ¢ contingency table with vectors of row and column sums n 4 and ny |
respectively, and the table is written row-wise as a column vector, we obtain

Ny,

= (0

Proposition 8.22. A reduced Groebner basis of the ideal 14, in the polynomial ring Q{ Xi;}icrr el
is given by

Ape(nig) = (n+> : (8.25)

The vector on the right-hand side

forms a sufficient statistic of the model.

GT,CZ{Xquk—Xikaz|1§i<j§7‘,1ék<l§0}-

Let e;; denote the standard unit table, which has a 1 in the (¢, j) position, and zeros elsewhere.
Then by Prop. 8.7, we obtain the following result.

Proposition 8.23. The minimal Markov basis of the matriz A, . corresponding to the Groebner basis
Gr.c consists of 2 (5)(5) moves given by

B,.={f(ea+ter—er—ej)|1<i<j<r 1<k<li<c}

It follows that the Markov basis consists of all tables which have the following 2 x 2 minors and zeros
elsewhere,

+1 -1 and —-1+1

-1+1 +1 -1 (8.26)

Example 8.24 (Singular). The 3x 2 contingency tables with fixed row and column sums are described
by the matrix
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110000
001100

Aso=000011|. (8.27)
101010
010101

Then we have

A3 2 e = n3+ . (828)

In view of the computation of a minimal Markov basis for the matrix As o, consider the ideal
J = (X1 —Y1Yy, X1o — V1V5, Xog — VoY), Xop — Yo Y5, X31 — YY)y, X3p — Y3Y5).
A reduced Groebner basis of the ideal 14, , is given by
G2 = {X12Xo1 — X11 X022, X12X31 — X11 X352, Xo2 X531 — X201 X320}
which can be calculated as follows,

> ring r = 0, (x11,x12,x21,x22,x31,x32,y(1..5)), dp;

> ideal i = x11-y(1)*y(4), x12-y(1)*y(5), x21-y(2)*y(4),
x22-y(2)*y(6), x31-y(3)*y(4), x32-y(3)*y(6);

> ideal j = std(i);

> eliminate( j, y(1)*y(2)xy(3)*y(4)*y(5) );

_[11=x22%x31-x21%x32

_[2]=x12*x31-x11%x32

_[3]=x12*x21-x11%x22

Therefore, the corresponding Markov basis is

B3 o = {£(e12 + €21 — (e11 + €22)), (€12 + e31 — (€11 + es2)), £(e22 + e31 — (€21 + e32))},

where
—1+1
t(eix+ e —en—exn)==*|+1-1],
0 0
—-1+41
+(eixt+es —en—exp)==| 0 0],
+1 -1
0 0
t(egr +e31 —e91 —ez2) =t [ —1+1
+1 -1
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The usual approach to perform hypothesis testing for contingency tables is the asymptotic one, which
involves chi-squared distributions. In many cases, especially when the table is sparse, the chi-squared
approximation may not be adequate. If so, we can approximate the test statistic via the Metropolis
algorithm, drawing contingency tables in the given fibre according to the hypergeometric distribution.

Given an r x ¢ contingency table (n;;) in the fibre A~![b] given by the vectors n 4 and n, . First,
pick a Markov move m € B uniformly at random. The move gives one of two 2 X 2 minors

+1 -1 —-1+1

141 oY g (8.29)

Second, calculate the new table (n};) = (ni;) + (mi;) = (ni; +mi;). If the new table satisfies (n;) > 0,
move to the new table with probability min{1, f(n;[n 4,ny.)/f(nij|n 1+, ny)}; otherwise, stay at the
table (ni;).

The rejection probability is given as follows,

c B c . —1
f(n2j|n-+’ n+-) o (Hj_l (nlj"!‘mlj?t‘:nrj"l‘mrj)) (Hj_l (nl‘]tl+-:n7‘])>

fniglngny) (R

(o)
MN1tseees Nt

c ( Nt j )
o H N1GFMLG e+

j:l (n1]?+{’n7«])
¢ r |
=1l = [lizi i ' (8.30)
L Ty (g + my)
Jj=1

_ H nm'
(nij + mij)!

i ’

m; ;70
By g
- y 1 1)
3 S} TS § S YT
miy=t1 miy=—1
-1
= H (nij +1) Nij,
i ij
my =1 myj=—1

where the last term involves only four numbers.

Example 8.25 (Maple). Reconsider the 4 x 4 contingency table (n;;) that provides eye color versus
hair color for N = 592 persons (Table 8.1). As we have seen, the test statistic yields {* = 138.29 and
must be rejected at the significance level of 5%. Diaconis and Efron (1985) labored long and hard to
determine the proportion of tables with the same row and column sums as the given table having test
statistic < 138.29. Their best estimate was ”about 10%”. The following Metropolis run illustrates that
the estimate ”about 20%” is more realistic. The corresponding Maple code is as follows (Fig. 8.5).

> restart:

> with(Statistics): infolevel[Statistics]:=0:
> with(RandomTools) :

> X := Matrix([[68, 119, 26, 7],
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[20, 84, 17, 941,

[15, 54, 14, 10],

[5, 29, 14, 16]11):
> Z := Matrix([[0, 0, O, 0],

[o, o, o, ol,

(o, o, o, ol,

[0, 0, 0, 011):

> rolld := rand(1..4): roll2 := rand(0..1):

> count := O:

>L :=1[]:

> st0 := ChiSquareIndependenceTest( X, level=0.05, output=’statistic’);

138.2898416
> L := [op(L), round(st0)]:
> while (nops(L)<20000) do

i 1= rolld():
j = rolld():
if j<i then h:=j; j:=i; i:=h end if;
u := rolld():
v := rolld():
if v<u then h:=v; v:=u; u:=h end if;
r := roll2():

if i<>j and u<>v then

Y := Matrix([[0, 0, O, O],
[o, o, o, ol,
[o, o, o, o1,
[0, 0, 0, 011);

Y[i,ul := 2*r-1;
Y[j,v] := 2xr-1;

Y[i,v] := -(2xr-1);
Y[j,ul := -(2*%r-1);
Z =X +Y,;

if (Z[i,u] > 0 and Z[j,v] > 0 and Z[i,v] > 0 and Z[j,ul > 0) then
stl := ChiSquareIndependenceTest( Z, level=0.1, output=’statistic’ );
L := [op(L),round(st1)];
if (st1l < st0) then

X :=Z;
count := count + 1;
else
rn := Generate(rational(range=0..1));

if roll2 = 1 then mv := X[i,v]*X[j,u] / ((X[i,u]+1)*(X[j,vI+1))
else mv := X[i,ul*X[j,v] / ((X[i,v]I+1)*(X[j,ul+1))

end if;

if rn < mv then
X :=1Z

end if;

197



198 8 Computational Statistics

end if;
end if;
end if;

end:
> count;
4321
> nops(L);
20000
> evalf (count/nops(L));
0.2160500000
> Histogram(L,discrete=true);

100 200 300 400 500 600

Fig. 8.5. Histogram of Metropolis run (20.000 iterations).

8.5 Hardy-Weinberg Model

The Hardy-Weinberg law is a milestone of population genetics. Suppose a population of diploid organ-
isms mates randomly and that there is no selection or mutation affecting the gene frequencies. Under
these conditions, the Hardy- Weinberg law states that the frequency of allele combinations (genotypes)
will remain constant across generations and gives a formula for these frequencies. These frequencies
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apply to infinite populations, while for finite populations the question of interest is whether or not
the finite population is a random subset of a population that follows the Hardy-Weinberg law. Testing
whether a finite population obeys the proportions of the Hardy-Weinberg law is an important first step
towards the analysis of a population.

Consider the Hardy-Weinberg model of a two-allele locus with alleles Y and y. Suppose in a popu-
lation, the alleles Y and y occur with probabilities p and g, respectively. Then we have

p+qg=1 (8.31)

The proportions p and g cannot be directly measured. However, we can look at the organisms in a
population. For this, the Hardy-Weinberg law states that in the offspring, the genotypes Yy and yY
(heterozygote) occur together with probability 2pg, and the genotypes YY and yy (homozygote) occur
with probabilities p? and ¢2, respectively. A population with these genotype frequencies is said to be in
Hardy- Weinberg equilibrium at the locus and the genotype frequencies are known as Hardy- Weinberg
proportions. These genotype frequencies satisfy (Fig. 8.6).

L= (p+9)*=p"+2pg+¢* (8.32)

In population genetices one is particularly interested in the prevalence of a particular allele. The Hardy-
Weinberg law also explains why recessive phenotype persist over time. We assume that p? is the prob-
ability of homozygous dominant genotype, 2pq is the probability of heterozygous genotype, and ¢? is
the probability of homozygous recessive genotype.

Fig. 8.6. Hardy-Weinberg Punnett square.

Example 8.26. Consider a population of mice in Hardy-Weinberg equilibirium.

e First, suppose there are 16% of the mice in the population that are homozygous recessive. How
many mice in the population are homozygous dominant? We have ¢? = 0.16. Then ¢ = 0.40 and so
p=1—¢=0.60. Thus p?> = 0.36 and hence 36% of the mice are homozygous dominant.

e Second, suppose 19% of the mice in the population show the dominant phenotype. What is the
dominant allele frequency? We have p? + 2pg = 0.19. Then ¢> = 1 — (p* + 2pq) = 0.81 and so
g = 0.90. Thus p =1 — ¢ = 0.10 and hence 10% of the mice show the dominant allele frequency.

Example 8.27. Suppose in the population of 300 million US Americans there are 30,000 suffering from
cystic fibrosis. How many Americans are carriers? We have ¢? = 30,000/300, 000,000 = 0.0001. Then
g =0.01 and so p =1 — ¢ = 0.99. Thus 2pg = 0.0198 and hence under 2% of the US Americans are
carriers; that is, 3 - 108 - 0.0198 = 5,940,000 US Americans are carriers. &

More generally, let m > 2 be an integer and consider the Hardy-Weinberg model for an m-allele
locus with alleles Ay,..., A,,. Suppose the allele A; occurs with probability p;, 1 < i < m, and the
probabilities satisfy
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prt...+pm=1 (8.33)

The Hardy-Weinberg law states that in the offspring, the genotype (heterozygote) A;A;, i < j, occurs
with probability 2p;p; and the genotype (homozygote) A;A; has probability p?. Tt is assumed that
the resulting (m; 1) genotypes are phenotypically distinguishable. A population with these genotype
frequencies is said to be in Hardy-Weinberg equilibrium at the locus and the genotype frequencies are
the Hardy-Weinberg proportions. These genotype frequencies fulfill

m
I=(p1+...+pm)? 22p3+z2pipj. (8.34)
i=1 i<j
Let R={(4,5) | 1 <i < j <m} and let p;; be the probability that the genotype A;A; is observed,
1 < i < j < m. Suppose that n genotypes are observed with the frequencies u = (u;;), where wu;;
describes the number of outcomes of the genotype A;A;, (i,5) € R. Then we have

n = Z Usgj- (835)

(i.j)ER
Since the number of observations n is fixed, the common density is given by a multinomial distribution

n!

fluln) = pij’- (8.36)

[l j)er wis!

Testing the deviation from the Hardy-Weinberg proportions can be considered as a hypothesis testing
problem. For this, the null hypothesis states that the population is conform with the Hardy-Weinberg
proportions,

2 . .
Y =1
Hy: pij=494° . 8.37
0 Dij {2pipj i 7& j. ( )
The alternative hypothesis Hq assumes that it is not. The common approach for this kind of testing is
a goodness-of-fit test.

Example 8.28 (R). Take a random sample of 10 six-sided dice that are thrown 40 times. The out-
comes are given by the vector dice below. We test the null hypothesis that all outcomes have equal
probabilities.

> dice <- ¢( 71, 69, 74, 54, 66, 67 )

# default: uniform distribution

> sum( dice )

[1] 400

> chisq.test( dice, correct=TRUE )

Chi-squared test for given probabilities

data: dice
X-squared: 3.53, df = 5, p-value = 0.6189

> gchisq( 0.95, 5 )
[1] 11.0705
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The test statistic yields ¥? = 3.53 and the 95%-quantile of the chi-squared distribution with v = 5
degrees of freedom is X%;o.% 11.0705. Thus the null hypothesis cannot be rejected at the significance
level of 5%. ¢

Example 8.29 (R). In a course of Statistics 101, there are 26 freshmen, 33 sophomores, 20 juniors, and
22 seniors. We test the null hypothesis that freshmen, sophomores, juniors, and seniors are respresented
according to the probabilities 1/3, 1/3, 1/6, and 1/6, respectively.

> students <- c( 26, 33, 20, 22 )

> sum(students)

(1] 101

> null.probs <- c( 1/3, 1/3, 1/6, 1/6 )

> chisq.test( students, p = null.probs, correct=TRUE )

Chi-squared test for given probabilities

data: students
X-squared: 3.9406, df = 3, p-value = 0.268

> qchisq( 0.95, 3 )
[1] 2.365974

The test statistic yields Y2 = 3.9406 and the 95%-quantile of the chi-squared distribution with v = 3
degrees of freedom is X3.q g5 = 2.365974. Thus the null hypothesis must be rejected at the significance
level of 5%.

On the other hand, we test the null hypothesis that freshmen, sophomores, juniors, and seniors are
respresented according to the probabilities 0.3, 0.3, 0.2, and 0.2, respectively.

> students <- c( 26, 33, 20, 22 )

> sum(students)

(1] 101

> null.probs <- ¢( 0.3, 0.3, 0.2, 0.2 )

> chisq.test( students, p = null.probs, correct=TRUE )

Chi-squared test for given probabilities

data: students

X-squared: 1.0132, df = 3, p-value = 0.7981
> qchisq( 0.95, 3 )

[1] 2.365974

Here the null hypothesis cannot be rejected at the significance level of 5%. &
In view of the Hardy-Weinberg model, the number of alleles A; in the sample is

Under the null hypothesis, the theoretical frequencies of the outcomes are
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1<i<m

;= —— 8.39
Di om’ >t1>m, ( )

since each genotype is counted twice. Thus the expected number of outcomes of the genotype A;A; can
be estimated for heterozygotes as

;= 2npipj, 1<i<j<m, (8.40)
and for homozygotes as
i =np;, 1<i<m. (8.41)

In view of the goodness-of-fit test, the test statistic measures the statistical difference between the
observed frequencies and the expected frequencies under the null hypothesis.

g= Yy Lut) 842

T
(i,/)ER *

This test statistic is approximately chi-squared distributed with v degrees of freedom. The number of
degrees of freedom is v = (’2”), since the homozygotic frequences #;; can be obtained from 4;; and the
heterozygotic frequencies ;.

Let 0 < o < 1. A level-a chi-squared test rejects the null hypothesis if the calculated value %2 of
the test statistic in (8.42) satisfies X*> > x2.;_,,, where x2,_,, is the (1 — a)-quantile of the chi-squared
distribution with v degrees of freedom.

Example 8.30. Consider phenotype data from Scarlet tiger moths. After collapsing the data of n =
1612 moths into two groups of alleles, we observe u;; = 1469 (white-spotted), u1o = 138 (intermediate),
and uge = 5 (little spotting). The estimates of the allele probabilities are

21469+ 138 254138

Then we obtain
Gy = nps = 1467.397,
’1212 = 271]31]52 = 141.206,
ligo = np3 = 3.397.

The test statistics gives

= (w11 — Gi11)? n (u19 — Gi12)* n (uge — tiga)? — 0.831.

U11 U12 U22

At the significance level of & = 0.05, the 0.95-quantile of the chi-squared distribution is X%;O.QB = 3.84.
Thus the null hypothesis cannot be rejected at the 5% significance level for one degree of freedom. <

The Hardy-Weinberg model amounts to a toric statistical model that can be described by the
m X (m2+1) matrix
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A= (Ap Aper o Ay)

where the k-th block matrix is the m x k matrix

0
Om—k,k—l
0
A= |21 1], 1<k<m
0
1 A
0
In view of the observed frequencies
t
U= (Ur1, Ui, - ooy ULy U225 U35 -+ - 5 U2y, U3, - - - » Uppum)
and the marginal frequencies
t
Uy = (ul—‘rv s 7um+) )
we obtain
AU = Uy.

Thus the marginal frequencies u form a sufficient statistic of the model.
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(8.43)

(8.44)

(8.45)

(8.46)

(8.47)

Proposition 8.31. A reduced Groebner basis of the ideal 14 in the polynomial ring Q[{X; ;} . j)er] 5

given as
Gr={ X102 Xj1 5o = Xby ks Xbo ks | (K1, K2, k3, ka) = sort(in, ji, iz, J2) }
where sort denotes the sorting of quadruples over the alphabet {1,...,m}.

Note that the Groebner basis of the ideal I4 consists of three types of binomials:

o XiinXisis — XiyisXis.is, where {i1,...,14} is a 4-element subset of [4].
o X i Xisis — Xiy,isXiy is, where {i1,...,13} is a 3-element subset of [4].
o Xi i Xiyi, — X7, where {i1,i2} is a 2-element subset of [4].

By Prop. 8.7, we obtain the following result.

Proposition 8.32. The minimal Markov basis for the matriz A corresponding to the Groebner basis

Gpr is given by

Bpr = {:l:(ehﬂé + €j1,j2 = €ki,ks — eszw) | (klv ko, ks, k4) = SOrt(il,jl, i27j2)}~

Example 8.33 (Singular). In view of the Hardy-Weinberg model for four alleles, the toric model is

given by the matrix

2111000000
0100|211(000
0010/010(210
0001|001(012
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and we have

Uil
U2
Uuis
Ui4 U+
A U22 U2+
U23 U3+
U24 Ug
u33
U34
Ugq4

In view of the computation of a minimal Markov basis for the matrix A, consider the ideal

J= (X1 — Y2 X190 — V1Yo, X153 — V1V3, X1y — Y1V5, Xoo — V3, Xog — YaV3, Xog — YoV,
X33 — Y3, X34 — Y3V, Xy — V7).

A reduced Groebner basis of the ideal I, consists of the following elements,

X12X34 — X13X04, X12X34 — X14X03,

X11Xo3 — X12X13, X11Xo4 — X192 X014, X11 X34 — X13X14,
X2 X153 — X12X03, X2o X1y — X192 X0y, X220 X34 — Xp3X04,
X33X12 — X13X03, X33X14 — X13X34, X33X04 — Xo3X34,
X4aX12 — X14Xo4, X4aX13 — X114 X34, X44Xo3 — X024 X34,

X11 X090 — X%, X11 X33 — X5, X1 X4 — X3y,
X2 X33 — X35, XooXus — X34, X33Xu4a — X3,

This can be seen from the following computation.

> ring r = 0, (x11,x12,x13,x14,x22,x23,x24,x33,x34,x44,y(1..4)), dp;
> ideal i = x11-y(1)°2, x12-y(D)*y(2), x13-y(L)*y(3), x1d-y(L)*y(4),
x22-y(2)72, x23-y(2)*y(3), x24-y(2)*xy(4),
x33-y(3) "2, x34-y(3)*y(4),
x44-y(4)~2;
> ideal j = std(i);
> eliminate( j, y(1)*y(2)*y(3)*y(4) );
_[1]1=x34"2-x33*x44
_[2]1=x24%x34-x23*x44
_[31=x14%x34-x13*x44
_[4]1=x24%x33-x23*x34
_[5]=x14*x33-x13%x34
_[6]=x24"2-x22%x44
_[71=x23*x24-%x22%x34
_[81=x14%x24-x12*x44
_[91=x13%x24-x12*x34
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_[10]=x23"2-x22%x33
_[11]1=x14%x23-x12*x34
_[12]=x13*x23-x12%x33
_[13]=x14%x22-x12%x24
_[14]=x13*x22-x12%x24
_[15]=x14"2-x11*x44
_[16]=x13*x14-x11%x34
_[17]=x12*x14-x11%x24
_[18]=x13"2-x11%x33
_[19]=x12*x13-x11%x23
_[20]=x12"2-x11%x22

¢

For the Hardy-Weinberg model with low genotype count the asymptotic assumption of the chi-
square distribution may not hold and the chi-squared goodness-of-fit tests may fail. We can obtain
approximations of the test statistic by the Metropolis algorithm, drawing distributions in the fibre
A~'u,] according to the hypergeometric distribution

({uu}(7 7)eR) 2 <
(u‘qu) ( on )
UL,y Um+

(8.48)

To see this, note that

P(u|n):< " )(H . (8.49)

{u”} (i.5)ER

But under the null hypothesis, we have

[T »ij =22 HPJ+ (8.50)

(i,7)ER

Moreover, we have

O uw) Hp“’+ (851)

Now the result follows.

8.6 Logistic Regression

In statistics, logistic regression is a regression model in which the dependent variable is categorial.
We consider the case of binary dependent variables. The binary logistic model is used to estimate the
probability of a binary response, like win/lose, pass/fail or alive/dead, based on one or more independent
variables.
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Suppose there is a binary indicator given by a random variable Y with state set {0,1} and a set of
observable covariates z that lie in a finite subset Z of Z?. A logistic model is specified by a log-linear
relation of the form

e*f 1

where the parameter vector § € R? is to be estimated. For instance, if z = (1,7)! € Z2, the model

becomes ,
691 +1i602 1

P(Y =1|z) and P(Y =0]z)

T 1+ ettt T 1+ etrtits-

This might be appropriate if the probability depends on a distance, dose or educational level occurring
in equally spaced intervals.

Consider a data set of N pairs (y1,21), ..., (yn,2n), wherey1,...,yny € {0,1}and Z = {z1,...,258} C
Z%. For each covariate z € Z, let W (z) denote the number of samples with z; = z and let Wy (2) be the
number of samples with z; = z and y; = k, where k € {0,1}. Then we have

W(z) = Woy(z) + Wi(2). (8.53)
The probability of the sample set is given by the likelihood function

N evi(zi-0)
Liyl=) =[] Trend (8.54)
i=1

_ H 1 0, 2Wi(2)
- (1 + ezﬂ)W(z) € :

This formula shows that a sufficient statistic is given by

(W(2)): and Y zWi(2). (8.55)
If Z ={z1,...,2n}, the sample data can be summarized by a 2 x n matrix
Wi(z1) Wi(z2) ... Wi(z) ) .

Example 8.34 (R). Consider data from the US social science survey on men’s response to the state-
ment ”"Women should run their homes and leave men to run the country” in 1974 (Fig. 8.7). Let Y =1
if the respondent ”approves” and Y = 0 otherwise. For each respondent, the number i of years in school
is reported, 0 < ¢ < 12. The proportion W7 /W seems to decrease with years of education.

It is natural to consider a logistic model of the form

] 691+i92

where Z = {(1,0), (1,1),...,(1,12)} is a subset of Z2. Here the likelihood function is given as
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i 0123 4567 891011 12
Wi(i)[4246 5132527 75293236115
W (i)[6 24910 20 34 42 124 58 77 95 360

Fig. 8.7. Men’s response to ”Women should run their homes and leave men to run the country” (1974).

12 1
H (1 - 91+‘02)W(‘) e %10(91"!‘1'92)‘/‘/1(2')
e 7 i

=0

and thus the log-likelihood function is given by

12 19
S0 + i)W (i) — Y W(i) log(1 + 1 Fi0),
=0 =0

The optimization of the parameters 6; and 62 can be done by maximizing the log-likelihood function.
This can be achieved by using the function optim as shown by the following R code (Sect. A.9):

> logl <- function( theta, w, wil, i ) {
+ val <- sum( wilx(theta[1]+ixthetal[2]) )

- sum( wxlog(l+exp(thetal[l]+ixtheta[2])) )
-val

wl <- c( 4,2,4,6,5,13,25,27,75,29,32,36,115 )
w <- c( 6,2,4,9,10,20,34,42,124,58,77,95,360 )
i <- seq( 0, 12, 1)
> optim( c(1,1), logL, w=w, wil=wl, i=i )
$par
[1] 2.0537346 -0.2304849
$value
[1] 546.239
$counts
function gradient
71 NA
$convergence
[11 o
$message
NULL

V V V Y +

The estimated parameters are él = 2.054 and ég = —0.230.
This gives estimates p; for the probabilities P(Y =1 ), i.e.,
eél+ié2
pi=——>—r, 0<i<I2
1+ efatite
A chi-squred test statistic for goodness-of-fit compares the expected counts W (i)p; with the observed
counts Wy (7) taking into account the likelihood of the joint event,
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(8.58)

Here is the corresponding R code:

> p_hat <- exp(thetal+ix*theta2)/ exp(1l/(l+exp(thetal+ixtheta2)))
> chi_hat <- sum( (wxp_hat - w1)"2 / wxp_hat )

> chi_hat

[1] 1.422446

> qchisq( 0.95, 12 )

[1] 21.02607

Thus the null hypothesis for the goodness-of-fit test cannot be rejected at the significance level of 5%
with 12 degrees of freedom. The uneven nature of the counts with some counts small give cause of worry
about the classical approximation. Therefore, approximations of the test statistic by the Metropolis
algorithm lead eventually to more confident results. &

The logistic regression model amounts to a toric statistical model that can be described by the
(d +n) x 2n matrix

A= . (8.59)
11
021020...02,

Let wy, (z;) denote the number of samples (y;, z;) in the sample set, 1 < i < N. By taking the sample

vector w = (wo(z1),w1(21), - -+, wo(2n), w1 (2,))t, we obtain
wo(z1) + wi(z1) w(21)
Aw = : - : . (8.60)
wo(2n) + w1 (zn) w(zp)

2. zwi(2) 2. zwi(2)

A simpler toric model is given by the (d + 1) x n matrix

A:<1 1...1)' (8.61)

Z1 22 ... Zn

By taking the sample vector w = (w1 (z1),...,w1(2,))!, we obtain

Aw = (i;ﬁ;;&) . (8.62)

This toric model fixes the counts

Z wy(z) and Z 2wy (2). (8.63)
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These counts also provide a sufficient statistic for the model of logistic regression when the counts
W (z) are fixed at the beginning, since then the original sufficient statistic (8.55) can be recovered by
retrieving the counts Wy(2) according to the equation Wy(z) = W(z) — Wi(2)

Proposition 8.35. Given the 3 x (n + 1) matriz

11...1
A=|11...1]. (8.64)
01...n

A reduced Groebner basis G of the ideal 14 in the polynomial ring Q[Xo, X1,...,X,] consists of the
binomials

XiX; — X; Xy,
where i +1=j7+k and 0 <i < j <k <1 <n, and further binomials of the form Xf — X; X}, where
1<i<n-—1andi, j, k are pairwise distinct.

By Prop. 8.7, we obtain the following result.

Proposition 8.36. A minimal Markov basis B for the matriz A in Prop. 8.35 consists of the matrices
t(e; +e —e; —ep),

where i +1=j+k and 0 <i < j <k <l <n, and further matrices of the form £(2e; — e;ey), where
1<i<n-—1andi, j, k are pairwise distinct.

Example 8.37 (Singular). The Groebner basis for the case n = 6 is given by the following computa-
tion.

> ring r = 0, (y(1..3),x(0..6)), dp;
> ideal i = x(0)-y(D)*y(2), x(1)-y(L*y(2)*y(3), x(2)-y(1)*xy(2)*y(3)"2,
x(3) -y (D) *y(2)*y(3) "3, x(4)-y(1)*y(2)*y(3)~4, x(5)-y(1)*y(2)*y(3)"5,
x(6)-y (1) *y(2)*y(3)~6;
> ideal j = std(di);
> eliminate( j, y(L)*y(2)*y(3) );
_[11=x(5) ~2-x(4) *x(6)
_[2]=x(4)*x(5)-x(3) *x(6)
_[31=x(3)*x(5)-x(2) *x(6)
_[41=x(2)*x(5) -x (1) *x (6)
_[6]=x(1)*x(5)-x(0) *x(6)
_[6]=x(4)~2-x(2)*x(6)
_[71=x(3)*x(4) -x (1) *x(6)
_[81=x(2)*x(4)-x(0)*x(6)
_[9]=x(1)*x(4)-x(0)*x(5)
_[10]1=x(3) ~2-x(0) *x(6)
_[111=x(2)*x(3)-x(0) *x (5)
_[12]=x (1) *x(3)-x(0) *x (4)
_[131=x(2)"2-x(0)*x(4)
_[12]=x(1)*x(2) -x(0) *x (3)
_[15]=x(1) "2-x(0) *x(2)
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A

Computational Statistics in R

Computational statistics is a fast growing area in statistical research and applications. This supplemen-
tary chapter provides a basic introduction to computational statistics using the statistical language R.
It encompasses descriptive statistics, important discrete and continuous distributions, the method of
moments, and maximum likelihood estimation. Further topics of computational statistics are treated
in chapter 8.

A.1 Descriptive Statistics

Descriptive statistics is a field of mathematical statistics that concentrates on the description of the
main features of a collection of sample data.

Univariate data analysis focusses on the description of the distribution of a single random variable,
including central tendencies like mean, median, and mode, dispersion like range and quantiles, measures
of spread like, variance and standard deviation, and measures of shape like skewness and kurtosis. The
characteristics of the distribution of a random variable are often described in graphical or tabular format
including plots, histograms, and stem-and-leaf-displays.

The (sample) mean of real-valued data z1,...,z, is defined as
__1¢

The display of discrete data and the calculation of the mean shows the following R code (Fig. A.1).

> data <- c(45,50,55,75)

> names(data) <- c("IIW","ET","TM","CS")
> data

IIW ET TM CS

45 50 b5 75

> total <- sum(data); total

[1] 225

> mean( data )
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[1] 56.25

> relative <- data / total; round(relative, 2)
ITwW ET ™ CS

0.20 0.22 0.24 0.33

> percent <- relative * 100; round(percent, 1)
ITW ET ™ CS

20.0 22.2 24.4 33.3

> pie(data)

> barplot(data)

ET

™

cs o |

Fig. A.1. Pie plot and barplot.

The standard deviation of a set of real-valued data x1,...,x, is defined as

The square of the standard deviation s is the variance s> which can be computed as follows,
1
2_ L 2
§° = =1 ;;(xl xj)°.

The computation of mean, standard deviation, and variance of a data set shows the following R code.

# Body mass index (bmi) of 10 persons

> bmi <- c(25.1, 17.7, 35.5, 27.7, 28.2, 22.5, 24.3, 27.9, 21.2, 20.5)
> n <- length(bmi); n

[1]1 10

> sum(bmi)
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[1] 250.6

> mean (bmi) # mean

[1] 25.06

> mean(bmi, trim=0.1) # trimmed mean by 10%
[1] 24.675

> sd(bmi) # standard deviation
[1] 5.064956

> var (bmi) # variance

[1] 25.65378

The trimmed mean is obtained from the sample mean by excluding some of the extreme values.

Quantiles are cutpoints that divide a sample set into equal sized groups. Suppose the sample data
T1,T2,. .., Ty, is ordered such that (1) < x() < ... < 2(,). The median (or 2-quantile) of the data set
is the middle element in the ordering if the number of data is odd. Otherwise, the median is the mean
of the two middle values in the ordering. That is,

7 — J Tk if nis odd, k = (n+1)/2,
o %(x(k) + x(k+1)) otherwise, k = n/2.

More generally, for any number 0 < o < 1, the a-quantiles are values that partition the data set into «
sublists of equal size. The 4-quantiles are the quartiles given by o = 1/4,2/4,3/4 and the 10-quantiles
are the deciles defined by = k/10 for k = 1,...,9. That is,

oo = 4Tk if n - o is not an integer, k = [n - a],
a_ %(x(k) + Jﬁ(k+1)) otherwise, k =n - a.

If the cumulative distribution function f of a random variable is known, the ¢g-quantiles are given by
the values of f at the images 1/q,2/q,..., (¢ —1)/q. The computation of the quartiles in R illustrates
the following code (Fig. A.2).

# Pain perception before and after therapy on a scale from 1 (low) to 10 (high)
> before <- c(3, 4, 4, 7, 9, 8, 4, 4, 7, 9)

> after <- c(2, 2, 4, 5, 6, 7, 5, 4, 2, 1)

> before; sort(before)

[11 3447984479

[11 3444477899

> after; sort(after)

[11 2245675421

[11 1222445567

> median(before); median(after)

[1] 5.5 4

> quantile(before, ¢(0.25,0.5,0.75))

25% 50% 75%
4.00 5.50 7.75

> quantile(after,c(0.25,0.5,0.75))

25%  50%  75%

2 4 5
> boxplot(before,after,names=c("before","after"))
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batore ater

Fig. A.2. Boxplot.

A histogram is a graphical representation of the distribution of numerial data. An alternative repre-
sentation is a stem-and-leaf plot. It contains two columns separated by a vertical line. The left column
contains the stem and the right one the leaves. A histogram and stem-and-leaf plot are given by the
following R code (Fig. A.3).

# Body mass index (bmi) of 10 persons
> hist(bmi, c(15,17.5,20,22.5,25,27.5,30,32.5,35,37.5,40))
> stem(bmi)

The decimal point is 1 digit(s) to the right of the |

| 8

| 1134
| 5888
|

| 6

W WNDN -

Bivariate analysis involves the distribution of two random variables. The relationship between pairs
of variables can be described among others by scatterplots and quantitative measures of dependence.
A dot plot in R can be obtained as follows (Fig. A.4).

# age versus height of teenagers in African countries

> age <- ¢c(10:19); age

[1] 10 11 12 13 14 15 16 17 18 19

> height <- c(133, 139, 147, 154, 165, 170, 175, 177, 180, 182); height
[1] 133, 139, 147, 154, 165, 170, 175, 177, 180, 182

> plot(age, height, x1im=c(10,19), ylim=c(130,190))
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Fig. A.4. Age versus height plot.

Let x1,...,x, and y1, . .., y, be real-valued sample data from two random variables. The covariance
is a measure of how much two random variable change together and is defined as

(@ =) (g — ?).

Sy =
Y n—1

If the larger values of one variable correspond to the larger values of the other variable and the same
holds for the smaller values, the covariance is positive. In the opposite case, the covariance is negative.

The correlation coefficient is a measure of the linear correlation between two random variables and
is given by
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Sey _ Yici(xi —T)(yi — )

oSy /Ui (@ — T2 i, (i — 7)?

The correlation coefficient gives a value between +1 and —1, where +1 is total positive correlation, 0
is no correlation, and —1 is total negative correlation.

T =

# Economic growth in %

>x <-¢c(2.1,2.5,4.0,3.5 )

# rate of return in %

>y <= c( 8,12,14,10 )

> cov( x, y ) # covariance

[1] 1.533333

> cor( x, y ) # correlation coefficient
[1] 0.6625739

Linear regression is used in statistics for modeling the relationship between an explanatory (in-
dependent) random variable and a scalar dependent variable. The following example shows a linear
dependence between two data sets introduced above (Fig. A.5).

> 1lm(height ~ age) # linear model

Coefficients:
(Intercept) age
79.067 5.733

The linear prediction function is given by f(z) = 79.067 + 5.733 - .

halght
150 180 17¢ 180 190

149

130
1

Fig. A.5. Linear regression.
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A.2 Random Variables and Probability

A random variable is a variable whose values are subject to change due to randomness in a mathematical

sense. A random variable is discrete if it can take on values from a finite or countable set, and a random

variable is continuous if it can take on numerical values from an interval or a collection of intervals.
The cumulative distribution function (cdf) of a random variable X is Fx defined as

Fx(x)=P(X <z), zeR

where P denotes the probability of the argument. The subscript of F'x is omitted if it is clear from the
context. The cdf of a random variable X has the following properties:

e Fx is non-decreasing.
e [y is right-continuous; i.e.,
lim Fx(x+¢)=Fx(z), zeR.

e—0t

e Fx has the extremal values lim.,_, Fx(z) = 0 and lim,_,, F'x(x) = 1.

A random variable X is continuous if the cdf Fx is a continuous function. A random variable X
is discrete if the cdf Fx is a step function. A discrete cdf is given by a probability mass function
(pmf) px(z) = P(X = z). The discontinuities in the cdf are the points where the pmf is positive and
px(z) = Fx(z) — Fx(27).

If a random variable X is discrete, the cdf of X is given by

Fy(@)=P(X<z)= Y px(y).

y<z
px (y)>0

For a continuous random variable X, the probability density function (pdf) of X is fx(x) = Fi(x) for
all x € R if Fx is differentiable. In this case, by the fundament theorem of calculus,

x
Fx(l') = P(X S ZL‘) = / fx(t)dt.
—o0
The joint density of continuous random variables X and Y is fx y and the cdf of the pair (X,Y) is

Y T
vay(:r,y) = P(X <z,Y < y) = / / fX,y(S,t)dsdt.
The marginal probability densities of X and Y are given as

fx(@) = / fxy(@y)dy and fy(y) = / Fxy(@,y)dz.

The formulae for the discrete random variables are analogously defined with integrals replaced by sums.
In the following, fx denotes both the pdf of X if X is continuous or the pmf of X if X is discrete.

The mean of a random variable X is the mathematical expectation (or expected value) of the
variable and is denoted by E[X]. If X is continuous with pdf fx, the mean of X is
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If X is discrete with pmf fx, the mean of X is

EX]= Y afx(x)dx.
fx(§)>0

We assume that E[X] is finite if F[X] appears in a formula. The mathematical expectation of a function
g9(X) of a continuous random variable X with pdf fx is

Elg(X)] = / o) fx (2)dz.

— 00

Thus E[X] is the mathematical expectation of the identity function on R. The value px = E[X] is the
first moment of X. For any integer r > 1, the r-th moment of X is E[X"]. Thus if X is continuous,
then

E[X"] = /00 z" fx(x)d.

— 00

The variance of a random variable X is the second central moment given by
Var(X) = E[(X — E[X))?].
Since E[(X — E[X])?] = E[X?] — (E[X])?, we have
Var(X) = B[X?] - (E[X])* = B[X?] - uX.

The variance is also denoted by 0%. The square root of the variance is the standard deviation and the
reciprocal of the variance is the precision.

The mathematical expectation of the product of two continuous random variables X and Y with
joint density fx y is

EXY]= /jo /:’O ryfxy(z,y)dzdy.

The covariance of X and Y is
Cov(X,Y) = B[(X — px)(Y — piy)] = BXY] — E[X]E[Y] = B[XY] — uxpy.
The covariance of X and Y is also denoted by ox y. In particular, we have Cov(X, X) = Var(X).
The correlation between two continuous random variables X and Y is
COV(X, Y) [S'R%

pXY)= Var(X)Var(Y) " oxoy’

Two random variables X and Y are uncorrelated if p(X,Y) = 0.
Two random variables X and Y are independent if

fxv(@y) = fx@)fr(y), z,yeR,
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or equivalently,
FX,Y(xay):FX<x)FY(y)7 x,yER.

More generally, the random variables X1, ..., X,, are independent if the joint pdf f of X;,..., X, equals
the product of the marginal densities; i.e.,

n

flz, ... zn) = foi(xi), (x1,...,2,) €R".

i=1

If two random variables X and Y are independent, then Cov(X,Y) = 0 and thus p(X,Y) = 0.
The converse is generally false. However, if X and Y are normally distributed random variables with
Cov(X,Y) =0, then X and Y are independent.

The random variables X1,..., X, are a random sample from a distribution Fx if Xi,...,X, are
independent and identically distributed with distribution Fx. Thus the joint pdf of X7,..., X, is

n

Flr . mn) =[] fx(@), (z1,...,20) €R™

i=1
Proposition A.1. Let X and Y be random variables and a,b € R.

1. ElaX +bY] = aE[X] + bE[Y].

2. ElaX + b = aE[X] +b.

3. If X and Y are independent, E[XY| = E[X|E[Y].

4. Var(aX +b) = a*Var(X).

5. Var(X +Y) = Var(X) + Var(Y) + 2Cov(X,Y).

6. If X and 'Y are independent, Var(X +Y) = Var(X) + Var(Y).

Corollary A.2. If X;,...,X,, are independent and identically distributed random variables, then
E[Xi+...+ X, =nux and Var(X;+...+ X,) =no%.

It follows that the sample mean

Y:

S|

>ox
i=1

has the expected value py and the variance 0% /n.
The conditional probability of an event A given the event B has taken place is

P(AB)

P(A| B) = 5.

where AB = AN B is the intersection of the events A and B. Two events A and B are independent if
P(AB) = P(A)P(B). In this case, P(A | B) = P(A).
Let X and Y be random variables with joint density fx,y. Then the conditional density of X given
Y=y, yeR,is
x7
Ixjy=y(z) = 7fX’Y( y)’ z €R.

Ty ()
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In the same way, the conditional density of Y given X =z, z € R, is

fyix=2(y) = ij;(é;y)7 y€R.

Thus the joint density fx y has the form

Ixy(®,y) = fxiy=y(@) fy (¥) = fx1x=2(¥)[x(z), z,y€R.

The conditional expected value of X given Y =y, y € R, is

o0

EX|Y =y :/ fo|Y:y(x)dx7

— 00
where fx|y—, is assumed to be continuous.
Proposition A.3. Let X and Y be random variables.

1. Conditional expectation rule: E[X] = E[E[X | Y]].
2. Conditional variance formula: Var(X) = E[Var(X | Y)] + Var(E[X | Y]).

A.3 Some Discrete Distributions

The most important discrete distributions are counting distributions which are used to model the
frequencies or waiting times of events.

In the statistical language R, the probability mass functions (pmf) or densities (pdf), cumulative
distribution functions (cdf), quantile functions, and random number generators of many commonly
used probability distributions are made available. The first letter always denotes the function type:

d density function

cumulative distribution function
quantile function

random number generator

= o

In a uniform distribution, there is finite number of values that are equally likely to be observed. A
uniformly distributed random variable X with state set [m] has the pmf

The mean and variance of X are respectively given by

1 21
E[X]:% and Var(X):m12
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The uniform distribution in R can be analyzed by the functions ddiscrete, pdiscrete, qdiscrete,
and rdiscrete. It requires the loading of the library e1071.

Several important discrete distributions can be formulated in terms of Bernoulli trails. A Bernoulli
experiment has two possible outcomes, success (1) or failure (0). A Bernoulli random variable X has
the pmf

P(X=1)=p and P(X=0)=1-np,

where p is the probability of success. The mean and variance of X are respectively given by
EX]=p and Var(X)=p(l-p).

Let X be a random variable that counts the number of successes in n independent, identically
distributed Bernoulli trials with success probability p. Then X has the binomial distribution with
parameters n and p if

>ﬁﬂ—mnﬁ 0<z<n.

Since the binomial variable X is the sum of n independent, identically distributed Bernoulli variables,
we have
E[X]=mnp and Var(X)=np(l—p).

The following R code provides three binomial distributions (Fig. A.6).

£1 = dbinom ( 0:6, 6, 0.25 ) # pmf

f2 = dbinom ( 0:6, 6, 0.50 )

£3 = dbinom ( 0:6, 6, 0.75 )

matplot( 0:6, cbind(f1,f2,£f3), type="1", pch=c("red","black","green") )
F1 = pbinom ( 0:6, 6, 0.25 ) # cdf

F2 = pbinom ( 0:6, 6, 0.50 )

F3 = pbinom ( 0:6, 6, 0.75 )

matplot( 0:6, cbind(F1,F2,F3), type="1", pch=c("red","black","green") )

V V V V V V V.V

Example A.4 (R). Consider the treatment of inpatients with a specific drug. Suppose the probability
of successful treatment is p = 0.75. Then the probability that sixteen out of twenty inpatients are
successfully treated is

20
P= (8 )0.75160.254 = 0.1896855.

This can be computed using R as follows,

>p <= 0.75

> choose(20,16) * p~16 * (1-p)~4
[1] 0.1896855

> dbinom( 16, 20, p )

[1] 0.1896855

The following code provides the probability of successful treatment of n = 20 inpatients (Fig. A.7).
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Fig. A.6. Binomial distribution.

n <- 20

p <- 0.75

P <- rep( NA, n )

for (i in 1:n) P[i] <- dbinom( i, n, p )
plot( 1:n, P, ylab="binom(pmf)" )

Q <- rep( NA, n )

for (i in 1:n) Q[i] <- pbinom( i, n, p )
plot( 1:n, P, type="1", )

¥ 2
L~
5 _|
0 o
%A
2 _|
g _ g *
g = g
1 g «
=2
g
= o
=2
=
g 4 Q |
= T T T T ° T T T T
5 10 15 20 5 1¢ 15 20
Inpadants Inpatians

Fig. A.7. Successful treatment of twenty inpatients: pdf und cdf.
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¢
The multinomial distribution generalizes the binomial distribution. To see this, consider k£ mutually
exclusive and exhaustive events A1, ..., Ay which happen at any trial of the experiment, and each event

occurs with probability p(4;) = p;, 1 < i < k. Then p; + ...+ pr = 1. Let X; be a random variable
which counts the number of events A; in a sequence of n independent and identical trials. Then the
random variable X = (X7,..., X)) has the multinomial distribution with joint pdf

n T T
Tlyeeo,T) =
f( 1 k) (ml,...,l'k)pl pk
where 1 + ... + x5 = n.

For each random variable X;, we have E[X;] = np; and Var(X;) = np;(1 — p;). Moreover, the
covariance and the correlation of the random variables X; and X; for ¢ # j respectively are

PiDj

Cov(Xi, X;) = —npip; and  p(Xi, X;) = —, | —d
J J J A—p)(—py)

The following example shows the use of the multinomial distribution in R.

>n <-4
> p <- ¢(0.4,0.3,0.3
>m <- ¢(0,0,4,
0,3

4
0

s )
0,1,3, 0,2,2, 0,3,1, 0,4,0,
+ 1,0,3, 1,1,2, 1,2,1, 1,3,0, 2,0,2,
+ 2,1,1, 2,2,0, 3,0,1, 3,1,0, 4,0,0)
> M <- matrix( m, nrow=3 )
> ncol(M)
[1] 15
> M
[,11 [,2]1 [,31 (,4]1 (,8] [,6]1 [,71 (,8] [,9] [,10] [,11]1 [,12] [,13] [,14] [,15]
[1,] 0 0 0 0 0 1 1 1 1 1 2 2 3 3
[2,] 0 1 2 3 4 0 1 2 3 4 1 2 0 1
[3,] 4 3 2 1 0 3 2 1 1 0 1 0 1 0

> P <- rep( NA, ncol(M) )
> for (i in 1:ncol(M)) P[i] <- dmultinom( M[,i], prob=p ) # pmf
> plot( 1:ncol(M), P, ylab="multinom(pmf)" )

Example A.5 (R). Consider a box with 100 colored beads of which 50 are red, 30 are green, and 20
are yellow. How large is the probability to draw 10 beads such that 4 are red, 3 are green, and 3 are
yellow? The probabilities to draw one red, one green, and one yellow bead are p; = 0.5, po = 0.3, and
p3 = 0.2, respectively. Thus the probability to draw 4 red beads, 3 green beads, and 3 yellow beads is

10
P= 540.330.23 = 0.0567.
<4’3’3>05030 0.0567

This can be computed using R as follows,

> dmultinom( c(4,3,3), prob=c(0.5,0.3,0.2) )
[1] 0.0567

0
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o

The geometric distribution is a variant of the binomial distribution. To see this, take a sequence of
Bernoulli trials with success probability p. Let X be a random variable counting the number of trials
until the first success happens. Then we have

P(X=z)=p(l-p)"" z21

A random variable X with this pmf is geometrically distributed. If X has the geometric distribution
with success probability p, the cdf of X is

Fx(z)=PX<z)=1-(1-p)*, z>1
A geometrically distributed random variable X has respectively the mean and variance

_ 1—
BIX]=—F and Var(X)= pr'

Note that a geometrically distributed random variable X satisfies the relation
P(X=n+zx)
P(X >n)
B p(l _ p)nJrzfl
1—-(1-p1-p")
=p(l-p)'=PX=2x), z>1.

Thus when X is interpreted as waiting time for an event to occur relative, the above property exhibits
the memorylessness of the geometric distribution.

P(X=n+z|X >n) =

Example A.6 (R). Consider the tossing of a six-sided fair die. The probability of the first occurrence
of a ”six” can be described by the geometric distribution. We have p = 1/6 and the probability after
trails to roll a "six” is p(1 — p)®~!. The pdf and cdf can be computed by R as follows (Fig. A.8).

n <- 20

y <- dgeom( 1:n, prob=1/6 )

plot( 1:n, y, ylab="geometric(pmf)" )
z <- pgeom( 1:n, prob=1/6 )

plot( 1:n, z, ylab="geometric(df)" )

V V V VvV V

¢

The negative binomial distribution is a generalization of the geometric distribution in the sense that
one is interested in the number of failures until the r-th success. Let X be a random variable that counts
the number of failures until the r-th success. If X = z failures occur before the r-th success, the r-th
success happens by the (z + r)-th trial and in the first © + 7 — 1 trials there are r — 1 successes and z
failures. This takes place in (m"f—l) = (“‘T—l) different ways and each case has probability p”(1 — p)®.

r—1 x

Thus the random variable X has the pmf

r+r—1
r—1

P(X_x)_< >pr(1p)x, x> 0.
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Fig. A.8. Probability of success after a number of failures: pdf and cdf.

A random variable X has the negative binomial distribution with parameters r and p if

I'(x+r)

P =D = e+

p'1-p)*, z20,

where I" denotes the complete gamma function defined as
(o)
I'(r)= / trte7tdt, r#0,-1,-2,....
0
Note that I'(n) = (n — 1)! for each integer n > 1. It follows that both probabilities are identical when
r > 1 is an integer. Let X be a random variable with a negative binomial distribution with parameters

r and p. Then X is the sum of r independent, identically distributed geometric random variables with
parameter p. Thus the mean and variance of X respectively are given by

1-—- 1-—-
P and Var(X) =r p2p.

EX]=r
Example A.7 (R). Consider the number of failures in a lottery until the third success if the probability

of success is p = 0.25. For instance, the probability of at most n failures until the third success is given
by

n—3 ,.
3—-1 . ;
3 <’ o >0.2530.75z.
i=0 !
The following code provides the probability distribution for at most n = 20 draws until the third success
(Fig. A.9).

>n <- 20
>p <- 0.25
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P <- rep( NA, 20)

for (i in 1:n) P[i] <- dnbinom( i, 3, p )
plot( 1:n, P, ylab="negbinom(pmf)" )

Q <- rep( NA, 20)

for (i in 1:n) Q[i] <- pnbinom( i, 3, p)
plot( 1:n, Q, ylab="negbinom(cdf)" )
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Fig. A.9. Probability of the third success after a number of failures: pdf and cdf.

¢

The hypergeometric distribution describes the probability of x successes in n draws without replace-
ment from a finite population of size N which contains exactly K successes. In view of this setting, a
random variable X follows the hypergeometric distribution if the pmf is given by

K\ (N—K
() Gz
N
()
The pmf is positive if max(0,n + K — N) < < min(K,n). The mean and variance of a hypergeomet-
rically distributed random variable X respectively are given as

PX=xz)=

N —n
N-1

E[X] = n% =np and Var(X)=np(l—p)

Example A.8 (R). Consider a collection of 100 items which contains 5% defective items. How large
is the probability of drawing 50 items of which i items are defect? The probabilities are given by a
hypergeometric distribution which can be computed in R as follows (Fig. A.10).

# call: phyper(x,K,N-K,n)
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>P <- rep( NA, 5)
> for (i in 1:5) P[i] <- dhyper( 50-i, 95, 5, 50 )
> plot( 1:5, P, xlab="defect items", ylab="hypergeom(pmf)" )
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Fig. A.10. Hypergeometric distribution.

¢

The poisson distribution is another important discrete distribution that is applicable to systems
with a large number of possible events each of which being very rare. A random variable X has the
poisson distribution with parameter A > 0 if the pmf of X is given by

e AN

PX=z)= > z > 0.
x!

It expresses the probability of a given number of events z occurring in a fixed interval of time or space if
these events happen with a known average rate and independent of time since the last event. Examples
are the number of phone calls received by a call center per hour and the number of decay events per
second from a radioactive source. The pmf follows the recursion p(z + 1) = p(gzt)gﬁ%rl If X is a random
variable X with poisson distribution with parameter A > 0, the mean and the variance of X respectively
are given as

E[X]=X and Var(X)= A

The use of the poisson distribution in R is exemplified by the following code (Fig. A.11).

f1 <- dpois( 1:20, 1 ) # lambda = 1

f2 <- dpois( 1:20, 5 )

£f3 <- dpois( 1:20, 10 )

matplot( 1:20, cbind(f1,£f2,£f3), type="1", pch=c("red","green","black") )
F1 <- ppois( 1:20, 1 ) # lambda = 1

V V V V V
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> F2 <- ppois( 1:20, 5 )
> F3 <- ppois( 1:20, 10 )
> matplot( 1:20, cbind(F1,F2,F3), type="1", pch=c("red","green","black") )

pelsson (pmi)
polason(eat)

Fig. A.11. Poisson distribution.

Note that for large values of n, small values of p, and fixed value A = np (i.e., n — 0o, p — 0, and
np — A), the binomial distribution converges to the poisson distribution with parameter A.

Example A.9 (R). Suppose the probability that a person suffers from a drug intolerance is p = 0.001.
How large is the probability that x persons out of n = 2000 persons suffer from the drug intolerance?
We have A = n - p = 2000 - 0.001 = 2, since 1 —p = 0.999 is close to 1, and the probability that x
persons suffer from drug intolerance is

This quantity can be computed by the following R code (Fig. A.12).
>1 <=2
> P <- rep( NA, 11 )
> for (x in 0:10) P[x] <- dpois( x, 1)
> plot( 0:10, P, type="1", xlab="x", ylab="P(x)" )

A.4 Some Continuous Distributions

The most basic continuous distribution is the uniform distribution in which all elements of an interval
are equally probable. The pdf of the uniform distribution for the real-valued interval (a,b) is defined
by
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Fig. A.12. Probability of drug intolerance.

1 .
_J iy ifa<z <),
) = { 0 otherwise.

The cdf of the pdf f is given as

T—a
F(z) = , eR
(@)=y3—0 @
The respective mean and variance are
b b—a)?
B= a; and o2 = %.

The normal distribution is one of the most important continuous distributions in statistics. They
are often used to represent real-valued random variables whose distributions are unknown. The pdf of
the normal distribution with mean y and standard deviation o > 0, denoted N (u,0?), defined as

If 4 = 0 and o = 1, the distribution is the standard normal distribution, denoted by N(0,1), and is
given by the standard normal pdf

flx) = \/%exp [;xﬂ , x€R.

The cdf of the standard normal distribution is the integral

1 x
P(x) = E/ e 124t xeR.
—0o0
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Moreover, for a generic normal distribution given by pdf f with mean u and standard deviation o, the

cdf is given by
F(x)gzs(x_“)
o

The pdf of a normal distribution can be drawn as follows (Fig. A.13).

> mu <- 50

> sig <- 6

> low <- mu-3.5%sig; upp <- mu+3.5*sig

> x <- seq( low, upp, by=0.1 )

> f <- dnorm( x, mean=mu, sigma=sig )

> plot( x, f, type="1", xlim=c(low,upp) )

Fig. A.13. Normal distribution.

The normal distribution has several key properties. Let X be a random variable with normal distri-
bution N(u,0?) and let a,b € R. Then the linear transformation Y = aX + b gives a random variable
which is N(ap + b,a%0?). In particular, if X is N(u,0?), then Z = X;“ is N(0,1). Moreover, the
standard normal distribution has the symmetry property

S(—2)=P(Z<—-2)=P(Z>2)=1-P(Z<z)=1-9(2).

Example A.10 (R). Suppose the fasting blood sugar (mg/dl) is given by a normal random variable
X with mean p = 100 and standard deviation o = 10. How large is the probability that a randomly
chosen person has fasting blood sugar (a) at most 70 mg/dl, (b) between 90 and 120 mg/dl, or (c)
larger than 140 mg/dl? In view of a), we have

P(X < 70) = P(Z < —3) = 0.001349898,



A.4 Some Continuous Distributions 231

In view of b), we have

P(X > 140) = P(Z > 4) = P(Z < 4) = 3.167124e — 05,
In view of c), we have

P(90 < X < 120) = P(Z < 2) — P(Z < 1) = 0.8185946.
The calculation in R is as follows.

> pnorm( 70, mean=100, sd=10 )

[1] 0.001349898

> pnorm( 140, mean=100, sd=10, lower.tail=FALSE )

[1] 3.167124e-05

> pnorm( 120, mean=100, sd=10 ) - pnorm( 90, mean=100, sd=10 )
[1] 0.8185946

¢
Let X1,..., X, be independent normal random variables, where X; is N(u;,02), 1 <i < n, and let
ai,...,a, € R. Then the random variable given by the linear combination ¥ = a1 X7 + ...+ a, X, has
a normal distribution with mean and variance respectively given by
p=aypu+...4app, and o =dalo?+ ... +ado>.
In particular, if X1, ..., X,, are identically distributed random variables which are N (u, c?), the random

variable given by the sum X = Xj + ...+ X,, is N(nu,no?). The usefulness of the normal distribution
comes from the following result.

Theorem A.11 (Central Limit Theorem). If the random variables X1, ..., X,, are independent and
identically distributed with mean p and variance o2, the limiting distribution of the random variables

7 iy Xi =
" ov/n

when n becomes large is the standard normal distribution.

Continuous random variables Xi,..., Xy have a multivariate (or d-variate) normal distribution,
abbreviated Ng(u, X)), if the joint pdf is given by

1 1
f(.%‘l,...,l‘d) = W —§(x_u)t2 1($—M) s
where X = (0y;) is the d x d nonsingular covariance matrix of X1,...,Xg, g = (p1,...,pa)" is the
vector of means, and = (z1,...,24)" € R% Note that the one-dimensional marginal distributions
are normal with mean p; and variance o2, 1 < i < d. The normal random variables Xi,..., X, are
independent if and only if the covariance matrix X' is a diagonal matrix. A linear transformation of a
multivariante random variable vector X = (X1, ..., Xy) is multivariate normal. More specifically, if A
is an | x d real-valued matrix and b = (by,...,b,)" € R, then Y = AX + b has an [-variate normal
distribution with mean vector Ay + b and covariance matrix AX At
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The exponential distribution is a continuous probability distribution that describes the time between
events in a poisson process. This is a stochastic process in which events occur continuously and inde-
pendently at a constant average rate. It is the continuous analogue of the geometric distribution and
being memoryless is its key property. The pdf of a random variable X which is exponentially distributed
with rate parameter X is given by

Ae ™ g >0,

f(m;A):{o z <0

The inverse parameter T' = 1/\ is referred to as characteristic lifetime and is called mean time between
failures. The corresponding cdf is given as

1—e Mg >0,
F(m;’“{o z <0,

A random variable X that is exponentially distributed with rate parameter A has respectively the mean

and variance L 1
E[X]=—- and Var(X)= 2

The use of expontially distributed random variable is shown by the following R code (Fig. A.14).

> x <- seq( 0, 20, by=0.1)

> el <- dexp( x, rate=1 ) # lambda = 1

> e2 <- dexp( x, rate=5 )

> e3 <- dexp( x, rate=10 )

> matplot( x, cbind(f1,f2,f3), type="1", col
>

>

>

>

c("red","black","green") )
E1l <- pexp( x, rate=1 )
E2 <- pexp( x, rate=5 )
E3 <- pexp( x, rate=10 )
matplot( x, cbind(F1,F2,F3), type="1", col = c("red","black","green") )

Note that an exponentially distributed random variable X satisfies the relation
P(X >s+1t)

P(X >s)
e—>\(5+t)

P(X >s+t|X >s) =

€_>‘S

—eM=P(X>t), st>0.

Thus when X is interpreted as waiting time for an event to occur relative to some initial time, the
above property exhibits the memorylessness of the exponential distribution.

Example A.12. Suppose the average lifespan of a brand of light bulbs is 100 hours. How large is the
probability that a randomly chosen light bulb is on light for at least 110 hours? The rate parameter is
A = 0.01 and we have

P(X >110) =1— P(X <110) =1 — (1 — e~ 1190-01) — (.3328711.

The corresponding computation in R is as follows.
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chindfel, 62, 63}
chind(E1, E2, E9)

Fig. A.14. Exponential distributions.

> 1 - pexp( 110, rate=0.01 )
[1] 0.3328711

¢
The gamma distribution is a two-parameter family of probability distributions. It is used to model

the waiting time until the occurrence of the r-th event. The density of a random variable that is
gamma-distributed with shape parameter » > 0 and rate parameter A > 0 is given by

AT
fla;r,A) = T 2" e 2> 0.

The corresponding cdf is the regularized gamma function

F(x;m,\) = /(f fly;r, Ndy = 7(;’(:)@,

where -y is the lower incomplete gamma function. Here are some basic properties of the gamma function:

I(0.5) = v/,
rQ)=rz=1,
I'3) =2,
I"(00) = oo,
I'z4+1) =zl (z), z=>0,
I'(m+n) m+n—1
F(( T+ 1) :< ), m,n € N.

The form of the gamma distribution depends on both, the shape and rate parameter. For 0 < r < 1,
the density decreased monotonously and for r > 1 the density is a shifted bell curve with f(0) = 0 and
maximum value at (r — 1)/A.
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If r = 1, the gamma density is the density of the exponential distribution. If A = 1/2 and r = v/2
where v is a positive integer, the gamma density is the density of the chi-squared distribution with v
degrees of freedom.

The use of gamma distribution is shown by the following R code (Fig. A.15).

>
>
>
>
>
>
>
>
>

x <- seq( 0, 20, by=0.1)

gl <- dgamma( x, shape=0.5, rate=3 ) # lambda = 3

g2 <- dgamma( x, shape=1, rate=3 )

g3 <- dgamma( x, shape=10, rate=3 )

matplot( x, cbind(gl,g2,g3), type="1", col = c("red","black",'"green") )
Gl <- pgamma( x, shape=0.5, rate=3 ) # lambda = 3

G2 <- pgamma( x, shape=1, rate=3 )

G3 <- pgamma( x, shape=10, rate=3 )

matplot( x, cbind(F1,F2,F3), type="1", col = c("red","black","green") )

@ | =2
@ - f
a i
< H
g 8 o
$ g -
] o
B g =4
% 5 °
b
o
@
o
T T T T T T T T T
5 10 15 20 ¢ 5 10 15 20
X X

Fig. A.15. Gamma distributions with » = 0.5, 1, and 10, and A = 3.

The mean and variance of a random variable X which is gamma-distributed with shape parameter
r > 0 and rate parameter A > 0 are respectively

E[X] :% and Var(X):%.

The parameter of a gamma distribution can be estimated by the method of moments,

and

nz?

Yim (@i —2)?

']"A:

N nT
A==

Yy (i —T)?
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Example A.13 (R). Consider the durability (in hours) of ten pressure vessels under working condi-
tions. The sample data are given by the vector time.

> time <- c¢( 12.5, 13.7, 17.2, 10.4, 11.4, 18.1, 19.0, 20.1, 12.7, 11.9 )
> n <- length(time)

[1] 10

> m <- mean(time)

[1]1 14.7

> r.hat <- (n * m"2)/(sum((time-m)"2))

[1] 19.20459

> l.hat <- (n * m)/(sum((time-m)"~2))

[1] 1.306434

The calculation provides a gamma distribution with estimated parameters 7 = 19.20459 and A=
1.306434. ¢

Finally, we consider two continuous distributions that are used for statistical testing purposes. The
chi-squared distribution with v degrees of freedom, denoted by x?(v), is the distribution of a sum of
squares of v independent standard normal random variables. It is one of the most widely used probability
distributions in inferential statistics for hypothesis testing and in construction of confidence intervals.
The pdf of a x?(v) random variable X is

1
_ (v/2)—1_,—x/2
f(@) T(v/2)22" e zeR vzl
where I'(v/2) denotes the gamma function which has closed-form values for integer arguments.
The cdf of a chi-squared pdf with v degrees of freedom is

(%, 3)
r(s)’

(NI

F(z,v) =

where + is the lower incomplete gamma function. Tables of the chi-squared cdf are widely available in
all statistical packages. For instance, the 0.95-quantiles of the chi-squared distributions with degrees
for freedom v, where 1 < v < 10, can be calculated by R as follows,

> for (i in 1:10) print( gchisq( 0.95, i ))
[1] 3.841459
[1] 5.991465
[1] 7.814726
[1] 9.487729
[1] 11.0705
[1] 12.59159
[1] 14.06714
[1] 15.50731
[1] 16.91898
[1] 18.30704
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A x?(v) random variable X has respectively the mean and variance

E[X]=v and Var(X)=2v.

The use of x?(v) random variables is shown by the following R code (Fig. A.16).

>
>
>
>
>
>
>
>
>

The sum of independent chi-squared random variables is also chi-squared distributed. More specif-
., X, are independent chi-squared random variables with degrees of freedom vy, ..
respectively, then Z = X; + ... + X, is a chi-squared random variable with v + ... 4+ v, degrees of
freedom. Consider n independent and identically distributed chi-squared random variables Xj, ...
each of which with & degrees of freedom. Then the sample mean X = % >; X; is distributed according
to a gamma distribution with shape nv/2 and scale 2/n. If n goes to infinity, then by the central limit
theorem, the sample mean converges towards a normal distribution with mean v and variance 2v.
The Student’s t distribution emerges when the mean of a normal distributed population is to be
estimated in situations where the sample size is small and the population standard deviation is unknown.
Let Z be an N(0,1) random variable and V be a x?(v) random variable. If Z and V are independent,

ically, if X7, ..

x <- seq( 0, 20, by=0.1)

f1 <- dchisq( x, 2 ) # nu = 2

f2 <- dchisq( x, 5 )

£3 <- dchisq( %, 10 )

matplot( x, cbind(f1,£f2,£f3), type="1", col
F1 <- pchisq( x, 2 )

F2 <- pchisq( x, 5 )

F3 <- pchisq( x, 10 )

matplot( x, cbind(F1,F2,F3), type="1", col

c("red","black","green") )

c("red","black","green") )

chieguam pdfy
chlequarsfedf

Fig. A.16. Chi-square distributions.

the random variable
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has the Student’s t distribution with v degrees of freedom, abbreviated t(v). The density of a t(v)

random variable X is given by

r(v+1)/2) 1 1

1@ = =Fwp) Vo (1 22/n) e

reR, v>1.

The mean and variance of a t(v) random variable X are respectively

E[X]=0,v>1, and Var(X):LZ, v>2.

The use of Student’s ¢ random variables is shown by the following R code (Fig. A.17).

> x <- seq( -6, 6, by=0.1)

> fl <-dt(x, 3) #nu-=3

> f2 <- dt( x, 7 )

> £3 <- dt( x, 20 )

> matplot( x, cbind(f1,f2,f3), type="1", col
>

>

>

>

c("red","black","green") )
F1 <- pt(x, 3) #nu-=3

F2 <- pt(x, 7)

F3 <- pt( x, 20 )

matplot( x, cbind(F1,F2,F3), type="1", col = c("red","black","green") )

Shudent—ypdh
Sudart-bedh

Fig. A.17. Student’s ¢ distributions.
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A.5 Statistics

Let Xi,...,X, be a random sample from a distribution with cdf Fx(z) = P(X < z), pdf or pmf

fx, mean E[X] = px, and variance Var(X) = o%. Note that lowercase letters z1,...,z, denote an
observed random sample.
A statistic is a function T, = T,,(X1, ..., X,) of a sample. Important statistics are the sample mean
1 n
X=- 2 X,
i—

the sample variance

1 _
5% = X; - X)?
D NC TR
and the sample standard deviation S = v/ S2.
The empirical cumulative distribution function (ecdf) of Fx(x) = P(X < x) is the proportion of
sample points which fall into the interval (—oo, z]. That is, the ecdf of an observed sample x4, za, ..., 2,
with ordering z(1) < x(2) < ... < x(y) is given by

Q, if x < T(1),
F.(z) = %,if.’[}(i) S <zyry, 1<i<n-—1,
1, if T(n) <z

A statistic T}, is an unbiased estimator of parameter 0 if E[T,,] = 6. An estimator T, is asymptotically

unbiased for parameter 6 if
lim E[T,] =90.

n—oo

The bias of an estimator T,, for parameter 6§ is given by bias(T,) = E[T,] — 6.

Proposition A.14. The sample mean X is an unbiased estimator of the mean p = E[X], and the
sample variance S? is an unbiased estimator of the variance o = Var(X).

Proof. Since the random variables X1, ..., X,, are independent and identically distributed with mean
1, in view of the sample mean we have

Els?) = — B3 (X, - XV
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O

However, the statistic S is generally a biased estimator of ¢. Indeed, for any random variable X with
mean u, we have Var(X) = E[(X — p)?] = E[X?] — p. Thus Var(S) = E[S?] — E[S]? =0? - E[S]? >0
and hence E[S] < 0.

The mean-squared error (MSE) of an estimator T = T,, for parameter 6 is defined as

MSE(T) = E[(T — 6)?].

Note that for an unbiased estimator the MSE equals by definition the variance of the estimator. However,
if T is a biased estimator of 6, the MSE becomes larger than the variance. To see this, we have

B(T - 0)’] = E((T — E[T] + B[T] - 6)]
= E((T - E[T])*] + 2(E[T] — E[T])(B[T] - 0) + (E[T] - 0)?
= Var(T) + (E[T] — 0)?
= Var(T) + bias(T)?,

where bias(T) = (E[T] — 6)? is the bias of T and 6.

Example A.15 (R). The function fitdistr can be used to provide maximum likelihood fitting of the
geometric distribution.

> library(MASS)
> set.seed(123)
# generate random numbers
> x <- rgeom( 1000, prob=0.6 )
# maximum likelihood estimation
> z <- fitdistr( x, "geometric")
prob
0.61050061
(0.01204868)
# bias
> (z$estimate - 0.6)°2
[1] 0.0001102628

A.6 Method of Moments

The method of moments is a technique for the estimation of parameters. This is achieved by deriving
equations that relate the estimated moments of a sample set to the parameters of interest.
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Let X be a (discrete) random variable with pmf fx and k be a positive integer. Then the k-th
moment of X is defined as

pe = B[X*] = "ok fx(a).

Let Xi,...,X, be a random sample of independent and identically distributed random variables with
pmf fx and realizations z1,...,x,. Then the value

is the k-th sample moment, an estimate of py.
For instance, the first moment F[X] is the expected mean value and is estimated by

n
E ZT;.
i=1

SRS

,al =T =

Moreover, the second moment E[X?] is estimated by

1 n

~ E 2

Mo = ﬁ Z;.
i=1

Thus the expected variance 02 = Var(X) = E[X?] — E[X]? is estimated by

1 [ w— 1 (<& ?
ﬂ2—ﬂ%:E ;xf—n<2%>
1= 1=

Example A.16 (R). The method of moments is used to estimate the mean value and the variance of
a sample set that has a standard normal distribution.

> n <- 1000

> data <- rnorm( n, mean=0, sd=1 )
> ml.hat <- sum(data)/n

[1] 0.02451518

> m2.hat <- sum(data"2)/n

[2] 1.039528

> var.hat <- m2.hat - ml.hat"2

[2] 1.038927

The method of moments can be used as a first approximation to the solution of the likelihood
equations and further improved approximations can be derived by numerical methods. On the other
hand, the maximum likelihood method may lead to better results. But in some cases the maximum

likelihood method may be intractable whereas estimators from the method of moments can be efficiently
established.
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A.7 Maximum-Likelihood Estimation

Maximum-likelihood estimation is a method of estimating the parameters of a statistical model given
sample data.

Let Xq,...,X, be random variables with parameter or parameter vector # € ©, where © is the
parameter space of possible parameters. The likelihood function L(0) of random variables X1,..., X,
with realizations x1,...,x, is defined as the joint density

If X1,...,X, are a random sample of independent and identically distributed random variables with
density f(x|6), then

n

L(9) = [ £(il0).

=1

A mazimum likelihood estimate of 6 is a value or vector f which maximizes L(0). That is, 0 is a solution
of the maximization problem

L(é) = f(xl,...,mn|é) = max{f(z1,...,2,|0) | 0 € O}.

If the estimate 0 is uniquely determined, then @ is the mazimum likelihood estimator (MLE) of 6.
If the parameter space © is an real-valued interval in R and the function L(#) is differentiable and
takes on a maximum on @, then 6 is a solution of
d

L) =o.

Since the logarithm function is monotonous and differentiable, it is often easier to consider the log-
likelihood function
£(0) = log L(0).

The maximum likelihood estimates of L(#) and () are the same. In particular, if X;,..., X, are a
random sample of independent and identically distributed random variables with density f(z|@), then
the log-likelihood function becomes

£(6) = log L(6) = log (i 6).

The maximum likelihood estimates can often be determined analytically. If not, numerial optimization
or other computational methods like heuristics can be used.

Example A.17 (R). Let X;,...,X,, be a random sample with density

f(z]0) = ge_‘%, r € R,

and realizations x1,...,x,. The likelihood function is
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L(0) = o0z 7 Ozt tan)
( ) 11;[1 26 2ne
and the log-likelihood function is
£(0) =nlogf —0(xy + ... +x,) —log2".

The first derivate of £(6) gives the equation

d n
The unique solution provides the MLE
G
1+ ... +x,

which amounts to the reciprocal sample mean. A numerical solution in R can be obtained as follows.

# numerical optimization

x <- ¢( 0.25,0.41,0.37,0.54 )

minus log-likelihood of demnsity, initial value theta=1

mlog <- function(theta=1) { return( -(length(x) * log(theta) - theta * sum(x) )) }
library( stats4d )

y <- mle( mlog )

summary( y )

vV V.V V ®% V

Call:
mle(minuslogl = mlog)

Coefficients
theta
2.547728
# analytic optimization (above)
> opt-theta <- length(x) / sum(x); opt-theta
[1] 2.547771

¢
Example A.18 (R). Let Xi,...,X, be a random sample of independent and poisson identically
distributed random variables with parameter A > 0 and realizations z1, ..., z,. The likelihood function
is
Az1+n~+zn
L) =eN ——

and the log-likelihood function is
l(A\) =log L(\) = —nA+ (x1 + ... + ) log A — log(zq! - - - x,,!).

Then
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implies
;\ oz + ...+ x,
R —

The function fitdistr provides maximum likelihood fitting of the poisson distribution.

> library(MASS)
> set.seed(123)
# generate random numbers
> x <- rpois( 1000, lambda=5 )
# maximum likelihood estimation
> fitdistr( x, "poisson" )
# output: estimate, sd, vcov, loglik

lambda
5.01000000
(0.07078153)
> mean(x)
[1] 5.01

¢

Suppose the density is a multivariate function f(x1,...,2,|0), where 6 is a vector in R?, the param-

eter space © is an open subset of R%, and the derivatives of the maximum likelihood function L() exist
in all coordinates. Then the maximum likelihood estimate 6 has to fulfill simultaneously d equations

= <17 <d.
Sg L0 =0, 1<i<d

This gives a system of d equations in d unknowns.

Example A.19 (R). Let X1,...,X,, be a random sample of independent and identically distributed
normal random variables with parameters p and o and let z1,...,x, be a realization. Then the likeli-

hood function is .

K2

and the log-likelihood function is
_n n 9 1 < 9
Up,0) = *510g(27r) - §1oga T 992 ;(% — )

Then the partial derivatives give

and
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0 n 1< 9

Thus the maximum likelihood estimates are

R 1+ ... +x,
=

and

i=1

The function fitdistr provides maximum likelihood fitting of the normal distribution.

library (MASS)

set.seed(123)

generate random numbers

x <- rnorm( 1000, mean=80, sd=15 )
maximum likelihood estimation
fitdistr( x, "normal")

output: estimate, sd, vcov, loglik

= V % V # V V

mean sd
80.3936556 15.1467157
(0.4789812) (0.3386909)

A.8 Ordinary Least Squares

In statistics, ordinary reast squares (OLS) is a method for estimating the unknown parameter in a
linear or nonlinear regression model.

Example A.20 (R). In the classical linear regression model, consider sample data consisting of n
observations (x;,¥;), 1 < i < n. The response variable is a linear function of the independent variable

Yy = o+ B, 1<i<n.

The ordinary least squares approximation seeks parameters o and 8 such that the following expression

becomes minimal,
n

S(a,8) = 3 (i — (o + Bai))™.
i=1

We have
oS

Ja —2;(% —a— fx;)

and
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% =-2 ;(yz —a— fx;)x;.

By setting both derivatives to zero, we obtain

Z?:1<xi —Z)(yi — 7)
>y (i =)

B =

and A

G =79 — p7.
The following data are pertubed with white noise and the parameters of the linear regression model
are calculated by using a linear regression model.

> x <- seq( 0, 10, by=0.1)

> n <- length( x )

> set.seed(210)

> e <- rnorm(n, mean=0, sd=1 ) # white noise
>y <= 10 + 2*x + e

>Im(y ™~ x) # linear model

Call
Im(formula) =y ~ x)

Coefficient
(Intercept) X
10.160 1.971
Thus we obtain & = 10.160 and 3 = 1.971 (Fig. A.18). &

Example A.21 (R). In the nonlinear regression model, take sample data consisting of n observations
(z4,9i), 1 <i < n. The response variable is an exponential function of the independent variable

yi =pre P27, 1<i<n.

The least squares approximation seeks parameters p; and ps such that the following expression becomes

minimal,
n

e\ 2
E(p1,p2) = Y (yi —pre 7")
i=1
The following data are pertubed with white noise and the parameters of the regression model are
calculated by using a nonlinear regression model.

x <- seq( 0, 10, by=0.1)

n <- length( x )

set.seed(210)

e <- rnorm(n, mean=0, sd=1 ) # white noise
y <= 10/exp(0.5%x) + e

V V V Vv V
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> nls( y ~ pl/exp(p2*x) , start=list(pl=1,p2=1) ) # nonlinear model
Nonlinear regression model
model: y ~ pl/exp(p2 * x)
data: parent.frame()
pl p2
10.2135 0.1044
residual sum-of-squares: 107.1

Number of iterations to converge: 7
Achieved convergence tolerance: 5.338e-08

Thus we obtain p; = 10.2135 and py = 0.1044 (Fig. A.18). &
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Fig. A.18. Sample data from linear and nonlinear regression model with white noise.

A.9 Parameter Optimization

The language R provides several functions for one- and two-dimensional parameter optimization. For
the optimization of univariate functions, the function optimize can be used.

Example A.22 (R). Consider the real-valued function

fla) = log(2 + log(x))

> 0.
log(2+z) ~’ =

The graph of the function f(z) is shown in Fig. A.19. The drawing of the function in the interval [1, 10]
can be done by the following code.
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080 082 084 086 069 070

Fig. A.19. Graph of function f(z).

> x <- seq( 1, 10, 0.01 )
> y <- log(2+log(x))/log(2+x)
> plot( x, y, type="1", xlab="x",ylab="P(x)" )

As can be seen, the optimum lies in the interval [2,4]. Therefore, we apply the function optimize
to this interval. The default is to minimize the function. To maximize f(z), set maximize to TRUE.

The following code yields the optimal parameter value & = 2.090302 and the optimal function value
f(&) = 0.714867.

> f <- function( x )

+ log(2+log(x))/(log(2+x))

> optimize( f, lower=2, upper=4, maximum=TRUE )
$maximum

[1] 2.090302

$objective

[1] 0.714867

For the optimization of bivariate functions, the function optim can be used.

Example A.23 (R). Let X,...,X,, be a random sample of independent and identically distributed
random variables from the gamma(r, ) distribution with shape parameter » > 0 and rate parameter
A >0, and let z1,...,x, be a non-negative realization. Then the likelihood function is

A -
L(r,\) = T H zltexp (—/\ Z a:i>
i=1 i=1

and the log-likelihood function is
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L(r,\) =nrlogA—nlogI'(r) + (r — 1) Zlogwi - )\in.
i=1 i=1

The problem to maximize the log-likelihood function with respect to r and A is a two-dimensional
problem. The log-likelihood function can be implemented as follows.

LogL <- function( theta, sx, slogx, n ) {

+ r <- thetall]

lambda <- thetal[2]

val <- nxrxlog(lambda)+(r-1)*slogx - lambda*sx - n*log(gamma(r))
-val

}

Note that function optim performs minimization by default and therefore the return value is —¢(r, A).
Initial values need to be chosen with care. For this problem, the method of moments can be used for
the initial values of the parameters. For simplicity, the initial values are set to r = 1 and A = 1. In
the following, = denotes a random sample of length n = 200. Then the parameter estimation can be
achieved as follows.

> n <- 200
> r <- 5; lambda <- 2
> x <~ rgamma( n, shape=r, rate=lambda )
> optim( c(1,1), LogL, sx=sum(x), slogx=sum(log(x)), n=n )
$par
[1] 5.094346 2.052238
$value
[1] 289.0687
$counts
function gradient
75 NA
$convergence
[11 o
$message
NULL

The result shows that the optimization method (Nelder-Mead as default) converges successfully to the
maximum likelihood estimates # = 5.094346 and A = 2.052238. The error code $convergence is 0 for

successful runs and otherwise indicates a problem.
Now the procedure is repeated 1,000 times to provide better parameter estimates.

+ 4+ + +

> test <- replicate(1000, expr = {

+ x <- rgamma(200, shape=5, rate=2)
+ optim( c(1,1), LogL, sx=sum(x), slogx=sum(log(x)), n=n )$par
+ b

> colMeans(t(test))
[1] 5.042200 2.019213

The output exhibits the average estimated values which are slightly better than the parameter values
established in one run. &
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Spectral Analysis of Ranked Data

Human and particularly US Americans seem to be unable to avoid ranking things. Top Five/Ten/Twenty/Hundred
lists are plentiful: Best (Worst) Dressed, Best Suburbs, Most Watched Movies, Videos, Best Football

Teams, and so on. Rankings have very serious uses as well. Companies need to know what products
consumers prefer, social and political leaders need to know what the society values, and elections need

to be conducted. Data consisting of ranking appear in Psychology, Animal Science, Educational Test-

ing, Sociology, Economics, and Biology. Indeed, for almost any situation where there are data it can be

helpful to transform the data into ranks. This chapter is aimed at preference rankings.

B.1 Data Analysis

Data sometimes come in the form of ranks or preferences. A group of people may be asked to rank order
five brands of chocolate chip cookies. Each person tastes the cookies and ranks all five. This results in
a ranking (1), 7(2), 7(3), m(4), and 7(5), with 7 (i) the rank given the ith brand. The collection of
rankings then makes up the data set. Elections are also sometimes based on rankings. For instance, the
American Psychological Association asks its members to rank order five candidates for president. An
analysis of the data from one such election is presented in this chapter.

Almost anyone analyzing ranked data looks at simple averages such as the proportion of times each
item was ranked first or last and the average rank for each item. These are first order statistics since
they are linear combinations of the number of times item ¢ was ranked in position j. There are also
natural second order statistics based on the number of times items ¢ and 7’ are ranked in positions 7 and
j'. These come in ordered and unordered modes. Similarly, there are third and higher order statistics
of various types.

A basic paradigm of data analysis is to take out some found structure and to look at the rest. Thus to
look at second order statistics it is natural to subtract away the observed first order structure. This leads
to a natural decomposition of the original data into orthogonal parts. The decomposition is somewhat
more complicated than standard analysis of variance decompositions because of the dependence inherent
in the permutation structure.

Example B.1. In a study, responses of 2,262 German citizens were asked to rank order the desirability
of four political goals (1989):
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1. Maintain order;

2. give people more say in government;
3. fight rising prices;

4. protect freedom of speech.

The data appear as
1234 137 2134 48 3124 330 4123 21
1243 29 2143 23 3142 294 4132 30
1324 309 2314 61 3214 117 4213 29
1342 255 2341 55 3241 69 4231 52
1423 52 2413 33 3412 70 4312 35
1432 93 2431 39 3421 34 4321 27
875 279 914 194 2262

Thus 137 people ranked (1) first, (2) second, (3) third, and (4) fourth. The marginal totals show people
thought item (3) is most important (914) and ranked it first. The first order summary is the 4 x 4
matrix,

875279914 194
746 433 742 341
345 773 419 725
296 777 187 1002

The first row shows the number of people ranking a given item first, while the last row exhibits the
number of people ranking a given item last. The data was collected in part to study whether the popu-
lation could be usefully broken into ”liberals” who might favor items (2) and (4), and ” conservatives”
who might favor items (1) and (3). &

F:

Example B.2. The American Psychological Association (APA) is a large professional organization of
academicians, clinicians, and all shades in between. The APA elects a president every year by asking
each member to rank order a slate of five candidates. There were about 50,000 APA members in 1980
and about 15,000 members voted. Many members cast incomplete ballots, voting for their favorite g
of five candidates, 1 < ¢ < 3. These ballots are illustrated in Table B.1. For instance, 1022 members
ranked candidate 5 first and left the other unranked, while 142 members ranked candidate 5 first
and candidate 4 second; zeros and blanks indicate unranked candidates. Moreover, the 5738 complete
ballots are tabulated in Table B.2. For instance, 29 members ranked candidate 5 first, candidate 4
second, candidate 3 third, candidate 2 fourth, and candidate 1 fifth. In the next section, we will mainly
consider useful summaries of these data given by simple averages (first order effects).

The APA chooses a winner by the Hare system also known as proportional voting: If one of the five
candidates is ranked first by more than half of the voters, the candidate wins. If not, the candidate
with the fewest first place votes is eliminated, each of the remaining candidates is reranked in relative
order and the method is inductively applied. Candidate 1 is the eventual winner here. &

B.2 Representation Theory for Partial Rankings

Consider a list of n items. Let A be a partition of n. A partial ranking of shape X is specified according
to the following instructions: Choose your favorite A; items from the list but do not bother to rank
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Table B.1. APA election data; incomplete ballots; 5,141 votes (¢ = 1) and 2,462 votes (¢ = 2).

qg=1 q=2
ranking votes ranking votes
1 1022 21 143
10 1145 12 196

100 1198 201 64
1000 881 210 48
10000 895 102 93

120 56
2001 70
2010 114
2100 89
1002 80
1020 87
1200 51

20001 117
20010 104
20100 547
21000 72
10002 72
10020 74
10200 302
12000 83

within. Then choose your next A, favorite items from the list but do not rank within and so on. Such
partial rankings can be written as A-tabloids such as

135

27 b
where the items 1, 3, 5 are ranked first and items 2, 4 are ranked second.
With this interpretation, the set of all partial rankings of shape A forms a basis of the permutation
module M*. Moreover, the elements of the R-space M* can be considered as the set of all real-valued

functions f on partial rankings given as linear combinations of partial rankings,
F=> 1T} firy €R.
{1}

There is a simple method for computing the projection of a permutation module onto its isotypic
subspaces. This involves the character table of the group.

Theorem B.3. Let \ and p be partitions of n. The orthogonal projection of an element f € M> onto
the isotypic subspace V' is the function

Futw) = XU S~ o) pa (@),

n:
TESR
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Table B.2. APA election data; complete ballots; 5,738 votes.

ranking votes ranking votes ranking votes ranking votes
54321 29 43521 91 32541 41 21543 36
54312 67 43512 84 32514 64 21534 42
54231 37 43251 30 32451 34 21453 24
54213 24 43215 35 32415 75 21435 26
54132 43 43152 38 32154 82 21354 30
54123 28 43125 35 32145 74 21345 40
53421 57 42531 58 31542 30 15432 40
53412 49 42513 66 31524 34 15423 35
53241 22 42351 24 31452 40 15342 36
53214 22 42315 51 31425 42 15324 17
53142 34 42153 52 31254 30 15243 70
53124 26 42135 40 31245 34 15234 50
52431 54 41532 50 25431 35 14532 52
52413 44 41523 45 25413 34 14523 48
52341 26 41352 31 25341 40 14352 51
52314 24 41325 23 25314 21 14325 24
52143 35 41253 22 25143 106 14253 70
52134 50 41235 16 25134 79 14235 45
51432 50 35421 71 24531 63 13542 35
51423 46 35412 61 24513 53 13524 28
51342 25 35241 41 24351 44 13452 37
51324 19 35214 27 24315 28 13425 35
51243 11 35142 45 24153 162 13254 95
51234 29 35124 36 24135 96 13245 102
45321 31 34521 107 23541 45 12543 34
45312 54 34512 133 23514 52 12534 35
45231 34 34251 62 23451 53 12453 29
45213 24 34215 28 23415 52 12435 27
45132 38 34152 87 23154 186 12354 28
45123 30 34125 35 23145 172 12345 30

B.4. First Order Projection — Winner-takes-it-all The simple choice of 1 out of n leads to a
partial ranking of shape (n — 1,1). The real-valued functions on the corresponding permutation module

M@=LY) gre of the form

The module M=V has the splitting
M(nfl,l) _ S(n) @ S(nfl,l)'

The data vector f € M"=1Y has the decomposition f = F 4 (f — F), with F = (f(1)+...+ f(n))/n.

In view of the APA election data with ¢ = 1 and 5,141 items given in Table B.1, we obtain F' =
5,141/5 = 1,028. The projection onto the isotypic submodule S merely amounts to subtracting the
number of rankers divided by 5 from the original data vector,
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Candidate Projection
onto S+ 1)
—133
—147

170

117

—6

U W N =

It follows that candidate 3 is the most popular followed by candidate 4. &

B.5. Second Order Projection — Unordered Pairs The choice of an unordered pair out of n
amounts to a partial ranking of shape (n — 2,2). The real-valued functions on the corresponding per-
mutation module M (=22 are given as

= f{i,i}) f({i, j}) e R.

— i ’
i, —
The associated permutation module has the decomposition
M=22) = () o g(n—1,1) o g(n—2,2)

The projection onto the trivial submodule S is the mean F = > f{i,j})/n(n—1). Moreover, the
projection onto the submodule S =11 is given by f(i) = >, f({i,j}) — F1 with Fy =Y, . f({i,j})/n,
1 < i < n. The projection onto the submodule S("~22) is what is left after the mean and the popularity
of individual terms are taken out. The first order analysis gives

Candidate  Projection
onto §(»—1.1)
939
154
758
839
343

T W N -

Thus there is a slight difference in the first order statistics when compared with the previous statistics.
Candidate 1 is the most popular followed by candidate 4, while candidate 3 is only third ranked. ¢

B.6. Second Order Projection — Ordered Pairs The choice of an ordered pair out of n gives rise
to a partial ranking of shape (n — 2,12). The real-valued functions on the corresponding permutation

module M™=21") are defined as

The corresponding permutation module splits as follows,

M(n—2,12) _ S(n) P2 S(n—l,l) e S(n—2,2) e S(n—2,12).
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The two copies of the space S"~11) provide the effect of an item in first and second position. The
projection onto the subspace S("~22) describes an unordered pair effect, while the projection onto
§(n=2,1%) gives an ordered pair effect.

The projection onto the trivial submodule S is the mean F = >, f(i,3)/n(n —1). Moreover,
the projection onto the two submodules S("~11) accounts for the position one and two. Furthermore,
the projection onto the submodule S(~22) provides an unordered pair effect, while the projection onto
the submodule S(m=21) yields an ordered pair effect after the mean, first order and unordered pair
effects were removed.

In view of the APA election data with ¢ = 2 and 2,462 items given in Table B.1, we obtain
F = 2,492/20 = 123. The projection onto first and second submodule S+ amounts to counting the
number of votes for candidate i to be ranked first and second, respectively, and subtracting the number
of rankers divided by 5,

Candidate Projection Projection
onto 1st S™~11 onto 2nd S—1.1

1 39 348

2 —201 —135

3 291 —26

4 -29 =31

5 —97 —50

The first order statistics ranks candidate 3 first and candidate 1 second. &

B.7. Complete Ranking The partition (1™) with all parts equal to 1 corresponds to complete rank-
ings. The associated permutation module M (") is isomorphic to the group algebra of the group S,,.
Thus the real-valued functions on complete rankings can be written as

f=> fmm, f(m)eR.

TESy

The permutation module has the decomposition

M) = P (dim §7)5*.
A

For instance, the decomposition of the permutation module for the complete rankings of n = 5 items
is given as

MO — 63 @ 4. 54D 55. 562 @6. 561 @5. 55D g 4. §@1) g g0,

The four copies of the submodule S™*1 provide the effect of an item in one of the five positions; only
four of these positions are independent.

In view of the APA election data, there are 5,738 complete ballots given in Table B.2. The projection
onto the trivial module S is imply the mean, and the projection onto the four copies of the submodule
S@ 1) providing the first order effects is given in Table B.3. This table shows the percentage of voters
ranking candidate ¢ in position j. Thus, candidate 3 is the most popular, being ranked first by 28% of
the voters, but candidate 3 also had some hate vote. Candidate 1 is strongest in the second position, she
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Table B.3. First order statistic: Percentage of voters ranking candidate 4 in position j.

rank
candidate 1 2 3 4 5
1 18 26 23 17 15
14 19 25 24 18
28 17 14 18 23
20 17 19 20 23
20 21 20 19 20

Tt W N

has no hate vote and a lower average rank than candidate 3. The voters seem indifferent on candidate 5.

¢
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C

Representation Theory of the Symmetric Group

C.1 The Symmetric Group

A function from the set [n] = {1,...,n} onto itself is called a permutation of n, and the set of all
permutations of n, together with the usual composition of functions, is the symmetric group of degree
n, which will be denoted by S,,. The symmetric group S,, has n! elements. If X is a subset of [n], then
Sx denotes the subgroup of .S, that fixes every number outside of X.

A permutation 7 of S, is generally written in two-row format

(1 2 3 ..
AT w(2) w(3) ... 7(n) )
By consider the orbits {i, (i), 72(i), ...}, i € [n], of the group generated by a permutation 7, it follows
that 7 can be written as a product of disjoint cycles, as in the example

(3115657) = 126800

We usually suppress the 1-cycles. A permutation 7 that interchanges different numbers a, b and leaves
the other number fixed, is called a transposition and is written as @ = (ab). Since the cycle (iyia ... i)
equals the product (i1i2)(i1i3) ... ({17%), any cycle, and hence any permutation, can be written as a
product of transpositions.

Moreover, if 1 = 0103...0r = T T2 ...T; are two ways of writing 7 as a product of transpositions,
then it can be proved that k — [ is even. Hence, the signature function sgn : S, — {£1} such that
sgn(m) = (—1)*, when 7 is a product of k transpositions, is well-defined. We have 7(1) = 1. For any
two permutations o and 7 of n, which are products of k and [ transpositions, respectively, sgn(or) =
(1) = (=1)% . (=1)! = sgn(o)sgn(7). Thus the sign mapping is a homomorphism. It follows that
for any permutation 7 of n, we have 1 = sgn(1) = sgn(r~17) = sgn(7~!)sgn(rn) and thus sgn(m)~! =
sgn(m~h).

Two permutations o and 7 of n are called conjugate if there exists a permutation 7 of n such
that 7 = mom~!. Conjugation is an equivalence relation on the set of permutations of n, and the
corresponding equivalence classes are called the conjugacy classes of n.
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A sequence A = (A1, Ag,...,) of non-negative integers such that ) .\, = n is called an improper
partition of n. An improper partition A of n is called proper if the entries are monotonically decreasing;
that is, Ay > Ay > .... Proper partitions are also simply called partitions. A partition is usually written

as a finite sequence in which trailing zeros are deleted, such as (4,2,2,1,0,0,...) = (4,2,2,1) = (4,22, 1).
If X\ is a partition of n such that A,, > 0 and A,,+s = 0 for all s > 1, then X is called a partition of n
into m parts.

Let A\ be a partition of n. A permutation 7 is said to have cycle-type A if the orbits of the group
generated by 7 have lengths Ay > X2 > .... For instance, the permutation (12)(3456)(7) has the
cycle-type (4,2,1).

Let P, denote the set of all partitions of n. Consider the map that assigns to each permutation
7w of n the corresponding cycle-type in P,. This map is onto since each partition A of n gives rise to
a permutation m# = (1,...,A1)(A1 + 1,...,A\1 + A2) ... of n that has cycle-type A. For instance, the
partition (3,2,1) gives rise to the permutation (123)(45)(6). Moreover, for each cycle (i1, ...,i;) and
each permutation 7 of n, we have

7T(i1, e ,ik)ﬂ_l = (F(il), NN 77T(7;]€)).

Thus a permutation of n and all of its conjugate permutations have the same cycle-type. Conversely, sup-
pose ¢ and 7 are permutations of n having the same cycle-type A. Write o = (...) ... (41,...,%%) ... (-..)
and 7= (...)...(J1,.--,Jk) ... (...). Then the permutation 7 of n that assigns i; — j; has the property
7 =mon~ !, and thus 7 and 7 are conjugate. It follows that the map is also one-to-one. Thus we have
shown the following

Proposition C.1. The number of conjugacy classes of S, equals the number of partitions of n.

Let K be a field. The group algebra KS,, is a vector space over K with the elements of S,, as a basis.
The elements of KS,, are written as linear combinations of the elements in .S,, with coefficients in K,

Z arm, ap €K (C.1)

TES,
The addition of two elements in the group algebra is given as
(Z a,rﬂ') + <Z bﬂr) = Z (an + br)m. (C.2)
TESR TESn TESR

This vector space has the dimension |S,| = n!. The multiplication in the group algebra is defined by
linear extension of the group multiplication as

<Z aﬂﬂ> (Z boa) = Z arbymo = Z (Z aﬂ—bﬂ-lo-0'> ) (C.3)
TESy oES, T,0€ES, o€S, \weS,

This multiplication is associative and turns the group algebra KS,, into a unitary ring. Notice that the
group algebra KG of any finite group G is similarly defined.
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C.2 Diagrams, Tableaux, and Tabloids

Let A be a partition of n. The diagram of A is the set
A ={@4) li>1,1<j< N}

Each element (4, ) in [\] is called a node. The kth row (column) of a diagram consists of those nodes
whose first (second) coordinate is k. For instance, the diagram of the partition A = (4,22%1) is

X X X
X

="

X X X X

Let A and p be partitions of n. We say that A dominates u, briefly A> u, provided that for all & > 1,

k k
Z Ai > Z -
i=1 i=1

For instance, we have (6) > (5,1) > (3,3) > (3,2,1) > (3,13) > (22,1%) > (2, 1*) > (19).

Moreover, we write A > p if the least number j for which A\; # p; satisfies A; > ;. This is a total
order and called the dictionary order on partitions of n. The dictionary order contains the dominance
order in the sense that A > y implies A > p. For instance, we have (3,1%) > (23) but (3,1%) &(2%).

Let [A] be a diagram. The conjugate diagram [\'] is obtained by interchanging the rows and columns
in the diagram [A]. The corresponding partition A of n is called the partition conjugate to A. For
instance, if A = (4,2'1) then X' = (4, 3,1?). Notice that the part A} in X’ is the number of parts A; in A
that are greater than or equal to i. The conjugate partition of a proper partition is also proper.

Proposition C.2. We have A > pu if and only if u/ > .

Proof. Let A > p. There exists an index k such that A\; = p,; for 1 <¢ <k —1 and Ay > pg. Then A},
the number of parts A; with \; > k, is less than p,, the number of parts p; with p; > k. Thus p/ > .
The converse follows by using the identity (\')" = A. O

Let A be a partition of n. A A-tableau is a bijection T : [A] — [n]. Graphically, a A-tableau is an array
of integers obtained by replacing each node in the diagram [A] by an integer in [n] without repeats. For
instance, two (4,22, 1)-tableaux are

1234 2631
56 94
78 and oo
9 7

A tableau is called row-standard if the entries increase along the rows. For instance, the first of the
above tableaux is row-standard, the second is not.

C.3. Basic Combinatorial Lemma Let A and p be partitions of n, and suppose T is a A-tableau
and 7" is a p-tableau. If for each i > 1, the entries in the ith row of T” belong to different columns of
T, then A > p.
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Proof. ITmagine we can place the pq numbers from the first row of 7" into the diagram [A] such that no
two numbers are in the same column. Then [A] must have at least p; columns; that is, Ay > uq. Next
we insert the o numbers from the second row of T” into different columns. To have space to do this,
we require that Ay + Ao > 1 + po. By continuing in this way, we obtain A > p. &

The symmetric group S, acts on the set of A-tableaux in a natural way. Given a A-tableau T and
a permutation m of n, the composition of the functions T" and =« gives the A-tableau nT'. For instance,
the permutation (1264)(3)(5978) sends the first of the above tableaux to the second.

Let T be a A-tableau. The row stabilizer R(T) of T is the subgroup of S,, that keeps the rows of T
fixed setwise; that is,

R(T) = {0 € Sy, | Vi : i and o(i) belong to same row of T'}.
The column stabilizer C(T) of T is similarly defined. For instance, the tableau

2631

94

=85
7

T

has the row stabilizer R(T) = S{1,2.3,6y © Sa01 © Sgs.81 @ Sy7y and the column stabilizer C(T') =
S(2,7.89) D S{a5.6) © S(3y & Spuy-

The row and column stabilizers are Young subgroups of S,,. Generally, given a partition X =
{X1,..., Xy} of the set [n] into disjoint non-empty subsets. The Young subgroup Sx is given by the
product group

Sx ZSX1 EB...EBSXM
where S, is a subgroup of 5, leaving all elements outside of X; element-wise fixed. In particular, each
partition A of n has an associated canonical Young subgroup

Sx=501,..201 P - BSDd1atre} B
Lemma C.4. Let T be a A-tableau.

e For each permutation m of n,
C(rT) =nC(T)r~' and R(zT)=nwR(T)r "

e C(T)NR(T)=1.
o The row and colum stabilizer of T are subgroups of Sy, that are conjugate of Sy and Sy/, respectively.

Define an equivalence relation on the set of all A-tableaux. Two A-tableaux T7 and Ty are called
equivalent, if there is some permutation 7 € R(T}) such that 777 = Ts. The equivalence classes are
called tabloids, and the equivalence class containing the tableau 7" is denoted as {T'}. A tabloid can be
considered as a tableau with totally ordered row entries. For instance, the (3,2)-tabloids are

123 124 125 134 135
45 35 '34 025 24

145 234 235 245 345
23 15 11 13 12




C.3 Permutation Modules 261

The group S, acts on the set of A-tabloids by
m{T} ={nT}, =e€S,, T \tableau.

This action is well-defined, since {11} = {T%} implies T5 = ¢T; for some permutation o € R(T1). By
Lemma C.4, for each permutation m € S,,, mor~! € R(xTy) and thus {711} = {(ror~1)(zT1)} =
{7TT2}.

C.3 Permutation Modules

Let K be a field. For each partition \ of n, we consider the vector space M* over K whose basis elements
are the A-tabloids; that is,

M* = PK{T}.
{1}
The action of the symmetric group S,, defined on tabloids can be linearly extended on the space M?*
as follows,

(Z lm> : Z Ky {T} | = Z Z knkirym{T}.

{1} ™ {T}

This action turns M? into a KS,-module.
Let T be a A-tableau, whose row stabilizer is Sy. Take a set of left coset representatives o1,...,0;
of the subgroup S) in S,. This gives the decomposition

S, =o01S\U...Uag;S,.
Form the [ elements

Claim that these elements are linearly independent over K. Indeed, given a linear combination
Yoikioi{T} =0, k; € K, 1 <@ <, each term k;0;{T} must be zero, since the tabloids involved
are pairwisely different. Moreover, claim that these elements form a basis of M*. Indeed, it suffices to
show that for any element 7 € S,,, mo;{T'} is a linear combination of the elements of the set. For this,
observe that mo; = o;7 for some 7 € S and some unique o; so that 7o, {T'} = 0;7{T} = 0;{T'}. This
proves the claim.

Proposition C.5. The space M* is a cyclic KS,-module generated by any one \-tabloid, and the
dimension of M is
n
dimg M* = :
T ()\1,)\27...)

Proof. In view of the above basis of M?*, we have M* = KS,{T} for any A\-tabloid {T'}; that is, M* is
cyclic. The dimension of M* equals the number of coset representatives of Sy in S,,.
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For instance, the space M2 has dimension 10; the (3,2)-tabloids were given in the previous Section.
A bilinear form on the space M* can be defined by setting

{11}, (1)) = {1 {1} = {Tz},

0 otherwise.

This bilinear form is symmetric and makes the set of A-tabloids an orthonormal basis of M*. This form is
non-singular (i.e., for each non-zero element m in M there is an element m’ in M with (m, m') # 0), and
associative (i.e., for all tabloids {71}, {72} and permutations 7 of n, (x{T1},m{T2}) = {T1},{Tx})).
It follows that the group S,, operates as a group of orthogonal transformations on the space M.

C.4 Specht Modules

Let T be a A-tableau. The signed colum sum of T is an element of the group algebra K.S,, that is obtained
by summing the elements in the column stabilizer of T, attaching the signature to each permutation,

Kp = Z sgn(o)o.

ceC(T)

The polytabloid associated with the tableau T is a linear combination of A-tabloids that is obtained by
multiplying the tabloid {7’} with the signed column sum,

er =rp{T}= > sgn(o)o{T}.

oceC(T)
The polytabloid ez depends on the tableau T not just on the tabloid {T'}.

135

Example C.6. Take the tableau T = 94

. The corresponding signed column sum is

rr = (1= (12))(1 = (34)) = (1) — (12) — (34) + (12)(34)

and the associated polytabloid is

_ 135 235 145 245
T4 14 23 T In

¢

The practical way of writing down the polytabloid e is to permute the numbers in the columns of
the tableau T in all possible ways, attaching the signature to each permutation, and then permuting
the positions of T accordingly.

The Specht module for the partition X is the submodule S* of M* spanned as a vector space by the

polytabloids,
S)\ = @ K@T .
T A—tableau
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Proposition C.7. The Specht module S* is a cyclic KS,-module generated by any one polytabloid.

Proof. Let T be a A-tableau. For each permutation 7 of n, we have

exr = Z sgn(o)o{rT}

oeC(nT)

= Z sgn(ron Nmon T}

oeC(T)

T Z sgn(o)o{T}
oceC(T)
= Ter.

It follows that S* is a cyclic module. &

Lemma C.8. Let A and p be partitions of n. If T is a A-tableav and T’ is a p-tableau such that
kr{T'} =0 then A> u. In particular, if A\ = p then kp{T'} = £rp{T} = xer.

Proof. Let i and j be two numbers in the same row of 7”. Then we have
(1= @HHT'} ={T"} = (iH){T"} = 0.
Suppose ¢ and j are in the same column of 7. Then we can find coset representatives o1, ..., o for the
subgroup U = {1, (ij)} of the column stabilizer of T such that
kr = [sgn(o1)or + ... +sgn(og)ok][1 — (i7)].

Then it follows that kr{T'} = 0 contradicting the hypothesis. Thus we have shown that the numbers
in the same row of T” belong to different columns of T'. Hence, the basic combinatorial lemma gives
AD .

If A = p, then by construction {7} is one of the tabloids involved in kp{T}. Thus {T"} = o{T}
for some column permutation o in C(T). It follows that kr{T'} = kpo{T} = £rr{T}. O

Corollary C.9. If m is an element of M and T is a A-tableau, then kpm is a multiple of er.

Proof. By Lemma C.8, for each A-tabloid {T"}, kr{T"} is a multiple of er. But m is a linear combination
of A-tabloids and thus m is a multiple of er. &

Let m,m’ € M* and T be a p-tableau. By the properties of the bilinear form on M?*, we have

<HTma m/> = Z <Sgn(0)0m, ml>
oceC(T)

= Z (m,sgn(o)otm') (C.4)

ceC(T)

= Z (m,sgn(c)om’)

ceC(T)

= Z (m, krm').

oeC(T)
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C.10. Submodule Theorem If U is a KS,,-submodule of M*, then either U D S* or U C S)‘L.

Proof. Let u € U and let T be a A-tableau. By Corollary C.9, kpu is a multiple of ep. If kpu # 0, then
er is an element of U. But S* is generated by ey and thus U D S*. Otherwise, we have kru = 0 for
each u € U and A-tableau T. Then we have

0= (rru, {T}) = (u, i {T}) = (u, er).
It follows that u belongs to S " and thus U - SA %
Theorem C.11. The Specht module S* over Q is irreducible; that is, there is no proper QS,,-submodule
of S*.
Proof. By the submodule theorem, any submodule U of S* is either S* or is contained in S* N A
But S* N S* = 0 over @ and thus the result follows. o

Lemma C.12. If ¢ : M* — M* is a KS,-homomorphism such that S* ¢ ker ¢, then X\ > p. In
particular, if X = p1, then the restriction of ¢ to S amounts to multiplication by a constant.

Proof. Let T be a A-tableau. By hypothesis, er ¢ ker ¢ and thus
0 # ¢ler) = kro({T}).

Thus ¢(er) is kr times a linear combination of p-tabloids. By Lemma C.8; AD> u. In particular, if A = p
then by Lemma C.8, ¢(er) is a multiple of er. &

Corollary C.13. If ¢ : S* — M*" is a nonzero QS,,-homomorphism, then A\ > u. In particular, if
A = pu, then ¢ amounts to multiplication by a constant.

Proof. Over the field Q, we have

SAASM =0 and M) =8 o SM (C.5)
Any homomorphism ¢ : S* — M* can thus be extended to a homomorphism ¢ : M* — M* by letting
it be zero on S*". Now Lemma C.12 yields the result. &

Theorem C.14. The Specht modules over Q provide all irreducible QS,,-modules.

Proof. If two Specht modules S* and S* are isomorpic, they give rise to a nonzero homomorphism
¢ : 8* — S*. Then by Corollary C.13, A > . Similarly, 1> X and thus A = p.

For any finite group G, the number of irreducible QG-modules equals the number of conjugacy
classes of G. But, by Proposition C.1, the number of conjugacy classes of S,, equals the number of
partitions of n. Thus by Theorem C.11, the Specht modules provide all irreducible QS,,-modules.

Theorem C.15. The permutation module M* is a direct sum of Specht modules S* where \ > u
(possibly with repeats). In particular, the Specht module S* appears once in this sum.

Proof. By Maschke’s Theorem, for any finite group G, each nonzero QG-module M is completely
reducible; that is, M can be written as a direct sum of irreducible QG-modules. Thus we have

M* =P st
A

Thus for each direct summand S» of M*, there is a nonzero QS,-homomorphism ¢ : S* — M*. By
Corollary C.13, it follows that A > u. Moreover, by Eq. (C.5), we have that S* appears exactly once in
this decomposition. &
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C.5 Standard Basis of Specht Modules

A A-tableau T is called standard if the numbers increase along the rows and down the columns of 7. A
A-tabloid {T} is called standard if there is a standard tableau in its equivalence class. A A-polytabloid
et is called standard if the tableau T is standard.

Example C.16. The standard (3,2)-tableaux are

123 124 125 134 135
45 735 734 725 724
¢

Define a total ordering on the set of A-tabloids. Let {T'} and {T"} be A-tabloids. Write {T'} < {T"}
if there is a number ¢ such that when j is a number with j > ¢, then j is in the same row of {T'} and
{T"}, and the number i is in a higher row of {T'} than {T"}. For instance, we have

345<245<145<235<135
T2 13 “23 14 ~21

Lemma C.17. Let my,...,my, be elements of M* such that the tabloid {T;} is the <-mazximal element
involved inm;, 1 < i < k. If the tabloids {T;} are all different, then mq, ..., my are linearly independent.

Proof. Assume that {T1} < ... < {Tx}. If aymi+...+agmy =0 with ay,...,ar € Kand aj11 =... =
ar =0, 1 < j <m, then a; = 0, since {7} is involved in m,; but not in any m; with ¢ < j. Therefore,
ar=...=ax =0. &

Theorem C.18. The set of standard \-tableaux is a basis for the Specht module S*.

Proof. Let T be a standard A-tableau. By definition of the total order on tabloids, it follows that for
each tabloid {T"} involved in er, we have {T"} < {T'}. Thus by Lemma C.17, the set of standard
A-tableaux is linearly independent.

Let T be a A-tableau. Write [T] = {07 | 0 € C(T)} for the column equivalence class of T. The
column equivalence classes are totally ordered in the same way as the row equivalence classes.

Suppose T is a non-standard A-tableau. For each column permutation o € C(T), we have ger =
sgn(o)er and thus we may assume that the entries of T are increasing down the columns. Unless T is
standard, there are two adjacent columns in T" of the form

ar by
Ay by

Gy by

Aoy

where a1 < ... < ay, b1 <...<b,, and a, > b,.
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Take X = {ay,...,ayn} and Y = {by,...,b,}. Let o1,...,0% be the coset representatives for the
subgroup Sx x Sy in the group Sxyy. The element Gx y = Zj sgn(o;)o; in the group algebra KS,
is called Garnier element. We have Gx yer = 0. But Gx yer = Zj sgn(oj)eq; 7 and [o;T] < [T7] for
oj # 1. Thus er is a linear combination of polytabloids e,;r, o; # 1. By induction, each polytabloid
€s,T, 0j # 1, can be written as a linear combination of standard polytabloids. Hence, the polytabloid

er has the same property. &
12

Example C.19. To illustrate the proof, consider the tableau T = 4 3. We have X = {4,5} and
5

Y = {2,3}. This gives the Garnier element
Gxy =1—(34)+ (354) + (234) — (2354) + (24)(35).

¢

The theorem implies that the dimension of the Specht module S* is independent of the ground field,
and equals the number of standard A-tableaux. The proof shows that any A-polytabloid can be written
as an integral linear combination of standard A-polytabloids.

Example C.20. By Example C.16, the Specht module S has dimension 5 over any field. &

C.6 Young’s Rule
We have seen that each permutation module M* is direct sum of Specht modules S*. By Theorem C.15,

we have
M* = P k. S",

ADp

where k) ,, denotes the number of irreducible submodules of M A that are isomorphic to S*. The direct
sum of all submodules that are isomorphic to S* is called the isotypic subspace belonging to partition
. This submodule is denoted by V. Thus, V" is isomorphic to the ky ,-fold multiple of the Specht
module S*. The multiplicities can be calculated by making use of a general result from representation
theory.

Theorem C.21. For any finite group G, the multiplicity of an irreducible CG-module S to occur in
the irreducible decomposition of a CG-module M equals the dimension of the C-space Home (S, M).

As Q is the splitting field for the group S,, the number we seek is the dimension of the space
Homgs, (S*, M"). A basis of the space Homgg, (S*, M") can be obtained by modifying the construction
of the standard basis of the Specht module.

For this, it is convenient to introduce a new copy of the permutation module. To this end, we
introduce tableaux with repeated entries. For this, let A and p be partitions of n. A A-tableau t has
type p if for each number ¢, the number ¢ occurs y; times in ¢. For instance, two (4,1)-tableaux of type
(3,2) are

1122 1121

1 and 9
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The tableaux considered so far were all of type (1™). Let T (A, 1) denote the set of all A-tableaux of
type p. In the following, let Ty be a fixed A-tableau of type (1™). For each tableau t € T (A, u), let (%)
denote the entry in ¢ that occurs in the same position as ¢ in T. The symmetric group .S, acts on the
set T (A, ) by

(rt)(i) = tx (1)), 1<i<n me S teTOp).

This action is simply a place permutation. For instance, if we put

1345 2211
T0—2 and t—l
then
(12)t = ;211 and (123)t:;111

The symmetric group acts transitively on the set T(A, ), and there is an element whose stabilizer is
the Young subgroup S,. Thus we may take M* to be the vector space spanned by the tableaux in
1234

5 , we have the following correspondence

T (A, p). For instance, in view of the (4, 1)-tableau Ty =
between (4, 1)-tabloids and (4, 1)-tableaux of type (3, 2):

123 1112 1341211
o2 252

Let t1 and t5 be A-tableaux. We say that t; and to are row equivalent if to = wt1 for some permutation
in the row stabilizer of the given A-tableau Tj; column equivalence is similarly defined.
For each A-tableau t of type p, define the map ¢; by

i K{To} — /@Z{t'}, k € KS,,

where the sum extends over all different A-tableaux of type p that are row equivalent to {t}. The

mapping ¢; belongs to Homgg, (M*, M*). For instance, in view of the (4, 1)-tableau Ty = ; 345 and
the (4, 1)-tableau t = ? 211 of type (3,2),
2211 2121 1221 1212 1122
<Pt{TO}:1 +1 +1 -l-l +1 .

Define (; as the restriction of ¢; to the Specht module S*. However, we clearly have xp,t = 0 if and
only if some column of ¢ contains two identical numbers. Thus the homomorphism ¢; can sometimes be
zero. To eliminate such trivial elements from the space Homgg, (S*, M*), we consider specific tableaux.

A X-tableau t of type u is called semistandard if the numbers are nondecreasing along the rows of
t and strictly increasing down the columns of ¢. If ¢ is a semistandard A-tableau of type pu, then the
homomorphism ¢, is also called semistandard. For instance, there are two semistandard (4, 1)-tableaux
of type (22,1),

1122 1123

3 and 9
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Theorem C.22. The semistandard homomorphisms ¢y corresponding to the semistandard A-tableaux
t of type u form a Q-basis of the space Homgg, (S*, M*).

Corollary C.23. The multiplicity of the Specht module S* in the permutation module M* equals the
number of semistandard A-tableauz of type .

Example C.24. The semistandard tableau of type (3,2,2) are

1112233111223 111233

3 2
11122 11123 11133
33 23 22
1112 1113 ;1123
233 223

3

1112 1113 111
23 22 223
3 3 3
111
22
33

Thus we obtain the following decomposition of the permutation module M (3:2%) into isotypic subspaces,

M2 1. SN p2.56:1 53.962 g9.543) g1 3(5712)
—32.542) g 1. 567D 1. 962,

¢

The semistandard A-tableaux of type u = (1™) are exactly the standard A-tableaux. But the standard
A-tableaux form a basis of the Specht module S* and the permutation module M1™) is isomorphic to
the group algebra of the group S,,.

Corollary C.25. The multiplicity of the Specht module S* in the group algebra QS,, equals its dimen-
ston.

C.7 Representations

Let G be a finite group and K be a field. A homomorphism of the group G into a group of n x n
matrices over K is called a representation of G of degree n. This means that to each element g of G
there is a matrix ¢(g) and if g and h are elements of G, then ¢(gh) = ¢(g)p(h). A representation is
called faithful if the homomorphism is one-to-one. Frobenius posed the problem to determine all matrix
representations of a finite group.
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First, there is always a representation of a finite group G. For this, take G = {g1, . . ., g } and consider
the mapping ¢ that assigns to each group element g the linear substitution g; — ¢;9, 1 < i < n. This
linear substitution is represented by an n X n permutation matrix; that is, a matrix with entries 0
and 1 that has entry 1 in position (¢, j) if and only if g;g = g;. Since g;9 = g¢; if and only if g = 1,
the representation is faithful. The representation ¢ is called regular. At the other extreme, there is the
one-representation ¢ for which «(g) = 1, for all g € G.

Second, given any matrix representation of a group G we can find infinitely many. For this, let ¢
be a matrix representation of G of degree n and let B be an invertible n X n matrix. We can define

¥(g) =Byp(g)B™', g€q.

Clearly v is a matrix representation of G, since we have

¥(gh) = Bp(gh)B™" = Bo(g)p(h)B~" = Bo(9)B~'Byp(h)B™!
=(g9)y(h), g,heG.

The new representation is obtained from the given representation by a change of basis. Representations
related as ¢ and 1 are called equivalent and are regarded as essentially the same representation.
Third, let ¢ and ¥ be matrix representations of a group G of degree m and n, respectively. Consider

the matrix
o) = (Saég) w&))

Clearly, 7 is a matrix representation of G of degree m + n, since we have

T(g)r(h) = ((pg)g) w?@) (s&%h) UJ&)) - <<P(g)80(h) w(g)%(h))

_(e(gh) 0 \ _
_( 0 1/J(gh)>_7(9h)v g9.h€q.

The representation 7 of G is called the direct sum of ¢ and 1, and we write 7 = @ @®. A representation
of the form ¢ @ v is said to be decomposable with components ¢ and 1. A representation that is not
decomposable is called indecomposable.

Fourth, the property of being indecomposable depends on the field underlying the representation.
For this, consider the matrix group

o= {(30)-(20)-( )}

This group is indecomposable over the rational field. To see this, observe that there is no 2 x 2 matrix
B with rational coefficients such that

-11 -1 _ a0
B(711) 5 (39, wrea
If such a matrix would exist, then equating for the trace and determinant on both sides would give

a+b=—1and ab= 1. This would lead to the quadratic equation a? + a + 1 = 0, whose solutions are
cubic roots of unity. On the other hand, over the complex field we obtain
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(&) (Ga) (61) - (58),

where £ is a cubic root of unity. Thus the matrix group is decomposable over the complex field.
As a second example, consider the matrix group

{616}

whose entries lie in the field Zy of characteristic 2. This matrix group G is also indecomposable; this
can be proved along the same lines as in the previous example. However, unlike the previous example,
the group G stays indecomposable even if the field is extended. Such a representation which remains
indecomposable in any extension of the field is called absolutely indecomposable. Representation theory
in fields of characteristic p > 0 is very different from the case at characteristic zero, when the order of
the group is divisible by p.

Fifth, there is a weaker concept than decomposability. For this, let 7 be a matrix representation of
a group G such that for each group element g € G,

_(Alg) 0
0= (7 iy
where A(g) and B(g) are sx s and t Xt matrices, respectively. If we define ¢(g) = A(g) and ¥(g) = B(g)
for all g € G, then it is easy to see that ¢ and ¢ are matrix representations of G of degree s and
t, respectively. The representation 7 and any representation equivalent to it is called reducible. A
representation that is not reducible is called irreductible. The representations  and i are the constituents
of 7. If either is irreducible it is an irreducible constituent. A representation that is decomposible
(I(g) = 0) is clearly reducible. The last example above shows that a reducible representation can
be indecomposable. We will see by Maschke’s Theorem that this cannot happen if the characteristic
of the field is zero or is not a divisor of the group order. In this case, reducible representations are

decomposable.
If ¢ and v are themselves reducible, they yield constituents of smaller degree. Continuing in this
way, we obtain a set of irreducible representation @1, ..., @i as constituents of 1. It can be shown that

these representations are uniquely determined up to equivalence for each representation 7.

Sixth, representations can be derived from representation modules; that is, modules over group
algebras. For this, let G be a finite group and K be a field. A KG-module is a K-vector space V on
which the group operates in the same way as a scalar multiplication. Each KG-module V' gives rise to
a representation of the underlying group. To this end, observe that V is a vector space of K and thus
has a K-basis {v1,...,v;}. The representation corresponding to V' is the mapping ¢y that assigns to
each group element ¢ the scalar matrix oy (g) = (k7;), whose entries are given by the action of g on

L ’)7
ij
the basis elements,
k

gvj =) klvi, 1<j<k
i=1
A representation module V' is called decomposable if the corresponding representation ¢y is decom-
posable. Thus a decomposable representation module can be written as a direct sum of representation
modules. A representation module V is called reducible if the associated representation ¢y is reducible;
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otherwise, the module is called irreducible. Thus for a reducible representation module V' there is a rep-
resentation module that forms a proper KG-submodule of V. Equivalently, an irreducible representation
module V has only two KG-submodules, zero module and V' itself.

C.26. Maschke’s Theorem Let G be a finite group and K be a field whose characteristic is zero or not
a divisor of the group order. For each KG-submodule U of a KG-module V, there is a KG-submodule
W such that

V=UoW.

Proof. Take a K-basis v1,...,v, of V. There is a unique bilinear form ¢ on V given as

1 U; = Vj,
0 otherwise.

QS(UZW vj) = {
A new bilinear form on V can be defined by

(u,v) = ﬁ > dlgu,gv), w,weV.

geG

This form is G-invariant in the sense that
(gu, gv) = (u,v), g€ G, u,veV.

Let U be a KG-submodule of V. Define U+ as the set of all elements v € V such that (u,v) = 0
for all uw € U. Clearly, U+ is a K-subspace of V. For each v € U, v € U+, and g € G, we have
(u, gv) = (g~ u,v) = 0, since g~'u € U. Thus U~ is a KG-submodule of V. Moreover, by hypothesis
on K, for each nonzero element u € U, (u,u) # 0 K. Hence, U N U+ = 0. Finally, we show that
UaU+=V. &

Maschke’s Theorem can be used to prove by induction on the dimension of KG-modules the following

Theorem C.27. Let G be a finite group and K be a field, whose characteristic is zero or not a divisor
of the group order. FEach KG-module is a direct sum of irreducible KG-submodules.

Let H be a subgroup of a group G. Assume that ¢, ..., gr form a complete coset of representatives
for the group H in G. Given a matrix representation ¢ of the group H of degree m. There is a matrix
representation % of the group G of degree k - m defined as

e(g199: ") - (199 ")
0% (g) = L , 9€G,
e(geg9r") - e(geggr ")
where

—1y - —1
a1y _ Jelaigg; ) if gigg; € H,
@(gzggj )_{0 otherwise.

We say that the matrix representation wg of G is induced from the representation ¢ of H.
Conversely, given a matrix representation ¢ of G. There is a matrix representation ¢p of the
subgroup H defined as
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er(h) =¢(h), hed.

Finally, consider representation modules of the symmetric group. For this, let A be a partition of
n. The permutation module M* has the basis {o1{T},...,0:{T}}, where T is a A-tableau with row
stabilizer S, and the permutations o1, ...,0; are the left coset representatives of Sy in S,,. For each
permutation 7 € S,, we have wo; = o;,7;; for some 7;, € S\ and a unique left coset representative
0i;, and thus 7o;{T} = 0;,{T}. Hence, the representation of M* assigns to each permutation 7 the
permutation matrix ¢(7) that has entries 1 in exactly the positions (i;,7), 1 < j < n. This is the
reason that the representation module M?* is referred to as a permutation module. For instance, the
Young subgroup S(3,1) = Sq1,2y @ Sgsy has the coset representatives o1 = (1), o2 = (13), and o3 = (23)
in Ss3. The permutation module M?* can be considered as being induced from the one-dimensional
QS)-module Q{T}, where the A-tableau T has the stabilizer S).

The Specht module S* forms an irreducible representation module of the group S,,. A basis of this
module is given by the standard A-polytabloids ez, ..., ez, . The representation corresponding to the
Specht module S* is the mapping ¢, that assigns to each group element 7 the matrix oy (7) = (KT,

whose entries are given as
k

W@szeﬂTj:ZkfjeTi, 1§j§]€
=1

As an example consider the Specht module S that forms an irreducible representation module
of the group Ss. The standard basis of S is given by the two polytabloids

_12 33 13 93
612—37_17 an 613—27—17
3 o o 2 o o

For the unit element © = (1), we have

and
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23 13
(12)eq 3 TCpl3 23T T T3
2 1 o o
%13
2
Thus, for the irreducible representation ),
10
@A<(12)) - (1 1) .
Moreover, for the permutation 7 = (123), we have
23 13
(2)ep=c 12=C3=T "3
3 3 1 o o
73
2
and
21 31
(2)eg=c 1372173 ~3
2 2 3 o o
€12 73
3 2

Thus, for the irreducible representation @y,

ez = (1)

C.8 Characters

The matrices representing a group allow the introduction of numerical functions on the group. These
functions are called characters and play a vital role in the theory. Let A = (a;;) be an n x n matrix
over a field K. The trace of A is the sum of diagonal matrix entries,

n
trA = Z (0778
i=1
If B is another n x n matrix over K, then a direct calculation shows that

tr AB = tr BA.

Thus, if B is nonsingular, then
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trB"'AB = tr A.

The character of the representation ¢ of a finite group G is the function x, on G to the field of
representation K given by

Xel(9) =tro(g), ge€G.

If two representations ¢ and 1 of a group G are equivalent, then there is a nonsingular matrix B
such that ¢(g) = By(g)B~" for each element g € G. But then

Xu(g) = trp(g) = tr Bo(g)B™' = tro(g) = x4(9), g€ G.

Thus, equivalent representations have the same character. If 7 is a reducible representation, then for
some nonsingular matrix B,

Br(g)B~' = (‘p(g) ! ) geq.

By taking traces on both sides, we obtain

x+(9) = xo(9) + xu(9), g€G.

Thus the character of each reducible representation is the sum of characters of its constituents. By
Theorem C.27, if G is a finite group and K is a field, whose characteristic is zero or not a divisor of
the group order, then each character of a representation of G is a sum of irreducible characters; that is,
characters of irreducible representations.

Let ¢ be a representation of a finite group G, and let g and h be two conjugate elements of G; that
is, h = tgt~! for some group element ¢ € G. We have

Xe(h) = xp(tgt™") = tro(tgt™") = tro(t)p(g)e(t) ™" = tro(g) = xp(9)-

It follows that characters have the same value for elements of the same conjugacy class. For this reason,
characters are class functions.

The one-representation ¢ of a group G equals its character which is denoted by 15 and called the
trivial character of G.

The character table of a finite group G is a matrix with columns indexed by conjugacy classes of
G and rows indexed by inequivalent irreducible representations of GG. The entry of the character table
corresponding to irreducible representation ¢ and conjugacy class C' is x,(g) for some g € C; that
is, the value of the character of ¢ on the conjugacy class. One row and column of the character table
can be directly filled. For this, let C; = {1} be the conjugacy class of the unit element 1 of the group
G. For each representation ¢, the matrix ¢(1) at the unit element is the identity matrix whose size
is given by the dimension of the corresponding representation module. Thus, the trace x(1) of the
identity element equals the dimension of the representation module. Moreover, let V; be the trivial
KG-module corresponding to the one-representation; that is, gv = v for each v € Vj. The character of
the one-representation is the trivial character € given by €(g) = 1 for each group element ¢ in G. Thus
the character table looks as follows,

| & Cy...C,
%] 1 1 1

Vo |dim V5

Vs|dim V,,
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For instance, the group S3 has three conjugacy classes, C1 = {(1)}, Co = {(12),(13),(23)}, and
C3 = {(123),(132)}. Moreover, there are three Specht modules corresponding to the partitions of 3,
namely, S®), §21 and SO, The corresponding character table is

|Cy C C
SGT 1 1 1
S@nl 2 -1
SO 1 -1 1

The entries in the second row were calculated in the previous section.

Let H be a subgroup of a group G. Assume that ¢, ..., g form a complete coset of representatives
for the group H in G. Given a matrix representation ¢ of G' that is induced from a representation
of H. The character of the induced representation @g can be given in terms of the character x g of the
representation ¢ of H as follows,

k
X5(9) =D Xulgiger "), g€,
i=1

k
1 i
= 1 >3 Xu(hgiggr 'h™)
i=1 heH

1 _
= ﬁ Z X (zgr™),

z€G

where

/ _ XH(g) ifge H.
Xn(9) = { 0 otherwise.

Notice that the second equation makes use of the identity x’; (giggfl) = X’H(hgiggflhfl) since giggfl €
H if and only if hgiggflh_l € H, and the third equation uses the fact that each element in G can be
uniquely written in the form hg; for some h € H and 1 <i < k.

C.9 Characters of the Symmetric Group

We provide a procedure that allows to determine the character table of the symmetric group. For this,
we define a bilinear form on the set of characters of a linear group G. To this end, we assume that the
field K is algebraically closed with characteristic 0 or characteristic p > 0 such that the group order
is not divisible by p. Let U and V be irreducible representation modules of G with characters xy and
xv. We put

1, U and V are equivalent,

0, otherwise.

(xv,xv) = {

Since by hypothesis, each representation module is a direct sum of irreducible representation modules,
we can linearly extend the form to obtain a bilinear form on the set of characters of G.
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C.28. Frobenius Reciprocity Theorem Let ¢ and v be absolutely irreducible representations of a
group G and a subgroup H, respectively. If x and x’ denote the respective characters corresponding to
@ and v, then

06X = (s X)-
The theorem says that the representation ¢ induced by ¢ contains the irreducible representation ¢
with the same multiplicity as the representation pp restricted to H contains the irreducible represen-

tation 1. The following calculations will make use of this theorem.
Let i be a partition of n. By Theorem C.15, the permutation module M* decomposes into a direct

sum of Specht modules
M* = P kW S",

A

where k), > 0 denotes the multiplicity with which the module S* occurs in the module M*. In
particular, we have kj x» = 1. Let x) denote the character of the Specht module S* and let 15 1 S,
denote the character of the permutation module M?. It follows that

. k‘)\’,“ A,
(In 1 Sn, xu) = {07 otherwise.

Consider the matrix K = (kj ,). Since the dominance order can be embedded into the dictionary order,
the matrix K is a lower triangular matrix. Consequently, the matrix B = (by ;) defined by

O = [Sul (xas 1y T S)

is an upper triangular matrix. In particular, we have

b = SA (s Ia 180) = [Sa] = [ A

Let C,, denote the conjugacy class of S,, corresponding to the partition p, and let A = (ay,) be the
matrix given by
axu = [SxNCyl.

In particular, we have

axx =1SxnCx| =[O =1,

K2

since all elements of the conjugacy class C can be obtained from the permutation 7 = (1,...,A1)(A1 +
1,..., A1+ A2) ... Once the matrix A is known, the character table C' = (cy ) of S,, can be calculated
by straightforward matrix manipulation. To see this, first note that

Zc,\,ualw = Zx,\(CM) 1S, NCy|
H 1

= |SV| ) <X>\ i Sw 1V>
= |SV| : <X)\7 ]-l/ T Sn>
=by -
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Therefore, B = CA”. Second, we have
> by = 1S3 IS0l (1 1 Sy 1 1 S0)
I

= |S>\‘ : |SV| : <1>\ T Sn \I/ Sya 11/>
= |S)\‘ : |SV| . <1)\ T Sn \I/ SV; 1u>
= |S)\‘ . Zl)\ T Sn(gu) : |Su N CM'

1

= [Sn: S\l - [SxNCul-[S, N Cy
M

= Z[Sn : S,\] . a;w -a,,,u.
7

Thus if the matrix A is known, the matrix B can be calculated. Moreover, the matrix A is invertible
and hence we obtain the character table of S,, as

-1
C=BA" .
For instance, in case of n = 5, we have

G) 41 (32 (317 (241 (21 (1°)

5] 1
[4][1] 1 1
[3][2] 1 1 1
K= 31| 1 2 1 1
22[1] | 1 2 2 1 1
I | 1 3 3 3 2 1
[1]° 1 4 5 6 5 4 1

The decompositions like M 1) = §G) 541 and M2 = §6) g §ED 1§(3:2) can be directly obtained
from Corollary C.23. But Young’s ruel shows how to directly evaluate the matrix K. Moreover, we have

G 41 (32 (317 (241 (2,1 (1°)

(5) 24 30 20 20 15 10 1
(4,1) 6 0 8 3 6 1
(3,2) 2 2 3 4 1
A= (3,12) 2 0 3 1|,
(22,1) 1 2 1
(2,13) 1 1
(1%) 1
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6G) 41 (32) (3,17 (221 (2.1%) (1°)

(5) 120 24 12 6 4 2 1
(4)(1) 24 12 12 8 6 4
(3)(2) 12 6 8 6 5
B = (3)(1)* 6 4 6 6 |,
(2)2(1) 4 4 5
(2)(1)° 2 4
(1)° 1
and
G) (41) (3,2) (3,1 (2%1) (2,1°) (1%
(5) 1 1 1 1 1 1 1
@ (-1 o -1 1 0 2 4
(3)(2) 0o -1 1 -1 1 1 5
C= 31| 1 0 0 0 -2 0 6 |,
22| o 1 -1 -1 1 -1 5
)3 -1 o0 1 1 0 -2 4
(1)5 1 -1 -1 1 1 -1 1

where the first column lists the characters at the 5-cycles, the second at the product of 4- and 1-cycles,
the third at the product of 3- and 2-cycles, the fourth at the product of 3-and two 1-cycles, the fifth
at the product of two 2-and 1-cycles, the fifth at the product of 2-and three 1-cycles, and the last at
identity element that has cycle type 15. The last column entries y(id) are the dimensions of the Specht
modules.

C.10 Dimension of Specht Modules

Let X be a partition of nn. The permutation module M* decomposes into a direct sum of Specht modules

M* = P k. S",

ADp

where ky, > 0 denotes the multiplicity with which the module S* occurs in the module M*. In
particular, we have ky » = 1. Since the matrix K = (ky,) is lower triangular with 1’s down the
diagonal, it can be inverted. The inverse matrix is also lower triangular with 1’s down the diagonal. For
this, if we write the above decomposition in the form

A][Aa] ... = @ Fox ]

then we obtain

N = Dkl ..

©w

For instance, the inverse of the matrix K for the group S5 is given as
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(5) 1

(4,1) [ -1 1

3,2 | 0 -1 1

311 -1 -1 1

(22,1)] © 1 -1 -1 1

(2,13 | -1 1 2 -1 -2 1

(1°) 1 -2 -2 3 3 —4 1

The inverse matrix of K can be calculated as follows.

C.29. The Determinantal Form If ) is a partition into n non-zero parts, then

[A] = det ([\; — i+ J])}

ij=1>
where [m] =0 if m < 0.

The determinant for [A] is to put [A1], [Ae],... in order down the diagonal, and then let the numbers
increase by 1 in each row to the right of the diagonal and decrease by 1 in each row to the left of the
diagonal. The element [0] serves as multiplicative identity.

For instance, we have

4, 1] = det (ﬁ E’D — 4[] — 5]

and
3.2 = det (3] 1) = iz - g

If the determinantal form holds for partitions into two non-zero parts, it can be extended to partitions
into three non-zero parts, say by expanding up the last column as follows,

[3] 4] [5]
[3,1] = det | [0] 1] [2]
1] [o] [1]

Corollary C.30. The Specht module S* has the dimension

n

dim S* = n! - det <> )
i —1 + ij=1

where 1/rl =0 if r < 0.

The dimension of the Specht module S* can be calculated by using hooks. The (i, 7)-hook of the
diagram [A] consists of the (i, j)-node along with the A; — j nodes to the right of it, the hooks’s arm,
and the )\;- — 4 nodes below it, the hook’s leg. The length of the (i, j)-hook is the number of involved
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nodes, hi; = A\; + A + 1 — i — j. If we replace the (4, j)-node in the diagram [A] by the number h;; for
each node, we obtain the hook graph. For instance, the partition A = (3,2) corresponds to the hook
graph

XXX 431

XX 21

C.31. The Hook Formula The dimension of the Specht module S* is given by

n!
[T(hook lengths in [A])

dim S* =

For instance, by the above hook graph for the partition A = (3,2), the Specht module S(3:2) has the

dimension 51

1 (3’2): =
dim S 139 )

Proof. We show the result for partitions into three non-zero parts. By Corollary C.30,

1 1 1
. A (h1172)! (hllfl)! hi1!
dim 57 _ det | @ 1—2)' @ 1—1)' 7
211 . 211 . %1
(h31—2)! (hgl—l)! h31!

1 1 1 hi1(h11 —1) hi1 1

= ﬁﬁﬁ det hgl(hgl — 1) h21 1

11- 7621+ 7631 hBl(hB;l _ 1) h31 1

(hi1 — h21)(hi1 — hs1)(ha1 — ha1)
hii'hoi!hsy!

(hll — ]-)(hll — 2) hi1—11

[

n!

1 1 1
= g ingdet | (har = D)k =2) hay =11
11 fb21° 7e31 (hgl - 1)(h31 - 2) h31 -11
1 1 1
1 (h111—3)! (h111—2)! (hlll_l)!

= ashorhon det (s =9 Tra =21 T =1
(ho1=3) Tha1—=2)1 (ha1 =D
o 1
- h11h21h31 ) H(hOOk lengths in [/\1 — 1, )\2 — 1, .. ])
1
[1(hook lengths in [A])’

where the next to the last equation follows by making use of the induction hypothesis. &
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alternative hypothesis, 191, 200
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Dickson’s lemma, 8
dimension
affine subspace, 55
polytope, 56
discrete Fourier transform, 164
division algorithm, 12
division theorem, 11
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ideal, 5
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rational, 47
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null hypothesis, 191, 200
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parametrization, 30, 43
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monic, 10
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projection map, 41
purine, 157
pyrimidine, 157

quantile, 213
quartile, 213

radical, 6, 40

radical ideal property, 6

random sample, 219

random variable, 217
continuous, 217
correlation, 218
discrete, 217
independence, 85, 218

random walk, 183
simple, 183
symmetric, 184

rate matrix, 153

rate parameter, 232

rational implicitization, 47

reduction step, 11

rejection probability, 185

REV model, 159

ridge, 59

ring
Noetherian, 16

root, 139

S-polynomial, 16
sample mean, 219
sample size, 78
scoring scheme, 102
semiring, 49
commutative, 49
idempotent, 49
shifting step, 12
significance level, 192
simplex, 54
solution, 37
partial, 37
standard deviation, 212, 218
state space, 77
stationary distribution, 183

statistic, 237

biased, 238
strand symmetric model, 158
strong ergodicity, 180
strong nullstellensatz, 32
Student distribution, 237
subgroup criterion, 5
sufficient statistic, 79, 175
supporting hyperplane, 58
symmetric model, 159

Tamura-Nei model, 159
taxa, 140
term, 3
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test statistic, 192
topology, 34
toric model, 82
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transversion, 157
tree, 139
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tree of life, 139
tropicalization, 50

uniform distribution, 220, 228
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variance, 212, 218
vertex, 59

Viterbi algorithm, 130
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weight, 102
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