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The application of mesh-free discrete element method (DEM) for modeling of macroporous inverse opals is pro-
posed. The developed and implemented DEM-based strategy is applied to analyze stiffness and strength of inverse
opals made of pure silica and inverse opals coated with titania layers of various thicknesses. Also, the influence
of the porosity of the initial packing on the properties of the material is investigated. Simulation results have
shown that due to the heterogeneous macroscopic structure and unequal material distribution in nodes, struts or
near interstitial pores, strong inhomogeneities of the stress distribution arise. Spots of localized stresses located
near the interpore openings are the sources of initial defects and small interpore cracks. Reducing the overall
porosity or an additional coating of the structure with a titania layer allows to partially homogenize and improve
its mechanical properties.

Discrete element method

It was shown that the obtained simulation results are in very good agreement with previous studies. Despite large
computational effort, the performed analysis confirms the high efficiency of the proposed DEM-based approach
and demonstrates its great potential for use in problems of a similar class: for modelling of complex-structured

multicomponent materials.

1. Introduction

Inverse opals are a class of metamaterials with highly-ordered
macropores. They are widely used in different areas and have various
applications, such as optical [36], chemical [63] or thermal [61]. In
most of them, the mechanical properties of materials, as well as the
ratio of stiffness or strength to density, play an important role. There-
fore, in recent years, a large number of studies have been focused on
the analysis of the mechanical properties of various types of lightweight
metamaterials [5,30,43] and especially inverse opals [54,57,58]. The
inverse opals can be fabricated as closed-cell or open-cell structures.
Although the closed-cell structures outperform open-cells [8], in most
cases open-cell structures are used. To improve their mechanical proper-
ties an additional coating with stiffer and stronger material can be effec-
tively employed. Previous investigations [56], have shown that due to
nearly isotropic material response, the resulted material can possess ex-
ceptional properties which can outperform strut-based and honeycomb
structures [57] rivaled only by anisotropic honeycomb structures [6].

From a numerical point of view, due to its robustness and versatil-
ity, the finite element method (FEM) is one of the most widely used
approaches for studying the mechanics of such porous and cellular ma-
terials. With respect to sample size there can be distinguished three main
strategies to represent material microstructure [13]: multi-cell models of
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finite samples, unit-cell models where a single or limited number of peri-
odic base-cells are modeled, and embedded-cell models as combination
of both types. In the case of multi-cell models, a relatively large sample
is modeled to minimize size-effects and, as consequence, this can lead
to high computational costs [26,37,47,71]. In order to reduce computa-
tional effort for low density open-cells foams or lattice-type structures,
simplified geometrical models [12] can be applied. Alternatively, the
application of unit-cell models, where the material is modeled with the
representative volume element (RVE), allows to perform FEM calcula-
tions with high geometric detail and relatively low computational effort.
Such unit-cells can be generated for periodic homogeneous structures as
well as for heterogeneous materials [4].

Overall, one of the central questions addressed with the numerical
studies is the investigation of structure-property relationships, like influ-
ence of the solid fraction on Young’s modulus or plateau stress [22,27].
In recent years a lot of research was done focused on metallic foams,
where various aspects such as structural irregularities [42], cell geome-
tries [38], pore connectivity [41], plastic properties of cell wall material
[34], shape anisotropy [28], etc. were investigated. Furthermore, FEM
has also been applied for inverse opal structures. Cho et al. [10] used
it to gain insights into the mechanical response of SU-8 inverse opals.
Pikul et al. [48] described with FEM the stresses occurring in the nickel-
based cellular material. Do Rosario et al. [57] and Cho et al. [9] utilized
FEM to simulate the mechanical response of bi-layered inverse opals.
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In the studies mentioned above, it was shown that the finite element
method can be effectively applied to such structures while providing
reliable results.

Despite all the advantages, the use of FEM is often associated with
significant challenges when modeling large deformations or fractures.
There exist alternative approaches that allow to consider fracture, such
as extended finite element method, cohesive zone model [70], peridy-
namics [3] or some hybrid strategies [21]. One of the very promising
modeling approaches that can be effectively used to investigate the me-
chanical properties of complex-structured and heterogeneous materials
is the mesh-free bonded-particle model (BPM).

The BPM is an extension of a soft-sphere discrete element method
(DEM), where each pair of particles can be connected by a solid bond
[50], which makes it possible to describe objects of complex shapes.
The overall behavior of the material is described by constitutive models
of particles interaction and by single solid bond models. The possibil-
ity to remove individual solid bonds during the simulation allows one
to explicitly simulate fracture of the material without any additional
remeshing. In recent years, this approach has been applied to various
materials, such as silica glass, porous ceramics, concrete, aerogels, wood
chips, etc. [2,15,32,33,35,39,45,51,55,69]. The main advantages of the
BPM approach are:

e high flexibility during generation of a structural model: each particle
or bond can have its unique material or geometrical properties;

¢ possibility to simulate material fracture: the fracture in BPM is mod-
eled explicitly, starting with the initial crack formation, their prop-
agation and ending with the overall fracture;

¢ possibility to use any type of functional model: there is no limitations
on the type of functional relationships to describe the behavior of
each single discrete object.

Among the main drawbacks of the BPM approach, one can empha-
size high computational effort caused by a large number of modeled
objects and the need to adjust model parameters. While in the case of
FEM relatively small RVE are used, larger domains are needed for BPM
calculations. Furthermore, due to the discrete nature and non-uniform
positioning of primary particles, there are still no effective strategies to
run BPM simulations with periodic conditions. To compensate for the
high computational effort of mesh-free BPM method, parallelization for
graphics processing units can be applied [16].

In this contribution, a BPM-based simulation strategy is proposed for
modeling inverse opals. Using this strategy, samples consisting of pure
SiO, were simulated, and the influence of an additional coating layer
of TiO, and the behavior of the material with different porosities for
low strains were investigated. The experimental results of do Rosario
et al. [57] were used as reference data. There, the reference structure
was built by vertical co-assembly based on the procedure of Hatton
et al. [24]. The resulting silica structures exhibited FCC-disposed (face-
centered cubic) spherical macro pores with a diameter of 756 + 20 nm.
Some samples were coated using atomic layer deposition (ALD) with
an amorphous layer of titanium dioxide with a thickness of 10, 20 or
34 nm. In all cases, the pores were interconnected by holes. The pre-
pared samples were cut into pillars with a height of 3 to 4.7 um and an
area of 66.9 to 135.1 um? (Fig. 1). Using nanoindentation, both stiff-
ness and strength of these pillars were determined. Further information
about this study of inverse opals can be found in do Rosario et al. [57].

2. Modelling approach
2.1. Structural model

The generation of all studied structures was carried out identically as
follows. Firstly, initial random packings consisting of spherical particles
with a diameter of 15 nm were produced. The particles were generated
with a force-based algorithm [16] in a cuboid of the required size to
produce bulk with initial porosity of 0.38. The axial periodic boundary
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conditions (PBC) were applied in two directions — X and Y. The selected
particle size of 15 nm does not exactly reproduce the microstructure of
the material, however such size was selected as a compromise between
the complexity of the simulation and its resolution: smaller diameters
lead to an increase in the number of discrete objects, which causes high
demands on computing resources and long simulation times, while an
increase in the particle size results in a degradation of the model’s ac-
curacy and a decrease in the detail of the simulation results. It will be
shown that the selected particle size is a fine enough to model the ho-
mogenous material.

To calculate the final positions of particles, an iterative force-biased
algorithm implemented in the open-source MUSEN simulation frame-
work was applied. Its detailed description can be found in Dosta et al.
[17]. Compared to the previous version used in the publication, the
package generation algorithm was improved by introducing GPU par-
allelization, which allowed to generate large packages in a reasonable
time (up to 14.1 million primary particles in this study).

After the generation of cuboid packing, some fraction of primary
particles were cut out of the packages to form pores. Structures with
two types of pore arrangement were generated: ordered according to
the face-centered cubic (FCC) lattice and randomly placed. For the first
case, the coordinates of the spherical pores to be cut were calculated
directly. In the second case, they were generated in MUSEN using the
same strategy and the force-biased algorithm as for the generation of
primary particles in initial packings. A similar DEM-based approach was
used in previous studies to generate a realistic microstructure of the
material [16,47]. For all simulations, the pore diameter was set to 762
nm. For samples without coating, all particles for which the condition

L=|X

pore — “*part

< Rpore + Rpart (1)

was satisfied, were removed from the initial packages. Here, X ,,,, and
X par are coordinates of a pore and a particle, respectively, R, and
Ry are their radii, and L is a distance between them. In the case of
coated samples, it was necessary to perform several additional steps to
generate a titania layer. Firstly, depending on the coating thickness L,

all particles from initial package that satisfy condition

R+ R

pore

L <L< Rpore + Rpart (@)

were marked as potentially belonging to the titania layer. The second
step was necessary to properly consider effect, that due to the ALD-
coating, the pores remain connected by interpore openings. To ensure
this, particles lying on the boundary of each pore were detected. Then,
all the obtained titanium dioxide particles were analyzed once again to
find those that lie farther from the surface of any pore then L;oq + Rpgr-
Removing those ensured that the interpore openings remained free. Fi-
nally, all the particles that satisfy condition (1) but do not satisfy (2)
were considered as pores and cut out of the sample.

The two bottom layers of particles were defined as a fixed substrate.
For this purpose, they were assigned an artificially high density, which
prevented the movement of these particles during the simulation.

Finally, the remaining particles were connected by solid bonds. They
were generated between all pairs of particles located at a distance of
less than 26.25 nm, which corresponds to a maximum length of 1.75
times the particle diameter. The axial periodic boundary conditions
were taken into account during the generation of bonds and they were
also created across the boundaries. This made it possible to obtain good
connectivity in the structure and led to an average coordination number
of about 10.5. For the uncoated structures, all bonds were made of silica.
For the coated samples, two types of bonds were generated: silica bonds
between silica particles and between silica and a fixed layer and titania
bonds between titania particles, titania and silica, as well as between
titania and a fixed layer. This means that the interfacial zone between
titania and silica was not explicitly resolved and was considered to have
the same properties as titania.

Using the proposed strategy, the average number of primary parti-
cles and solid bonds that are needed to represent 1 um3 of FCC-ordered

part — “coat
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Fig. 1. Fabricated micropillars for uncoated silica inverse opals before and after fracture [57].

coating

Fixed layer

inverse opals without coating is 80 000 and 843 000 respectively. Fig. 2
shows the final BPM structure of a SiO, sample coated with a TiO, layer
with thickness of 20 nm. The depicted structure consists of about 2.5
million particles and 27.2 million bonds.

Finally, to simulate the uniaxial compression test, the structural
model was supplemented with a diamond plate above the structure mov-
ing in the vertical direction and compressing the inverse opal.

2.2. Functional model and implementation aspects

Forces and moments acting in the simulated material are described
by three different types of contact models (Fig. 3): particle-particle,
particle-wall and solid bond. Particle-particle and particle-wall inter-
actions are modeled by the non-linear viscoelastic Hertz-Mindlin model
[44,66]. The model is applied only for pairs of particles between which
there is no solid bond, as well as for all contacts between particles and

Fig. 2. Representation of the material microstructure
using a bonded-particle model. The inverse opal silica
is coated with a 20 nm thick layer of TiO2.

Loading direction

walls. The effect of solid bonds is described based on the ideally elastic
model [14,50].

The total force (17“,0,,,-) and the moment (]VI,G,J-) that act on each pri-
mary particle are calculated as:

Npp.i pr.i Nsb,i
Fioi = Fppi:j+ Z Fppiij+ Z Fyij+ Fy (&)
Jj=1 Jj=1 Jj=1
Npp,i pr,i Nb,i
Mo = Z M.+ Z My + ZMb,i:j “)
Jj= Jj=1 j=1

where Np,; and N, ; are the number of active particle-particle and
particle-wall contacts, respectively; Ny ; is the number of solid bonds
connected to the particle; 13, ; is the force acting between objects i and
J; ﬁg is the gravity force.

During the computations, the forces are decomposed into the normal
F" and shear (tangential) F directions, as it is schematically shown in
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Fig. 3. Schematic illustration of three types of interaction models in the presence of periodic boundary conditions.

Fig. 3 (F;’p Lias F“;p - 2). The total force acting in particle-particle contact
is calculated as the sum of normal and tangential components according

to Hertz-Mindlin model [44,66] as:

T _ 4 n 3 x _1.83 on 2E* n 05 %
B =058 (&,) R 1837, (2B (gn,)
5)

ng,i:j = 85::]' G- \/‘5?:1 “R*—3.66-a- l_j:el,i:j

Here m*, E*, G*, and R* are the equivalent mass, Young’s modulus, shear
modulus, and radius in this contact, respectively; £" and & are the nor-
mal and tangential overlaps; &, is the unit vector in normal direction,
a is a parameter calculated depending on the restitution coefficient (e),
which defines the amount of dissipated kinetic energy.

In(e)

\/ 72+ In*(e)

The relative velocities at the contact point in the normal ¢, and tan-
gential directions Biel are calculated based on the translational () and
rotational velocities (@) of the contact partners. The normal overlap &" is
calculated directly based on the current positions of particles. The calcu-
lation of tangential overlap & is performed in the iterative manner, con-
sidering slipping condition and motion of particles in three-dimensional
space. In each simulation time step the old tangential overlap is updated
considering relative motion in the previous time step. Afterwards, the
resulting elastic component of tangential force is computed according
to Eq. (8) and the slipping condition given in Eq. (9) is analyzed.

ﬁ;ii:jzggfzj'G*’\/‘fin:j'R* ®)

~tel ol
F,],,,,-;j( Sy |F:p,f:1‘ )

26 (2,) m ®

(7

If the condition is not satisfied, then the magnitude of the elastic part of
the tangential force is limited by the magnitude of the normal force mul-
tiplied by the sliding friction coefficient (44). In this case, the tangential
displacement is updated based on the new value of the tangential force
as:

el

ppiitj
o (10)
G* -\ Jen - R

The rotational moments induced by particle-particle or particle-wall in-
teractions are calculated based on the tangential force considering ad-
ditional rolling resistance.

The relative motion of particles connected by a solid bond causes the
formation of normal and tangential forces acting on particles, as well as

o _
éi:j_

torsional and bending moments. The forces are calculated according to
the ideally elastic model [14,50]:

Fyizj = [F:,i:j] + [F;[Zj]
[Lb,iij - LZ";’] E, - Ab,i:j

_ E,,A,L,.:j] + [E;}.,..— an
L S ()

where E, and v; are the Young’s modulus and Poisson’s ratio of the
bond material; A, is the bond’s cross-cut surface; Li"" and L are the
initial and current bond length; EI” is the bond deformation in tangential
direction. The bond deformation in the normal direction can be directly
calculated based on the actual position of particles. However, &, as in
the case of particle-particle contact, is calculated incrementally:

£t — £t =t

Spin At AN =T ;- &, O+ AL T, 12
Here T is the rotational matrix calculated to consider the motion of con-
nected particles. In vector notation (@ = {u,. u,,u.}) it is defined as:

b =F,t+ A0 - (& + ;) ~7,«,j(t+At)]~% (13)

G =7 ;(t)xF;;(t + Ar) (14)

+qz'¢z+qy'¢y
TiJ = qz_¢z_qx'¢y
_qy_qx'¢z+¢y

¢z_qz_qy'¢x
q: ¢+ 1-ac- ¢,
_qy'¢z+qx_¢x

—¢y—q;- b+,

=Gy - by + Oy — 4y

qy'¢y+qx'¢x+1
(15)

where 7, ; is the unit vector connecting the centers of the particles.

At each simulation time step, the stresses acting in each single
bond are calculated and compared to their normal ¢,,,, and tangential
Tmax Strengths. If the stresses in a particular bond exceed the material
strength, the bond is considered broken. If I; ; and J;. ; are the moment
of inertia and the polar moment of inertia of the bond’s cross-section,
respectively, and Ry ;. ; is the bond radius, the breakage conditions can

be formulated as follows:

En M | Ry,
bi:j bi:j bii:
i, 1P — < O a6)
Ab,i:j Ii:j
‘Fl:,i:j‘ ‘Mlz,[:j“Rh,i:/
+ max a7
Api:j Ji:j

The proposed model does not consider the interaction between parti-
cles connected with a solid bond. Consequently, in situations where the
solid bond is broken and the bond is therefore removed from the scene,
a large interparticle force can arise spontaneously. To avoid possible in-
stabilities, a time-dependent relaxation of the bond has been included.
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If at least one of the bond fracture conditions is met, the bond is marked
as broken, however it is not instantaneously removed from the calcula-
tions, but remains active for a short period of time (1 ns). During this
period, the normal and tangential stiffnesses of the bond are decreased
at a rate of 1% in 1011 s.

Using the BPM calculation approach is computationally expensive.
This is caused by a large number of simulated objects and a small mod-
elling time step. To overcome this problem, a hybrid CPU-GPU compu-
tational technique was developed and implemented in the open-source
simulation framework MUSEN. The contact detection was performed
on the CPU applying the linked-cell method [52], Verlet lists [67] and
multigrid approaches [29]. During modelling, a list is generated, which
contains not only contacts that are active in the current time point,
but also potential contacts which can occur within a specific time slot.
This allows integration of motion and computation of interactions on a
graphics processing unit (GPU) without transferring data between the
CPU and the GPU after each simulation step. When the periodic bound-
ary conditions are enabled, the list of potential contacts is extended by
particle-particle or particle-wall interactions that can occur over bound-
aries. Moreover, the solid bonds can be directly created across PBC.

The implemented code was parallelized on the CPU according to the
shared memory model. For the parallelization of computations on the
GPU the CUDA computing platform was used.

3. Behavior of ideally ordered structures
3.1. Uncoated SiO, samples

3.1.1. Convergence analysis

Selection of the appropriate simulation domain is crucial when mod-
eling heterogeneous materials, since it determines the accuracy and rep-
resentativeness of the structural model. In most cases, a representative
volume element (RVE) is defined [4], and simulation is performed us-
ing suitable boundary conditions. On the one hand, the size of the RVE
must be large enough to contain sufficient information about the mi-
crostructure. On the other hand, it should be much smaller than the
macroscopic body [18,27]. Often, to simulate ideally ordered periodic
structures, it is sufficient to use the domains containing one single unit
cell [57,59]. However, to analyze the influence of stacking faults, which
lead to non-ideally ordered structures, a much larger size of simulation
domain should be used.

With respect to boundary conditions, three different configurations,
which satisfy Hill-Mandel condition, are usually distinguished [40]: pe-
riodic boundaries, affine displacement and stress boundaries. In the
scope of this work, periodic boundary conditions and open boundaries
were used. Here, the combination of centric or eccentric positioning of
inclusions with specific boundary conditions can influence the stress dis-
tribution [59]. For ideally ordered FCC structures, we applied a centric
arrangement of pores with symmetry at the axial boundaries. The size
of the final simulation domains was relatively large, so the influence of
positioning was minimized.

To ensure that the size of the modeled sample is large enough to cor-
rectly represent the material behavior, the influence of the simulation
domain was first analyzed. For this purpose, structures of various geo-
metric sizes were investigated: the area of the cross-sectional surfaces
of the samples varied from 1 to 15.1 ym?, and the height was 2.01 or
2.63 um, which corresponded to three and four vertical pore layers, re-
spectively. The step size over the sample area was limited by the need for
the correct structural patterns at the boundaries with periodic bound-
ary conditions. In Fig. 4, two exemplary samples with different volumes
ordered according to a face-centered cubic (FCC) lattice are shown.

The mechanical behavior of samples was investigated by simulating
uniaxial compression tests. The model parameters used for these cal-
culations are described in the next chapter. As a result, based on the
obtained force-displacement characteristics, Young’s modulus and com-
pressive strength were calculated for all pieces. It should be noted that
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the simulation results can be affected not only by the size of the sam-
ple, but also by the random placement of primary particles in the initial
packages caused by the generation procedure described in the previous
section. Therefore, in order to take this into account, three samples of
each size were generated and analyzed. From the results shown in Fig. 5,
it can be seen that for all samples whose cross-sectional area exceeds 4
um?, the size of the sample has a minimal effect, and the deviations are
less than 0.12% for Young’s modulus and 4% for compressive strength.
Maximum deviations caused by random placement of particles in these
larger samples are 0.16% and 6.5%, respectively. Finally, a comparison
of samples consisting of 3 and 4 layers shows that thinner structures
have a slightly higher Young’s modulus. However, this difference can be
neglected, since the experimental range of Young’s modulus obtained by
do Rosério et al. [57] is 10 times lager. In order to reduce computational
effort, only samples with a height of 2.01 ym and a cross-sectional area
of 8.05 ym?2 were used for further studies.

Since the discrete element method is based on an explicit integration
scheme, the selection of a suitable simulation time step is crucial for the
correctness and accuracy of the simulation results [7,64]. Due to the
very stiff materials and the small size of the primary particles, a time
step of 1012 s was used in all case studies.

3.1.2. Model parameters identification

One of the main challenges associated with the use of BPM is an
adjustment of unknown model parameters. Since, there is always some
deviation between the real material microstructure and its BPM rep-
resentation, even with exact knowledge about the material properties,
calibration of the model is needed. The most widely used calibration
strategies are based on inverse analysis principle with application of
different methods for design of experiments [14,23,60,72]. More ad-
vanced strategies, like proposed by Estay et al. [19] or the linearization-
based method used by Jarolin et al. [31], allow to estimate the model
parameters directly based on the structural model. However, since the
developed BPM model has a relatively small number of unknown pa-
rameters, the relatively simple parameter identification procedure was
applied in this work. The model parameters, namely Young’s modulus
of bonds Ej, (s. Eq. (11)) as well as their normal o,,,, and tangential
Tmax Strengths (s. Egs. (16) and (17)) were varied and their influence
on force-displacement characteristic was analyzed. Based on the devi-
ations between experimental data and simulation results and using it-
erative Newton’s optimization approach, an optimal parameter set was
identified.

The algorithm for identifying the values of the required parameters
worked as follows. In all case studies it was assumed that the normal and
tangential strengths of the solid bonds’ material are equal. Therefore,
only two parameters were varied: Young’s modulus Ej,; and strength
Omax,i- From the results of the DEM simulations, the force-displacement
characteristic was extracted and the Young’s modulus Epgy,; and the
compressive strength opg,; of the porous structure were obtained. The
strength was calculated based on the maximum force, and the Young’s
modulus was determined assuming a linear slope of the stress-strain di-
agram. Finally, the obtained results were compared with the experimen-
tal data (E* and ¢*). Based on the discrepancy between these values, the
parameters for the next simulation were calculated, as it is shown for
the Young’s modulus in Eq. (18). Breakage strength was calculated in a
similar way.

E* - Eppm,

9Eppm,i
0Ep;

Epiv1=Ey; + (18)

The derivative dEpg, ;/0E;,; was calculated with finite difference ap-
proximation as:

aEDEM,I' _ EDEM,[ - EDEM,[ (19)

0E,; AE,

Where AE, is a small perturbation step in Ep;, and Eppy, is the
Young’s modulus of the sample extracted from DEM calculations us-



M. Dosta, K. Bistreck, V. Skorych et al.

2.01 ym (3 pores)

International Journal of Mechanical Sciences 204 (2021) 106577

Fig. 4. Uncoated SiO2 inverse opals of different sizes.
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Fig. 5. Influence of sample size on the mechanical response.

ing the Young’s modulus of bonds equal to Epgy,; + AE,. The iterations
were repeated until the difference between the desired value E* and the
DEM model Eppy,; reached 0.5%. It worth noting that during the itera-
tive search it was assumed that the strength of the bonds does not affect
the Young’s modulus of the sample 0Epgy; /00 4,,; = 0 and the Young’s
modulus of bonds has no influence on the strength of the modeled sam-
ple 60'DEM)i/0Eb)i =0.

The stiffness and the strength of uncoated silica samples obtained
from experimental results of do Rosério et al. [57] were used to calibrate
unknown model parameters: Young’s modulus of particles and solid
bonds and fracture strength of bonds. Calibration results showed that
for the proposed structural model, the Young’s modulus of silica parti-
cles and bonds should be equal to 6.53 GPa, and the fracture strength
should be 94.3 MPa. In this case, the porous structure consisting of 3
layers (2.01 ym) and having a cross-sectional surface area of 8.05 um?
reveals a Young’s modulus of 1.7 GPa and a compressive strength of
41.1 GPa. These values are in good agreement with the experimental
data of 1.7 + 0.1 GPa and 41.3 + 2.3 GPa, respectively [57].

Another important parameter is the scaling factor K, which char-
acterizes the relationship between the microscale model parameters
(Young’s modulus of primary particles and bonds) and the material
properties at the macroscale. It is defined as:

Kg = Emacro/Eb (20)

where E,,,, is the macroscopic Young’s modulus of a monolithic sample
obtained from the BPM computations. Due to the linear elastic model of

solid bonds, it can be assumed that K, is constant and it depends only
on the structural model (packing of primary particles and their connec-
tivity with solid bonds). This assumption allows to directly estimate the
Young’s modulus of bonds Ej;, for known material.

To compute the scaling factor for the proposed packing generation
algorithm, a silica sample was generated without macropores, and its
stiffness was determined using the uniaxial compression test. The nu-
merically determined Young’s modulus of such a bulk silica sample
E nacro = 21.9 GPa and corresponds to the scaling factor for the proposed
structural model of K; = 3.35. The Young’s modulus of 21.9 GPa is com-
parable to the value of 17.52 GPa obtained from the FEM-based calibra-
tion performed by do Rosario et al. [57]. The corresponding fracture
strength of the bulk silica is 601 MPa, which is approximately E,,;.,/35
and in the range [E,4cr0/7 »Emacro/35 1 of the estimates for the predic-
tions of the theoretical strength of a perfect material [20,46,49].

An overview of all the model parameters used in simulations is given
in Table 1. In the first column the model parameters used for BPM com-
putations are listed. In the second column the resulting material param-
eters are shown. These are the properties of monolithic silica or titania
samples represented with the corresponding BPM model.

3.1.3. Mechanical behavior

The compression of the inverse opals leads to heterogeneous defor-
mations occurring in the different zones, such as struts or nodes. In
order to characterize these zones, the deflection of bonds in the nor-
mal direction was analyzed. The normal direction is the vector between
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-1.5%

Fig. 6. Localized deformation of bonds in the silica
sample at macroscopic strain of 2%.

-0.25% 1%

]

Compression

Tensile zones

Compressive zones

Table 1
The main BPM model parameters and the corresponding material properties
of a perfect monolithic material

Material properties

BPM model (perfect monolithic
Parameter parameters material) Units
Silica
Young’s modulus 6.53 219 GPa
Poisson ratio 0.17 -
Fracture strength 94.3 601 MPa
Titania
Young’s modulus (experiments [11]) GPa
10 nm 13.72+8.35 46.0+28
20 nm 17.89+5.37 60.0+18
32 nm 22.21+4.47 74.5+15
Poisson ratio 0.28 -
Fracture strength 834 2843 MPa

the centers of the connected particles. In Fig. 6, the deflection of the
bonds for instantaneous time point, where the overall (global) strain
was equal to 2%, is shown. Here, the solid bonds are colored according
to their strains. Positive values represent tension, and negative values
represent compression. From the results obtained, it can be seen that
the largest compressive deformations occur at the regions of the struts
in the loading direction. At the same time, the tensile zones are built
near the interpore openings. On the one hand, they are formed above
and below the pores (T; in Fig. 6). On the other hand, they can be found
in the interpore holes oriented parallel to the direction of loading (T,
and T3). The material situated in the nodes undergoes only insignificant
deformations.

The loading-dependent deformation of single bonds at the three
stages of deformation is shown in Fig. 7. It can be seen that the largest
fraction of bonds has negative strain that means they are compressed.
When the macroscopic strain of the sample is equal to 1.23%, only 5%
of bonds have an average elongation of 0.26%. In the same time, the
number of shortened bonds in the same range of values is about 31%.
Moreover, it can be seen that with an increase in the overall strain from

Tension

Loading direction

Nodes: no
significant
deformation

50 T | |
45 m Global strain 1.23%
= 40 O Global strain 1.91%
X .
= B Global strain 2.51%
n 35
2
s 30
P 25
.5 20
© 15
S
w 10
: Fl |
o Ll _—ml
-1.29 -1.03 -0.77 -052 -026 0.00 0.26 0.52

Strain [%]

Fig. 7. Deformation of an uncoated sample: distribution of solid bonds over
strains for three different compression stages.

1.23% to 2.51%, the distribution becomes wider, which indicates larger
inhomogeneity of the localized deformations. Such inhomogeneity can
be also visually observed in Fig. 6.

The bonded particle method allows to explicitly consider material
fracture, starting with the initiation of initial defects, continuing with
the propagation of cracks and their coalescence, and ending with the
overall fracture of the sample. Fig. 8 shows two fracture patterns for un-
coated silica sample consisting of 4 layers of pores with a cross-sectional
area of 8.05 um?. Since, the periodic boundary conditions significantly
influence the breakage behavior, the fracture patterns with periodic
boundaries and with open boundaries were investigated and compared.
In the both cases, initial defects and cracks originate starting from the
interpore openings. In the presence of PBC, the longitudinal cracks are
formed in the sample, perpendicular to the loading direction: in Fig. 8.b,
one macroscopic crack passing through the entire sample can be ob-
served. Contrary to this, in the sample with open boundaries (Fig. 8.a),
vertically oriented intrapore cracks are formed.
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a) Open boundaries

b) Periodic boundary conditions
Longitudal fracture

3.2. Coated structures

To further validate and analyze the applicability of the proposed
model under different scenarios, modelling of coated structures was car-
ried out. The inverse opals of SiO, were coated with TiO, layers of three
different thicknesses: 10, 20 and 34 nm. In this case, no further calibra-
tion of the titania’s Young’s modulus was necessary, since experimen-
tally measured values from Colombi et al. [11] are available. For the
three thicknesses (10, 20 and 34 nm) of TiO2 the following Young’s
moduli were taken respectively: 46+28 GPa, 60+18 GPa and 74.5+15
GPa (Colombi et al. [11]). After that, the model parameters of titanium
dioxide bonds were recalculated using the scaling factor of 3.35 from
Eq. (20). Thus, for each thickness, three different values of Young’s mod-
ulus were obtained by using either the experimental mean value or the
mean value plus or minus the standard deviation. For example, samples
with a thickness of 10 nm TiO, were modeled using the values (46 -
28) / 3.35=15.37,46 / 3.35 = 13.72 and (46 + 28) / 3.35 = 22.07 GPa
(see Table 1). This made it possible to consider the values from the re-
gion of standard deviations observed in the experimental measurements.
For all case studies, the strength of single bonds of TiO, was calibrated
to be 834 MPa, which corresponds to the total strength of a monolithic
sample of titania of 2.84 GPa (Table 1), which is in the range of theo-
retical predictions [20,46,49].

International Journal of Mechanical Sciences 204 (2021) 106577

Fig. 8. Fracture patterns observed in simu-
lation and experiments for (a) open and (b)
closed boundaries. a) Simulation results of an
uncoated sample and a SEM image for silica
coated with 34 nm TiO2; b) Simulation re-
sults of an uncoated silica sample with PBC and
SEM image for flat punch indentation for un-
coated sample. *SEM images reprinted from do
Rosario et al., 2020 with permission from Else-
vier.

Silica + 34 nm titania

(open boundaries)*

7’
ST AR

7

o§§§g"

Silica
(closed boundaries)*

In Fig. 9, the Young’s moduli and compressive strengths obtained
from the performed BPM simulations, as well as their comparison with
the experimental data and the results from FEM simulations (both
from [57]) are illustrated. As expected, due to the higher stiffness and
strength of titania, an increase in a coating layer allows to signifi-
cantly improve mechanical properties. A comparison between numer-
ical results and experimental data shows that after adjusting the titania
strength for a layer of 10 nm, the proposed model is able to predict com-
pressive strength for thicknesses of 20 and 34 nm with high accuracy.
The deviations between experimental and numerical results for a thick-
ness of 34 nm is less than 2.2%. However, there are large deviations for
the Young’s modulus: the BPM model used underestimates the stiffness
for thin layers and overestimates it for the 34 nm TiO, layer. Similar
deviations were also observed in previous FEM simulations [57].

In Fig. 10 the typical stress-dependent mechanical behavior of mate-
rial obtained from BPM simulation and from experiments of do Rosario
et al. [57] are shown. In this figure the results for a silica sample coated
with 20 nm titania layer are demonstrated. The simulation was per-
formed using the upper estimation of Young’s modulus for titania of 78
GPa [11].

Analyzing the results, one can notice that both curves which repre-
sent Young’s modulus reveal similar behavior and in both three main
regions can be distinguished. In the first region, an initial contact is
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Fig. 9. Dependency of stiffness and compres-
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Fig. 10. Dependency of Young’s modulus on strain and stress-strain diagram for a silica sample coated with 20 nm titania layer. The experimental data from do

Rosério et al. [57].

formed, and the estimated Young’s modulus increases. After that, in the
second region, the Young’s modulus has an almost constant value, which
subsequently decreases in the third region due to the fracture or plas-
tic deformations occurring in the material. However, unlike a virtual
sample, experimental samples do not have an ideally flat surface with
perfectly oriented pores. As a result, the region of the initial contact for-
mation in the experiments is about 4% of strain, that is much larger
compared to approximately 0.5% in the simulation. The shift of the
curves by the strain difference shows that simulation results are in good
agreement with the experimental data. However, it should be noted that
here the material already reveals elasto-plastic behavior, which is not
considered by the DEM simulation, since the ideally elastic model of
solid bonds is employed. As a consequence, this leads to a mismatch in
the slope of the stress-strain diagram shown on the right-hand side in
Fig. 10.

The second important difference is the material behavior in the third
region, where material fracture and plastic deformation occur. In this
work, a simplification was made, and single solid bonds for silica and
titania were modeled with purely elastic rheological model (Eq. (11)),
without consideration of plasticity. As a consequence, the differences
in the material behavior in the third region can be observed. A similar
shift in values caused by a non-flat surface can be observed also in the
stress-strain diagram.

The three highlighted regions in Fig. 10 should not be confused with
those ones that are typically distinguished in the stress-strain diagrams
of highly-porous materials, namely: elastic, plastic plateau and densifi-

cation. In this contribution we only focus on the initial elastic region
with the relative low strains.

To compare the effect of the coating layer on the distribution of
stresses within the structure, the Cauchy stress tensor for primary par-
ticles was calculated as [65]:

1

where K is the total number of contacts, F are the forces acting in each
contact, [ is the branch vector, and V,is the volume of particles. It should
be noted that when using BPM, solid material appears as a set of non-
overlapping spherical particles. This leads to an artificial porosity, which
means that the total volume of all particles Y7 is smaller than the vol-
ume of the modeled object. As a consequence, the use of the correlation
given in Eq. (21) leads to an overprediction of the absolute values of
stresses. However, it can be effectively used to compare structures or to
analyze the influence of different parameters.

Fig. 11 and Table 2 show the results of the analysis of stresses acting
on the primary particles of different materials in a pure silica sample and
in a sample coated with a titania layer of 20 nm. The stresses acting in
the vertical (loading) direction (c,,) and in the axial direction (c,,) are
illustrated there. These values are the two diagonal elements of Cauchy
stress tensor (s. Eq. (21)). Negative values correspond to the compressive
stress and positive values to the tensile stress. Fraction in Fig. 11 is the
number of particles of a specific material divided by the total number
of particles. The overall compressive stress for both samples was equal
to 31.3 MPa.
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Fig. 11. Distribution of stresses acting on particles in uncoated and coated (20 nm titania) structures. Negative values represent compressive stresses, positive values

represent tensile stresses.

Table 2
Average compressive stress in the axial (o) and vertical (o,,) irections in
a sample coated with 20 nm of titania.

Silica Titania

0, [MPa] o,, [MPa] 0, [MPa] o,, [MPa]
Uncoated  44.5 + 63.2 162.8 + 135.3 - -
Coated 18.1 + 149 88.9 + 44.32 40.88 + 42 158 + 121.2

From the obtained results several conclusions can be drawn:

Prevailing compressive stresses act in the axial direction, and there

are almost no tensile stresses in the loading direction.

Regardless of the type of material, the average axial stress is roughly

four times smaller than the vertical stress.

¢ The TiO, coating layer with a thickness of 20 nm allows to reduce
stresses acting on silica by almost half. The average stresses in the
loading direction for samples with and without coating are 88.9 and
162.8 MPa accordingly.

¢ The inverse opal structure has a large inhomogeneity in the distribu-

tion of stresses. Standard deviations are almost in the range of 100%.

Adding a coating layer allows to slightly homogenize the stress dis-

tribution in silica under load.

The spatial distribution of o,, and o,, stresses for uncoated sam-
ple and material coated with 20 nm titania are shown in Fig. 12. Here
the continuous representation of stresses is shown for three orthogonal
planes. To convert discrete data obtained from the DEM simulation to
the continuous view, linear interpolation in 3D space were performed
using MATLAB package with scatteredinterpolant() function. Since the
compressive stresses prevailing in the structure, the selected colormap
limits for tensile stress were four times smaller than for compressive.
Moreover, the limits were selected not based on the maximum value on
stresses, but to have clear representation of stresses distribution.

It can be observed that the both samples have significant differences
in stress patterns. In the coated structures the largest part of the load is
absorbed by the titania shell and the magnitude of stresses in the silica
is much smaller compared to the uncoated sample. Similar results from
FEM computations were reported by do Rosério et al. [57]. Moreover,
the axial stress o, is non-homogeneously distributed on the pores’ sur-
faces forming compressive and tensile zones. The largest gradients of
vertical or axial stresses are formed near the interpore openings. This
directly correlates with the fracture pattern (Fig. 8), where the initial
cracks formation was observed near the interpore openings.
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4. Disordered structures with varied porosities

The overall porosity of the final structure, the shape of the pores,
their orientation and ordering have a crucial influence on the mechan-
ical behavior of the material. Various correlations exist to describe the
relationship between porosity and the mechanical properties of ceram-
ics [53]. One of the widely applied correlations between Young’s mod-
ulus and porosity for spherical pores is the exponential function given
in Eq. (22) [1,25,62]:

E(e) = E, - 7€ (22)

Here, E is the Young’s modulus of the porous material, E; is the elas-
tic modulus of the non-porous material, ¢ is the porosity, and b is an
empirical parameter. The parameter b strongly depends on the type of
material and typically varies in the range between 2.2 and 4.5 [53]. An-
other correlation for describing the dependence of Young’s modulus on
the open porosity in ceramics was proposed by Wagh et al. [68] and it
can be expressed as

E(€)=Ey-(1-¢)" (23)

where m is the exponential parameter, which depends on the tortuosity
of the ceramic structure.

To analyze the influence of porosity on mechanical behavior, sev-
eral samples were generated with a different number of pores, and hence
with different porosities, using the algorithm described above. A total of
six different porosities were analyzed. Since the initial random arrange-
ment of pores can affect the mechanical properties of the material, five
samples for each porosity were generated. In Fig. 13, two final exem-
plary structures with porosities of 63% and 39% are shown. It should
be noted that a decrease in porosity leads to an increase in computa-
tional effort. Therefore, the minimum porosity in this study was limited
by computational complexity and, thus, the simulation time. The sam-
ples with 39% porosity consist of about 3.4 million particles and 39.4
million solid bonds.

In Fig. 14.a, the dependencies of the compressive strength and the
Young’s modulus on the porosity obtained from the simulation results
are shown. The both characteristics decrease with higher porosities. An
increase in porosity from 0.49 to 0.63 leads to an almost two-fold de-
crease in the average Young’s modulus from 6.3 to 3.3 GPa and the
compressive strength from 92.9 to 46.7 MPa.

The dependency of Young’s modulus on the porosity was approxi-
mated by correlations given in Egs. (22) and (23). For this purpose, the
parameters b and m were adjusted to the BPM simulation results, and
thus correlations Egs. (24) and (25) were obtained: the parameter b in
the exponential function was evaluated to 2.99 and parameter m from
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Fig. 12. Spatial distribution of stresses acting on particles in uncoated and coated (20 nm titania) structures. Stresses are shown for three orthogonal slices. Negative
values represent compressive stresses, positive values represent tensile stresses. The overall compressive stress for both samples was equal to 31.3 MPa.

Porosity 63%
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Fig. 13. Two exemplary samples with different porosities.

the correlation of Wagh et al. [68] - to 1.92. In their work, Wagh et al.
[68] showed that for sintered ceramic m has a value of nearly 2. How-
ever, it was found that the exponential correlation from Eq. (22) leads
to a large discrepancy and cannot effectively represent the simulation
results. At the same time, the function in Eq. (25) almost perfectly de-
scribes the obtained dependency of Young’s modulus on porosity.

E =22.06 - e~29%¢ (24)

macro

11

E

macro = 22.06 - (1 — £)l92 .

The exponential relation (26) is suitable to describe the dependency
between the porosity and the compressive strength [53]. Here, the expo-
nential factor b is almost equal to 4. It can be also observed, that the FCC
structure with 74% porosity does not completely follow the descending
trend. The compressive strength of the structure, which is 41.76+0.24
MPa, is higher than the value predicted with Eq. (26). This is due to
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In Fig. 14.b the dependency of the fractional Young’s modulus (E/E;)
on porosity is shown and compared to the experimental results of do
Rosario et al. [57]. Although the correlation of Wagh et al. [68] was
developed for open porosities, it can be effectively applied for regions
with low porosities where prevailing closed pores exist. For compari-
son, Fig. 14 shows the experimental data from Adachi et al. [1] where
exponential dependency was observed.

In Fig. 15 the mechanical properties of all investigated structures in-
cluding samples coated with titania are shown depending on their densi-
ties. The densities for experimentally investigated samples were directly
measured with four independent measuring techniques [57]. In the case
of the BPM simulations, the sample densities were estimated based on
the volumetric amount and density of each component. The densities
of silica and titania used for the simulations were equal to 1297 kg/m?>
[57] and 3660 kg/m?3 [11] accordingly.

It can be observed, that the coating of samples with an additional ti-
tania layer does not allow to significantly improve material stiffness. The
coated inverse opals and less porous pure silica samples which have sim-
ilar densities reveal also similar stiffnesses. For example, the FCC inverse
opal coated with 20 nm titania has a density of 668 kg/m? and Young’s
modulus of 5.96 GPa. A pure silica structure with a porosity of 48.8%
has a density of 664 kg/m?> and Young’s modulus of 6.26 GPa. However,
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the additional titania coating has a decisive influence on the compres-
sive strength. It allows to significantly improve material properties. For
example, the strength for samples with material density of about 660
kg/m?3 for coated inverse opal is equal to 249 MPa. This value is more
than two times larger compared to the strength of pure silica sample,
which is equal to 93 MPa.

5. Conclusion

A simulation strategy based on the discrete element method and the
bonded-particle model was applied for modeling of inverse opals. Due
to the high flexibility of this approach, it was possible to reproduce the
internal structure of the simulated material, to consider the effect of
an additional coating layer and to analyze the influence of porosity and
the pores arrangement. It was shown that BPM-based approach not only
allows the macroscopic stress-strain relationships to be extracted from
the simulation results, but also can provide a detailed insight into the
mechanical response of the structure. Moreover, the explicit solution
strategy used in this mesh-free method makes it possible to consider
the material fracture on initial stages. However, it should be noted that
a simplification has been made in the current study, and solid bonds
were modeled by a purely elastic model. This led to discrepancies be-
tween experiments and simulations in the region of high strains. For a
more accurate reproduction of the material, it is necessary to develop
an elastic-plastic model of solid bonds.
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The proposed strategy was implemented in the open-source DEM
code, and the computations were parallelized for the hybrid CPU-GPU
architecture. This allowed to achieve a high-resolution structural model
and to effectively perform simulations of scenes consisting of 20-35 mil-
lion discrete objects.

Analysis of the mechanical behavior of inverse opals under uniaxial
loading shows that:

¢ The material in the struts oriented in the loading direction is com-
pressed, and tensile zones are formed in the interpore openings, as
well as at the lower and upper parts of the pores.

o The stresses in the axial direction (perpendicular to the loading di-
rection) are almost four times smaller than in the vertical.

¢ An additional coating layer of TiO, can significantly improve the

stiffness and the strength and reduce inhomogeneity of the stress

distributions.

The dependency of the Young’s modulus and the strength on porosity

can be described using power and exponential functions.

Overall, it can be concluded that the proposed methodology is a very
promising approach, which has a very high potential to be applied in
similar problems of material science.
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