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Abstract

The following dissertation concerns with elevating the role of nonlocal peridynamic continuum
models in real-world engineering and material applications by establishing efficient and robust
numerical techniques and providing comprehensive model descriptions that aim to accurately rep-
resent the underlying physical properties. A number of versatile numerical discretization schemes
are thoroughly evaluated for both bond-based peridynamic models in brittle fracture modeling as
well as nonlocal diffusion-type models for up to three-dimensional problems. These schemes can
adaptively refine the computational grid around areas of interest, are asymptotically compatible,
computationally efficient, and easy to implement. Efficient solution schemes are further provided
for unbounded domain problems, based on residual-free exponential basis functions, which may
be used in a collocation scheme to obtain Dirichlet-type boundary conditions to approximate the
far-field domain solution over a truncating boundary. The feasibility and improved capability of
the proposed numerical schemes are demonstrated on the complex multi-physics simulation of
the biodegradation of magnesium-based bone implant screws under physiological conditions on
(nearly) unbounded three-dimensional domains, utilizing the standard bi-material peridynamic cor-
rosion model with an efficient constitutive model of the corrosion kinetics that directly links to the
experimentally easy-to-measure macroscopic volume loss. In order to augment the capabilities
of standard peridynamic models towards the description of multi-ionic mass transport of electro-
migration, a generalized peridynamic framework of nonlocal Nernst-Planck-Poisson equations is
proposed, which effectively models the diffusion-electromigration-reaction and moving boundary
problems of corrosion models with arbitrary constitutive corrosion kinetics.

xx



Chapter 1

Introduction

Mathematical modeling of mechanical damage and fracture in materials requires a multi-scale
approach to accurately describe these phenomena across various length scales. A significant chal-
lenge is reconciling atomistic methods, such as Molecular Dynamics (MD), with the principles of
Classical Continuum Mechanics (CCM) that apply at the macroscale [92]. Quantum mechanics
can model certain damage phenomena, such as chemical reactions or phase changes at very small
scales (see e.g., [78]), but extending these descriptions to larger macroscopic systems incurs exces-
sive computational costs, making such approaches impractical for large-scale applications. This
gap between the micro- and macroscale is exacerbated by the inherent limitations of continuum
mechanics, which assumes the continuity and differentiability of state variables. These assump-
tions break down in the presence of discontinuities such as cracks or voids, which are fundamental
to understanding and predicting material failure.

Models based on CCM can effectively solve for displacements and strain fields given the ex-
ternal loads, boundary conditions, and constitutive assumptions of a material, ranging from linear
elasticity to visco-plasticity. However, when spatial discontinuities form in any state variables, the
mathematical foundations of CCM become invalid in those regions. To address this, homogeniza-
tion methods, such as Continuum Damage Mechanics (CDM), were proposed to account for the
macroscopic material response in the presence of micro-cracks or voids [159, 29]. However, CDM
does not provide a comprehensive description of damage at the macroscale [8, 77]. Methods based
on classical Linear Elastic Fracture Mechanics (LEFM) or Nonlinear Fracture Mechanics (NLFM)
are also limited, as they can only be applied to simple structures with predefined cracks and do not
consider spontaneous crack initiation [132]. Dynamic fracture modeling, therefore, necessitates
numerical approaches that accurately describe crack formation, propagation, branching, and coa-
lescence on a macroscopic scale. Numerical methods, such as the Extended Finite Element Method
(X-FEM), have been shown to provide reasonably accurate solutions to engineering problems [70].
However, their major drawbacks include poor numerical stability and mesh dependency, often ren-
dering these models impractical for real-world engineering applications [139]. Additionally, these
models do not adequately address crack formation and branching, resulting in ad hoc descriptions
of crack-tip dynamics [77]. Consequently, there is a need for a modeling system that can integrate
different scales of material behavior, incorporating accurate descriptions at lower length scales
compared to the continuum level, without the excessive computational costs typically associated
with such approaches for macroscopic structural systems.

Traditionally in multi-scale modeling, domain decomposition and coupling approaches be-
tween models at different scales are employed [117, 9, 11, 102]. However, coupling atomistic
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or molecular scale models to CCM models presents challenges. CCM models are local and use
spatial derivatives in the physical material description, whereas atomistic models are nonlocal. In
atomistic models, material points within a certain finite interaction distance can establish bond
connections, and determining the state at a particular point in time requires information from dis-
tinct neighboring points in space. Due to the inherently different physical descriptions between
classical local and atomistic nonlocal models, numerical coupling and domain decomposition
methods suffer from various spurious effects, necessitating additional numerical stabilization ap-
proaches [34, 120].

Peridynamics (PD) has been proposed as a nonlocal generalization of CCM and a multi-scale
framework to address these challenges. Evidently, it has seen exponential growth in scientific us-
age and within the research community in recent years. Introduced by Stewart A. Silling in the
early 2000s, PD moves away from the local interactions fundamental to CCM and instead adopts
a nonlocal structure where the forces between separate points in a material are defined over fi-
nite distances, known as the peridynamic horizon [128]. This shift replaces differential equations,
which require the differentiability of displacement fields to obtain meaningful mathematical solu-
tions and guarantee well-posedness, with integro-differential equations. Since integral equations
can be formulated even in the presence of sharp discontinuities, they inherently account for dam-
age and fracture phenomena, such as crack propagation, while still being valid. The very name
peridynamics, composed of the Greek peri for "near" and dynamic for "force," emphasizes the
core of this theory: the dynamic interaction between points within a finite distance, i.e., the hori-
zon, beyond which the nonlocal material point interactions are considered negligible. Through the
integro-differential formulation of nonlocal bond interactions, computational models based on PD
overcome the limitations of coupled atomistic and classical continuum models, as well as the math-
ematical limitations of purely local continuum models in applications involving evolving material
discontinuities. This enables the modeling of damage and fracture phenomena ranging from the
atomistic to the structural level in a consistent nonlocal multi-scale framework [117, 118, 7]. More-
over, the emergence of PD has catalyzed the development of nonlocal calculus as a new branch of
mathematics, generalizing traditional calculus and thus underpinning the theoretical foundations
of PD and enhancing its applicability in various areas of materials science [3, 36, 10, 35].

Given the integro-differential formalism, PD provides a comprehensive set of mathematical
modeling opportunities across a wide range of damage mechanisms and has been widely exploited
as an effective computational tool to model, among other phenomena, spontaneous crack nu-
cleation [131], dynamic crack propagation, growth and branching [53, 107, 142], impact dam-
age [61, 4], and failure and damage in concrete [24], composites [32], polycrystals [164], ice
craters [160], as well as many other brittle and ductile materials. PD has advanced the state of
the art for modeling material failure and is now considered an established mathematical frame-
work and computational tool in mechanical fracture.

More recently, the nonlocal peridynamic formalism has been extended to broader fields of
application, such as heat and mass transport [101, 13, 161], as well as corrosion damage model-
ing [25, 63, 62, 65, 80, 27]. These extensions have attracted considerable attention in the literature
by presenting reliable and computationally effective methods for various relevant corrosion phe-
nomena in engineering problems. These problems involve diffusion-type processes in coupled
metal and electrolyte environments where the solid metallic phase gradually undergoes a phase
change. Traditionally, classical continuum-based models that sought to model this effect of mass
transport across a time-dependent corrosion interface layer faced difficulties in accurately capturing
the evolution of the phase boundary. Formulations to address this, within the context of classical
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computational methods, usually involve transport equations solved through Finite Element Method
(FEM), but are often cumbersome to implement and computationally demanding. Peridynamic
models can largely bypass this problem, as they can naturally capture the evolution of moving in-
terfaces (where the Stefan conditions are satisfied) as part of the solution process. Another distinct
feature is that peridynamic models offer a complete description of corrosion damage, including
mechanical damage in the corroding layer, since in peridynamic models, corrosion is viewed as a
type of damage induced in a solid coupled with a diffusion problem in an electrolyte [27].

To date, a major drawback of peridynamic models is their limited applicability to real-world
engineering and structural design problems. This limitation stems from the fact that numerical
modeling for peridynamic models is still relatively under-researched compared to the decades of
research, testing, and employment of well-established numerical methods for CCM models, such
as the FEM, when it comes to macroscopic structures relevant in engineering problems. Despite
the appealing consistently nonlocal, multi-scale formulation, current numerical methods for peri-
dynamic models remain computationally more demanding than comparative methods for classical
theories when modeling and parameterizing computational models based on experimental data
sets [79]. The problem mainly arises from the nonlocal nature of the theory and the associated
nonlocal integration procedures. Thus, at the moment, numerical peridynamic models largely lack
the efficient and robust implementations needed for practical problems in engineering applications,
which is why well-established methods such as the FEM are so widely used. This makes coupling
techniques between PD and FEM an important area for significantly improving computational ef-
ficiency [72, 94, 99].

In addition, most studies on PD published so far focus on solutions in bounded domains and the
accurate imposition of boundary conditions, either Dirichlet or Neumann type. However, in many
fields such as mechanical engineering, seismology, and coastal engineering, numerical models
need to approximate solutions in unbounded domains. Numerical schemes to approximate solu-
tions in unbounded domains for peridynamic systems are still in their early stages of research. Ap-
plying many established numerical approaches developed for local theories and equations to nonlo-
cal peridynamic systems is not trivial, since peridynamic interactions are nonlocal and peridynamic
operators are generally associated with volume-constrained boundary conditions [37, 162]. More-
over, techniques to numerically simulate unbounded domain problems typically involve Laplace
transforms into the frequency domain, making the calculation of nonlocal kernel functions from
these routines challenging and less accurate. In summary, while the theory of PD as a consis-
tently nonlocal multi-scale framework has been thriving in the academic community for almost
three decades, the application of nonlocal peridynamic models to complex real-world problems in
engineering, structural, and material design remains sparse.

The objectives of this dissertation are to address the critical issues in the current state of the
art in peridynamic modeling and to enhance its role as a competitive tool in engineering. This
work includes a detailed description of the development of novel, efficient numerical discretiza-
tion and quadrature schemes for peridynamic equations, and demonstrates their application to var-
ious benchmark problems in elasticity and mass transfer in one (1D), two (2D), and three dimen-
sions (3D). Furthermore, we aim to discuss novel, fully nonlocal boundary conditions to handle
unbounded domains, which can be applied to both peridynamic models and classical local mod-
els, emphasizing their versatility. To demonstrate the capabilities of peridynamic models along
with the proposed improvements in numerical solution techniques, we present a multi-physical
case study on an unbounded domain. This case study involves the multi-physical modeling of
corrosion-driven volume loss of biodegradable binary alloy implants based on Magnesium (Mg)
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and Gadolinium (Gd). Such implants are a vibrant field of research in biomedical engineering
and already serve in clinical applications, promoting a promising and profitable branch of future
implant design. Classical methods like FEM, based on classical local theories, face considerable
difficulties in capturing the intricate multi-physics problems in corrosion, which involve damage
and potentially fracture on complex 3D implant geometries. Therefore, we will demonstrate very
efficient modeling approaches based on PD, specifically peridynamic corrosion models, which can
be effectively used for 3D applications in biomedical implant material design. These models can
replicate the macroscopic behavior of easily measurable lab data, such as percentage-wise volume
loss, and serve as a chain-link in the holistic life-cycle simulation process. This process can work
alongside established FEM models for residual mechanical damage analysis, where sufficiently
reliable and trusted methods exist.

This dissertation is structured as follows: In Chapter 2, we review the general formulations of
peridynamic models in elasticity, wave propagation, and mass transfer. We start with the state-
based peridynamic model of elasticity, derive the bond-based peridynamic model, and discuss the
Generalized Prototype Brittle Material (GPBM) constitutive model as a special case. We also re-
visit the nonlocal formulation of scalar field equations, including the peridynamic wave equation,
the peridynamic diffusion model, and the diffusion-based bi-material corrosion model, general-
izing to the Nonlocal Nernst-Planck-Poisson (NNPP) system of equations. Chapter 3 provides a
comprehensive discussion on numerical solution strategies in peridynamic modeling, including
standard approaches and proposed improvements in spatial discretization and numerical quadra-
ture schemes. We introduce the meshfree Weighted Least Squares (WLS) collocation approach
to enhance numerical integration performance and convergence, combined with the standard dis-
cretization method in PD. This combination adaptively tracks crack patterns in brittle fracture and
corrosion experiments, culminating in a multi-adaptive scheme that improves spatial resolution
and computational performance. In Chapter 4, we discuss nonlocal models in both classical lo-
cal theories and PD. We derive fully nonlocal Absorbing Boundary Conditions (ABCs) based on
residual-free semi-analytical Exponential Basis Functions (EBFs), applicable to bond-based peri-
dynamic models of elasticity, wave propagation, and diffusion-type problems in up to 3D domains.
Chapter 5 demonstrates the applicability and numerical performance of the proposed techniques
through a multi-physical simulation of biodegradable Mg-based bone implants. We simulate a
headless bone implant screw’s in vitro biocorrosion, followed by a damage plasticity analysis us-
ing FEM over six months of simulated immersion. We also apply the NNPP corrosion system to
simulate the multi-ionic electromigration of Mg-based bone implant geometries in 3D, providing
detailed information on the distribution of species and the effects of precipitate formations across
the corrosion surface. Furthermore, we demonstrate how the peridynamic corrosion model can
be employed as the basis for efficient surrogate model approaches, effectively bridging the gap to-
ward predictive in vivo corrosion modeling. The dissertation concludes in Chapter 6, with a brief
outlook on ongoing research and potential future research prospects presented in Chapter 7.
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Chapter 2

Peridynamic Models: An Overview

In this chapter, we review the nonlocal formulations of peridynamic models of elasticity and mass
transfer. First, we discuss the general state-based formulation of peridynamic models, using the
Linear Peridynamic Solid (LPS) model as a common example. Assuming pairwise equal and op-
posite force functions, we derive the bond-based peridynamic formulation as a special case, which
imposes a restriction on Poisson’s ratio. We then explore nonlocal scalar field equations, which
can be broadly divided into hyperbolic and parabolic equations with nonlocal operators, analo-
gous to Partial Differential Equations (PDEs). This includes the hyperbolic-type nonlocal peri-
dynamic scalar wave equation, a nonlocal generalization of the classical acoustic wave equation,
and the parabolic-type peridynamic diffusion equation governing both heat and mass transport.
Unlike their classical counterparts, these nonlocal equations exhibit nonlinear dispersion relations.
We also discuss the application of the peridynamic diffusion equation in the bi-material corrosion
model, efficiently modeling the electrochemically driven dissolution process of metallic materials
into surrounding liquid electrolytes in general corrosion scenarios. Finally, we formulate the com-
plete NNPP system for describing electromigration and multi-ionic mass transport, constituting a
generalization of peridynamic constitutive corrosion modeling. The derivations in Section 2.1 and
Section 2.2 follow standard textbook descriptions (see e.g., [15]) with schematic figures from our
previous publication in [122]. The formulation and definition of the peridynamic scalar wave in
Section 2.3.1 were thoroughly studied and published in [59]. The peridynamic diffusion equation
from Section 2.3.2 and the bi-material peridynamic corrosion model in Section 2.3.3 were exam-
ined and published in [60]. The proposed NNPP system of corrosion equations from Section 2.3.4,
along with the schematic figures, has been submitted as a preprint [58].

2.1 State-Based Peridynamics

Let us suppose a generic body Ω that occupies a region in the Euclidean space Ω ⊂ ℝ𝑛𝑑 , with
𝑛𝑑 = 1, 2 or 3 and is composed of material points located at the spatial positions 𝐱 in the reference
configuration. The general state-based formulation of the peridynamic model in continuum me-
chanics states that the deformation at a point depends collectively on the deformation of all points
connected to this point within a finite distance, called neighborhood. It is commonly assumed that
the neighborhood 𝐱 of point 𝐱 ∈ Ω is given by

𝐱 ∶=
{

𝐱′ ∈ Ω ∶ ‖𝐱′ − 𝐱‖ ≤ 𝛿
}

, (2.1)
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2.1. State-Based Peridynamics

which represents a sphere, disc, or line segment in 3D, 2D, and 1D, respectively, and where the
parameter 𝛿 > 0 is called the horizon. The governing PD equation of motion is

𝜌(𝐱)𝐮̈(𝐱, 𝑡) = ∫𝐱

{

𝐓[𝐱, 𝑡]
⟨

𝐱′ − 𝐱
⟩

− 𝐓[𝐱′, 𝑡]
⟨

𝐱 − 𝐱′
⟩}

d𝑉𝐱′ + 𝐛(𝐱, 𝑡), (2.2)

where 𝜌(𝐱) is the mass density, 𝐮̈ is the second time derivative of the displacement field, 𝐱 is the
neighborhood centered at 𝐱, the operator𝐓[𝐱, 𝑡] ⟨𝐱′ − 𝐱⟩ is the force vector state at point 𝐱 and time
𝑡, which is explained below, d𝑉𝐱′ is the infinitesimal volume associated with point 𝐱′ and 𝐛(𝐱, 𝑡) is
a prescribed body force density field.

Conceptually, states can be understood as mathematical operators providing a generalization of
tensors. For instance, a scalar state represents an operator whose image is a scalar, while a vector
state, akin to a second-order tensor, maps to vectors. One example of the latter is the force vector
state 𝐓[𝐱, 𝑡] ⟨𝐱′ − 𝐱⟩, which maps the bond vector 𝐱′−𝐱 to the force vector state field, expressed in
units of force per unit volume squared. In the existing literature, the notation commonly employed
indicates that the square brackets denote the location and time, i.e. [𝐱, 𝑡], at which the force vector
state is evaluated, and the angle brackets, i.e. ⟨𝐱′ − 𝐱⟩, specify the bond vector upon which the
state operates. Furthermore, an underline notation is used by convention to represent states, i.e.,
𝐓[𝐱, 𝑡] ⟨𝐱′ − 𝐱⟩. For the sake of convenience and if possible, we drop the dependency on 𝐱 and 𝑡 in
the notation of a state as well as the bonds on which the states operate, thus𝐓[𝐱, 𝑡] ⟨𝐱′ − 𝐱⟩ is simply
written as 𝐓. However, we occasionally include angle brackets in the notation to emphasize the
particular vector on which a given state operates. Given the definition of a point product between
states, we shall restrict our view to force vector states that may be expressed as

𝐓 = 𝑡𝐌, (2.3)
where 𝑡 is the force scalar state and𝐌 is the deformed direction vector state. Let the deformation
vector state 𝐘 be

𝐘 = 𝐲(𝐱 + 𝝃, 𝑡) − 𝐲(𝐱, 𝑡), ∀𝝃 ∈ , (2.4)
where 𝝃 ∶= 𝐱′ − 𝐱 is the bond vector connecting the points 𝐱′ and 𝐱 and  is the neighborhood
centered around the origin. Thus, the deformed direction vector state may be expressed as

𝐌 =

⎧

⎪

⎨

⎪

⎩

𝐘
‖𝐘‖

, ‖𝐘‖ ≠ 0,

𝟎, otherwise.
(2.5)

Since 𝑡 is a scalar state, the product in (2.3) represents scalar multiplication between the force scalar
state field 𝑡 and the deformed direction vector state field𝐌. The material models described by (2.3)
are known as ordinary materials. In the broader category of non-ordinary material models, this
assumption is relaxed, allowing force vector states between two material points of the bond vector
𝝃 to have arbitrary orientations. However, the discussion of these models is beyond the scope of
this text. Furthermore, it can be shown that on any bounded body Ω, force vector states of ordinary
material models satisfy the balance of linear momentum

∫Ω
𝜌(𝐱)𝐮̈(𝐱, 𝑡) d𝑉𝐱 = ∫Ω

𝐛(𝐱, 𝑡) d𝑉𝐱, ∀𝑡 ≥ 0, (2.6)
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2.1. State-Based Peridynamics

as well as the balance of angular momentum

∫Ω
𝐲(𝐱, 𝑡) × 𝜌(𝐱)𝐮̈(𝐱, 𝑡) d𝑉𝐱 = ∫Ω

𝐲(𝐱, 𝑡) × 𝐛(𝐱, 𝑡) d𝑉𝐱, ∀𝑡 ≥ 0. (2.7)

A material model is called simple, if 𝐓 depends constitutively on the collective deformation of the
neighborhood of 𝐱

𝐓 = 𝐓(𝐘), ∀𝝃 ∈ . (2.8)
Moreover, a simple material is said to be elastic, if there exists a strain energy density function𝑊 ,
such that

𝐓(𝐘) = ∇𝐘𝑊 (𝐘), ∀𝝃 ∈ , (2.9)
where ∇𝐘 is the Fréchet derivative of 𝑊 with respect to 𝐘. An example of an ordinary material
model in PD widely used in the literature is the LPS model represented by the strain energy density
function given by

𝑊LPS = 𝐾𝜃2

2
+ 15𝐺

2𝑚̄ ∫
𝜔
(

𝑒 ⟨𝝃⟩ −
𝜃‖𝝃‖
3

)2

d𝑉𝝃 , (2.10)
where each component is explained in the following. Respectively,𝐾 and𝐺 are the bulk and shear
modulus. The spherical neighborhood with horizon 𝛿 centered around the origin is denoted as .
The nonnegative scalar state𝜔[𝐱, 𝑡] ⟨𝐱′ − 𝐱⟩, called influence function, is defined on and is called
spherical, if it depends only on the norm of a bond vector ‖𝝃‖ ∶= ‖𝐱′− 𝐱‖, thus 𝜔 ⟨𝝃⟩ = 𝜔 ⟨‖𝝃‖⟩.
Typically, we assume a spherical influence function in the form of

𝜔 ⟨‖𝝃‖⟩ =
𝜔(‖𝝃‖)
‖𝝃‖

, (2.11)

where 𝜔(‖𝝃‖) is a spherical scalar-valued function. It can take different forms, and two common
ones for peridynamic models in literature are the constant and linear ones denoted by 𝜔0 and 𝜔1,
respectively (see Fig. 2.1). Here, 𝜔0 is independent of the bond length,

𝜔0(‖𝝃‖) ∶=

{

1, ‖𝝃‖ ≤ 𝛿,
0, ‖𝝃‖ > 𝛿,

(2.12)

whereas 𝜔1 linearly depends on the bond length,

𝜔1(‖𝝃‖) ∶=
⎧

⎪

⎨

⎪

⎩

1 −
‖𝝃‖
𝛿
, ‖𝝃‖ ≤ 𝛿,

0, ‖𝝃‖ > 𝛿.
(2.13)

Influence functions play a crucial role in peridynamic constitutive modeling, offering various ben-
efits and applications [116]. They serve as a mechanism for selecting the bonds involved in force
calculations and can be dynamically adjusted to remove bonds during simulations, especially in
cases of bond-breaking processes. Furthermore, influence functions enable the connection be-
tween different families of peridynamic constitutive models and provide a means to control the
strength of nonlocal interactions. They can accommodate non-homogeneity and time-dependence,
making them suitable for systems where the peridynamic horizon varies across different points

7
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within a body [118]. Thus, given the definition of the influence function and the extension scalar
state

𝑒[𝐱, 𝑡] ⟨𝝃⟩ ∶= ‖𝐘[𝐱, 𝑡] ⟨𝝃⟩‖ − ‖𝝃‖, (2.14)
the nonlocal dilatation 𝜃 in PD is defined by

𝜃 ∶= 3
𝑚̄ ∫

𝜔 ⟨‖𝝃‖⟩ ‖𝝃‖𝑒 ⟨𝝃⟩ d𝑉𝝃 , 𝑚̄ ∶= ∫
𝜔 ⟨‖𝝃‖⟩ ‖𝝃‖2 d𝑉𝝃 , (2.15)

where 𝑚̄ is the weighted volume. For a fully spherical neighborhood, the weighted volume in (2.15)
may be calculated as

𝑚̄ =

⎧

⎪

⎨

⎪

⎩

4𝜋𝛿5
5

, 𝜔 = 𝜔0,

2𝜋𝛿5
15

, 𝜔 = 𝜔1.
(2.16)

According to the strain energy density function in (2.10) and the Fréchet derivative in (2.9), the
force scalar state for the LPS constitutive model is derived as

𝑡 = 3𝐾𝜃
𝑚̄

𝜔 ⟨‖𝝃‖⟩ ‖𝝃‖ + 15𝐺
𝑚̄

𝜔 ⟨‖𝝃‖⟩
(

𝑒 ⟨𝝃⟩ −
𝜃‖𝝃‖
3

)

. (2.17)

For a small change d𝐘 in the deformation vector state, the LPS constitutive model may further be
linearized near the reference configuration assuming a vanishing force vector state in the reference
configuration. For a peridynamic model given by the linearized LPS constitutive model [129], the
force vector state is obtained as

𝐓[𝐱, 𝑡] ⟨𝝃⟩ = 3𝐾 − 5𝐺
𝑚̄

𝜔(‖𝝃‖)𝜃lin(𝐱, 𝑡)𝝃 + 15𝐺
𝑚̄

𝜔(‖𝝃‖)
𝝃 ⊗ 𝝃
‖𝝃‖2

(𝐮(𝐱 + 𝝃, 𝑡) − 𝐮(𝐱, 𝑡)) , (2.18)

where 𝜃lin is the linearized nonlocal dilatation given by

𝜃lin(𝐱, 𝑡) = 3
𝑚̄ ∫

𝜔(‖𝝃‖)𝝃 ⋅ (𝐮(𝐱 + 𝝃, 𝑡) − 𝐮(𝐱, 𝑡)) d𝑉𝝃 . (2.19)

It can be shown that for a quadratic displacement field 𝐮(𝐱, 𝑡), the linearized nonlocal dilatation
in (2.19) reduces to the dilatation in classical elasticity [115].

𝜔0 𝜔1

𝑥

𝑦1

𝛿

1

𝛿

𝑦

𝑥

Figure 2.1: The constant and the linear influence functions, 𝜔0 and 𝜔1, respectively, for a neigh-
borhood with horizon 𝛿. Reproduced from [122].
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2.2. Bond-Based Peridynamics

2.2 Bond-Based Peridynamics

The bond-based peridynamic model was first introduced in [128] and represents a special case
of the general state-based PD formulation in (2.2) for a particular choice of the Poisson’s ratio.
According to bond-based PD, the governing equation of motion for point 𝐱 ∈ Ω in a bounded body
Ω at time 𝑡 ≥ 0 is

𝜌(𝐱)𝐮̈(𝐱, 𝑡) = ∫𝐱
𝐟
(

𝐮(𝐱′, 𝑡) − 𝐮(𝐱, 𝑡), 𝐱′ − 𝐱
)

d𝑉𝐱′ + 𝐛(𝐱, 𝑡), (2.20)

where 𝐟 is the pairwise force function, which represents the force per unit volume squared, also
called the micro-force density, that the neighboring point 𝐱′ exerts on point 𝐱. It contains all the
constitutive information of the given material and vanishes outside of the neighborhood of point
𝐱, thus

𝐟 (𝜼, 𝝃) = 𝟎, ∀𝐱′ ∉ 𝐱, (2.21)
where 𝜼 ∶= 𝐮(𝐱′, 𝑡)−𝐮(𝐱, 𝑡) denotes the relative displacement of 𝐱 and 𝐱′ at time 𝑡. In the following,
we restrict our view to pairwise force functions 𝐟 that satisfy the linear admissibility condition,

𝐟 (−𝜼,−𝝃) = −𝐟 (𝜼, 𝝃), (2.22)
which is the analogue of Newton’s third law of motion, and ensures the balance of linear momen-
tum. The balance of angular momentum is guaranteed by the angular admissibility condition,

(𝝃 + 𝜼) × 𝐟 (𝜼, 𝝃) = 𝟎. (2.23)
Fig. 2.2 illustrates the term 𝝃 + 𝜼, which represents the relative position of 𝐱 and 𝐱′ in the current
(deformed) configuration. The condition stated in (2.23) mandates that the force vector between 𝐱
and 𝐱′ must align with the relative position vector in the deformed configuration. Consequently,
under the conditions outlined in (2.22) and (2.23), the interacting forces between the points must
possess equal magnitudes, opposite directions, and collinearity with their respective relative po-
sition vectors in the deformed configuration. Thus, the bond can be understood as a spring that
transfers a force between the two points. To this end, the pairwise force function 𝐟 takes the form

𝐟 (𝜼, 𝝃) = 𝑓 (𝜼, 𝝃)
𝝃 + 𝜼

‖𝝃 + 𝜼‖
, (2.24)

where 𝑓 is a symmetric scalar-valued function, meaning that 𝑓 (𝜼, 𝝃) = 𝑓 (−𝜼,−𝝃). The specific
definition of 𝑓 depends on the material type involved. Note that 𝑓 is a special case of the force
scalar state in (2.3). where the bond-based peridynamic model does not necessitate the general
state notation. In order to model elastic materials, a specific class of peridynamic materials known
as microelastic is introduced in [128]. In this class, the pairwise force function 𝐟 is derived from
a differentiable scalar-valued function 𝑤, referred to as the pairwise potential function. The rela-
tionship between 𝐟 and 𝑤 is expressed as

𝐟 (𝜼, 𝝃) = 𝜕𝑤(𝜼, 𝝃)
𝜕𝜼

. (2.25)

Additionally, the macroelastic energy density in the GPBM constitutive model at position 𝐱 and
time 𝑡 ≥ 0 is defined as

𝑊GPBM = 1
2 ∫𝐱

𝑤(𝜼, 𝝃) d𝑉𝐱′ , (2.26)
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2.2. Bond-Based Peridynamics

where the factor 1
2 is included since the elastic energy associated with each bond is shared equally

between its two endpoints. By exclusively employing pairwise potentials, a notable consequence
arises in the resulting material models: for an isotropic, linear, and microelastic material, the effec-
tive Poisson’s ratio 𝜈 is 1

3 in 2D and plane stress conditions and 1
4 in plane strain conditions and 3D

problems [135]. The aforementioned limitation stems from the fact that the pairwise force function
in bond-based PD defines the interaction of each pair of points solely through a central force. This
constraint is overcome in the general state-based PD formulation. Nevertheless, bond-based PD
remains a suitable choice for numerous applications, particularly in the context of brittle fracture
modeling.

As a brief note on boundary conditions, it is important to highlight that the imposition of
boundary conditions in PD differs from classical theory. The variational formulation of the peri-
dynamic governing equation does not naturally lead to Neumann (traction) boundary conditions as
in CCM [128]. Instead, surface forces are applied as body forces within a volumetric layer beneath
the surface, typically with a thickness of 𝛿 in bond-based PD. Similarly, displacement (Dirichlet)
boundary conditions are prescribed within a layer of thickness 𝛿 beneath the constrained surface.
The specific boundary conditions used in the numerical studies are be discussed in the respective
sections in this dissertation.

𝛿 𝐱
𝐱′

Ω

Reference (undeformed) configuration Current (deformed) configuration

𝝃

𝐮(𝐱, 𝑡)

𝐮(𝐱′, 𝑡)

𝝃 + 𝜼

𝐱

Figure 2.2: Reference and current peridynamic domain, depicting the material point 𝐱 interacting
with the neighboring point 𝐱′ within the neighborhood 𝐱 through nonlocal bonds. Reproduced
from [122].
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The first prototype brittle material model was introduced in [130] and was later extended to the
class of GPBM constitutive models in [116]. In the GPBM model, 𝑤 is defined by

𝑤(𝜼, 𝝃) =
𝜔(‖𝝃‖)𝑐𝑠2‖𝝃‖

2
, (2.27)

where 𝑠 is the pairwise stretch function of a bond defined by

𝑠 =
‖𝝃 + 𝜼‖ − ‖𝝃‖

‖𝝃‖
, (2.28)

and 𝑐 is the micromodulus constant that determines the bond elastic stiffness and 𝜔(‖𝝃‖) is the
influence function. Given the conditions in (2.22) and (2.23), the interaction forces between two
neighboring points are equal, opposite, and collinear with the relative position vector in the current
configuration. The pairwise force function in (2.24) for the GPBM material model can thus be
derived as

𝐟 (𝜼, 𝝃) = 𝑓 (𝜼, 𝝃)
𝝃 + 𝜼

‖𝝃 + 𝜼‖
, (2.29)

where the scalar-valued function 𝑓 in (2.24) is given by
𝑓 (𝜼, 𝝃) = 𝜔(‖𝝃‖)𝑐𝑠. (2.30)

By equating the macroelastic energy density defined in (2.26) with the strain energy density of
CCM for homogeneous deformations, it is possible to determine the micromodulus constant 𝑐
in terms of the CCM constants, namely Young’s modulus 𝐸 and Poisson’s ratio 𝜈. A detailed
explanation of the procedure to obtain 𝑐 in terms of these classical constants can be found in [114].
Specifically, for plane stress conditions, the relationship can be established as

𝑐 =

⎧

⎪

⎨

⎪

⎩

9𝐸
𝜋𝛿3

, 𝜔 = 𝜔0,

36𝐸
𝜋𝛿3

, 𝜔 = 𝜔1.
(2.31)

Similar to (2.18) in Section 2.1, the bond-based PD formulation of the pairwise force function
in (2.29) may further be linearized [128, 114]. Assuming small deformations, i.e., ‖𝜼‖ ≪ 𝛿, the
linearized form of (2.29) is given by

𝐟 (𝜼, 𝝃) =𝜔(‖𝝃‖)𝑐 𝝃 ⊗ 𝝃
‖𝝃‖3

𝜼

∶=𝐂(𝝃)𝜼,
(2.32)

where 𝐂(𝝃) is the micromodulus function of the linearized system, which is a second-order ten-
sor that depends on 𝝃. In the work of [130], a simple approach to introducing failure in peridy-
namic models is presented. This is achieved through the GPBM model, where a Boolean-valued
history-dependent function 𝜇 is incorporated into the (nonlinear) pairwise force function 𝐟 in equa-
tion (2.29). The expression for 𝐟 can be written as

𝐟 (𝜼, 𝝃) = 𝜇(𝛏, 𝑡)𝜔(‖𝝃‖)𝑐𝑠 𝝃 + 𝜼
‖𝝃 + 𝜼‖

, (2.33)
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where the function 𝜇(𝝃, 𝑡) is defined as

𝜇(𝝃, 𝑡) =
{

1, 𝑠(𝑡) < 𝑠0, 0 < 𝑡 < 𝑡,
0, otherwise. (2.34)

In this formulation, 𝑠0 is referred to as the critical stretch for bond failure. Consequently, the
function 𝜇 allows a bond to break when its stretch exceeds the predefined critical stretch 𝑠0. Once
bond breakage occurs, the model becomes history-dependent, as there is no sustained tensile force.
The constitutive relation of the GPBM model is illustrated in Fig. 2.3.

As suggested in [130], a relationship can be established between the critical stretch 𝑠0 and the
fracture energy 𝐺0 of the material. Specifically, for plane stress conditions, the connection can be
expressed as

𝑠0 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

√

4𝜋𝐺0
9𝐸𝛿

, 𝜔 = 𝜔0,
√

5𝜋𝐺0
9𝐸𝛿

, 𝜔 = 𝜔1.

(2.35)

The concept of damage, introduced at the bond level, allows us to define the damage state at a point
𝐱 and time 𝑡 ≥ 0. This is quantified by the damage function 𝜑(𝐱, 𝑡), which is defined as

𝜑(𝐱, 𝑡) ∶= 1 −
∫𝐱 𝜇(𝝃, 𝑡)d𝑉𝐱′

∫𝐱 d𝑉𝐱′
. (2.36)

The damage function 𝜑(𝐱, 𝑡) is defined within the range 0 ≤ 𝜑 ≤ 1. When 𝜑 = 0, it represents
an undamaged state at point 𝐱, indicating that no damage is present. Conversely, when 𝜑 = 1,
it indicates complete disconnection of point 𝐱 from all its initially interacting neighboring points,
signifying severe damage where all bonds are fully broken.

𝑓

𝜇 = 1

𝜇 = 0

𝑐 𝑠0
𝑠

Figure 2.3: A schematic diagram illustrating the constitutive law of the GPBM model assuming
the constant influence function 𝜔0. Reproduced from [122].
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2.3 Nonlocal Scalar Fields

Nonlocal scalar fields can be seen as a generalization of classical local field equations where the
governing field variable is a scalar value that changes over time and space according to a governing
equation. In this dissertation, nonlocal scalar fields encompass the nonlocal peridynamic exten-
sions of the classical scalar wave equation, the diffusion equation, and the Nernst-Planck-Poisson
system of scalar equations. Here, spatial gradients are replaced with nonlocal integral formula-
tions that correspond, in the leading terms of the Taylor series expansion, to the definitions of their
classical local counterparts. The peridynamic bi-material corrosion equation is derived from the
peridynamic diffusion equation and is considered as a two-phase material system, treated as a sep-
arate model in this context. As we will see in Section 2.3.4, the NNPP system can be viewed as a
generalization of the standard bi-material peridynamic corrosion model, accounting for electromi-
gration and reaction terms.

2.3.1 The Nonlocal Peridynamic Scalar Wave Equation

In this section, we focus on the nonlocal peridynamic scalar wave equation, which can be seen as
a generalization of the classical equation [91, 143]. We begin by reviewing the classical (local)
scalar wave equation, which describes wave propagation in a viscous and isotropic medium that
may contain physical objects such as baffles and sources. Considering a 2D domain, Ω ∈ ℝ2, the
scalar wave equation is formulated for the domain and is given by

𝑢̈(𝐱, 𝑡) = 𝜒2∇2𝑢(𝐱, 𝑡) − 2𝑑𝑢̇(𝐱, 𝑡) + 𝑏(𝐱, 𝑡), 𝐱 ∈ Ω, 𝑡 > 0, (2.37)
where, 𝑢(𝐱, 𝑡) represents the field variable at point 𝐱 = (𝑥, 𝑦)T and time 𝑡, and 𝑢̇(𝐱, 𝑡) and 𝑢̈(𝐱, 𝑡)
denote the first and second time derivatives of 𝑢(𝐱, 𝑡), respectively. The parameter 𝜒2 represents
the wave propagation speed, 𝑑 is the damping coefficient, and 𝑏(𝐱, 𝑡) is a given source (or force)
function. The Laplace operator, denoted as ∇2, is used to express the spatial derivatives in the
equation. By convention, we incorporate the factor 2 in the damping term for convenience in sub-
sequent calculations. The surface of the physical objects (scatterers) within the domain Ω requires
the imposition of appropriate Dirichlet and Neumann boundary conditions, which are given by

𝑢(𝐱, 𝑡) = 𝑏𝐷(𝐱, 𝑡), 𝐱 ∈ Γ𝐷,
𝐧 ⋅ ∇𝑢(𝐱, 𝑡) = 𝑏𝑁 (𝐱, 𝑡), 𝐱 ∈ Γ𝑁 ,

(2.38)

where 𝐧 = (𝑛𝑥, 𝑛𝑦) represents the outward unit vector normal to the boundary surface, and 𝑏𝐷(𝐱, 𝑡)
and 𝑏𝑁 (𝐱, 𝑡) are functions specifying the values of the boundary conditions at the Dirichlet and
Neumann boundaries Γ𝐷 and Γ𝑁 , respectively. The governing equation in (2.37) is augmented
with initial conditions given by:

𝑢(𝐱, 0) = 𝑢0(𝐱), 𝐱 ∈ Ω,
𝑢̇(𝐱, 0) = 𝑢̇0(𝐱), 𝐱 ∈ Ω,

(2.39)

where 𝑢0(𝐱) and 𝑢̇0(𝐱) are given functions specifying the first and second kind of initial conditions,
respectively. Next, we generalize the classical local model in (2.37) to the nonlocal peridynamic
scalar wave equation. Unlike the classical wave equation, the peridynamic wave equation captures
dispersive effects, thus encompassing a broader range of possible solutions. In Section 4.2.1 of this
dissertation, we demonstrate that the peridynamic model includes the classical wave equation as a
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special case when nonlocal interactions vanish by deriving fundamental solutions from harmonic
EBFs. We begin by considering a circular neighborhood𝐱, as defined in (2.1), around the material
point 𝐱 in 2D with a peridynamic horizon 𝛿. The point 𝐱 interacts nonlocally with its neighboring
points 𝐱′ within the region 𝐱, as was schematically illustrated in Fig. 2.2. For a point 𝐱 ∈ Ω at
time 𝑡 > 0, the governing peridynamic scalar wave equation can be expressed as

𝑢̈(𝐱, 𝑡) = ∫𝐱
𝑐𝑠𝜔(‖𝐱′ − 𝐱‖)

𝑢(𝐱′, 𝑡) − 𝑢(𝐱, 𝑡)
‖𝐱′ − 𝐱‖𝑝

d𝑉𝐱′ − 2𝑑𝑢̇(𝐱, 𝑡) + 𝑏(𝐱, 𝑡), (2.40)

where 𝑐𝑠 is the micromodulus constant of the peridynamic scalar wave equation, 𝜔 is the scalar-
valued influence function, parameter 𝑝 in the peridynamic scalar wave equation is typically chosen
as an integer value from the set {0, 1, 2, 3} (see e.g., [99]). As discussed in Section 2.1, the influence
function in the peridynamic scalar wave-type equation is commonly defined as either constant
(cf. (2.12)) or linear (cf. (2.13)) within the neighborhood𝐱 (see e.g., [16]). The choice of influence
function significantly affects the spatial decay and range of the nonlocal interactions in (2.40).

The micromodulus constant 𝑐𝑠, which generally depends on the horizon 𝛿, must be determined
in relation to the chosen influence function. This ensures that the peridynamic scalar wave-type
equation (2.40) converges to the classical equation (2.37) as the nonlocal interactions vanish (𝛿 →
0), assuming appropriate regularity conditions for the field variable 𝑢.

2.3.2 The Nonlocal Peridynamic Diffusion Equation

In the context of diffusion-type problems, the peridynamic governing equation can be formulated
to describe the transport of concentration [13, 14]. According to the peridynamic diffusion for-
mulation, each point 𝐱 at time 𝑡 is associated with a concentration value 𝐶(𝐱, 𝑡). The neighboring
points 𝐱′ ∈ 𝐱 within a peridynamic horizon 𝛿 are connected to 𝐱 through diffusion bonds, which
can be conceptualized as pipe-like conductors. These bonds, represented by the vector 𝝃, facilitate
the transfer of concentration between the connected points, similar to buckets connected by pipes.
In the bond-based version of peridynamic diffusion the transport of concentration in each bond is
independent of other bonds. The governing peridynamic equation for diffusion at point 𝐱 and time
𝑡 ≥ 0 is given by

𝐶̇(𝐱, 𝑡) = ∫𝐱
𝐽
(

𝐶(𝐱′, 𝑡) − 𝐶(𝐱, 𝑡), 𝐱′ − 𝐱
)

d𝑉𝐱′ + 𝑆(𝐱, 𝑡), (2.41)

where 𝐶̇ is the first time derivative of the concentration field, 𝑆 is a given source function, and 𝐽
is the concentration flow density given by

𝐽 (Θ, 𝝃) =
⎧

⎪

⎨

⎪

⎩

𝜅𝜔(‖𝝃‖) Θ
‖𝝃‖𝑞

, ‖𝝃‖ ≤ 𝛿,

0, ‖𝝃‖ > 𝛿,
(2.42)

where Θ ∶= 𝐶(𝐱′, 𝑡) − 𝐶(𝐱, 𝑡), and 𝝃 = 𝐱′ − 𝐱, and 𝜔 is the influence function (typically se-
lected from (2.12) or (2.13)). The shape of the concentration flow density 𝐽 is determined by the
parameter 𝑞, often chosen as an integer value from the set of {0, 1, 2, 3} (see e.g., [26]). The micro-
diffusivity constant 𝜅 depends on the peridynamic horizon 𝛿 and can be derived in terms of the
diffusion coefficient𝐷 in the classical local diffusion equation. This is usually achieved by equating
the peridynamic flux to that of the local diffusion equation in certain steady-state cases [13, 123].
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Depending on the particular choice of the influence function, in 2D peridynamic diffusion with
𝑞 = 2 we obtain

𝜅 =

⎧

⎪

⎨

⎪

⎩

4𝐷
𝜋𝛿2

, 𝜔 = 𝜔0,

12𝐷
𝜋𝛿2

, 𝜔 = 𝜔1.
(2.43)

For peridynamic diffusion models, boundary conditions are typically imposed within a volumet-
ric layer of thickness 𝛿 on the domain. Boundary conditions of Neumann-type are included in
the source term 𝑆(𝐱, 𝑡) of (2.41). More details on the selection and modeling of these boundary
conditions can be found in [26, 140, 162].

2.3.3 The Peridynamic Bi-Material Corrosion Model

In this section, we extend the peridynamic diffusion model discussed earlier to incorporate corro-
sion modeling. Unlike traditional corrosion models that focus solely on diffusion in the electrolyte,
peridynamic corrosion models consider corrosion as a damage process resulting from dissolution
within the solid material. This approach accounts for microstructure and heterogeneities, provid-
ing a more realistic representation of the corrosion phenomenon. Peridynamic corrosion models
offer a comprehensive understanding of corrosion damage by integrating metal ion diffusion, phase
changes caused by dissolution, and mechanical damage in the corroding layer. These models have
been successful in capturing corrosion-induced phenomena and elucidating the complex interplay
between dissolution, mechanical damage, and material microstructure. For more details and com-
prehensive numerical studies on corrosion models, refer, for example, to [25, 63, 64].

Nonlocal peridynamic diffusion equations are valuable for modeling electrochemical corrosion
and anodic dissolution due to their ability to provide a homogenized representation of interface ki-
netics. These models efficiently capture phenomena such as surface conversion, layer deposition,
and wetting of solid metal surfaces, considering factors like microcracks, pores, and precipitates.
By utilizing a solid-liquid interface description, the peridynamic corrosion models offer a com-
prehensive approach to address the various aspects of Mg-Gd degradation, including other mech-
anisms that influence the process [25, 153].

In the following discussion, we introduce a Diffusive Corrosion Layer (DCL) where grad-
ual changes in chemical composition and mechanical properties occur. The transport of metal
ions across the solid-liquid interface is represented by an effective diffusivity. To model this ion
transport within the DCL and into the electrolyte, a bi-material peridynamic diffusion approach
is employed. The focus is on the efficient diffusion across the DCL due to its significantly higher
flux density compared to the solid bulk material. To understand the underlying assumptions of
the peridynamic corrosion model, we first examine the fluxes across the DCL from the perspec-
tive of the classical diffusion equation. We consider a generic domain Ω ⊂ ℝ𝑛𝑑 , where 𝑛𝑑 is the
spatial dimension. Both the bulk material and the surrounding electrolyte medium are assumed to
be isotropic. Within the liquid medium, at a point 𝐱, the governing equation in the classical local
theory is expressed as

𝐶̇ (𝐱, 𝑡) = ∇ ⋅ 𝑱 (𝐶, 𝑡) , 𝐱 ∈ Ω, 𝑡 > 0, (2.44)
where 𝐶 (𝐱, 𝑡) represents the (molar) concentration of the diffusing material at point 𝐱 and time 𝑡,
𝑱 denotes the flux, and ∇⋅ is the divergence operator. To solve (2.44), appropriate boundary con-
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ditions need to be specified. Typically, Dirichlet and Neumann conditions are employed as
𝐶 = 𝐶∗ (𝐱, 𝑡) , 𝐱 ∈ Γ𝐷

𝐧 ⋅ 𝑱 = 𝑞∗ (𝐱, 𝑡) , 𝐱 ∈ Γ𝑁 ,
(2.45)

where 𝐶∗ represents the prescribed concentration value on the Dirichlet boundary Γ𝐷, while 𝑞∗ de-
notes the prescribed flux value along the outward normal vector 𝐧 on the Neumann boundary Γ𝑁 .
The bi-material approach considers two distinct fluxes within the classical Fickian constitutive law
as

𝑱 (𝐶, 𝑡) =

⎧

⎪

⎨

⎪

⎩

𝐷𝑆 (𝜂) ∇𝐶, solid (DCL)
𝐷𝐿∇𝐶, liquid (electrolyte),

(2.46)

where 𝐷𝐿 > 0 represents the metal ion diffusivity within the electrolyte medium, and 𝐷𝑆(𝜂) > 0
represents the diffusivity within the solid DCL, which is also referred to as the (anodic) disso-
lution affinity. Fig. 2.4 provides a schematic representation of the bi-material effective diffusion
approach, depicting the flux in the solid and liquid parts of the domain, 𝑱𝑆 and 𝑱𝐿, respectively.

Metal (solid)

Electrolyte (liquid)

𝑱𝑆

𝑱𝐿

Figure 2.4: The schematic illustration of the bi-material effective diffusion approach used for cor-
rosion modeling depicting the framework of two distinct materials: a solid metal component and
a surrounding electrolyte medium. Reproduced from [60].
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The dissolution affinity 𝐷𝑆(𝜂) depends on the electrochemical overpotential 𝜂 and is obtained
from a Tafel-like expression as

𝐷𝑆(𝜂) = 𝐷0 10

( 𝜂
𝛽𝑎

)

, (2.47)
where 𝐷0 is the dissolution affinity at the Open Circuit Potential (OCP), and 𝛽𝑎 is the anodic Tafel
slope, which are typically calibrated based on the Tafel plot specific to the electrochemical cor-
rosion system. While the anodic Tafel description is not universally applicable to corrosive ma-
terials [45], it can still be used as an empirical formulation for dissolution experiments. Model
parameters can be calibrated through numerical optimization and surrogate modeling techniques
using experimental immersion test data. Chapter 5 of this dissertation explores a multi-physics
application focusing on the bio-corrosion and mechanical bio-degradation of binary alloy Mg-Gd
bone implant screws. This study demonstrates the practical implementation of peridynamic cor-
rosion models and emphasizes the numerical parameterization aspect. The respective sections
provide detailed explanations and discussions on the numerical calibration and determination of
model parameters based on experimental dissolution data for accurate corrosion prediction in the
context of Mg-Gd bone implant screws.

In the classical local model, diffusion behavior is described by a flux continuity condition at the
solid-liquid interface, assuming Fickian diffusion. However, this model has limitations in repre-
senting the anomalous diffusion behavior often encountered in corrosion problems. In contrast, the
peridynamic corrosion model, formulated within the framework of bond-based PD, offers a more
versatile approach. It eliminates the need for flux continuity conditions and allows for the repre-
sentation of various types of diffusion, including anomalous diffusion. By implicitly capturing the
movement of boundaries in the governing equations, the peridynamic corrosion model provides
a more comprehensive and realistic representation of general corrosion phenomena. The peridy-
namic bi-material corrosion equation describes the concentration dynamics at a material point 𝐱 in
the body Ω at time 𝑡 > 0, and is given by

𝐶̇ (𝐱, 𝑡) = ∫
𝐽𝑞 (Θ, 𝝃, 𝑡) d𝑉𝝃 , (2.48)

where  represents the neighborhood centered around the origin with horizon 𝛿. The bond vector
is given by 𝝃 ∶= 𝐱′ − 𝐱, and Θ ∶= 𝐶(𝐱 + 𝝃, 𝑡) − 𝐶(𝐱, 𝑡). The concentration flow density, also
known as the kernel function of the integral operator, is represented as 𝐽𝑞 (Θ, 𝝃, 𝑡) in the context of
the peridynamic corrosion system. The constitutive model of the system may explicitly incorporate
a time dependence. The concentration flow density characterizes the dissolution process of ionic
metal concentration and is given by

𝐽𝑞 (Θ, 𝝃, 𝑡) =
⎧

⎪

⎨

⎪

⎩

𝜔(‖𝝃‖)𝜅 (𝝃, 𝑡) Θ
‖𝝃‖𝑛𝑑+2𝑞

, ‖𝝃‖ ≤ 𝛿,

0, ‖𝝃‖ > 𝛿,
(2.49)

where 𝛿 is the horizon and 𝑝 ∈ (−1,∞) is a scalar value. Unlike in previous approaches, we
introduce a continuous factor 𝑛𝑑 + 2𝑞 in the kernel function. This allows us to customize the
kernel to fit specific corrosion systems based on experimental data. The modified kernel captures
anomalous diffusion behavior associated with anodic dissolution. Notably, when 𝑞 falls between
0 and 1, the kernel function resembles fractional Laplacian models. In Chapter 5, specifically
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Section 5.2.2, we apply the peridynamic corrosion model to simulate the bio-corrosion process of
Mg-Gd bone implant screws. In this context, we treat the parameter 𝑞 as an unknown model and
system parameter and estimate its value through numerical parameter optimization. Similarly to
the previous sections, the influence function 𝜔 (‖𝝃‖) is defined either as constant (cf. (2.12)) or
linear (cf. (2.13)) within the neighborhood.

The micro-diffusivity 𝜅(𝝃, 𝑡) in the peridynamic bi-material corrosion model is governed by
the constitutive assumptions of the corrosion system and can vary depending on the bond 𝝃 and
possibly with time [25]. For bonds within the bulk medium, away from the corrosion surface,
and under steady-state conditions, the micro-diffusivity can be related to the diffusion coefficient
𝐷𝐿 of the electrolyte medium. However, when bonds extend into the DCL, the micro-diffusivity
incorporates the interface kinetics of the specific corrosion system. It can be expressed using a
Tafel-like expression, similar to the relation (2.47), and thus depends on the electrochemical over-
potential. In this context, achieving model correspondence is essential to calibrate the peridynamic
corrosion model parameters from experimental degradation data. Moreover, the phase change pa-
rameter 𝜑 determines the micro-diffusivity. A phase transition from metal to liquid occurs when
the metal ion concentration𝐶metal(𝐱, 𝑡) falls below the saturation concentration𝐶sat , with𝜑(𝐱, 𝑡) set
to 1 if 𝐶metal(𝐱, 𝑡) ≥ 𝐶sat and 0 if 𝐶metal(𝐱, 𝑡) < 𝐶sat , and this phase change mechanism is applied
throughout the numerical examples in this dissertation.

2.3.4 The Nonlocal Nernst-Planck-Poisson System

𝑑

𝐶(𝐱, 𝑡)
𝜙(𝐱)

𝑆

𝐶(𝐱′, 𝑡)
𝜙(𝐱′)

Figure 2.5: Transport of concentration within a cylindrical tube confined by two parallel planes,
each characterized by different concentration and electrostatic potential values. Reproduced
from [58].

To conclude this chapter, we introduce and derive the general form of the NNPP system in 3D,
proposed as a consistent nonlocal generalization of the classical peridynamic bi-material corrosion
model to incorporate multi-ionic electromigration. An initial attempt at this nonlocal extension was
proposed by [80], which adopted a nonlocal Nernst-Planck electromigration model to include var-
ious electroneutrality constraints in 1D; however, it did not provide rigorous derivations for their
equations. We extend the nonlocal equations of electromigration to 3D spaces, ensuring a corrected
formulation that guarantees convergence in the nonlocal to local limit. Although the original sys-
tem in [80] introduced a nonlocal electromigration term by averaging ion concentrations between
two neighboring material points, our derivations suggest that a minor adjustment, specifically a
factor of 2, is necessary to ensure proper convergence to classical local equations.
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The derivation begins by extending the peridynamic approach to transient heat conduction, as
detailed in [13, 14], to generalize and account for multi-ionic electromigration. We consider two
points, 𝐱 and 𝐱′, situated on two parallel planes separated by a distance 𝑑. These planes exhibit
different concentration values, with 𝐶(𝐱′, 𝑡) > 𝐶(𝐱, 𝑡), as illustrated in Fig. 2.5. The transfer of
concentration between two planes across a surface area 𝑆 is governed by

𝑆(𝐽 ′
𝑑 − 𝐽𝑑) = 𝑆𝐷

𝐶(𝐱′, 𝑡) − 𝐶(𝐱, 𝑡)
𝑑

, (2.50)
where 𝐽 ′

𝑑 and 𝐽𝑑 are the diffusion-related fluxes per unit time and area at 𝐱′ and 𝐱, respectively, and
𝐷 is the diffusion coefficient of the medium. Additionally, we consider the electromigration-related
flow densities 𝐽𝑒 and 𝐽 ′

𝑒 , representing the number of ions crossing a surface area perpendicular to
their motion at the respective points as

𝐽 ′
𝑒 = 𝑣′𝐶(𝐱′, 𝑡),
𝐽𝑒 = 𝑣𝐶(𝐱, 𝑡),

(2.51)

where v’ and v are the velocities at the respective spatial positions. With the planes kept at different
electric potentials, 𝜙(𝐱′) and 𝜙(𝐱), the forces exerted by a homogeneous electric field, denoted as
𝐹𝑒 and 𝐹 ′

𝑒 , due to the potential difference over the distance 𝑑, multiplied by the mobility 𝜇, give
the velocities as

𝑣′ = 𝜇𝐹 ′
𝑒 = −𝜇𝑧𝐹

𝜙(𝐱) − 𝜙(𝐱′)
𝑑

,

𝑣 = 𝜇𝐹𝑒 = −𝜇𝑧𝐹
𝜙(𝐱′) − 𝜙(𝐱)

𝑑
,

(2.52)

where 𝑧 represents the valence of the charge and 𝐹 is Faraday’s constant. We now introduce 𝐶𝑎
as the average concentration within a cylindrical volume defined by a cross-sectional area 𝑆 and
length 𝑑 between points 𝐱′ and 𝐱. The rate of change in concentration, 𝐶𝑎, is given by

𝑑
𝜕𝐶𝑎
𝜕𝑡

≈
(

𝐽 ′
𝑑 + 𝐽

′
𝑒
)

−
(

𝐽𝑑 + 𝐽𝑒
)

= 𝐷
𝐶(𝐱′, 𝑡) − 𝐶(𝐱, 𝑡)

𝑑
+ 𝜇𝑧𝐹

𝜙(𝐱′) − 𝜙(𝐱)
𝑑

(

𝐶(𝐱′, 𝑡) + 𝐶(𝐱, 𝑡)
)

.
(2.53)

The electrical mobility 𝜇 is related to the medium’s diffusion coefficient 𝐷 through the Einstein
relation as

𝜇 = 𝐷
𝑅𝑇

, (2.54)
where 𝑅 is the gas constant and 𝑇 is the temperature. As 𝑑 approaches zero, (2.53) transitions to a
spatial gradient representation, thus converging to the classical Nernst-Planck formulation. How-
ever, for the nonlocal electromigration model, we assume 𝑑 remains finite. Under this assumption,
we explore a configuration of material points within a 3D space Ω, each linked to its neighbors
through bond connections within a finite radius defined by the peridynamic horizon, 𝛿. Electro-
migration is modeled along these bonds, treated as insulated conduits, with 𝐞 representing the unit
vector along the bond vector between 𝐱′ and 𝐱. The nonlocal Nernst-Planck equation for a bond
between (𝐱′, 𝐱) along 𝐞 is then formulated as

(𝐱′−𝐱)⋅𝐞
𝜕𝐶𝑎(𝐱′, 𝐱, 𝑡)

𝜕𝑡
= 𝐷

(

𝐶(𝐱′, 𝑡) − 𝐶(𝐱, 𝑡)
(𝐱′ − 𝐱) ⋅ 𝐞

+ 𝑧𝐹
𝑅𝑇

𝜙(𝐱′) − 𝜙(𝐱)
(𝐱′ − 𝐱) ⋅ 𝐞

(

𝐶(𝐱′, 𝑡) + 𝐶(𝐱, 𝑡)
)

)

, (2.55)

where 𝐶𝑎(𝐱′, 𝐱, 𝑡) denotes the average concentration along the bond (𝐱′, 𝐱). Assuming a constant
and isotropic diffusion coefficient 𝐷 across the neighborhood 𝐱, dividing both sides of (2.55) by
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the distance (𝐱′ − 𝐱) ⋅ 𝐞 and integrating over the neighborhood, 𝐱, yields

∫𝐱

𝜕𝐶𝑎(𝐱′, 𝐱, 𝑡)
𝜕𝑡

d𝑉𝐱′ = ∫𝐱
𝐷
(

𝐶(𝐱′, 𝑡) − 𝐶(𝐱, 𝑡)
‖𝐱′ − 𝐱‖2

+ 𝑧𝐹
𝑅𝑇

𝜙(𝐱′) − 𝜙(𝐱)
‖𝐱′ − 𝐱‖2

(

𝐶(𝐱′, 𝑡) + 𝐶(𝐱, 𝑡)
)

)

d𝑉𝐱′ .

(2.56)
It can be shown, that the rate of change in concentration at a point 𝐱 over time, 𝐶(𝐱, 𝑡), correlates
with the average change concentration, 𝐶𝑎(𝐱′, 𝐱, 𝑡), for all neighboring points within its vicinity,
thus

∫𝐱

𝜕𝑐𝑎(𝐱′, 𝐱, 𝑡)
𝜕𝑡

d𝑉𝐱′ =
𝜕𝑐(𝐱, 𝑡)
𝜕𝑡

𝑉𝐱 , (2.57)
where 𝑉𝐱 denotes the volume of the neighborhood, 𝐱, centered at the material point 𝐱. Conse-
quently, the integral form in (2.56) simplifies to

𝜕𝐶(𝐱, 𝑡)
𝜕𝑡

= ∫𝐱
𝜅
(

𝐶(𝐱′, 𝑡) − 𝐶(𝐱, 𝑡)
‖𝐱′ − 𝐱‖2

+ 𝑧𝐹
𝑅𝑇

𝜙(𝐱′) − 𝜙(𝐱)
‖𝐱′ − 𝐱‖2

(

𝐶(𝐱′, 𝑡) + 𝐶(𝐱, 𝑡)
)

)

d𝑉𝐱′ , (2.58)
with 𝜅 = 𝐷∕𝑉𝐱 representing the micro-diffusivity constant. In scenarios involving𝑁 species, the
concentrations at 𝐱 and time 𝑡 for each component 𝑘 are denoted by 𝐶𝑘(𝐱, 𝑡), where each species
participates in chemical reactions either as a reactant or product. The cumulative reaction term for
the 𝑘th species at 𝐱 is represented by 𝑅𝑘(𝐱, 𝑡). Therefore, the nonlocal Nernst-Planck system for
each species, integrating diffusion, electromigration, and chemical reactions, is formulated as
𝜕𝐶𝑘(𝐱, 𝑡)

𝜕𝑡
=∫𝐱

𝜅𝑘(𝐱′, 𝐱, 𝑡)
(

𝐶𝑘(𝐱′, 𝑡) − 𝐶𝑘(𝐱, 𝑡)
‖𝐱′ − 𝐱‖2

+
𝑧𝑘𝐹
𝑅𝑇

𝜙(𝐱′) − 𝜙(𝐱)
‖𝐱′ − 𝐱‖2

(

𝐶𝑘(𝐱′, 𝑡) + 𝐶𝑘(𝐱, 𝑡)
)

)

d𝑉𝐱′

+ 𝑅𝑘(𝐱, 𝑡), (2.59)
where the micro-diffusivity 𝜅(𝐱′, 𝐱, 𝑡) can generally vary over time and space, as typically assumed
in peridynamic constitutive corrosion modeling. To complete the 𝑁-component nonlocal Nernst-
Planck system with the electrostatic potential 𝜙 as an additional unknown, we incorporate the
Poisson-Boltzmann equation, which describes the electric field generated by the spatial distribution
of the ionic species and is given by

−∇ ⋅ 𝜎(𝐱)∇𝜙(𝐱) = 𝐹
𝑁
∑

𝑘=1
𝑧𝑘𝐶𝑘(𝐱, 𝑡), (2.60)

where 𝜎(𝐱) represents the electrical conductivity at the material point 𝐱. Assuming a constant and
isotropic electrical conductivity, we complete the 𝑁 nonlocal Nernst-Planck equations with the
nonlocal counterpart of the Poisson equation

−∫𝐱
𝜖
𝜙(𝐱′) − 𝜙(𝐱)
‖𝐱′ − 𝐱‖2

d𝑉𝐱′ = 𝐹
𝑁
∑

𝑘=1
𝑧𝑘𝐶𝑘(𝐱, 𝑡), (2.61)

where 𝜖 represents the micro-conductivity of the medium. The integration of the nonlocal Poisson
equation provides a comprehensive model that incorporates diffusion, electromigration, as well as
chemical reactions. If non-negligible external flow fields are present, it could further include an
advective integral term on the right-hand side of the nonlocal Nernst-Planck equation

𝜕𝐶𝑘(𝐱, 𝑡)
𝜕𝑡

= ∫𝐱

(

𝜅𝑘(𝐱′, 𝐱, 𝑡)
𝐶𝑘(𝐱′, 𝑡) − 𝐶𝑘(𝐱, 𝑡)

‖𝐱′ − 𝐱‖2
− 𝜈𝑘(𝐱′, 𝐱, 𝑡)

𝐶𝑘(𝐱′, 𝑡) − 𝐶𝑘(𝐱, 𝑡)
‖𝐱′ − 𝐱‖

+

𝜅𝑘(𝐱′, 𝐱, 𝑡)
𝑧𝑘𝐹
𝑅𝑇

𝜙(𝐱′) − 𝜙(𝐱)
‖𝐱′ − 𝐱‖2

(

𝐶𝑘(𝐱′, 𝑡) + 𝐶𝑘(𝐱, 𝑡)
)

)

d𝑉𝐱′ + 𝑅𝑘(𝐱, 𝑡),
(2.62)
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where 𝜈𝑘(𝐱′, 𝐱, 𝑡) signifies the micro-velocity for the bond between 𝐱′ and 𝐱 related to the 𝑘th ionic
species. This micro-velocity, like micro-diffusivity, can vary over time and space. While (2.62)
and (2.62) were initially derived using specific kernel functions and bond norms, we now consider
a more general nonlocal Nernst-Planck equation, expressed as

𝜕𝐶𝑘(𝐱, 𝑡)
𝜕𝑡

= ∫𝐱

(

𝐾1𝜔(‖𝝃‖)𝐷𝑘
𝐶𝑘(𝐱′, 𝑡) − 𝐶𝑘(𝐱, 𝑡)

‖𝝃‖𝑛𝑑+2𝑞1
+

𝐾2𝜔(‖𝝃‖)𝐷𝑘
𝑧𝑘𝐹
𝑅𝑇

𝜙(𝐱′) − 𝜙(𝐱)
‖𝝃‖𝑛𝑑+2𝑞2

(

𝐶𝑘(𝐱′, 𝑡) + 𝐶𝑘(𝐱, 𝑡)
)

)

d𝑉𝐱′ + 𝑅𝑘(𝐱, 𝑡),

(2.63)
where𝐾1 and𝐾2 are the proportionality constants, 𝑛𝑑 is the spatial dimension, and 𝑞1 and 𝑞2 are the
shape factors for the diffusion and electromigration kernels, respectively. 𝐷𝑘 is the Fickian diffu-
sion coefficient for the 𝑘th species, 𝑧𝑘 is the valence, 𝐹 , 𝑅, and 𝑇 represent Faraday’s constant, the
gas constant, and temperature, respectively. This general form (2.63) allows for a broader range of
kernel functions, providing greater flexibility in modeling diverse electrochemical dissolution phe-
nomena. The field variables𝐶𝑘(𝐱′, 𝑡),𝐶𝑘(𝐱, 𝑡), and𝜙(𝐱′),𝜙(𝐱) indicate the molar concentration and
electrostatic potential at the material points 𝐱′ and 𝐱, respectively. The reaction terms 𝑅𝑘 encom-
pass the chemical reactions involving the 𝑘th species, both as reactants and products. The nonlocal
Poisson equation is also adapted to various kernel functions, formulated as

−∫𝐱
𝐾3𝜔(‖𝝃‖)𝜎

𝜙(𝐱′) − 𝜙(𝐱)
‖𝝃‖𝑛𝑑+2𝑞3

d𝑉𝐱′ = 𝐹
𝑁
∑

𝑖=1
𝑧𝑘𝐶𝑘(𝐱, 𝑡), (2.64)

where 𝐾3 is a proportionality constant, 𝑞3 is the kernel shape exponent, and 𝜎 is the electrical
conductivity.

Nonlocal to Local Limit Convergence Behavior

In this section, we introduce a comprehensive class of NNPP systems in 3D and demonstrate
the nonlocal to local convergence behavior as the peridynamic horizon 𝛿 → 0 approaches zero.
The generalized form of the nonlocal Nernst-Planck equation for the 𝑘th species is given in (2.63).
Note that for (2.63), if 𝜔(‖𝝃‖) ≡ 1, with 𝑝1 = 𝑝2 = −1∕2 and 𝐾1 = 𝐾2 = 1∕𝑉𝐱 , the system re-
duces to the specific case in (2.59), showing it as a particular instance of the broader form in (2.63).
The nonlocal Poisson equation is similarly expanded to include different kernel functions as shown
in (2.64). We aim to demonstrate that as nonlocal interactions vanish with 𝛿 approaching zero,
the system described by (2.63) and (2.64) converges to the classical local Nernst-Planck-Poisson
equations. The proof involves using Taylor series expansions for the nonlocal fluxes and setting
proportionality constants so that the leading terms match their classical counterparts, as elaborated
in references such as [114, 15]. We define a spherical subregion 0,𝛿 within a bounded body  as

0,𝛿 ∶= {𝐱 ∈  ∶ 𝐱 ⊂ }. (2.65)
For a material point 𝐱 within 0,𝛿, we assume a smoothly varying concentration field 𝐶𝑘(𝐱, 𝑡).
For bond vectors satisfying ‖𝝃‖ ≤ 𝛿, the concentration field can be expanded in the form of a
Taylor series as

𝐶𝑘(𝐱′, 𝑡) = 𝐶𝑘(𝐱, 𝑡) + (𝝃 ⋅ ∇)𝐶𝑘(𝐱, 𝑡) +
1
2
(𝝃 ⋅ ∇)(𝝃 ⋅ ∇)𝐶𝑘(𝐱, 𝑡) + 

(

‖𝝃‖3
)

. (2.66)
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When incorporating the upper expansion in (2.66) into the first term of the integrand from (2.63),
and employing the Einstein summation convention for repeated indices, we get

∫𝐱
𝐾1𝜔(‖𝝃‖)𝐷𝑘

𝐶𝑘(𝐱′, 𝑡) − 𝐶𝑘(𝐱, 𝑡)
‖𝝃‖𝑛𝑑+2𝑞1

d𝑉𝐱′ =
(

∫
𝐾1𝜔(‖𝝃‖)𝐷𝑘

𝜉𝑖
‖𝝃‖𝑛𝑑+2𝑞1

d𝑉𝝃

)

𝜕𝐶𝑘(𝐱, 𝑡)
𝜕𝑥𝑖

+1
2

(

∫
𝐾1𝜔(‖𝝃‖)𝐷𝑘

𝜉𝑖𝜉𝑗
‖𝝃‖𝑛𝑑+2𝑞1

d𝑉𝝃

)

𝜕2𝐶𝑘(𝐱, 𝑡)
𝜕𝑥𝑖𝜕𝑥𝑗

+
(

𝛿2
)

,
(2.67)

where  represents the spherical neighborhood with radius 𝛿 around the origin. The symmet-
ric ranges of the integration in (2.67) eliminate all antisymmetric terms, highlighting the second-
order partial derivatives as the first elements in the expansion, while the fourth-order derivatives
contribute to the truncation error. For the 3D case, we express the bond vector 𝝃 in spherical co-
ordinates as 𝝃 =

(

𝜉𝑥, 𝜉𝑦, 𝜉𝑧
)

= 𝑟(cos 𝜃 sin𝜑, sin 𝜃 sin𝜑, cos𝜑). This allows for the coefficients of
the second-order derivatives to be succinctly expressed in matrix form as

𝐌 = 1
2 ∫

𝜋

0 ∫

2𝜋

0 ∫

𝛿

0
𝐾1𝜔(𝑟)

⎡

⎢

⎢

⎣

cos2 𝜃 sin2 𝜑 sin 𝜃 cos 𝜃 sin2 𝜑 cos 𝜃 sin𝜑 cos𝜑
sin 𝜃 cos 𝜃 sin2 𝜑 sin2 𝜃 sin2 𝜑 sin 𝜃 sin𝜑 cos𝜑
cos 𝜃 sin𝜑 cos𝜑 sin 𝜃 sin𝜑 cos𝜑 cos2 𝜑

⎤

⎥

⎥

⎦

⋅

𝐷𝑘

𝑟𝑛𝑑+2𝑞1
𝑟4 sin𝜑 d𝑟 d𝜃 d𝜑.

(2.68)

As the integration spans the full spherical ranges, non-diagonal elements of 𝐌 disappear, leaving
equal diagonal values. By defining the proportionality constant 𝐾1 as

𝐾1 = 2

(

∫

𝜋

0 ∫

2𝜋

0 ∫

𝛿

0
𝜔(𝑟) 𝑟4

𝑟𝑛𝑑+2𝑞1
cos2 𝜑 sin𝜑 d𝑟 d𝜃 d𝜑

)−1

, (2.69)

the matrix𝐌 simplifies to
𝑀𝑖𝑗 = 𝐷𝑘𝛿𝑖𝑗 , (2.70)

where 𝛿𝑖𝑗 is the Kronecker delta. As 𝛿 → 0, the following limit demonstrates the convergence to
the local Fickian diffusion term as

lim
𝛿→0

𝑀𝑖𝑗
𝜕2𝐶𝑘(𝐱, 𝑡)
𝜕𝑥𝑖𝜕𝑥𝑗

+ (𝛿2) = 𝐷𝑘
𝜕2𝐶𝑘(𝐱, 𝑡)
𝜕𝑥𝑗𝜕𝑥𝑗

. (2.71)
Assuming a uniform influence function𝜔(‖𝝃‖) given by (2.12), and the 3D scenario, we can derive
an analytical expression for 𝐾1 as

𝐾1 =
3(1 − 𝑝1)
𝜋𝛿2−2𝑠1

, 𝑝1 < 1. (2.72)
Next, we analyze the convergence behavior of the second integrand in (2.63). Using the Taylor

series expansion in (2.66) for the concentration 𝐶𝑘(𝐱, 𝑡) and the electrostatic potential 𝜙(𝐱) at a
material point 𝐱 ∈ 0,𝛿, and inserting these into the second integrand, we derive

∫𝐱
𝐾2𝜔(‖𝝃‖)𝐷𝑘

𝑧𝑘𝐹
𝑅𝑇

𝜙(𝐱′) − 𝜙(𝐱)
‖𝝃‖𝑛𝑑+2𝑞2

(

𝐶𝑘(𝐱′, 𝑡) + 𝐶𝑘(𝐱, 𝑡)
)

d𝑉𝐱′

= ∫𝐱
𝐾2𝜔(‖𝝃‖)𝐷𝑘

𝑧𝑘𝐹
𝑅𝑇

1
‖𝝃‖𝑛𝑑+2𝑞2

(

2𝐶𝑘(𝐱, 𝑡) + (𝝃 ⋅ ∇)𝐶𝑘(𝐱, 𝑡) +
1
2
(𝝃 ⋅ ∇)(𝝃 ⋅ ∇)𝐶𝑘(𝐱, 𝑡) +…

)

⋅

(

(𝝃 ⋅ ∇)𝜙(𝐱) + 1
2
(𝝃 ⋅ ∇)(𝝃 ⋅ ∇)𝜙(𝐱) +…

)

d𝑉𝐱′ .

(2.73)
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Given the symmetry of the integration domain, antisymmetric terms in (2.73) are eliminated. Fol-
lowing the Einstein summation convention, the resulting equation simplifies to

∫𝐱
𝐾2𝜔(‖𝝃‖)𝐷𝑘

𝑧𝑘𝐹
𝑅𝑇

𝜙(𝐱′) − 𝜙(𝐱)
‖𝝃‖𝑛𝑑+2𝑞2

(

𝐶𝑘(𝐱′, 𝑡) + 𝐶𝑘(𝐱, 𝑡)
)

d𝑉𝐱′

=∫
𝐾2𝜔(‖𝝃‖)𝐷𝑘

𝑧𝑘𝐹
𝑅𝑇

𝜉𝑖𝜉𝑗
‖𝝃‖𝑛𝑑+2𝑞2

d𝑉𝝃

(

𝐶𝑘(𝐱, 𝑡)
𝜕2𝜙(𝐱)
𝜕𝑥𝑖𝜕𝑥𝑗

+
𝜕𝐶𝑘(𝐱, 𝑡)
𝜕𝑥𝑖

𝜕𝜙(𝐱)
𝜕𝑥𝑗

)

+ (𝛿2).
(2.74)

For the 3D case, the coefficients related to the second-order derivatives are collected in matrix form,
paralleling the approach of (2.68), ensuring that due to symmetric integration ranges, non-diagonal
terms are nullified and diagonal entries are equated. Therefore, defining the proportionality con-
stant 𝐾2 as

𝐾2 =

(

∫

𝜋

0 ∫

2𝜋

0 ∫

𝛿

0
𝜔(𝑟) 𝑟4

𝑟𝑛𝑑+2𝑞2
cos2 𝜑 sin𝜑 d𝑟 d𝜃 d𝜑

)−1

, (2.75)

aligns the second integrand in (2.63) with the electromigration fluxes of the classical Nernst-Planck
model. Note that, when 𝑝1 = 𝑝2, the proportionality constants 𝐾1 = 𝐾2 coincide. As 𝛿 → 0
approaches zero in the limit, we obtain

lim
𝛿→0

(

∫
𝐾2𝜔(‖𝝃‖)𝐷𝑘

𝑧𝑘𝐹
𝑅𝑇

𝜉𝑖𝜉𝑗
‖𝝃‖𝑛𝑑+2𝑞2

d𝑉𝝃

)(

𝐶𝑘(𝐱, 𝑡)
𝜕2𝜙(𝐱)
𝜕𝑥𝑖𝜕𝑥𝑗

+
𝜕𝐶𝑘(𝐱, 𝑡)
𝜕𝑥𝑖

𝜕𝜙(𝐱)
𝜕𝑥𝑗

)

+ (𝛿2)

= 𝐷𝑘
𝑧𝑘𝐹
𝑅𝑇

(

𝐶𝑘(𝐱, 𝑡)
𝜕2𝜙(𝐱)
𝜕𝑥𝑗𝜕𝑥𝑗

+
𝜕𝐶𝑘(𝐱, 𝑡)
𝜕𝑥𝑗

𝜕𝜙(𝐱)
𝜕𝑥𝑗

)

.

(2.76)
Assuming a uniform influence function from (2.12), an analytical expression in 3D is derived for
the proportionality constant 𝐾2 as

𝐾2 =
3(1 − 𝑝2)
𝜋𝛿2−2𝑝2

, 𝑝2 < 1. (2.77)

The analytical approach used for the nonlocal Nernst-Planck equation is equally applicable to the
nonlocal Poisson equation as described in (2.64), which is omitted here for the sake of brevity.

Constitutive Peridynamic Corrosion Modeling

The NNPP system outlined in (2.63) and (2.64) provides a nonlocal approach for simulating the
electrochemical corrosion of metals in aqueous environments, extending the standard peridynamic
bi-material corrosion model, which is based solely on an effective diffusion term. To capture the
corrosion dynamics of a system under consideration, the NNPP system has to incorporate specific
constitutive assumptions about the interface kinetics. As discussed in Section 2.3.3, the standard
peridynamic bi-material corrosion model employs a homogenization approach for the solid-liquid
interface, efficiently describing processes like anodic dissolution and layer deposition [25, 100].
The computational domain divides into a metallic phase (𝜑 = 1) and a surrounding liquid elec-
trolyte (𝜑 = 0), facilitating the representation of the DCL at the interface. This layer, defined by
a 2𝛿 boundary around the phase line as shown in Fig. 2.6, marks the transition zone where ionic
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metal transport into the electrolyte occurs. Within the peridynamic neighborhood with a horizon of
𝛿, material points establish nonlocal bond interactions across these phases, distinguishing between
solid-solid, liquid-liquid, and interface bonds, as depicted in Fig. 2.6.

The domain separation in the NNPP system is designed to mirror the approach used in peridy-
namic bi-material corrosion models. Bonds act as channels between concentration buckets, each
with distinct properties that influence species transport. These properties address the dynamics of
solid metal surface wetting and the effects of microstructural defects such as microcracks, pores,
and precipitates on material degradation, as outlined in [25, 153]. For peridynamic corrosion mod-
eling, a specific constitutive relation is used at the bond level, primarily through defining the Fickian
diffusion coefficient 𝐷𝑘,𝑖𝑗(𝑡) for each species 𝑘 associated with a bond vector 𝝃 ∶= 𝐱𝑗 − 𝐱𝑖 as

𝐷𝑘,𝑖𝑗(𝑡) =

⎧

⎪

⎨

⎪

⎩

𝐷𝑘,𝑙, 𝜑(𝐱𝑗 , 𝑡) = 0 ∧ 𝜑(𝐱𝑖, 𝑡) = 0
𝐷𝑘,𝑖(𝑡), 𝜑(𝐱𝑗 , 𝑡) = 1⊕𝜑(𝐱𝑖, 𝑡) = 1
𝐷𝑘,𝑠, 𝜑(𝐱𝑗 , 𝑡) = 1 ∧ 𝜑(𝐱𝑖, 𝑡) = 1

, (2.78)

where 𝐷𝑘,𝑙 and 𝐷𝑘,𝑠 represent the diffusion coefficients for liquid-liquid and solid-solid bonds, re-
spectively, and are assumed constant. The interface diffusivity𝐷𝑘,𝑖(𝑡) is adjusted to reflect the spe-
cific corrosion system dynamics being studied. Additionally, the electrical conductivity 𝜎 within
the nonlocal Poisson equation must also be parameterized to accurately depict the dissolution of
metallic ions and the distribution of electrostatic potential in the electrolyte. Although the NNPP
system is adaptable to various corrosion scenarios, it is crucial to note that diffusion coefficients
and the electrical conductivity are influenced by the phase change parameter 𝜑, necessitating an
appropriate phase change mechanism in the model. Following the peridynamic bi-material corro-
sion model, a phase transition from metal to liquid occurs if the metal ion concentration falls below
the saturation concentration, indicated by the phase variable

𝜑(𝐱, 𝑡) =
{

1, 𝐶metal(𝐱, 𝑡) ≥ 𝐶sat

0, 𝐶metal(𝐱, 𝑡) < 𝐶sat
, (2.79)

where𝐶sat is the saturation concentration of metal ions in the liquid electrolyte, and𝐶metal(𝐱, 𝑡) rep-
resents the concentration of metal ions at material point 𝐱 and time 𝑡. This mechanism is employed
throughout the numerical examples of this dissertation.
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electrolyte:

DCL

𝜑 = 0
metal:
𝜑 = 1

liquid interface node

solid interface node

liquid-liquid bonds

solid-solid bonds

𝛿 𝛿

interface bonds

Figure 2.6: A schematic representation of the diffusive corrosion layer and spherical neighborhoods
with different bond types across the corrosion interface. Reproduced from [58].
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Chapter 3

Numerical Solution Strategies for
Peridynamic Models

This chapter focuses on numerical discretization techniques for bond-based peridynamic brittle
fracture models and nonlocal scalar field equations, with examples in up to 3D. Since crack prop-
agation in brittle fracture problems often occurs on millisecond or nanosecond time scales, we
emphasize explicit time marching techniques. However, we also demonstrate numerical solution
strategies for implicit and semi-implicit time discretization schemes, which are more relevant for
scalar field equations like the peridynamic diffusion and the derived peridynamic corrosion equa-
tion, where mass transport may occur over hours or weeks. First, we revisit the standard particle-
based meshfree discretization scheme for peridynamic models, originally proposed in [130]. This
scheme, combined with an appropriate volume correction method for partially covered cell vol-
umes within the horizon radius, is widely used in peridynamic models due to its simplicity and
ability to handle material separation. However, it exhibits poor convergence properties and is not
asymptotically compatible [134]. Therefore, we discuss a meshfree WLS approach, which pro-
vides improved convergence properties and requires fewer family (or collocation) nodes, making
it computationally more efficient, especially in 3D problems. We also discuss the advantages of
a multi-grid approach with refined computational grids around regions of interest, such as crack
formation or phase transitions, where the standard meshfree method is typically used. We demon-
strate the benefits of these numerical improvements through various examples of the so-called
multi-adaptive scheme. The results of this chapter have been published in several academic jour-
nals. Specifically, Section 3.1 includes material and descriptions similar to those in [122, 58].
The results of Section 3.2 and Section 3.3 were published in [122], while Section 3.4 contains re-
sults published in [100, 60, 58] and a supervised student thesis [33]. Section 3.5 includes results
published in [100].
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3.1. The Standard Discretization Scheme

3.1 The Standard Discretization Scheme

Various discretization methods have been proposed for the peridynamic governing equations [39].
The most widely used approach is the meshfree (particle-based) scheme introduced in [130], which
discretizes the strong form of the peridynamic equation. This scheme discretizes the strong form of
the peridynamic equation and is well-suited for addressing problems involving discontinuities such
as crack propagation and corrosion and is highly regarded for its simplicity of implementation. In
the standard discretization scheme, the domain is divided into a cubic lattice of nodes forming a
uniform grid with spacing Δ𝑥, see Fig. 3.1. Each node 𝐱𝑖 has an associated volume Δ𝑉𝑖 (volume
(Δ𝑥)3 in 3D, area (Δ𝑥)2 in 2D, and length Δ𝑥 in 1D), and the source node 𝐱𝑖 interacts with neigh-
boring family nodes 𝐱𝑗 . The set of family nodes is denoted as 𝑖, and the neighborhood of 𝐱𝑖 is 𝐱𝑖 .In this scheme, a uniform horizon 𝛿 = 𝑚Δ𝑥 is assumed for all nodes, where Δ𝑥 is the grid spacing
and 𝑚 ∈ ℕ represents a positive integer factor. Furthermore, time is discretized into a sequence of
instants denoted as 𝑡0, 𝑡1,… , 𝑡𝑛, 𝑡𝑛+1,….

Δ
𝑥

𝛽(𝐱𝑗 − 𝐱𝑖)Δ𝑉𝑗

𝐱𝑗

𝐱𝑖

𝛿

𝐱𝑖

Figure 3.1: Schematic illustration of the standard discretization scheme and the neighborhood
associated with node 𝐱𝑖. Reproduced and adjusted from [122].

The integral over each neighborhood is computed by decomposing it into a sum over neigh-
boring cells. A modified one-point Gaussian quadrature rule is used, with quadrature points and
weights determined by the intersections between the neighborhood and cells. In the linearized
bond-based PD equation of motion, where the pairwise force function 𝐟 is given in (2.32), the
standard discretization scheme replaces the integral at node 𝐱𝑖 and time step 𝑡𝑛 with a finite sum as

𝜌𝑖𝐮̈𝑛𝑖 =
∑

𝑗∈𝑖

𝑐𝜔(‖𝐱𝑗 − 𝐱𝑖‖)
(𝐱𝑗 − 𝐱𝑖)⊗ (𝐱𝑗 − 𝐱𝑖)

‖(𝐱𝑗 − 𝐱𝑖)‖3
(𝐮𝑛𝑗 − 𝐮

𝑛
𝑖 )𝛽

(

𝐱𝑗 − 𝐱𝑖
)

Δ𝑉𝑗 + 𝐛𝑛𝑖 , (3.1)

where 𝜌𝑖 ∶= 𝜌(𝐱𝑖), 𝐮̈𝑛𝑖 ∶= 𝐮̈(𝐱𝑖, 𝑡𝑛), 𝐮𝑛𝑖 ∶= 𝐮(𝐱𝑖, 𝑡𝑛), 𝐛𝑛𝑖 ∶= 𝐛(𝐱𝑖, 𝑡𝑛) denote the density, acceleration,
displacement, and source term at node 𝐱𝑖 and time step 𝑡𝑛, respectively. The function 𝛽 (𝐱𝑗 − 𝐱𝑖

)

in (3.1) is known as the volume reduction factor (see, e.g. [148]). It approximates the portion of
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3.1. The Standard Discretization Scheme

Δ𝑉𝑗 covered by the neighborhood 𝐱𝑖 (see Fig. 3.1) and is defined as

𝛽(𝝃) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1, ‖𝝃‖ ≤ 𝛿 − 0.5Δ𝑥,
𝛿 + 0.5Δ𝑥 − ‖𝝃‖

Δ𝑥
, 𝛿 − 0.5Δ𝑥 < ‖𝝃‖ < 𝛿 + 0.5Δ𝑥,

0, ‖𝝃‖ ≥ 𝛿 + 0.5Δ𝑥.

(3.2)

Originally, the standard scheme used 𝛽 = 1. However, later implementations, such as PDLAMMPS
and PERIDIGM, introduced the use of a volume reduction factor to approximate the covered por-
tion of 𝑉𝑗 by the neighborhood 𝐱𝑖 . Further details can be found in [148, 103, 105, 104]. In this
dissertation, we will consistently utilize the volume reduction factor given by (3.2) in the standard
discretization scheme. Additionally, alternative methods for determining the quadrature weights by
approximating the intersections between neighbor cells and the neighborhood of a specific point,
such as the calculation of partial volumes in 3D, partial areas in 2D, and partial lengths in 1D, are
discussed in more detail in references [112, 115, 110].

The standard discretization scheme for the peridynamic scalar wave equation can be expressed
as

𝑢̈𝑛𝑖 =
∑

𝑗∈𝑖

𝑐𝑠𝜔(‖𝐱𝑗 − 𝐱𝑖‖)
𝑢𝑛𝑗 − 𝑢

𝑛
𝑖

‖𝐱𝑗 − 𝐱𝑖‖𝑝
𝛽(𝐱𝑗 − 𝐱𝑖)Δ𝑉𝑗 − 2𝑑𝑢̇𝑛𝑖 + 𝑏

𝑛
𝑖 , (3.3)

where 𝑢̈𝑛𝑖 ∶= 𝑢̈(𝐱𝑖, 𝑡𝑛), 𝑢̇𝑛𝑖 ∶= 𝑢̇(𝐱𝑖, 𝑡𝑛), 𝑢𝑛𝑖 ∶= 𝑢(𝐱𝑖, 𝑡𝑛) and 𝑏𝑛𝑖 ∶= 𝑏(𝐱𝑖, 𝑡𝑛) represent the acceleration,
velocity, displacement, and source term at node 𝐱𝑖 and time step 𝑡𝑛, respectively. Similarly, the
standard discretization scheme for the diffusion equation in (2.41) is given by

𝐶̇𝑛𝑖 =
∑

𝑗∈𝑖

𝜅𝜔(‖𝐱𝑗 − 𝐱𝑖‖)
𝐶𝑛𝑗 − 𝐶

𝑛
𝑖

‖𝐱𝑗 − 𝐱𝑖‖𝑞
𝛽
(

𝐱𝑗 − 𝐱𝑖
)

Δ𝑉𝑗 + 𝑆𝑛𝑖 , (3.4)

where 𝐶̇𝑛𝑖 ∶= 𝐶̇(𝐱𝑖, 𝑡𝑛), 𝐶𝑛𝑖 ∶= 𝐶(𝐱𝑖, 𝑡𝑛), 𝑆𝑛𝑖 ∶= 𝑆(𝐱𝑖, 𝑡𝑛) represent the time derivative of concen-
tration, concentration, and source term at node 𝐱𝑖 and time step 𝑡𝑛, respectively. Note that both the
proportionality constant 𝑐𝑠 in (3.3) and the micro-diffusivity 𝜅 in (3.4) may generally be time- and
space-dependent, or, in the discretized form, dependent on the bond vector 𝝃 = 𝐱𝑗 − 𝐱𝑖.

3.1.1 Explicit Time Marching Schemes

Both Explicit or implicit methods can be employed for time marching in discrete peridynamic
equations. However, the choice of method depends on the time scales involved in the specific ap-
plication. In peridynamic elasticity models, where dynamic processes occur on extremely short
time scales, explicit time-stepping algorithms are often preferred. On the other hand, peridynamic
corrosion simulations may involve significantly longer time scales spanning weeks or months, ne-
cessitating the use of implicit algorithms [60]. In this dissertation, we utilize two commonly used
algorithms for explicit time marching in peridynamic models. For elasticity problems, we employ
the velocity-Verlet algorithm, which is represented by

𝐮̇
𝑛+ 1

2
𝑖 = 𝐮̇𝑛𝑖 +

Δ𝑡
2
𝐮̈𝑛𝑖 ,

𝐮𝑛+1𝑖 = 𝐮𝑛𝑖 + Δ𝑡𝐮̇
𝑛+ 1

2
𝑖 ,

𝐮̇𝑛+1𝑖 = 𝐮̇
𝑛+ 1

2
𝑖 + Δ𝑡

2
𝐮̈𝑛+1𝑖 ,

(3.5)
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3.1. The Standard Discretization Scheme

where Δ𝑡 represents the time step, which is typically chosen to be constant. In this case, Δ𝑡 =
𝑡𝑛+1 − 𝑡𝑛 for any time step index 𝑛 ∈ ℤ, and 𝑡𝑛 = 𝑡0 + 𝑛Δ𝑡. Given the nodal values of 𝐱𝑖 at time
instant 𝑡𝑛, 𝐮𝑛𝑖 , 𝐮̇𝑛𝑖 , and 𝐮̈𝑛𝑖 , the solver computes the displacement at the next time instant using the
velocity-Verlet algorithm by

𝐮𝑛+1𝑖 = 𝐮𝑛𝑖 + Δ𝑡𝐮̇𝑛𝑖 +
Δ𝑡2
2
𝐮̈𝑛𝑖 , (3.6)

thus providing the updated displacement 𝐮𝑛+1𝑖 at time 𝑡𝑛+1. To ensure the numerical stability of the
explicit time-stepping algorithm, it is necessary to estimate the maximum allowable time step size
Δ𝑡crit before selecting the time step size Δ𝑡 ≤ Δ𝑡crit . A means of estimating the critical time step
in peridynamic models was proposed in [130], which can be generalized to any spatial dimension.
This estimation method involves performing a standard von Neumann stability analysis in the 1D
case of the linearized GPBM model by considering the time evolution of a Fourier mode in the
form of

𝑢𝑛𝑖 = 𝜆𝑛 exp
(

𝚤𝛼𝑥𝑖
)

, (3.7)
where 𝜆𝑛 is a complex-valued amplification factor, 𝛼 is a positive real number, and 𝚤2 ∶= −1. The
maximum time step (in up to 3D cases) can then be determined through iterating over all material
points 𝐱𝑖 ∈ Ω in the body Ω by

Δ𝑡crit = min
∀𝐱𝑖∈Ω

√

2𝜌𝑖
∑

𝑗∈𝑖‖𝐂(𝐱𝑗 − 𝐱𝑖)‖𝑉𝑗
, (3.8)

where ‖𝐂(𝐱𝑗 − 𝐱𝑖)‖ represents an appropriate matrix norm of the micromodulus function between
the given material point 𝐱𝑖 and its neighbor 𝐱𝑗 . This approach allows for the estimation of the critical
time step based on the local material properties and the interaction forces with neighboring points.
Additionally, alternative methods based on the well-known Courant-Friedrichs-Lewy (CFL) con-
dition can also be employed to estimate the maximum critical time step, as described in [85].
However, this approach provides rather conservative estimates for peridynamic models [15].

For the peridynamic scalar wave equation, likewise to (3.5) the velocity-Verlet algorithm may
be applied, thus, given the nodal values 𝑢𝑛𝑖 , 𝑢̇𝑛𝑖 at 𝐱𝑖 at the current time instant 𝑡𝑛 and 𝑢̈𝑛+1𝑖 at time
𝑡𝑛+1 (which may be expressed in terms of 𝑢𝑛𝑖 and 𝑢̇𝑛𝑖 ) the field variable and its first time derivative
at node 𝐱𝑖 at time 𝑡𝑛+1 may be calculated as

𝑢𝑛+1𝑖 = 𝑢𝑛𝑖 + Δ𝑡𝑢̇𝑛𝑖 +
Δ𝑡2
2
𝑢̈𝑛𝑖 ,

𝑢̇𝑛+1𝑖 = 𝑢̇𝑛𝑖 +
Δ𝑡
2

(

𝑢̈𝑛𝑖 + 𝑢̈
𝑛+1
𝑖

)

.
(3.9)

Similar as in the case of elasticity, a maximum critical time step may also be estimated on the basis
of a von Neumann stability analysis. Finally, for diffusion-type problems involving the first time
derivative of the concentration field, we can use the explicit forward Euler algorithm. Given the
nodal values 𝐶𝑛𝑖 and 𝐶̇𝑛𝑖 at node 𝐱𝑖 at time 𝑡𝑛, the concentration at the next time step is computed
by

𝐶𝑛+1𝑖 = 𝐶𝑛𝑖 + Δ𝑡𝐶̇𝑛𝑖 . (3.10)
The stability condition described in (3.8) may be utilized to determine the maximum critical time
step, or alternatively, the CFL condition can be applied.
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3.1. The Standard Discretization Scheme

3.1.2 Implicit Time Marching with Newton-Raphson Iteration Scheme

In this section, we explore implicit time marching schemes, particularly suited for the peridynamic
bi-material and NNPP corrosion systems. Given that corrosion processes may span several days
or weeks of immersion, implicit techniques offer more efficient simulation capabilities. Although
the literature has examined implicit approaches for quasi-static crack propagation problems in PD,
methods such as the Newton-Raphson iteration scheme often fail to address snap-back instabilities
caused by material or geometrical nonlinearities [119]. This dissertation, however, focuses on
dynamic crack propagation issues, and thus, we employ the implicit framework for peridynamic
diffusion-based problems only.

We next detail the discrete formulation of the NNPP governing equations, from (2.63) and (2.64),
and introduce an effective numerical scheme for 3D problems. It is important to note that the NNPP
system includes the peridynamic diffusion model as a particular case of a single-component sys-
tem where the electrostatic potential is negligible, allowing the derivations here to also apply to
the peridynamic diffusion and diffusion-based bi-material corrosion models when the electrostatic
potential, 𝜙, is zero. We employ a time-implicit discretization for the nonlocal Nernst-Planck
equation concerning the field variable 𝐶𝑘(𝐱, 𝑡), while treating the electrostatic potential 𝜙(𝐱) and
the nonlinear interactions through reaction terms explicitly. This semi-implicit strategy reduces
the computational complexity by decreasing the number of unknowns required for the update of
the 𝑘th species, providing both enhanced accuracy and numerical stability compared to explicit ap-
proaches. The integral term is approximated using a modified one-point Gaussian summation rule,
i.e., the standard discretization in peridynamic modeling. Consequently, the governing equation in
its discretized residual form is expressed as

𝐹𝐶,𝑖(𝐶𝑛+1𝑘,𝑖 ) ∶=
𝐶𝑛+1𝑘,𝑖 − 𝐶𝑛𝑘,𝑖

Δ𝑡
−

∑

𝑗∈𝑖

(

𝐾1𝜔(‖𝐱𝑗 − 𝐱𝑖‖)𝐷𝑛
𝑘,𝑖𝑗

𝐶𝑛+1𝑘,𝑗 − 𝐶𝑛+1𝑘,𝑖

‖𝐱𝑗 − 𝐱𝑖‖𝑛𝑑+2𝑞1

+𝐾2𝜔(‖𝐱𝑗 − 𝐱𝑖‖)𝐷𝑛
𝑘,𝑖𝑗
𝑧𝑘𝐹
𝑅𝑇

𝜙𝑗 − 𝜙𝑖
‖𝐱𝑗 − 𝐱𝑖‖𝑛𝑑+2𝑞2

(

𝐶𝑛+1𝑘,𝑗 + 𝐶𝑛+1𝑘,𝑖

)

)

ΔV𝑗 − 𝑅𝑛+1𝑘,𝑖 = 0,

(3.11)
where 𝐶𝑛+1𝑘,𝑖 ∶= 𝐶𝑘(𝐱𝑖, 𝑡𝑛+1) represents the 𝑘th species concentration with the time step marked by
the upper index and spatial location by the lower indices. Note that the comma index notation is
purely for spatial indication and does not imply differentiation. In (3.11),𝐷𝑛

𝑘,𝑖𝑗 specifies the Fickian
diffusion coefficient for the 𝑘th species across the bond 𝝃 = 𝐱𝑗 − 𝐱𝑖 at time 𝑡𝑛, which may change
across both time and space. Δ𝑉𝑗 is the volume of the cell surrounding the neighbor point 𝐱𝑗 within
the local neighborhood, 𝑖, of point 𝐱𝑖. The term𝑅𝑛+1𝑘,𝑖 contains the reactions of the 𝑘th species at 𝐱𝑖,
managing the dependencies on the 𝑘th concentration value implicitly over time, while contributions
from other species are addressed explicitly. To solve the algebraic equation presented in (3.11), the
Newton-Raphson method is employed, necessitating an initial linearization of the equation as

𝐅𝐶 (𝐂𝑛+1𝑘 ) ≈ 𝐅𝐶 (𝐂𝑛𝑘) +𝐊𝐶 (𝐂
𝑛
𝑘)Δ𝐂 = 𝟎, (3.12)

where 𝐊𝐶 (𝐂𝑛𝑘) is the Jacobian matrix, Δ𝐂 is the incremental change, and the global vector, 𝐂𝑛+1𝑘 ,
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of nodal concentrations of the 𝑘th species is given by

𝐂𝑛+1𝑘 ∶=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝐶𝑛+1𝑘,1
𝐶𝑛+1𝑘,2
⋮

𝐶𝑛+1𝑘,𝑖
⋮

𝐶𝑛+1𝑘,𝑁𝑝

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, (3.13)

with𝑁𝑝 representing the total count of nodal points, and 𝐅𝐶 (𝐂𝑛+1𝑘 ) referring to the aggregate resid-
ual vector relating to the 𝑘th species across all nodal points for the timestep 𝑡𝑛+1. At each timestep,
the entries of the Jacobian matrix are set as

𝐾𝐶,𝑖𝑖 =
𝜕𝐹𝐶,𝑖(𝐶𝑛+1𝑘,𝑖 )

𝜕𝐶𝑛+1𝑘,𝑖

= 1
Δ𝑡

−
∑

𝑗∈𝑖

(

−𝐾1𝜔(‖𝐱𝑗 − 𝐱𝑖‖)
𝐷𝑛
𝑘,𝑖𝑗

‖𝐱𝑗 − 𝐱𝑖‖𝑛𝑑+2𝑞1

+𝐾2𝜔(‖𝐱𝑗 − 𝐱𝑖‖)𝐷𝑛
𝑘,𝑖𝑗
𝑧𝑘𝐹
𝑅𝑇

𝜙𝑗 − 𝜙𝑖
‖𝐱𝑗 − 𝐱𝑖‖𝑛𝑑+2𝑞2

)

Δ𝑉𝑗 −
𝜕𝑅𝑛+1𝑘,𝑖

𝜕𝐶𝑛+1𝑘,𝑖

, (3.14)

𝐾𝐶,𝑖𝑗 =
𝜕𝐹𝐶,𝑖(𝐶𝑛+1𝑘,𝑖 )

𝜕𝑐𝑛+1𝑘,𝑗

= −

(

−𝐾1𝜔(‖𝐱𝑗 − 𝐱𝑖‖)
𝐷𝑛
𝑘,𝑖𝑗

‖𝐱𝑗 − 𝐱𝑖‖𝑛𝑑+2𝑞1

+𝐾2𝜔(‖𝐱𝑗 − 𝐱𝑖‖)𝐷𝑛
𝑘,𝑖𝑗
𝑧𝑘𝐹
𝑅𝑇

𝜙𝑗 − 𝜙𝑖
‖𝐱𝑗 − 𝐱𝑖‖𝑛𝑑+2𝑞2

)

Δ𝑉𝑗 , (3.15)

where 𝐾𝐶,𝑖𝑖 and 𝐾𝐶,𝑖𝑗 denote the diagonal and off-diagonal elements of the Jacobian matrix, 𝐊𝐶 .
For the initial step of the Newton-Raphson iteration, the starting guess for the concentration vector,
𝐂𝑛+1,𝑚=0𝑘 , is aligned with the values from the previous timestep

𝐂𝑛+1,𝑚=0𝑘 = 𝐂𝑛+1,0𝑘 = 𝐂𝑛𝑘, (3.16)
using index 𝑚 to mark iterations within the Newton-Raphson method. During each iteration step,
the concentration vector is updated by solving the linear system defined as

Δ𝐂 = −𝐊−1
𝐶 (𝐂𝑛,0𝑘 )𝐅𝐶 (𝐂

𝑛+1,𝑚
𝑘 )

𝐂𝑛+1,𝑚+1𝑘 = 𝐂𝑛+1,𝑚𝑘 + 𝜆Δ𝐂.
(3.17)

The Jacobian matrix 𝐊𝐶 is computed at the start of the iteration process and is assumed to remain
constant thereafter. The relaxation factor 𝜆, chosen to be within the range (0, 1], is set as 𝜆 = 1
for all reported numerical results in this dissertation. Following the modeling techniques used for
the nonlocal Nernst-Planck equation, the nonlocal Poisson equation described in (2.64) is spatially
discretized using the standard discretization approach of peridynamic modeling. The resultant
residual formulation at point 𝐱𝑖 is

𝐹𝜙,𝑖(𝜙𝑖) ∶= −
∑

𝑗∈𝑖

(

𝐾3𝜔(‖𝐱𝑗 − 𝐱𝑖‖)
𝜎𝑛𝑖𝑗

‖𝐱𝑗 − 𝐱𝑖‖𝑛𝑑+2𝑞3
(

𝜙𝑗 − 𝜙𝑖
)

)

Δ𝑉𝑗 − 𝐹
𝑁
∑

𝑘=1
𝑧𝑘𝐶

𝑛
𝑘,𝑖 = 0, (3.18)
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3.2. Meshfree Weighted Least Squares Collocation Scheme

where 𝜎𝑛𝑖𝑗 stands for the electrical conductivity of the bond 𝝃 = 𝐱𝑗 − 𝐱𝑖 at the current timestep 𝑡𝑛,
which may vary with space and time. The linear system to solve at each timestep is given as

𝝓 = 𝐊−1
𝜙 𝐛𝜙, (3.19)

where 𝝓 denotes the global vector of electrostatic potential at the nodes, and 𝐛𝜙 is the vector on
the right-hand side, computed by

𝐛𝜙 = 𝐹

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

∑𝑁
𝑘=1 𝑧𝑘𝐶

𝑛
𝑘,1

∑𝑁
𝑘=1 𝑧𝑘𝐶

𝑛
𝑘,2

⋮
∑𝑁
𝑘=1 𝑧𝑘𝐶

𝑛
𝑘,𝑗

⋮
∑𝑁
𝑘=1 𝑧𝑘𝐶

𝑛
𝑘,𝑁𝑝

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, (3.20)

and𝐊−1
𝜙 represents the inverse of the conductance matrix. The components of the Jacobian matrix

are initiated at each step as

𝐾𝜙,𝑖𝑖 =
∑

𝑗∈𝑖

(

𝐾3𝜔(‖𝐱𝑗 − 𝐱𝑖‖)
𝜎𝑛𝑖𝑗

𝐱𝑗 − 𝐱𝑖‖𝑛𝑑+2𝑞3

)

Δ𝑉𝑗

𝐾𝜙,𝑖𝑗 = −𝐾3𝜔(‖𝐱𝑗 − 𝐱𝑖‖)
𝜎𝑛𝑖𝑗

‖𝐱𝑗 − 𝐱𝑖‖𝑛𝑑+2𝑞3
Δ𝑉𝑗 .

(3.21)

To incorporate boundary conditions, whether Dirichlet or Neumann, into (3.17) and (3.19) re-
quires modifications to both the system matrices 𝐊𝐶 and 𝐊𝜙, and the vectors 𝐅𝐶 and 𝐛𝜙. Further
methodological details for embedding boundary conditions are provided in [60] and are discussed
in Chapter 4. However, the integration of Neumann-type boundary conditions in nonlocal models is
still a topic of active discussion, with additional insights available in the literature [123, 101, 140].

3.2 Meshfree Weighted Least Squares Collocation Scheme

In the following section, we present an integration scheme for peridynamic models that aims to
improve computational efficiency as well as convergence rates compared to the standard discretiza-
tion in PD. This scheme is based on the WLS approximation, a widely used technique in the Finite
Point Method (FPM) [98, 95]. For a more in-depth understanding of the WLS approximation, re-
fer to [86]. The WLS approximation allows for the local approximation of a general function 𝑔(𝐱)
within a subdomain centered at node 𝐱𝑖 known as the cloud, which is equivalent to the spherical
neighborhood 𝐱𝑖 in the context of peridynamic models. By establishing a local coordinate system
with the cloud center as the origin, we can express the approximation 𝑔̂(𝐱) for a general function
𝑔 ∶ 𝐱𝑖 ⊆ ℝ3 → ℝ, 𝐱 → 𝑔(𝐱) by

𝑔(𝐱) ≈ 𝑔̂𝑖(𝐱 − 𝐱𝑖) =
𝑛𝑝
∑

𝑗=1
𝑎𝑗𝑝𝑗(𝐱 − 𝐱𝑖) = 𝐩(𝐱 − 𝐱𝑖)𝒂𝑖, ∀𝐱 ∈ 𝐱𝑖 , (3.22)

where 𝐱 = (𝑥, 𝑦, 𝑧)T represents the spatial coordinates, and 𝐩(𝐱) is a vector containing 𝑛𝑝 monomial
basis functions. The vector 𝒂𝑖 consists of the unknown coefficients, which are determined based
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3.2. Meshfree Weighted Least Squares Collocation Scheme

on the nodal values of the collocation nodes. For example, when considering a complete set of
monomial bases up to the second order with 𝑛𝑝 = 10, we have

𝐩(𝐱) =
(

1, 𝑥, 𝑦, 𝑧, 𝑥2, 𝑥𝑦, 𝑥𝑧, 𝑦2, 𝑦𝑧, 𝑧2
)

,

𝒂𝑖 =
(

(𝑎𝑖)1, (𝑎𝑖)2,… , (𝑎𝑖)10
)T .

(3.23)

To approximate the function described in (3.22), we sample it at the collocation nodes in 𝑖, which
represents the set of collocation nodes. An auxiliary Cartesian grid, represented by red circles
in Fig. 3.2 (left), is utilized for selecting collocation nodes. By adjusting the grid spacing, the
auxiliary grid nodes approximate the desired positions of the collocation nodes. The collocation
nodes are then chosen as the closest subset of family nodes (i.e., 𝑖 ⊆ 𝑖) to the auxiliary grid
nodes. This approach ensures a symmetrical and homogeneous distribution of collocation nodes
within the cloud, enhancing the accuracy of the approximation. The resulting values are collected
in a vector 𝐆𝑖 given by

𝐆𝑖 =
⎛

⎜

⎜

⎜

⎝

𝑔𝑖
⋮
𝑔𝑗
⋮

⎞

⎟

⎟

⎟

⎠

≈

⎛

⎜

⎜

⎜

⎝

𝑔̂𝑖(𝐱𝑖 − 𝐱𝑖)
⋮

𝑔̂𝑖(𝐱𝑗 − 𝐱𝑖)
⋮

⎞

⎟

⎟

⎟

⎠

=

⎡

⎢

⎢

⎢

⎣

𝐩(𝐱𝑖 − 𝐱𝑖)
⋮

𝐩(𝐱𝑗 − 𝐱𝑖)
⋮

⎤

⎥

⎥

⎥

⎦

𝒂𝑖 =𝐌𝑖𝒂𝑖, ∀𝐱𝑗 ∈ 𝑖, (3.24)

where 𝐌𝑖 is the moment matrix of the approximation. Since the number of collocation nodes 𝑛𝑐
is typically greater than the number of basis functions 𝑛𝑝, the matrix 𝐌𝑖 is not square. Therefore,
solving the linear system of equations in (3.24) requires a WLS procedure. The solution is obtained
by minimizing the weighted sum of squared residuals given by

 =
∑

𝑗∈𝑖

𝜔̄
(

‖𝐱𝑗 − 𝐱𝑖‖
) (

𝑔𝑗 − 𝑔̂𝑖
(

𝐱𝑗 − 𝐱𝑖
))2

=
∑

𝑗∈𝑖

𝜔̄
(

‖𝐱𝑗 − 𝐱𝑖‖
) (

𝑔𝑗 − 𝐩
(

𝐱𝑗 − 𝐱𝑖
)

𝒂𝑖
)2 ,

(3.25)

where 𝜔̄ is a spherical weight function that influences the contribution of each collocation node
based on its distance from the source node. Throughout this dissertation, we adopt the weight
function proposed in [20], given by

𝜔̄(‖𝐱𝑗 − 𝐱𝑖‖) =

1 − exp

(

64 − 16
‖𝐱𝑗 − 𝐱𝑖‖2

𝑟̄2

)

1 − exp(64)
, (3.26)

where 𝑟̄ represents the maximum distance of a collocation node from the source node. The mini-
mization of  in (3.25) leads to a linear system of equations, given by

𝐀𝑖𝒂𝑖 = 𝐁𝑖𝐆𝑖, (3.27)
where the square matrix 𝐀𝑖 ∈ ℝ𝑛𝑝×𝑛𝑝 and the rectangular matrix 𝐁𝑖 ∈ ℝ𝑛𝑝×|𝑖|, where |𝑖| denotes
the cardinality of cloud 𝑖, are given by
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𝐀𝑖 =
∑

𝑗∈𝑖

𝜔̄
(

‖𝐱𝑗 − 𝐱𝑖‖
)

𝐩T
(

𝐱𝑖 − 𝐱𝑗
)

𝐩
(

𝐱𝑖 − 𝐱𝑗
)

, (3.28)

𝐁𝑖 =
[

𝜔̄
(

‖𝐱𝑖 − 𝐱𝑖‖
)

𝐩T
(

𝐱𝑖 − 𝐱𝑖
)

⋯ 𝜔̄
(

‖𝐱𝑗 − 𝐱𝑖‖
)

𝐩T
(

𝐱𝑗 − 𝐱𝑖
)

⋯
]

. (3.29)
Solving equation (3.27) for 𝒂𝑖 yields

𝒂𝑖 = 𝐀−1
𝑖 𝐁𝑖𝐆𝑖. (3.30)

Substituting 𝒂𝑖 from (3.30) into (3.22), the approximate function 𝑔̂𝑖 can be written in terms of the
nodal values of the collocation nodes 𝐆𝑖 as

𝑔̂𝑖(𝐱 − 𝐱𝑖) = 𝐩(𝐱 − 𝐱𝑖)𝐐𝑖𝐆𝑖 =
∑

𝑗∈𝑖

𝑁𝑗(𝐱 − 𝐱𝑖)𝑔𝑗 , (3.31)

where 𝐐𝑖 = 𝐀−1
𝑖 𝐁𝑖 and 𝑁𝑗 represents the shape function of the approximation corresponding to

node 𝐱𝑗 in the set of collocation nodes. Note that, the accuracy of the WLS scheme depends on
the condition of 𝐀𝑖, which is affected by the number and arrangement of collocation nodes [86].
Higher-order monomials require more collocation nodes to maintain good conditioning. In this
dissertation, we use the minimum number of collocation nodes necessary for a well-conditioned
system in the numerical examples. The optimal construction of shape functions is a topic of ongo-
ing research and discussion [21], which is beyond the scope of this dissertation.

It is worth noting, that recent studies have aimed to improve the convergence rates of peri-
dynamic discretization schemes. Approaches like equality constrained least squares minimiza-
tion [137, 136] and meshfree Reproducing Kernel Particle Methods (RKPM) [106] have been pro-
posed. While RKPM can enhance convergence, it is computationally expensive due to numerous
quadrature points. To mitigate this, an RKPM collocation approach was introduced in [83, 82].
This dissertation aims for higher computational efficiency and better convergence by combining
the WLS approximation scheme with an adaptive hybrid discretization and potentially a multi-grid
approach, as discussed in Section 3.5 and related literature [122, 100].

Auxiliary node Family node Collocation node

𝛿

𝐱𝑖

𝐱𝑖

Figure 3.2: Illustration of a generic peridynamic neighborhood: (left) arrangement of family nodes
within a Cartesian auxiliary grid, (center) selected collocation nodes closest to auxiliary nodes
in the proposed scheme, (right) family nodes with associated background integration cells in the
standard discretization scheme. Reproduced from [122].
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3.2.1 Elasticity in Lenearized State-Based Peridynamics

In the framework of the linearized state-based PD formulation for small deformation elasticity, the
proposed meshfree WLS method is used to discretize the governing equations in their strong form.
The displacement field 𝐮(𝐱, 𝑡) is approximated within the local neighborhood 𝐱𝑖 at time 𝑡 using
the WLS approach as given in (3.31). This approximation is applied to the individual components
of the displacement field, specifically 𝑢̂𝑖, 𝑣̂𝑖, and 𝑤̂𝑖, which denote the displacements in the 𝑥-,
𝑦-, and 𝑧- directions, respectively. The approximation of the displacement field is expressed as
𝐮̂𝑖(𝐱 − 𝐱𝑖, 𝑡) and relies on the matrices 𝐏̄(𝐱 − 𝐱𝑖), 𝐐̄𝑖, and 𝐔̄𝑖(𝑡). This formulation is valid for all
points 𝐱 ∈ 𝐱𝑖 , thus

𝐮(𝐱, 𝑡) ≈ 𝐮̂𝑖(𝐱 − 𝐱𝑖, 𝑡) =
⎛

⎜

⎜

⎝

𝑢̂𝑖(𝐱 − 𝐱𝑖, 𝑡)
𝑣̂𝑖(𝐱 − 𝐱𝑖, 𝑡)
𝑤̂𝑖(𝐱 − 𝐱𝑖, 𝑡)

⎞

⎟

⎟

⎠

= 𝐏̄(𝐱 − 𝐱𝑖)𝐐̄𝑖𝐔̄𝑖(𝑡), ∀𝐱 ∈ 𝐱𝑖 , (3.32)

where the displacement values of the collocation nodes at time 𝑡 and along the 𝑥-, 𝑦-, and 𝑧-
directions are collected in the vectors 𝐔𝑖(𝑡), 𝐕𝑖(𝑡), and𝐖𝑖(𝑡), respectively, given by

𝐔𝑖(𝑡) =
⎛

⎜

⎜

⎜

⎝

𝑢𝑖(𝑡)
⋮
𝑢𝑗(𝑡)
⋮

⎞

⎟

⎟

⎟

⎠

, 𝐕𝑖(𝑡) =
⎛

⎜

⎜

⎜

⎝

𝑣𝑖(𝑡)
⋮

𝑣𝑗(𝑡)
⋮

⎞

⎟

⎟

⎟

⎠

, 𝐖𝑖(𝑡) =

⎛

⎜

⎜

⎜

⎝

𝑤𝑖(𝑡)
⋮

𝑤𝑗(𝑡)
⋮

⎞

⎟

⎟

⎟

⎠

, ∀𝐱𝑗 ∈ 𝑖, (3.33)

where 𝑢𝑗(𝑡) ∶= 𝑢(𝐱𝑗 , 𝑡), 𝑣𝑗(𝑡) ∶= 𝑣(𝐱𝑗 , 𝑡), and 𝑤𝑗(𝑡) ∶= 𝑤(𝐱𝑗 , 𝑡). The matrices 𝐏̄(𝐱− 𝐱𝑖) and 𝐐̄𝑖 are
defined in (3.34), where 𝐏̄(𝐱 − 𝐱𝑖) is a block diagonal matrix with the monomial basis functions
𝐩(𝐱−𝐱𝑖) along the diagonal, and 𝐐̄𝑖 is a block diagonal matrix composed of the matrix𝐐𝑖 repeated
along the diagonal, given as

𝐏̄(𝐱 − 𝐱𝑖) =
⎡

⎢

⎢

⎣

𝐩(𝐱 − 𝐱𝑖) 𝟎 𝟎
𝟎 𝐩(𝐱 − 𝐱𝑖) 𝟎
𝟎 𝟎 𝐩(𝐱 − 𝐱𝑖)

⎤

⎥

⎥

⎦

, 𝐐̄𝑖 =
⎡

⎢

⎢

⎣

𝐐𝑖 𝟎 𝟎
𝟎 𝐐𝑖 𝟎
𝟎 𝟎 𝐐𝑖

⎤

⎥

⎥

⎦

. (3.34)

The approximation 𝐮(𝐱, 𝑡) ≈ 𝐮̂𝑖(𝐱 − 𝐱𝑖, 𝑡) from (3.32) is employed in the linearized state-based PD
model (2.2), with the linearized force state given in (2.18) evaluated at 𝐱𝑖. The force state of the
linearized LPS model involves the approximation of the linearized dilatation parameter (cf. (2.19))
at 𝐱𝑖 within the neighborhood of 𝐱𝑖 at 𝑡, and is thus approximated as

𝜃lin(𝐱𝑖, 𝑡) ≈
3
𝑚̄ ∫

𝜔(‖𝝃‖)𝝃 ⋅
(

𝐮̂𝑖(𝝃, 𝑡) − 𝐮̂𝑖(𝟎, 𝑡)
)

d𝑉𝝃

= 𝐋𝜃𝐐̄𝑖𝐔̄𝑖(𝑡),
(3.35)

where the change of variables 𝝃 = 𝐱′ − 𝐱𝑖 is used and 𝑚̄ is the weighted volume (cf. (2.15)).
The tensor 𝐋𝜃 may be expressed in spherical coordinates as

𝐋𝜃 =
3
𝑚̄ ∫

𝜋

0 ∫

2𝜋

0 ∫

𝛿

0
𝜔(𝐫)

⎛

⎜

⎜

⎝

𝑟 cos 𝜃 sin𝜙
𝑟 sin 𝜃 sin𝜙
𝑟 cos𝜙

⎞

⎟

⎟

⎠

⊤
(

𝐏̄(𝐫) − 𝐏̄(𝟎)
)

𝑟2 sin𝜙d𝑟d𝜃d𝜙. (3.36)

Choosing an approximation based on a set of monomials up to second order for 𝐩, as in (3.23), we
obtain

𝐋𝜃 =
(

𝐋𝜃,𝑢 𝐋𝜃,𝑣 𝐋𝜃,𝑤
)

, (3.37)
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where the comma in the notation indicates the spatial directions of displacements and does not
refer to differentiation. The components are given as

𝐋𝜃,𝑢 = 𝜆𝜃 (0, 1, 0, 0, 0, 0, 0, 0, 0, 0) ,
𝐋𝜃,𝑣 = 𝜆𝜃 (0, 0, 1, 0, 0, 0, 0, 0, 0, 0) ,
𝐋𝜃,𝑤= 𝜆𝜃 (0, 0, 0, 1, 0, 0, 0, 0, 0, 0) ,

(3.38)

with the proportionality constant 𝜆𝜃 depending on the particular choice of the influence function.
Assuming either a constant influence function (cf. (2.12)) or a linear influence function (cf. (2.13)),
we obtain

𝜆𝜃 =

⎧

⎪

⎨

⎪

⎩

4𝜋𝛿5
15

, 𝜔 = 𝜔0,

2𝜋𝛿5
45

, 𝜔 = 𝜔1.
(3.39)

In order to approximate the linearized dilatation parameter 𝜃lin within the neighborhood 𝐱𝑖 , we
employ the WLS collocation procedure from (3.24), thus yielding

𝜃lin(𝐱, 𝑡) ≈ 𝜃̂lin𝑖 (𝐱 − 𝐱𝑖, 𝑡) = 𝐩(𝐱 − 𝐱𝑖)𝐐𝑖𝚯𝑖(𝑡), 𝚯𝑖(𝑡) =
⎛

⎜

⎜

⎜

⎝

𝜃lin(𝐱𝑖, 𝑡)
⋮

𝜃lin(𝐱𝑗 , 𝑡)
⋮

⎞

⎟

⎟

⎟

⎠

, ∀𝐱𝑗 ∈ 𝑖, (3.40)

where𝚯𝑖(𝑡) collects the linearized nonlocal dilatation values of the collocation nodes at time 𝑡. For
the linearized LPS model, the governing equation in (2.2) can be expressed in terms of two integral
components, given by

𝜌(𝐱)𝐮̈(𝐱, 𝑡) = ∫𝐱

{

𝐓[𝐱, 𝑡]
⟨

𝐱′ − 𝐱
⟩

− 𝐓[𝐱′, 𝑡]
⟨

𝐱 − 𝐱′
⟩}

d𝑉𝐱′ + 𝐛(𝐱, 𝑡) = 𝐈(𝐱, 𝑡) + 𝐉(𝐱, 𝑡) + 𝐛(𝐱, 𝑡),

(3.41)
where the components are given by

𝐈(𝐱, 𝑡) = ∫𝐱

3𝐾 − 5𝐺
𝑚̄

𝜔(‖𝝃‖)
(

𝜃lin(𝐱, 𝑡) + 𝜃lin(𝐱′, 𝑡)
)

𝝃d𝑉𝐱′ ,

𝐉(𝐱, 𝑡) = ∫𝐱

30𝐺
𝑚̄

𝜔(‖𝝃‖)
𝝃 ⊗ 𝝃
‖𝝃‖2

(𝐮(𝐱 + 𝝃, 𝑡) − 𝐮(𝐱, 𝑡)) d𝑉𝐱′ .
(3.42)

The first term of the integral in (3.42) can be evaluated at 𝐱𝑖, yielding

𝐈(𝐱𝑖, 𝑡) ≈ ∫

3𝐾 − 5𝐺
𝑚̄

𝜔(‖𝝃‖) (𝐩(𝟎) + 𝐩(𝝃))𝐐𝑖𝚯𝑖(𝑡)𝝃d𝑉𝝃

= 𝐋𝐼𝐐𝑖𝚯𝑖(𝑡),
(3.43)

where, assuming a spherical coordinate system representation of the bond vector as 𝝃 ≡ 𝐫 =
𝑟 (cos 𝜃 sin𝜙, sin 𝜃 sin𝜙, cos𝜙), the tensor 𝐋𝐼 is given by

𝐋𝐼 =
3𝐾 − 5𝐺

𝑚̄ ∫

𝜋

0 ∫

2𝜋

0 ∫

𝛿

0
𝜔(𝐫)

⎛

⎜

⎜

⎝

𝑟 cos 𝜃 sin𝜙
𝑟 sin 𝜃 sin𝜙
𝑟 cos𝜙

⎞

⎟

⎟

⎠

(𝐩(𝟎) + 𝐩(𝐫)) 𝑟2 sin𝜙d𝑟d𝜃d𝜙. (3.44)
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Given a set of monomials up to second order and a weighted volume of either type from (2.16), we
obtain

𝐋𝐼 =
3𝐾 − 5𝐺

3

⎡

⎢

⎢

⎣

0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0

⎤

⎥

⎥

⎦

. (3.45)

The second integral term of (3.41) evaluated at 𝐱𝑖 and time 𝑡 is approximated as

𝐉(𝐱𝑖, 𝑡) ≈ ∫

30𝐺
𝑚̄

𝜔(‖𝝃‖)
𝝃 ⊗ 𝝃
‖𝝃‖2

(

𝐮̂𝑖(𝝃, 𝑡) − 𝐮̂𝑖(𝟎, 𝑡)
)

d𝑉𝝃

= 𝐋𝐽 𝐐̄𝑖𝐔̄𝑖(𝑡),
(3.46)

where 𝐋𝐽 consists of three column vectors given by
𝐋𝐽 =

[

𝐋𝐽 ,𝑢 𝐋𝐽 ,𝑣 𝐋𝐽 ,𝑤
]

. (3.47)
Here, 𝐋𝐽 ,𝑢, 𝐋𝐽 ,𝑣, and 𝐋𝐽 ,𝑤 correspond to the displacement field along the 𝑥-, 𝑦-, and 𝑧-directions,
respectively, and may be expressed as

𝐋𝐽 ,𝑢 =∫

30𝐺
𝑚̄

𝜔(‖𝝃‖)
𝝃 ⊗ 𝝃
‖𝝃‖2

⎡

⎢

⎢

⎣

𝐩(𝝃) − 𝐩(𝟎)
𝟎
𝟎

⎤

⎥

⎥

⎦

d𝑉𝝃 ,

𝐋𝐽 ,𝑣 =∫

30𝐺
𝑚̄

𝜔(‖𝝃‖)
𝝃 ⊗ 𝝃
‖𝝃‖2

⎡

⎢

⎢

⎣

𝟎
𝐩(𝝃) − 𝐩(𝟎)

𝟎

⎤

⎥

⎥

⎦

d𝑉𝝃 ,

𝐋𝐽 ,𝑤 =∫

30𝐺
𝑚̄

𝜔(‖𝝃‖)
𝝃 ⊗ 𝝃
‖𝝃‖2

⎡

⎢

⎢

⎣

𝟎
𝟎

𝐩(𝝃) − 𝐩(𝟎)

⎤

⎥

⎥

⎦

d𝑉𝝃 .

(3.48)

The vectors in (3.48) can be expressed in spherical coordinates, thus yielding

𝐋𝐽 ,𝑢 = ∫

𝜋

0 ∫

2𝜋

0 ∫

𝛿

0

30𝐺
𝑚̄

𝜔(𝑟)
⎡

⎢

⎢

⎣

cos2 𝜃 sin2 𝜙 sin 𝜃 cos 𝜃 sin2 𝜙 cos 𝜃 sin𝜙 cos𝜙
sin 𝜃 cos 𝜃 sin2 𝜙 sin2 𝜃 sin2 𝜙 sin 𝜃 sin𝜙 cos𝜙
cos 𝜃 sin𝜙 cos𝜙 sin 𝜃 sin𝜙 cos𝜙 cos2 𝜙

⎤

⎥

⎥

⎦

⋅

⎡

⎢

⎢

⎣

𝐩(𝐫) − 𝐩(𝟎)
𝟎
𝟎

⎤

⎥

⎥

⎦

𝑟2 sin𝜙d𝑟2d𝜃d𝜙,

𝐋𝐽 ,𝑣 = ∫

𝜋

0 ∫

2𝜋

0 ∫

𝛿

0

30𝐺
𝑚̄

𝜔(𝑟)
⎡

⎢

⎢

⎣

cos2 𝜃 sin2 𝜙 sin 𝜃 cos 𝜃 sin2 𝜙 cos 𝜃 sin𝜙 cos𝜙
sin 𝜃 cos 𝜃 sin2 𝜙 sin2 𝜃 sin2 𝜙 sin 𝜃 sin𝜙 cos𝜙
cos 𝜃 sin𝜙 cos𝜙 sin 𝜃 sin𝜙 cos𝜙 cos2 𝜙

⎤

⎥

⎥

⎦

⋅

⎡

⎢

⎢

⎣

𝟎
𝐩(𝐫) − 𝐩(𝟎)

𝟎

⎤

⎥

⎥

⎦

𝑟2 sin𝜙d𝑟2d𝜃d𝜙,
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𝐋𝐽 ,𝑤 = ∫

𝜋

0 ∫

2𝜋

0 ∫

𝛿

0

30𝐺
𝑚̄

𝜔(𝑟)
⎡

⎢

⎢

⎣

cos2 𝜃 sin2 𝜙 sin 𝜃 cos 𝜃 sin2 𝜙 cos 𝜃 sin𝜙 cos𝜙
sin 𝜃 cos 𝜃 sin2 𝜙 sin2 𝜃 sin2 𝜙 sin 𝜃 sin𝜙 cos𝜙
cos 𝜃 sin𝜙 cos𝜙 sin 𝜃 sin𝜙 cos𝜙 cos2 𝜙

⎤

⎥

⎥

⎦

⋅

⎡

⎢

⎢

⎣

𝟎
𝟎

𝐩(𝐫) − 𝐩(𝟎)

⎤

⎥

⎥

⎦

𝑟2 sin𝜙d𝑟2d𝜃d𝜙.

(3.49)
Closed-form analytical expressions can be obtained for the integrals in (3.48) and (3.49). Given a
complete set of monomials up to second order of approximation and for either choice of influence
function, either constant (cf. (2.12)) or linear (cf. (2.13)), as well as their corresponding weighted
volumes 𝑚̄ (cf. (2.15)), the resulting matrices 𝐋𝐽 ,𝑢, 𝐋𝐽 ,𝑣, and 𝐋𝐽 ,𝑤 are given by

𝐋𝐽 ,𝑢 =6𝐺

⎡

⎢

⎢

⎢

⎢

⎣

0 0 0 0 1 0 0 1
3

0 1
3

0 0 0 0 0 1
3

0 0 0 0

0 0 0 0 0 0 1
3

0 0 0

⎤

⎥

⎥

⎥

⎥

⎦

,

𝐋𝐽 ,𝑣 =6𝐺

⎡

⎢

⎢

⎢

⎢

⎣

0 0 0 0 0 1
3

0 0 0 0

0 0 0 0 1
3

0 0 1 0 1
3

0 0 0 0 0 0 0 0 1
3

0

⎤

⎥

⎥

⎥

⎥

⎦

,

𝐋𝐽 ,𝑤 =6𝐺

⎡

⎢

⎢

⎢

⎢

⎣

0 0 0 0 0 0 1
3

0 0 0

0 0 0 0 0 0 0 0 1
3

0

0 0 0 0 1
3

0 0 1
3

0 1

⎤

⎥

⎥

⎥

⎥

⎦

.

(3.50)

Note that the zeros arise from the specific choice of quadratic monomials in 𝐩; however, their
contribution to a complete set of monomials is required for an accurate WLS approximation and
they cannot be omitted. Thus, the approximation of the linearized LPS model in (3.41) can be
written in terms of two components, each of which requires matrix-vector multiplications, resulting
in

𝜌(𝐱𝑖)𝐮̈(𝐱𝑖, 𝑡) ≈ 𝐈(𝐱𝑖, 𝑡) + 𝐉(𝐱𝑖, 𝑡) + 𝐛(𝐱𝑖, 𝑡) = 𝐋𝐼𝐐𝑖𝚯𝑖(𝑡) + 𝐋𝐽 𝐐̄𝑖𝐔̄𝑖(𝑡) + 𝐛(𝐱𝑖, 𝑡). (3.51)
The products𝐋𝐼𝐐𝑖 and𝐋𝐽 𝐐̄𝑖 in (3.51) incorporate the quadrature weights of the proposed meshfree
WLS discretization scheme, with the collocation nodes serving as the corresponding quadrature
points.
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3.2.2 Elasticity in Linearized Bond-Based Peridynamics

In the following section, the WLS approximation scheme is applied to the special case of the pair-
wise force function in (2.20) according to the linearized bond-based description in (2.32) for the
GPBM model. Similar to the approach outlined in the previous section, we substitute the approxi-
mation 𝐮̂𝑖 from (3.32) into the linearized bond-based PD model evaluated at 𝐱𝑖, and obtain

𝜌(𝐱𝑖)𝐮̈(𝐱𝑖, 𝑡) ≈ ∫
𝜔(‖𝝃‖)𝑐

𝝃 ⊗ 𝝃
‖𝝃‖3

(

𝐮̂𝑖(𝝃, 𝑡) − 𝐮̂𝑖(𝟎, 𝑡)
)

d𝑉𝝃 + 𝐛(𝐱𝑖, 𝑡). (3.52)
The integral term in (3.52) can be expressed in terms of the displacement values of the collocation
nodes, as indicated by (3.32), yielding

𝜌(𝐱𝑖)𝐮̈(𝐱𝑖, 𝑡) ≈ 𝐋̄𝐐̄𝑖𝐔̄𝑖(𝑡) + 𝐛(𝐱𝑖, 𝑡), (3.53)
where 𝐋̄ is given by

𝐋̄ = ∫
𝜔(‖𝝃‖)𝑐

𝝃 ⊗ 𝝃
‖𝝃‖3

(

𝐏̄(𝝃) − 𝐏̄(𝟎)
)

d𝑉𝝃 . (3.54)
In matrix form, 𝐋̄ consists of three column vectors given by

𝐋̄ =
[

𝐋𝑢 𝐋𝑣 𝐋𝑤
]

, (3.55)
where 𝐋𝑢, 𝐋𝑣, and 𝐋𝑤 correspond to the displacement field along the 𝑥-, 𝑦-, and 𝑧-directions,
respectively, and may be expressed as

𝐋𝑢 =∫
𝜔(‖𝝃‖)𝑐

𝝃 ⊗ 𝝃
‖𝝃‖3

⎡

⎢

⎢

⎣

𝐩(𝝃) − 𝐩(𝟎)
𝟎
𝟎

⎤

⎥

⎥

⎦

d𝑉𝝃 ,

𝐋𝑣 =∫
𝜔(‖𝝃‖)𝑐

𝝃 ⊗ 𝝃
‖𝝃‖3

⎡

⎢

⎢

⎣

𝟎
𝐩(𝝃) − 𝐩(𝟎)

𝟎

⎤

⎥

⎥

⎦

d𝑉𝝃 ,

𝐋𝑤 =∫
𝜔(‖𝝃‖)𝑐

𝝃 ⊗ 𝝃
‖𝝃‖3

⎡

⎢

⎢

⎣

𝟎
𝟎

𝐩(𝝃) − 𝐩(𝟎)

⎤

⎥

⎥

⎦

d𝑉𝝃 .

(3.56)

The vectors in (3.56) can be expressed in spherical coordinates, similar to those in (3.48). Thus,
the vectors 𝐋𝑢, 𝐋𝑣, and 𝐋𝑤 are given as

𝐋𝑢 = ∫

𝜋

0 ∫

2𝜋

0 ∫

𝛿

0
𝜔(𝑟)𝑐

⎡

⎢

⎢

⎣

cos2 𝜃 sin2 𝜙 sin 𝜃 cos 𝜃 sin2 𝜙 cos 𝜃 sin𝜙 cos𝜙
sin 𝜃 cos 𝜃 sin2 𝜙 sin2 𝜃 sin2 𝜙 sin 𝜃 sin𝜙 cos𝜙
cos 𝜃 sin𝜙 cos𝜙 sin 𝜃 sin𝜙 cos𝜙 cos2 𝜙

⎤

⎥

⎥

⎦

⋅

⎡

⎢

⎢

⎣

𝐩(𝐫) − 𝐩(𝟎)
𝟎
𝟎

⎤

⎥

⎥

⎦

𝑟 sin𝜙d𝑟2d𝜃d𝜙,

𝐋𝑣 = ∫

𝜋

0 ∫

2𝜋

0 ∫

𝛿

0
𝜔(𝑟)𝑐

⎡

⎢

⎢

⎣

cos2 𝜃 sin2 𝜙 sin 𝜃 cos 𝜃 sin2 𝜙 cos 𝜃 sin𝜙 cos𝜙
sin 𝜃 cos 𝜃 sin2 𝜙 sin2 𝜃 sin2 𝜙 sin 𝜃 sin𝜙 cos𝜙
cos 𝜃 sin𝜙 cos𝜙 sin 𝜃 sin𝜙 cos𝜙 cos2 𝜙

⎤

⎥

⎥

⎦

⋅

⎡

⎢

⎢

⎣

𝟎
𝐩(𝐫) − 𝐩(𝟎)

𝟎

⎤

⎥

⎥

⎦

𝑟 sin𝜙d𝑟2d𝜃d𝜙,
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𝐋𝑤 = ∫

𝜋

0 ∫

2𝜋

0 ∫

𝛿

0
𝜔(𝑟)𝑐

⎡

⎢

⎢

⎣

cos2 𝜃 sin2 𝜙 sin 𝜃 cos 𝜃 sin2 𝜙 cos 𝜃 sin𝜙 cos𝜙
sin 𝜃 cos 𝜃 sin2 𝜙 sin2 𝜃 sin2 𝜙 sin 𝜃 sin𝜙 cos𝜙
cos 𝜃 sin𝜙 cos𝜙 sin 𝜃 sin𝜙 cos𝜙 cos2 𝜙

⎤

⎥

⎥

⎦

⋅

⎡

⎢

⎢

⎣

𝟎
𝟎

𝐩(𝐫) − 𝐩(𝟎)

⎤

⎥

⎥

⎦

𝑟 sin𝜙d𝑟2d𝜃d𝜙.

(3.57)

By assuming a complete spherical region for, closed-form analytical expressions can be obtained
for the integrals in (3.56) and (3.57). Taking a complete set of monomial bases up to second order
for 𝐩 in (3.56), the resulting matrices 𝐋𝑢, 𝐋𝑣, and 𝐋𝑤 are expressed as

𝐋𝑢 =𝜆

⎡

⎢

⎢

⎢

⎢

⎣

0 0 0 0 1 0 0 1
3

0 1
3

0 0 0 0 0 1
3

0 0 0 0

0 0 0 0 0 0 1
3

0 0 0

⎤

⎥

⎥

⎥

⎥

⎦

,

𝐋𝑣 =𝜆

⎡

⎢

⎢

⎢

⎢

⎣

0 0 0 0 0 1
3

0 0 0 0

0 0 0 0 1
3

0 0 1 0 1
3

0 0 0 0 0 0 0 0 1
3

0

⎤

⎥

⎥

⎥

⎥

⎦

,

𝐋𝑤 =𝜆

⎡

⎢

⎢

⎢

⎢

⎣

0 0 0 0 0 0 1
3

0 0 0

0 0 0 0 0 0 0 0 1
3

0

0 0 0 0 1
3

0 0 1
3

0 1

⎤

⎥

⎥

⎥

⎥

⎦

,

(3.58)

where the constant 𝜆 in (3.59) depends on the choice of the influence function 𝜔, and is given by

𝜆 =

⎧

⎪

⎨

⎪

⎩

𝜋𝑐𝛿4

5
, 𝜔 = 𝜔0,

𝜋𝑐𝛿4

25
, 𝜔 = 𝜔1.

(3.59)

Note that the matrices provided in (3.58) are identical in the distribution of entries to those in (3.50);
only the coefficients differ. Similarly to the previous section, the product 𝐋̄𝐐̄𝑖 in (3.55) incorporates
the quadrature weights of the proposed discretization scheme, with the collocation nodes serving
as the corresponding quadrature points. Furthermore, note that the contribution from the nonlocal
dilation parameter in the state-based formalism, as given in (3.51), vanishes in the linearized bond-
based PD formulation since the pairwise force function assumption results in a fixed Poisson’s ratio.
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3.2.3 Peridynamic Diffusion Problems

The WLS collocation scheme is applied to nonlocal scalar field equations after deriving the formu-
lations for vector fields, such as elasticity, in the previous section. In the context of peridynamic
diffusion and corrosion problems, we utilize the proposed integration scheme to approximate the
concentration field. Since the right-hand side of the peridynamic diffusion problem given in (2.41)
and (2.42) shares structural similarities with the peridynamic scalar wave equation (cf. (2.40)), we
focus our discussion on diffusion problems only. The derivation for the peridynamic scalar wave
equation follows a similar procedure. In the beginning, the concentration field within 𝐱𝑖 at time
𝑡 is approximated using (3.31), yielding

𝐶(𝐱, 𝑡) ≈ 𝐶̂𝑖(𝐱 − 𝐱𝑖, 𝑡) = 𝐩(𝐱 − 𝐱𝑖)𝐐𝑖𝐂̄𝑖(𝑡), ∀𝐱 ∈ 𝐱𝑖 , (3.60)
where 𝐂̄𝑖(𝑡) represents the collection of concentration values of the collocation nodes at time 𝑡 by

𝐂̄𝑖(𝑡) =
⎛

⎜

⎜

⎜

⎝

𝐶𝑖(𝑡)
⋮

𝐶𝑗(𝑡)
⋮

⎞

⎟

⎟

⎟

⎠

, ∀𝐱𝑗 ∈ 𝑖, (3.61)

where 𝐶𝑗(𝑡) ∶= 𝐶(𝐱𝑗 , 𝑡). By substituting 𝐶̂𝑖 from (3.60) into the governing equation (2.41) evalu-
ated at 𝐱𝑖, we obtain

𝐶̇(𝐱𝑖, 𝑡) = ∫
𝜔(‖𝝃‖)𝜅 1

‖𝝃‖𝑞
(

𝐶̂𝑖(𝝃, 𝑡) − 𝐶̂𝑖(𝟎, 𝑡)
)

d𝑉𝝃 + 𝑆(𝐱𝑖, 𝑡), (3.62)

where 𝝃 ∶= 𝐱′ − 𝐱𝑖 with 𝐱′ ∈ 𝐱𝑖 and  ∶= {𝝃 ∈ ℝ𝑛𝑑 ∶ ‖𝝃‖ ≤ 𝛿} with 𝑛𝑑 denoting the space
dimension. The integral equation (3.62) can be expressed in terms of the concentration values of
the collocation nodes as

𝐶̇(𝐱𝑖, 𝑡) = 𝐋𝐶𝐐𝑖𝐂̄𝑖(𝑡) + 𝑆(𝐱𝑖, 𝑡), (3.63)
where 𝐋𝐶 is defined as

𝐋𝐶 = ∫
𝜔(‖𝝃‖)𝜅 1

‖𝝃‖𝑞
(𝐩(𝝃) − 𝐩(𝟎)) d𝑉𝝃 . (3.64)

Employing the spherical coordinate system, thus, 𝝃 ≡ 𝐫 = 𝑟 (cos 𝜃 sin𝜙, sin 𝜃 sin𝜙, cos𝜙), we
obtain

𝐋𝐶 = ∫

𝜋

0 ∫

2𝜋

0 ∫

𝛿

0
𝜔(𝑟)𝜅 1

𝑟𝑞−2
(𝐩(𝐫) − 𝐩(𝟎)) sin𝜙 d𝑟d𝜃d𝜙. (3.65)

Assuming a complete spherical neighborhood for 𝐱𝑖 and using a complete set of monomial bases
up to the second order for 𝐩 in (3.56), the expression for 𝐋𝐶 in (3.64) can be evaluated as

𝐋𝐶 = 𝜆𝐶
(

0 0 0 0 1 0 0 1 0 1
)

, (3.66)
where 𝜆𝐶 is a constant coefficient that depending on the influence function 𝜔 is given by

𝜆𝐶 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

4𝜋𝜅𝛿5−𝑞
−3𝑞 + 15

, 𝜔 = 𝜔0,

4𝜋𝜅𝛿5−𝑞

3𝑞2 − 33𝑞 + 90
, 𝜔 = 𝜔1.

(3.67)
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In summary, the term 𝐋𝐶𝐐𝑖 in (3.63) incorporates the quadrature weights in the discretization
scheme, with the collocation nodes serving as the corresponding quadrature points. The presence of
zero values in some matrix entries in (3.67) is due to specific monomials in 𝐩, although a complete
set of monomials is still necessary for the WLS approximation.

3.2.4 Convergence Analysis

Convergence in the numerical approximation of peridynamic models differs from traditional FEM
approaches for local problems due to the nonlocal nature of peridynamic models and their de-
pendence on the peridynamic horizon 𝛿 (see e.g., [17]). To illustrate this, consider a 1D linear
peridynamic model with the equation of motion given by (2.20). In this model, the displacement
field is governed by

𝜌(𝑥)𝑢̈(𝑥, 𝑡) = ∫

𝑥+𝛿

𝑥−𝛿
𝑐𝜔

(

|𝑥′ − 𝑥|
|

)
(

𝑢(𝑥′, 𝑡) − 𝑢(𝑥, 𝑡)
|𝑥′ − 𝑥|

)

d𝑥′ + 𝑏(𝑥, 𝑡). (3.68)

By considering a constant influence function 𝜔 as defined in (2.12) and introducing the variable
transformation 𝜉 = 𝑥′ − 𝑥, we can perform a Taylor expansion of 𝑢(𝑥′, 𝑡) around 𝑥, assuming a
smooth displacement field. This yields

𝜌(𝑥)𝑢̈(𝑥, 𝑡) = ∫

𝑥+𝛿

𝑥−𝛿
𝑐
(

𝑢(𝑥′, 𝑡) − 𝑢(𝑥, 𝑡)
|𝑥′ − 𝑥|

)

d𝑥′ + 𝑏(𝑥, 𝑡)

= ∫

𝛿

−𝛿
𝑐
(

𝑢(𝑥 + 𝜉, 𝑡) − 𝑢(𝑥, 𝑡)
|𝜉|

)

d𝜉 + 𝑏(𝑥, 𝑡)

= ∫

𝛿

−𝛿

𝑐
|𝜉|

[

𝜕𝑢
𝜕𝑥

(𝑥, 𝑡)𝜉 + 1
2
𝜕2𝑢
𝜕𝑥2

(𝑥, 𝑡)𝜉2 + 1
6
𝜕3𝑢
𝜕𝑥3

(𝑥, 𝑡)𝜉3 +⋯
]

d𝜉 + 𝑏(𝑥, 𝑡)

=
(

1
2
𝑐 ∫

𝛿

−𝛿
|𝜉|d𝜉

)

𝜕2𝑢
𝜕𝑥2

(𝑥, 𝑡) +⋯ + 𝑏(𝑥, 𝑡).

(3.69)

Due to the symmetry of the integration domain, the antisymmetric terms in (3.69) vanish. By
performing the necessary calculations and integrations, we can simplify the expression obtained
in (3.69). The equation of motion for the displacement field in the 1D linear peridynamic model
can be written as

𝜌(𝑥)𝑢̈(𝑥, 𝑡) = 1
2
𝑐𝛿2 𝜕

2𝑢
𝜕𝑥2

(𝑥, 𝑡) + 1
48
𝑐𝛿4 𝜕

4𝑢
𝜕𝑥4

(𝑥, 𝑡) + 1
2160

𝑐𝛿6 𝜕
6𝑢
𝜕𝑥6

(𝑥, 𝑡) +⋯ + 𝑏(𝑥, 𝑡). (3.70)

The convergence analysis of peridynamic models considers two perspectives. First, as the peri-
dynamic horizon 𝛿 approaches zero, the influence of higher-order terms diminishes, leading to
the asymptotic convergence of the peridynamic equation to the classical local model. This notion
of asymptotic compatibility is achieved numerically by maintaining a constant ratio of 𝛿∕Δ𝑥 and
gradually reducing Δ𝑥 to zero, resulting in what is known as 𝛿-convergence and has been explored
in various studies, e.g., [133, 134]. Thus, by neglecting higher than second order terms in the Tay-
lor expansion of (3.70) as 𝛿 → 0, and setting 𝑐 = 2𝐸

𝛿2
, the equation of motion in CCM is recovered

as
𝜌(𝑥)𝑢̈(𝑥, 𝑡) = 𝐸 𝜕

2𝑢
𝜕𝑥2

(𝑥, 𝑡) + 𝑏(𝑥, 𝑡). (3.71)
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Second, when the peridynamic horizon 𝛿 = 𝑚Δ𝑥 = const., where 𝑚 ∈ ℕ represents the ratio
𝛿∕Δ𝑥, remains constant, the numerical solution can converge to the continuum solution by consid-
ering more terms from the expansion in (3.70). This convergence, referred to as 𝑚-convergence,
is obtained by decreasing the grid spacing Δ𝑥 while keeping 𝛿 constant. As Δ𝑥 decreases, more
nodes fall within each peridynamic neighborhood, enhancing the accuracy of higher-order terms
and improving the convergence towards the continuum solution. This approach has been discussed
in the literature as well [17].

The meshfree WLS collocation scheme introduced in the previous sections exhibits 𝑘-order
consistency (𝑘), similar to traditional FEM, where 𝑘 represents the maximum order of the em-
ployed monomial basis. This feature enables the scheme to generate exact polynomial solutions up
to order 𝑘. A minimum of 2 consistency is required for the scheme to exhibit monotonic behavior
in 𝛿-convergence. When 𝛿 is kept constant, the scheme achieves numerical solutions with accuracy
determined by the order of consistency. Using higher-order monomials incorporates more terms
from the expansion, leading to more accurate peridynamic integrals. However, in 𝑚-convergence,
reducing Δ𝑥 while maintaining a constant 𝛿 does not enhance accuracy unless the order of consis-
tency is increased. This behavior is illustrated in the numerical examples of Section 3.2.5.

3.2.5 1D Static Elasticity with Manufactured Solution

In this example we investigate the convergence behavior of the meshfree WLS collocation scheme
in comparison to the standard discretization method. For that purpose, let us consider a 1D static
elasticity problem on a domain Ω = (−100, 100), governed by the peridynamic equilibrium equa-
tion (3.72) for 𝑥 ∈ Ω given by

0 = ∫

𝑥+𝛿

𝑥−𝛿
𝑐 1
|𝑥′ − 𝑥|

(

𝑢(𝑥′) − 𝑢(𝑥)
)

d𝑥′ + 𝑏(𝑥), (3.72)

where the micromodulus is set to 𝑐 = 2𝐸
𝛿2

, and the Young’s modulus 𝐸 is set to 𝐸 = 1. In this
study, a constant influence function 𝜔 = 1 according to (2.12) is assumed. Dirichlet boundary
conditions are imposed within a layer of length 𝛿 near the boundaries, where the displacement
values are prescribed based on a manufactured solution.

We investigate the meshfree WLS collocation scheme with three different approaches, charac-
terized by varying numbers of collocation nodes (𝑛𝑐) and basis functions (𝑛𝑝), representing different
levels of consistency 𝑘. These approaches are summarized in Tab. 3.1, and examples of the peri-
dynamic neighborhoods used are shown in Fig. 3.3. Equilibrium is achieved by solving a linear
system of equations on a uniformly spaced grid with grid spacing Δ𝑥. The following analysis fo-
cuses on examining the convergence behavior of these approaches, specifically considering the 𝑚-
and 𝛿-convergence.
Table 3.1: Specifications of the three scenarios employed for the meshfree WLS collocation scheme
for the 1D static elasticity problem. Reproduced from [122].

Scheme 𝑘 𝑛𝑝 𝑛𝑐
WLS-2 2 3 5
WLS-4 4 5 11
WLS-6 6 7 13
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𝛿

WLS-2

WLS-4

WLS-6

Standard

Figure 3.3: Examples of the peridynamic neighborhood used in Section 3.2.5: red circles represent
auxiliary nodes, and blue dots are collocation nodes. Reproduced from [122].

𝑚-Convergence Analysis

We begin by investigating the 𝑚-convergence, which refers to the convergence of the numerical
approximation towards the exact peridynamic continuum solution. To assess this, we consider an
exact (or manufactured) solution for the 1D peridynamic elasticity problem, given by

𝑢Ex(𝑥) ∶= sin
( 𝑥
10

)

, (3.73)

thus ensuring that the particular choice of this exact solution is not spanned by the monomials
used in the collocation scheme. Substituting the exact solution (3.73) into the equilibrium equa-
tion (3.72), we obtain the corresponding body force density function as

𝑏(𝑥) = 2𝑐
[

𝑒 − Ci
( 𝛿
10

)

+ ln
( 𝛿
10

)]

sin
( 𝑥
10

)

, (3.74)

where Ci represents the cosine integral function, 𝑒 is Euler’s constant, and the peridynamic horizon
is arbitrarily assumed as 𝛿 = 6. Displacement boundary conditions are prescribed according to the
exact solution given in (3.73).

Fig. 3.4 (left) illustrates the outcomes of the𝑚-convergence analysis. In the standard discretiza-
tion scheme, the accuracy improves as the 𝛿∕Δ𝑥 ratio increases while maintaining a constant value
of 𝛿 = 6. Meanwhile, the meshfree WLS scheme achieves a certain level of accuracy based on the
order of consistency 𝑘, but further convergence to the exact solution necessitates the incorpora-
tion of higher-order monomials. Notably, even with a coarser discretization, the WLS-2 scheme
surpasses the standard scheme with a finer discretization. It is noteworthy that the peridynamic
neighborhood in the finest grid spacing case encompasses 67 family nodes in the standard scheme,
while the WLS-2 scheme utilizes only 5 collocation nodes for integration. This significant reduc-
tion in the number of nodes employed by the WLS scheme contributes to its superior computational
efficiency. The results emphasize that increasing the level of consistency 𝑘 in the WLS scheme
significantly enhances the accuracy. Overall, the WLS-4 and WLS-6 schemes yield results approx-
imately two and five orders of magnitude more accurate, respectively, than the WLS-2 scheme.
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𝛿-Convergence Analysis

As the peridynamic horizon 𝛿 shrinks to zero (𝛿 → 0) in the limit of vanishing nonlocal interactions,
the equilibrium equation in (3.72) converges to

0 =
𝜕2𝑢(𝑥)
𝜕𝑥2

+ 𝑏(𝑥), (3.75)

which presents the classical wave equation with the Young’s modulus assumed to be one, 𝐸 = 1.
Substituting the exact solution from (3.73) for 𝑢 in (3.75), we obtain an expression for the body
force density 𝑏(𝑥) given as

𝑏(𝑥) = 1
100

sin
( 𝑥
10

)

. (3.76)
In the 𝛿-convergence analysis, we follow a similar approach as the previous 𝑚-convergence study.
We apply the displacement boundary conditions based on the exact solution and utilize the body
force density given in (3.76). However, in this study, we focus on the convergence behavior with
a constant ratio of 𝑚 = 𝛿∕Δ𝑥 (set to 12) for both the standard and meshfree WLS schemes. The
results in Fig. 3.4 show contrasting behaviors between the two approaches. The standard scheme
exhibits oscillatory patterns and fails to converge, indicating a lack of asymptotic compatibility. In
contrast, all meshfree WLS schemes, regardless of the level of consistency, demonstrate monotonic
convergence towards the exact solution. These findings highlight the superior convergence prop-
erties of the meshfree WLS scheme, showcasing its effectiveness in approximating the classical
continuum mechanics solution.
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Figure 3.4: Convergence analysis for 1D static elasticity example in PD: (top)𝑚-convergence anal-
ysis and (bottom) 𝛿-convergence analysis. Reproduced and adjusted from [122].
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3.2.6 2D Peridynamic Diffusion with Manufactured Solution

We compare the accuracy of the meshfree WLS collocation scheme and the standard discretiza-
tion scheme in solving a 2D transient peridynamic diffusion problem described by equation (2.42).
The problem is defined on a square domain with dimensions (−0.5, 0.5)×(−0.5, 0.5), and Dirichlet
boundary conditions based on the exact solution are imposed in a boundary layer near the domain
boundary, as depicted in Fig. 3.5. Two discretization approaches are considered: uniform and
non-uniform. Figures 3.7 and 3.8 depict examples of the peridynamic neighborhoods and auxil-
iary grids, respectively, for each discretization employed in the problem. The problem domain is
discretized with an average grid spacing of Δ𝑥 = 1∕39 ≈ 0.0256 with the peridynamic horizon
𝛿 = 5Δ𝑥 ≈ 0.1282. In the non-uniform discretization, the coordinates of the nodes are perturbed
by small random numbers within the range [0, 0.35Δ𝑥], ensuring the validity of the assumption of
identical background cells for the nodes in the standard discretization scheme.

Similar to the previous example, we utilize an exact (or manufactured) solution that cannot be
represented by the monomial basis used in the WLS scheme. The exact solution is given by

𝐶ex(𝐱, 𝑡) = sin(5𝑡)
(

𝑥2𝑦2 + 𝑥3𝑦 + 𝑥4 + 𝑥𝑦3 + 𝑦4
)

, (3.77)
whereas the corresponding source function is

𝑆(𝐱, 𝑡) = 5 cos(5𝑡)
(

𝑥2𝑦2 + 𝑥3𝑦 + 𝑥4 + 𝑥𝑦3 + 𝑦4
)

− 1
16
𝜋𝛿2 sin(5𝑡)

(

7𝛿2 + 56𝑥2 + 48𝑥𝑦 + 56𝑦2
)

.
(3.78)

The time marching is performed using the explicit forward Euler algorithm (cf. (3.10)) with a time
step of Δ𝑡 = 10−5. In this example, we utilize two different configurations of the meshfree WLS
collocation scheme. The details of these configurations are provided in Tab. 3.2.

The numerical error is defined as a relative 𝓁2-norm

𝑒𝓁2 ∶=

√

∑𝑁
𝑖=1‖𝐶Num,𝑖 − 𝐶Ex,𝑖‖

2

√

∑𝑁
𝑖=1‖𝐶Ex,𝑖‖

2
, (3.79)

where𝑁 is the number of nodes, 𝐶Num,𝑖 is the field variable from the numerical solution at node 𝐱𝑖,
and 𝐶Ex,𝑖 is from the exact solution, is depicted in Fig. 3.6 for various time points. It is evident that
the meshfree WLS scheme consistently outperforms the standard discretization scheme in terms of
accuracy. Specifically, the WLS-4 scheme, with its higher consistency order, exhibits lower errors
compared to the WLS-2 scheme. Interestingly, the meshfree WLS schemes demonstrate reduced
sensitivity to the non-uniformity of the spatial discretization, which is not observed in the standard
scheme. At the final time instant, the relative difference in the error norm between the uniform
and non-uniform standard schemes is 38.63%, while the differences for the WLS-2 and WLS-4
schemes are 6.53% and 7.09%, respectively.
Table 3.2: Specifications of the proposed WLS meshfree scheme approaches for the transient 2D
peridynamic diffusion problem. Reproduced from [122].

Scheme 𝑘 𝑛𝑝 𝑛𝑐
WLS-2 2 6 29
WLS-4 4 15 49
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Figure 3.5: Illustration of the 2D problem domains and boundary layers using uniform and non-
uniform discretization approaches. Reproduced from [122].
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Figure 3.6: The time evolution of the error, measured by the 𝓁2-norm, is shown for the various
approaches used in the transient 2D peridynamic diffusion problem. Reproduced and adjusted
from [122].
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Figure 3.7: Representations of the peridynamic neighborhoods used in Section 3.2.6. The figures
illustrate the peridynamic neighborhoods, where for the WLS approaches, only the collocation
nodes are shown. Reproduced from [122].
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Figure 3.8: The auxiliary grids used in the configurations of the meshfree WLS collocation scheme
for the transient peridynamic diffusion example. Reproduced from [122].
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3.3 The Adaptive Hybrid Configuration

A hybrid framework is developed to optimize computational resources in damage-related problems
by combining the standard discretization and meshfree WLS collocation schemes. This approach
divides the domain into two regions: Ω𝑠 and Ω𝑤. The standard scheme is applied to Ω𝑠, which
includes critical zones and boundaries, while the meshfree WLS scheme is adaptively used for the
remaining region, Ω𝑤.

As indicated in Fig. 3.9, two hybrid configurations are considered: the hybrid fixed configu-
ration and the hybrid adaptive configuration. In the fixed configuration, Ω𝑠 is predetermined and
remains unchanged throughout the simulation. This approach offers efficiency when the critical
zones are known. In the adaptive configuration, only initial zones with known damage are included
in Ω𝑠, and an adaptive switching algorithm expands Ω𝑠 by identifying critical zones within Ω𝑤.
This adaptive approach allows for the dynamic adaptation of Ω𝑠 to evolving damage morphology,
focusing computational resources on crucial zones. However, the adaptive strategy may introduce
additional computational overhead due to the switching algorithm.

To identify the critical zones for the switching algorithm, we employ a criterion inspired by
previous works such as [126, 149]. In the context of brittle crack propagation, we adopt a criterion
based on the stretch of each bond within the region Ω𝑤. Consider two neighboring nodes 𝐱𝑖 and 𝐱𝑗
as illustrated in Fig. 3.10. At a given time 𝑡𝑛, the bond connecting 𝐱𝑖 and 𝐱𝑗 is classified as critical
if its stretch falls within a specific range, defined by the inequality

𝜎𝑠0 ⩽

|

|

|

|

(

𝐱𝑗 + 𝐮𝑛𝑗
)

−
(

𝐱𝑖 + 𝐮𝑛𝑖
)|

|

|

|

|𝐱𝑗 − 𝐱𝑖|
− 1 ⩽ 𝑠0, (3.80)

where 𝜎 ∈ (0, 1) represents the margin of critical bond stretch 𝑠0 that influences the expansion size
of Ω𝑠. If two nodes are identified as critical, indicating that their linking bond is critical, the union
of their neighborhoods is considered a critical zone (see Fig. 3.10). At the end of the 𝑛th time
step, before the critical zone is evaluated for damage, the discretization scheme of nodes within
the critical zone is switched to the standard scheme. The value of 𝜎 must therefore be chosen
appropriately to balance the efficiency of the switching algorithm and the distance between the
damage front and Ω𝑤.

50



3.3. The Adaptive Hybrid Configuration

Fix
ed

Ad
apt

ive

𝑡0 𝑡𝑓

Ω𝑠
Ω𝑤

Figure 3.9: The schematic representation illustrates two hybrid configurations utilized in this study:
(top) the fixed configuration, where Ω𝑠 and Ω𝑤 remain unchanged throughout the solution pro-
cess, and (bottom) the adaptive configuration, where Ω𝑠 evolves over time to adapt to the damage
morphology. The initial and final time instants are denoted as 𝑡0 and 𝑡𝑓 , respectively. Repro-
duced from [122].

Ω𝑠

𝐱𝑖

𝐱𝑗Critical zone

Ω𝑤

Figure 3.10: Illustration of the switching algorithm used in the hybrid adaptive configuration. On
the left, the bond between 𝐱𝑖 and 𝐱𝑗 is identified as critical at time 𝑡𝑛. On the right, at the next
time step 𝑡𝑛+1, the discretization scheme of the neighboring nodes corresponding to 𝐱𝑖 and 𝐱𝑗 is
switched to the standard scheme. Reproduced from [122].
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3.3.1 2D Kalthoff-Winkler Experiment on Hybrid Configuration

This example focuses on a hybrid approach to leverage the strengths of both the meshfree WLS
scheme and the standard discretization scheme for dynamic fracture modeling of brittle materials,
specifically in replicating the behavior observed in the Kalthoff-Winkler experiment [69]. The
experiment involves a steel plate, specifically 18Ni1900, with two pre-cracks subjected to impact
by a rigid projectile at a velocity of 32 × 103mm∕s [69]. The experimental findings indicate that
at this impact speed, a brittle fracture occurs predominantly in mode I. The cracks initiate from the
pre-crack tips and propagate nearly straight, forming an angle of approximately 68◦ with respect to
the horizontal direction, until they reach the plate boundaries [69]. Notably, peridynamic models
have demonstrated the ability to accurately capture the observed crack angles, as evidenced by
previous studies [31, 127].

The hybrid framework utilizes the computational efficiency and accuracy of the meshfree WLS
scheme throughout most of the domain, while selectively employing the standard scheme in critical
regions such as crack tips and boundaries. The schematic setup and geometry of the problem
are illustrated in Fig. 3.11 (left), and the hybrid approach is depicted in Fig. 3.11 (right). In the
bond-based PD model of the Kalthoff-Winkler experiment, we define the mechanical properties
and boundary conditions based on the values reported in [31]. Specifically, we set the Young’s
modulus 𝐸 = 190 × 103N∕mm2, Poisson’s ratio 𝜈 = 1∕4 (assuming plane strain), density 𝜌 =
8000 × 10−9 kg∕mm3, and critical energy release rate 𝐺0 = 0.022 170 J∕mm2. To replicate the
projectile impact, a constant velocity of 16.5 × 103mm∕s is assigned to the nodes located along
the portion of the left side of the plate between the two pre-cracks, as depicted in Fig. 3.11 (left).
This prescribed velocity is maintained unchanged throughout the simulation.

In this example, we examine two different discretization approaches: a standard scheme and a
hybrid adaptive configuration utilizing the switching strategy explained in Section 3.3. The prob-
lem domain is discretized using a uniform grid with a spacing of Δ𝑥 = 0.25mm, resulting in a total
of 321, 201 nodes. The influence function 𝜔 is assumed to be constant according to (2.12), and 𝛿
is set to 2mm. Time integration is performed using the velocity-Verlet algorithm outlined in (3.5)
and (3.6) with a time step of Δ𝑡 = 2×10−9 s. The simulation spans a duration of 87×10−6 s. In the
adaptive approach, the WLS-2 scheme is employed within the Ω𝑤 region, as depicted in Fig. 3.10.
The specifications of this scheme can be found in Tab. 3.2. Samples of the peridynamic neighbor-
hood are shown in Fig. 3.12, demonstrating that out of the total 197 nodes in the neighborhood,
only 29 nodes are involved in the meshfree WLS collocation scheme.

Fig. 3.11 (right) depicts the domain decomposition employed in the adaptive approach at the
start of the simulation. The domain is partitioned such that the Ω𝑠 region, encompassing the pre-
cracks and boundaries, accounts for only 9.72% of the entire domain. In this example, the critical
bond stretch margin 𝜎 is selected as 0.95.

Fig. 3.13 presents contour plots of damage obtained using both approaches at four time instants.
Additionally, the evolving configuration for the adaptive approach is depicted at the same time
instances. The results indicate a close agreement between the adaptive approach and the fully
standard scheme. The switching algorithm effectively adapts the Ω𝑠 region to follow the crack
morphology, ensuring that it evolves only as necessary.

Fig. 3.14 is included to assess the consistency between the numerical solutions in relation to
the velocity field. The contour plots depict the velocity field in the vertical direction. It is evident
that there is a high degree of agreement between the solutions obtained using both approaches.

Tab. 3.3 provides a comprehensive comparison of the computational cost between the adaptive
approach and the standard approach. It is noteworthy that in the adaptive approach, the region
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Ω𝑠 governed by the standard discretization scheme only constitutes 14.70% of the entire domain.
The runtime analysis reveals that the adaptive approach exhibits a significant advantage, being
2.26 times faster than the standard scheme. This indicates a remarkable optimization of computa-
tional resources. Consequently, the adaptive approach achieves comparable results to the standard
approach at a significantly reduced computational cost.
Table 3.3: Comparison of the CPU times as an indication of the computational resources utilized
in the Kalthoff-Winkler simulation. Data available in [122].

Standard Adaptive

Initial Ω𝑠 portion [%] 100 9.72
Final Ω𝑠 portion [%] 100 14.70

CPU time [s] 53.25 23.59

Pre-crack

100 mm

20
0 mm75

mm

50 mm

75
mm

Impact place

Figure 3.11: (Left) Problem domain from Section 3.3.1; (right) initial configuration of the adaptive
approach, with the darker gray indicating the Ω𝑠 region. Reproduced from [122].

Figure 3.12: Illustration of the peridynamic neighborhood in the hybrid configuration of the
Kalthoff-Winkler simulation, with theΩ𝑠 region shown on the left, encompassing 197 family nodes,
and theΩ𝑤 region displayed on the right, comprising 29 collocation nodes. Reproduced from [122].
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Figure 3.13: Contour plots of damage at four time instants obtained by the standard and adaptive
approaches in the Kalthoff-Winkler simulation with the corresponding configuration evolution in
the adaptive approach shown below; dark gray zones represent Ω𝑠. Reproduced from [122].
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Figure 3.14: Contour plots depicting the vertical velocity field at four time instances are presented
for both the standard and adaptive approaches in the Kalthoff-Winkler simulation. The velocity
field is represented in units of mm∕s. Reproduced from [122].
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3.3.2 3D Peridynamic Corrosion on Hybrid Configuration

In this example, we conduct a comparative analysis between the meshfree WLS collocation scheme
and the standard discretization scheme for solving a 3D peridynamic corrosion problem. The
corrosion phenomenon occurs in a metallic specimen represented by the Stanford bunny geom-
etry, which is immersed in a liquid electrolyte contained within a sphere with a radius of 9mm
(Fig. 3.15). As the corrosion progresses, the solid material gradually dissolves into the surround-
ing liquid medium, resulting in a reduction of the solid phase. Notably, traditional computational
methods face challenges in accurately representing the dissolution flux between the phases and
capturing the non-smooth concentration field with its strong discontinuities at the corrosion front.
For this simulation, the metallic material is assumed to be 304SS, and the initial concentration of
the intact metal is 143 000mol∕m3, while the surrounding liquid has an initial concentration of
0mol∕m3, as reported in [25]. A constrained concentration of 0mol∕m3 is imposed as a boundary
condition at the surface of the sphere. The explicit peridynamic diffusion solver in (3.10) is utilized
to simulate the corrosion process.

Electrolyte/Liquid

Metal/Solid

Ω𝑤

Ω𝑠

Figure 3.15: Schematic representation the domain and initial bi-material configuration in the 3D
peridynamic corrosion example. Reproduced from [122].

To model the corrosion process in the peridynamic diffusion framework, we introduce two
constant micro-diffusivity parameters: 𝜅int and 𝜅liq [65]. These parameters capture the interaction
between the solid and liquid phases. 𝜅int represents the micro-dissolvability of interfacial peri-
dynamic bonds between solid and liquid points, while 𝜅liq characterizes the micro-diffusivity of
peridynamic bonds within the liquid phase. Mass transfer between solid points is neglected due to
the significant disparity in diffusion time scales [63]. Additionally, the corrosion process is influ-
enced by a threshold concentration, 𝐶sat , which triggers the dissolution of the solid phase. When
the concentration of a solid point falls below 𝐶sat , it transitions to the liquid phase, driving the
autonomous evolution of the corrosion front and gradual dissolution of the solid material.
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In this example, the model parameters are configured as follows: the peridynamic horizon is
set to 𝛿 = 0.6mm, and the metallic ion solubility concentration threshold for 304SS is 𝐶sat =
5100mol∕m3 [25]. The micro-diffusivities are arbitrarily chosen as 𝜅liq = 0.0126 s−1mm−2 and
𝜅int = 0.0029 s−1mm−2 without calibration to experimental data. Dirichlet-type boundary condi-
tions with zero concentration are imposed near the surface of the sphere, within a distance 𝛿0. This
example compares two peridynamic schemes: the standard discretization scheme with a peridy-
namic neighborhood comprising 925 nodes, and the meshfree WLS collocation scheme of second-
order consistency with a hybrid fixed configuration with 123 collocation nodes. Both schemes
use a grid spacing of Δ𝑥 = 0.1mm, resulting in a total of 3, 053, 107 nodes. The meshfree WLS
scheme divides the domain into Ω𝑠 and Ω𝑤 regions, with Ω𝑠 covering the zones where diffusion
occurs between different phases and representing 35.02% of the domain. The remaining zones,
where the concentration field is smooth, are modeled using the meshfree WLS scheme. The time
marching is performed using the explicit forward Euler algorithm with a time step of Δ𝑡 = 0.1 s,
and the problem is solved for a duration of 10 000 s using 100, 000 time steps.

Fig. 3.18 showcases the concentration profiles of the metal using the standard scheme and the
meshfree WLS scheme at different time points. The plots present separate visualizations of the
solid and liquid phases, with a focus on three octants of the liquid phase. The results demonstrate
a strong agreement between the two schemes regarding the corrosion and bulk diffusion patterns.
In terms of quantitative analysis, both schemes exhibit the same corrosion rate, as depicted in
Fig. 3.17. When considering computational performance, the meshfree WLS scheme surpasses
the standard scheme, achieving a speedup of 3.7 times, as indicated in Tab. 3.4. In summary, the
proposed scheme achieves comparable results to the standard scheme while significantly reducing
computational costs.

Table 3.4: Computational resource utilization comparison in 3D peridynamic corrosion.
Data available in [122].

Standard Hybrid

Initial Ω𝑠 portion [%] 100 35.02
Final Ω𝑠 portion [%] 100 35.02

CPU time [s] 177, 138.06 47, 770.09
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Figure 3.16: The peridynamic neighborhood in the 3D peridynamic corrosion example, showing
the representation for both the standard scheme and the meshfree WLS scheme. In the standard
scheme (left), the peridynamic neighborhood consists of 925 family nodes. On the other hand, the
meshfree WLS scheme (right) utilizes 123 collocation nodes to define the peridynamic neighbor-
hood. Reproduced from [122].
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Figure 3.17: Temporal evolution of the relative volume loss of the solid phase in the 3D peridy-
namic corrosion example, as obtained by both schemes. Reproduced from [122].
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Figure 3.18: Contour plots illustrating the concentration field obtained from both schemes in the
3D peridynamic corrosion example at three different time points. The concentration values are
expressed in units of mol∕mm3. Reproduced from [122].
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3.4 Multi-Grid Approach for Adaptive Mesh Refinement

As previously discussed in Section 3.1, the standard discretization scheme of peridynamic models
necessitates a uniform grid throughout the entire computational domain. However, this can result
in unnecessary computational overhead, particularly in regions that are not of particular interest.
To address this issue, a multi-grid approach was introduced in [121] to enable non-uniform spatial
discretization, significantly reducing computational costs and expanding the applicability of peri-
dynamic models to real-world geometries in both 2D and 3D. The multi-grid scheme begins by
considering a generic peridynamic domain Ω with one or more discontinuities that may propagate,
branch, or coalesce due to deformation. In this framework, the boundaries and critical regions sur-
rounding the discontinuities are discretized using the standard scheme with a fine grid, while the
remaining parts of the domain are discretized using a coarser grid, employing either the standard
or the meshfree WLS collocation scheme.

The multi-grid approach, as introduced in [121], incorporates fictitious material points near
critical regions and boundaries in both the Ω+ and Ω− regions. These additional points serve the
purpose of completing the neighborhood of other material points, ensuring the independence of
the coarse and fine grids. Importantly, these fictitious points do not contribute to the total count
of material points. By employing two separate solution domains, one for the peridynamic model
discretized with a fine grid using the standard scheme and another for the peridynamic model
discretized with a coarse grid, the grids remain independent. Within the fine grid solution domain,
material points are represented by 𝐱 while fictitious material points, denoted as 𝐱′, are introduced
to account for missing neighbors.

dThe interaction between material points 𝐱 and 𝐱′ in the multi-grid approach is achieved by
computing the quantities associated with 𝐱′ through interpolation from neighboring material points
in the solution domain Ω+ (see Fig. 3.19). Similarly, the quantities related to fictitious material
points in the coarse grid are computed by interpolating values from adjacent material points in
the solution domain Ω−. This approach creates a constraint between the solution domains, where
the solution outside the critical region in Ω− is linked to its corresponding region in Ω+, and the
solution within the critical region in Ω+ is constrained to its counterpart in Ω−.

The configuration of the solution domains in the multi-grid approach is illustrated in Fig. 3.19,
where active and inactive regions are identified. Inactive regions represent constrained parts of
the solution that are not involved in the computation, allowing for conservation of the total mass
of the system. Each solution domain can be discretized independently and in advance, leading to
increased efficiency in the adaptive refinement process that tracks the evolution of critical regions.
By considering the same portion of the domain Ω near the border of the critical region in both
the Ω− and Ω+ solution domains, as depicted in Fig. 3.20, the discretized form of the multi-grid
scheme can be easily introduced.

Within the multi-grid framework, the grid spacings Δ𝑥− and Δ𝑥+ are used to discretize the Ω−

and Ω+ solution domains, respectively. Four types of nodes can be distinguished in the discretized
solution domains: active and fictitious nodes in the fine grid, and active and fictitious nodes in the
coarse grid. As illustrated in Fig. 3.20, an active node a in the fine grid has neighbors consisting
of both active nodes, denoted as a𝑗 , and fictitious nodes, denoted as a𝑘. Similarly, an active node B
in the coarse grid has neighbors comprising both active nodes, labeled as B𝑗 , and fictitious nodes,
marked as B𝑘.
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Ω−

Ω+

𝐱
𝐱′

𝐱′

fine, active

coarse, active

fine, fictitious

inactive

Figure 3.19: Schematic representation of fictitious material points in the proximity of a critical
region and computation of the corresponding data from the counterpart active domain. Reproduced
from [100].

Δ𝑥− Δ𝑥+Ω− Ω+

a a𝑘
a𝑗

B

B𝑗

B𝑘

∗

A2A1

A4 A3

+b1 b2

b3b4

∗

+

fine, active

fine, fictitious

coarse, active

coarse, fictitious

position of a𝑘
position of B𝑘

Figure 3.20: Schematic representation of the solution domain; (left) fine grid, (right) coarse grid.
For clarity reasons, 𝑚− = 𝛿∕Δ𝑥− = 2 is adopted in the fine region of the domain, whereas 𝑚+ =
𝛿∕Δ𝑥+ = 1 is considered in the coarse portion of the domain, where 𝛿 is the horizon. Note that,
Δ𝑥+ = 2Δ𝑥− is chosen only as an example. Reproduced from [100].
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Next, we describe the time marching scheme for a typical active node a in the fine grid for the
bond-based peridynamic elasticity problem. The velocity-Verlet algorithm is used to discretize the
equations, yielding

𝐮𝑛+1a = 𝐮𝑛a + Δ𝑡𝐮̇𝑛a +
Δ𝑡2
2
𝐮̈𝑛a , (3.81a)

𝐮̈𝑛+1a = 1
𝜌a

[

𝐟
(

𝐮𝑛+1a𝑗
− 𝐮𝑛+1a , 𝐱a𝑗 − 𝐱a

)

𝛽
(

𝐱a𝑗 − 𝐱a
)

𝑉a𝑗 +⋯

+ 𝐟
(

𝐮𝑛+1a𝑘
− 𝐮𝑛+1a , 𝐱a𝑘 − 𝐱a

)

𝛽
(

𝐱a𝑘 − 𝐱a
)

𝑉a𝑘 +⋯ + 𝐛𝑛+1a

]

, (3.81b)
𝐮̇𝑛+1a = 𝐮̇𝑛a +

Δ𝑡
2

(

𝐮̈𝑛a + 𝐮̈
𝑛+1
a

)

, (3.81c)
where 𝐟 represents the pairwise force function, which can be nonlinear. The equations obtained
from the velocity-Verlet algorithm and the considerations regarding the coupling of different grid
sizes are structurally equivalent to the peridynamic scalar wave equation described in (2.40). The
only distinction lies in the scalar nature of the field variables, namely displacement, velocity, and
acceleration. For the sake of brevity, the subsequent formulations will omit the specific consider-
ations for the peridynamic scalar wave equation.

For the peridynamic diffusion problem, the explicit Euler time marching scheme (cf. (3.10))
for an active node ‘a’ in the fine grid domain is expressed as

𝐶𝑛+1a = 𝐶𝑛a + Δ𝑡𝐶̇𝑛a ,

𝐶̇𝑛+1a = 𝐽
(

𝐶𝑛+1a𝑗
− 𝐶𝑛+1a , 𝐱a𝑗 − 𝐱a

)

𝛽
(

𝐱a𝑗 − 𝐱a
)

𝑉a𝑗 +⋯

+ 𝐽
(

𝐶𝑛+1a𝑘
− 𝐶𝑛+1a , 𝐱a𝑘 − 𝐱a

)

𝛽
(

𝐱a𝑘 − 𝐱a
)

𝑉a𝑘 +⋯ + 𝑆𝑛+1a .

(3.82)

In the preceding equations (cf. (3.81) - (3.82)), the first and second ellipses represent the contribu-
tions from other active and fictitious nodes within the neighborhood of the active node a, similar
to those already defined for a𝑗 and a𝑘. The time marching scheme for a general active node B in
the coarse grid, in the context of the bond-based PD elasticity problem, can be defined as

𝐮𝑛+1B = 𝐮𝑛B + Δ𝑡𝐮̇𝑛B + Δ𝑡2
2
𝐮̈𝑛B,

𝐮̈𝑛+1B = 1
𝜌B

[

𝐟
(

𝐮𝑛+1B𝑗
− 𝐮𝑛+1B , 𝐱B𝑗 − 𝐱B

)

𝛽
(

𝐱B𝑗 − 𝐱B
)

𝑉B𝑗 +⋯

+ 𝐟
(

𝐮𝑛+1B𝑘
− 𝐮𝑛+1B , 𝐱B𝑘 − 𝐱B

)

𝛽
(

𝐱B𝑘 − 𝐱B
)

𝑉B𝑘 +⋯ + 𝐛𝑛+1B

]

,

𝐮̇𝑛+1B = 𝐮̇𝑛B + Δ𝑡
2

(

𝐮̈𝑛B + 𝐮̈𝑛+1B
)

,

(3.83)

and for the peridynamic diffusion equation as
𝐶𝑛+1B = 𝐶𝑛B + Δ𝑡𝐶̇𝑛B,

𝐶̇𝑛+1B = 𝐽
(

𝐶𝑛+1B𝑗
− 𝐶𝑛+1B , 𝐱B𝑗 − 𝐱B

)

𝛽
(

𝐱B𝑗 − 𝐱B
)

𝑉B𝑗 +⋯

+ 𝐽
(

𝐶𝑛+1B𝑘
− 𝐶𝑛+1B , 𝐱B𝑘 − 𝐱B

)

𝛽
(

𝐱B𝑘 − 𝐱B
)

𝑉B𝑘 +⋯ + 𝑆𝑛+1B .

(3.84)

The equations in (3.83) and (3.84) incorporate the contribution from neighboring active and ficti-
tious nodes within the vicinity of the active node B. This contribution is analogous to the terms
described for B𝑗 and B𝑘.
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The interpolation scheme for evaluating the quantities associated with fictitious nodes in both
the coarse and fine grids is presented after introducing the time marching schemes. In the context
of elasticity and diffusion problems, the fictitious node B𝑘 in the coarse grid, as shown in Fig. 3.20,
obtains its associated values, such as displacement, velocity, and acceleration, through a simple
interpolation. This interpolation is based on inverse distance weighting and utilizes the values of
the surrounding active nodes b1 to b4 in the fine grid, given by

𝐮𝑛+1B𝑘
=

∑4
𝑗=1

1
‖𝐱B𝑘−𝐱b𝑗 ‖

𝐮𝑛+1b𝑗
∑4
𝑗=1

1
‖𝐱B𝑘−𝐱b𝑗 ‖

,

𝐮̇𝑛+1B𝑘
=

∑4
𝑗=1

1
‖𝐱B𝑘−𝐱b𝑗 ‖

𝐮̇𝑛+1b𝑗
∑4
𝑗=1

1
‖𝐱B𝑘−𝐱b𝑗 ‖

,

(3.85)

in the case of bond-based PD elasticity, and as such as

𝐶𝑛+1B𝑘
=

∑4
𝑗=1

1
‖𝐱B𝑘−𝐱b𝑗 ‖

𝐶𝑛+1b𝑗
∑4
𝑗=1

1
‖𝐱B𝑘−𝐱b𝑗 ‖

, (3.86)

for peridynamic diffusion problems. It is worth noting that a similar procedure can be applied to
the scalar peridynamic scalar wave problem, but it is omitted here for brevity.

In a similar manner, as illustrated in Fig. 3.20, the fictitious node a𝑘 in the fine grid is in-
troduced. To obtain the required values for this node, a straightforward interpolation technique,
employing inverse distance weighting, is applied. The interpolation is performed using the values
of the surrounding active nodes A1 to A4 in the coarse grid, yielding

𝐮𝑛+1a𝑘
=

∑4
𝑗=1

1
‖𝐱a𝑘−𝐱A𝑗 ‖

𝐮𝑛+1A𝑗
∑4
𝑗=1

1
‖𝐱a𝑘−𝐱A𝑗 ‖

,

𝐮̇𝑛+1a𝑘
=

∑4
𝑗=1

1
‖𝐱a𝑘−𝐱A𝑗 ‖

𝐮̇𝑛+1A𝑗
∑4
𝑗=1

1
‖𝐱a𝑘−𝐱A𝑗 ‖

,

(3.87)

for the bond-based PD elasticity problems, and

𝐶𝑛+1a𝑘
=

∑4
𝑗=1

1
‖𝐱a𝑘−𝐱A𝑗 ‖

𝐶𝑛+1A𝑗
∑4
𝑗=1

1
‖𝐱a𝑘−𝐱A𝑗 ‖

, (3.88)

for peridynamic diffusion.
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To incorporate the multi-grid approach for implicit time discretization schemes, we need to
account for the effect of fictitious nodes in the linear system, specifically in (3.17). This requires
modifying the entries of the Jacobian 𝐊𝐶 (𝐂𝑛) and the residual 𝐅𝐶

(

𝐂𝑛+1,𝑘
). Therefore, we set the

corresponding diagonal and off-diagonal values of the respective fictitious nodes in the coarse grid,
B𝑘, and in the fine grid, a𝑘, as

𝐾𝐶,𝑎𝑘𝑎𝑘 = 1, 𝐾𝐶,𝑎𝑘𝐴𝑗 = −

1
‖𝐱a𝑘−𝐱A𝑗 ‖

∑4
𝑗=1

1
‖𝐱a𝑘−𝐱A𝑗 ‖

,

𝐾𝐶,𝐵𝑘𝐵𝑘 = 1, 𝐾𝐶,𝐵𝑘𝑏𝑗 = −

1
‖𝐱B𝑘−𝐱b𝑗 ‖

∑4
𝑗=1

1
‖𝐱B𝑘−𝐱b𝑗 ‖

.

(3.89)

The associated residual is updated according to

𝐹𝐶,𝑎𝑘
(

𝐶𝑛+1,𝑘𝑎𝑘

)

= 𝐶𝑛+1,𝑘𝑎𝑘
−

∑4
𝑗=1

1
‖𝐱a𝑘−𝐱A𝑗 ‖

𝐶𝑛+1,𝑘𝐴𝑗
∑4
𝑗=1

1
‖𝐱a𝑘−𝐱A𝑗 ‖

= 0,

𝐹𝐶,𝐵𝑘
(

𝐶𝑛+1,𝑘𝐵𝑘

)

= 𝐶𝑛+1,𝑘𝐵𝑘
−

∑4
𝑗=1

1
‖𝐱B𝑘−𝐱b𝑗 ‖

𝐶𝑛+1,𝑘𝑏𝑗
∑4
𝑗=1

1
‖𝐱B𝑘−𝐱b𝑗 ‖

= 0.

(3.90)

In Section 3.4.1, we further demonstrate the accuracy of the proposed multi-grid approach using
a representative example in 1D. Moreover, in Chapter 5 of this dissertation, the advantages of this
approach in terms of computational time reduction and accuracy are discussed in the context of a
complex multi-physics example: the bio-corrosion simulation of a bone implant screw.

3.4.1 1D Peridynamic Corrosion using the Multi-Grid Technique

The primary objective of this section is to assess the effectiveness of the multi-grid approach in
a 1D peridynamic corrosion example. In peridynamic corrosion examples, the region of interest
corresponds to the vicinity of the liquid-solid interface, where a fine grid spacing with high spatial
resolution is necessary. On the other hand, the liquid region, which is governed by simple diffusion,
typically does not require a fine level of discretization compared to the region of interest. This
discrepancy in grid resolution is also observed in the 3D multi-physics case studies presented in
Chapter 5 of this dissertation, specifically in the application of the peridynamic corrosion model
to the bio-corrosion and material degradation of Mg-based bone implant screws. In these case
studies, the solid metal part, which includes the geometric details of the sample, necessitates a
larger number of nodes for accurate representation. Conversely, the surrounding liquid domain,
particularly the areas further away from the corrosion interface, can be represented with a smaller
number of nodes.

In this illustrative example, we consider a 1D medium with a range of [−50, 50] that includes
both solid and liquid phases. The solid phase is confined to the interval [−5, 5], while the liquid
phase occupies the intervals [−50,−5) and (5, 50]. The problem focuses on the corrosion of the
solid phase, which gradually dissolves into the surrounding liquid medium. The initial concentra-
tion value is set to 𝐶(𝑥, 0) = 1 for material points in the solid phase (𝑥 ∈ [−5, 5]) and 𝐶(𝑥, 0) = 0
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for the liquid phase (𝑥 ∈ [−50,−5) ∪ (5, 50]). Other parameters used in the simulation include the
peridynamic horizon 𝛿 = 1, the saturation concentration 𝐶sat = 0.85, the micro-diffusivity in the
liquid phase 𝜅liq = 2, and the micro-diffusivity at the solid-liquid interface 𝜅int = 0.1. Homoge-
neous Neumann boundary conditions are imposed at the boundaries of the medium.

For comparative analysis, three different models are utilized to solve the 1D peridynamic cor-
rosion problem. The first model, called Coarse, employs a uniform grid with a grid spacing of
Δ𝑥+ = 0.5, resulting in a total of 201 nodes. The second model, known as Fine, also utilizes a
uniform grid, but with a smaller grid spacing of Δ𝑥− = 0.025, which gives rise to 801 nodes. In the
third model, referred to as Multi-grid, the region within (−15.25, 15.25) is discretized using Δ𝑥−,
while the remaining region is discretized using Δ𝑥+. This configuration ensures that the finer grid
captures the solid phase and the critical corrosion region with higher resolution. The coupling of
the regions with different grid spacing is achieved using the approach described in Section 3.4,
resulting in a total of 404 nodes: 140 nodes in the coarser grid, 244 nodes in the finer grid, and
20 auxiliary nodes. A portion of the multi-grid domain is visualized in Fig. 3.21, illustrating the
arrangement of the nodes and associated integration cells while conserving the total mass of the
system. To advance in time, all models adopt an incremental time step of Δ𝑡 = 0.025.

The accuracy of the Multi-grid model is evaluated by comparing it to the Fine model, which
serves as the reference solution. In Fig. 3.22, the initial concentration levels of the solid phase are
compared between the Multi-grid and Fine models across different parts of the solution domain.
The evolution of the concentration over time is depicted in Fig. 3.24 for both models. The regions
with concentration levels𝐶(𝑥, 𝑡) ≥ 0.85 (represented by black points) correspond to the solid phase
of the solution domain. The results show that the Multi-grid solution closely resembles the Fine
model, with a similar pattern of solid phase reduction. The coupling approach effectively prevents
spurious flux in the connecting regions of the grids. Overall, the Multi-grid approach achieves
a comparable solution to the Fine model with significantly fewer computational resources and a
reduced number of nodes.

Fig. 3.23 presents the volume loss of the solid phase as obtained by the different models. The re-
sults demonstrate that the Multi-grid and Fine models exhibit a similar vanishing time for the solid
phase, while the Coarse model shows an earlier disappearance. This can be attributed to the fact that
the Multi-grid approach employs a grid spacing identical to that of the Fine model in the corrosion
region, while using a grid spacing identical to that of the Coarse model in the diffusion-dominated
parts. Consequently, the Multi-grid approach effectively utilizes computational resources, achiev-
ing comparable results to the Fine model while reducing the grid resolution in non-critical regions.

● ● ● ●○ ○■ ■ ■ ■ ■ ■ ■ ■ ■ ■ □ □ □ □ □ □ □ □

14.0 14.5 15.0 15.5 16.0 16.5 17.0
x

Figure 3.21: A section of the Multi-grid model in the vicinity of the coupling region. Repro-
duced from [60].
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Figure 3.22: Comparison of the initial concentration levels between the Multi-grid and Fine mod-
els. The legend indicates the discretization used, with the second term specifying the grid resolu-
tion. Reproduced from [60].
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Figure 3.23: The temporal evolution of the solid phase volume is depicted for all three models.
Reproduced from [60].
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Figure 3.24: The concentration field at various time points is displayed for both the Multi-grid
model (left column) and the Fine model (right column). Reproduced from [60].
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3.4.2 3D Nonlocal Nernst-Planck-Poisson Corrosion on Multi-Grid Domain

In this section, we apply the multi-grid approach of adaptive grid refinement to a 3D problem us-
ing the NNPP corrosion formalism, provided in (2.63) and (2.64), to model the electrochemical
dissolution process of a Mg-based headless M2 × 4mm bone implant screw. Mg-based implant
materials have garnered significant attention due to their favorable biomechanical and osteocon-
ductive properties, as well as their biocompatibility. These implants degrade naturally over time
through bio-corrosion, eliminating the need for a second surgical intervention for removal. Chap-
ter 5, particularly Section 5.2 and 5.3, of this dissertation, provide a comprehensive discussion on
using the peridynamic framework to establish a digital twin for numerically modeling the in vitro
degradation behavior of Mg-based bone implants and the use of surrogate models for efficient in
vivo corrosion predictions.

The purpose of the following numerical example is to demonstrate the computational capa-
bilities of the full NNPP corrosion model on 3D implant geometries. This demonstration does
not involve parameter calibration using experimental corrosion data and does not claim to fully
represent the chemical compositions, precipitation formations, or constitutive corrosion kinetics
of Mg-based alloy bio-corrosion in physiological environments. In Section 5.2, we delve into the
parameter calibration of the peridynamic bi-material bio-corrosion model in more detail, and pro-
vide an example of their application in real-world multi-physics scenarios, such as the in vitro
bio-degradation in physiological environments using Simulated Body Fluid (SBF) as the liquid
electrolyte environment. The 3D problem investigated involves a metallic specimen, specifically
the Mg-based bone implant screw shown in Fig. 3.25, immersed in a liquid electrolyte within a
spherical domain. The dimensions of the cylindrical Ω− solution domain are specified with a ra-
dius of 2.1mm and a height of 6.2mm.

liquid

solid

Ω+

Ω−

Figure 3.25: Illustration of the problem domain and initial configuration for the 3D peridynamic
corrosion example utilized in the multi-adaptive scheme. Reproduced from [100].
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The constitutive corrosion model for the 3D NNPP corrosion system is briefly summarized
below. For this example, we use a standard corrosion system in a salty aqueous environment, as-
suming the formation of a single corrosion product. This experimental setup has been extensively
explored in references like [41, 42] and is commonly used to benchmark numerical corrosion mod-
els [6]. We adopt this scenario to assess and evaluate the NNPP system’s performance on a 3D
bio-corrosion model of a bone implant screw geometry. The experimental data and system pa-
rameters align closely with the numerical corrosion study in [6] and are detailed in Tab. 3.7. The
experiment simulates 3D electrochemical corrosion at 20 ◦C with a metal potential of 844mV in
a 1M NaCl electrolyte solution. Following the classical Butler-Volmer (BV) equation for anodic
dissolution

𝑖𝑎 = 𝑖0

[

exp
(

𝛼𝑎𝑧1𝐹𝜂
𝑅𝑇

)

− exp
(

−
𝛼𝑐𝑧1𝐹𝜂
𝑅𝑇

)]

, (3.91)
where 𝑖𝑎 is the anodic current density, 𝑖0 is the exchange current density, 𝛼𝑎 and 𝛼𝑐 are the anodic
and cathodic charge transfer coefficients, 𝜂 is the overpotential, and 𝑧1 is the charge number of
the metal ion. If the cathodic current in the BV relation is small, it can be omitted, reducing the
relation to the well-known Tafel equation. According to [25], the anodic current described by (3.91)
is linearly dependent on the effective ionic diffusivity, providing a linear correlation between the
Fickian diffusion coefficient and the anodic dissolution current density. Substituting this linear
relationship yields an Arrhenius-type expression for the diffusion coefficient

𝐷int(𝜂) = 𝐷0

[

exp
(

𝛼𝑎𝑧1𝐹𝜂
𝑅𝑇

)

− exp
(

−
𝛼𝑐𝑧1𝐹𝜂
𝑅𝑇

)]

, (3.92)
with𝐷0 being the diffusion coefficient at zero overpotential. The following two cathodic reactions
are proposed within the liquid electrolyte

2H+(aq) + 2e− → H2, (3.93)
2H2O + 2e− → H2 + 2OH−(aq), (3.94)

where (3.93) corresponds to hydrogen discharge near the corrosion surface, and (3.94) to the water
reduction process. The abbreviation (aq) denotes an aqueous phase. The hydrogen discharge re-
action occurs near the corrosion interface, within a 𝛿 distance from the interface in the electrolyte
phase. Thus, the peridynamic horizon 𝛿 represents a length scale that determines the corrosion
and precipitation layer thickness and can be correlated with experimental findings [47, 60, 28]. In
addition, two reactions occur within the electrolyte

Me𝑧1(aq) + H2O ⇌ MeOH𝑧2(s) + H+(aq), (3.95)
H2O ⇌ OH(aq) − +H+(aq), (3.96)

which represent the oxidation of the metallic magnesium sample, leading to the formation of a
precipitated hydroxide layer, and the self-dissociation of water, respectively. The abbreviation (s)
denotes a solid phase. The overall NNPP electrochemical corrosion model consists of seven field
variables, defined as

𝐶1 = [Me𝑧1],
𝐶2 = [MeOH𝑧2],
𝐶3 = [Cl𝑧3],
𝐶4 = [Na𝑧4],
𝐶5 = [H𝑧5],
𝐶6 = [OH𝑧6],

(3.97)
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where 𝐶1, 𝐶2,… , 𝐶6 denote the molar concentrations of the ionic species in the domain, and
𝑧1, 𝑧2,… , 𝑧6 are their respective charge numbers, with 𝜙 as the electrostatic potential, serving
as the seventh unknown field variable. The initial values and the boundary conditions for each
component are summarized in Tab. 3.5. Given the reactions outlined in (3.93) and (3.94), the reac-
tion terms 𝑅𝑛+11,𝑖 for 𝐶𝑛+11,𝑖 and 𝑅𝑛+12,𝑖 for 𝐶𝑛+12,𝑖 at the spatial point 𝐱𝑖 and time 𝑡𝑛+1 are defined based
on [6] as

𝑅𝑛+11,𝑖 =

{

−𝑘1𝑓𝐶𝑛+11,𝑖 + 𝑘1𝑏𝐶𝑛2,𝑖𝐶
𝑛
5,𝑖, 𝜑(𝐱𝑖, 𝑡𝑛) = 0 ∨ ∃𝐱 ∈ 𝑖 ∶ 𝜑(𝐱𝑖, 𝑡𝑛) ≠ 𝜑(𝐱, 𝑡𝑛)

0, 𝜑(𝐱𝑖, 𝑡𝑛) = 1 ∧ ∀𝐱 ∈ 𝑖 ∶ 𝜑(𝐱, 𝑡𝑛) = 1
, (3.98)

𝑅𝑛+12,𝑖 =

{

𝑘1𝑓𝐶𝑛1,𝑖 − 𝑘1𝑏𝐶
𝑛+1
2,𝑖 𝐶

𝑛
5,𝑖, 𝜑(𝐱𝑖, 𝑡𝑛) = 0 ∨ ∃𝐱 ∈ 𝑖 ∶ 𝜑(𝐱𝑖, 𝑡𝑛) ≠ 𝜑(𝐱, 𝑡𝑛)

0, 𝜑(𝐱𝑖, 𝑡𝑛) = 1 ∧ ∀𝐱 ∈ 𝑖 ∶ 𝜑(𝐱, 𝑡𝑛) = 1
, (3.99)

where 𝑘1𝑓 and 𝑘1𝑏 are the forward and backward reaction rates for the reactions described in (3.95).
These reaction terms are used in the semi-implicit time discretization framework and apply exclu-
sively within the liquid electrolyte phase. Since chloride and sodium concentrations (𝐶3 and 𝐶4)
are non-reactive, their reaction terms are zero. The reaction terms for 𝐶5 and 𝐶6 are based on the
reactions in (3.93) to (3.94) and (3.95) to (3.96), and are expressed as

𝑅𝑛+15,𝑖 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐴𝑛+1𝑖 , 𝜑(𝐱𝑖, 𝑡𝑛) = 0 ∧ ∀𝐱 ∈ 𝑖 ∶ 𝜑(𝐱, 𝑡𝑛) = 0

𝐴𝑛+1𝑖 +
𝐽50

𝑧5𝐹𝑐solid
exp

(

𝛼H+𝐹
𝑅𝑇

𝜂𝑛𝑖

)

, ∃𝐱 ∈ 𝑖 ∶ 𝜑(𝐱𝑖, 𝑡𝑛) ≠ 𝜑(𝐱, 𝑡𝑛)

0, 𝜑(𝐱𝑖, 𝑡𝑛) = 1 ∧ ∀𝐱 ∈ 𝑖 ∶ 𝜑(𝐱, 𝑡𝑛) = 1

,

𝐴𝑛+1𝑖 = 𝑘1𝑓𝐶
𝑛
1,𝑖 − 𝑘1𝑏𝐶

𝑛
2,𝑖𝐶

𝑛+1
5,𝑖 + 𝑘2𝑓 − 𝑘2𝑏𝐶𝑛+15,𝑖 𝐶

𝑛
6,𝑖,

(3.100)

where 𝑘2𝑓 and 𝑘2𝑏 represent the forward and backward reaction rates of (3.96), 𝐽50 is the propor-
tionality factor at zero overpotential, 𝐶solid denotes the initial metal solid concentration, 𝛼H+ is the
charge coefficient of the hydrogen ion, and 𝜂𝑛𝑖 is the overpotential at material point 𝐱𝑖 and time 𝑡𝑛.
The reaction term for the hydroxide ion concentration 𝐶6 is given by

𝑅𝑛+16,𝑖 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐵𝑛+1𝑖 , 𝜑(𝐱𝑖, 𝑡𝑛) = 0 ∧ ∀𝐱 ∈ 𝑖 ∶ 𝜑(𝐱, 𝑡𝑛) = 0

𝐵𝑛+1𝑖 +
𝐽60

𝑧6𝐹𝑐solid
exp

(

𝛼OH−𝐹
𝑅𝑇

𝜂𝑛𝑖

)

, ∃𝐱 ∈ 𝑖 ∶ 𝜑(𝐱𝑖, 𝑡𝑛) ≠ 𝜑(𝐱, 𝑡𝑛)

0, 𝜑(𝐱𝑖, 𝑡𝑛) = 1 ∧ ∀𝐱 ∈ 𝑖 ∶ 𝜑(𝐱, 𝑡𝑛) = 1

,

𝐵𝑛+1𝑖 = 𝑘2𝑓 − 𝑘2𝑏𝐶𝑛5,𝑖𝐶
𝑛+1
6,𝑖 ,

(3.101)

where 𝐽60 is the proportionality factor at zero overpotential, and 𝛼OH− is the charge coefficient of
the hydroxide ion. The electric overpotential 𝜂𝑛𝑖 at material point 𝐱𝑖 and time 𝑡𝑛 is calculated as

𝜂𝑛𝑖 = 𝜙applied − 𝜙0 − 𝜙𝑛𝑐,𝑖 − 𝜙𝑖, (3.102)
where 𝜙applied is the applied potential (relative to the Standard Hydrogen Electrode (SHE)) in the
metallic Mg phase, 𝜙0 is the reference potential, and 𝜙𝑛𝑐,𝑖 is the concentration overpotential at point
𝐱𝑖 and time 𝑡𝑛 of the solid metal phase, expressed as

𝜙𝑛𝐶,𝑖 =
𝑅𝑇
𝑧1𝐹

ln

(

𝐶𝑛1,𝑖
𝐶sat

)

, (3.103)
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where 𝐶sat denotes the equilibrium saturation concentration in the liquid electrolyte phase, specifi-
cally 1MNaCl solution. The electrostatic potential,𝜙𝑖, at point 𝐱𝑖, is determined using the nonlocal
Poisson equation in (2.64) at time 𝑡𝑛.
Table 3.5: Initial and Boundary Condition for 3D Bone Implant Screw Degradation. Repro-
duced from [58].

Species Initial Value in Solid Initial Value in Liquid Boundary Condition
𝐶1 1 0 0
𝐶2 0 10−9 0
𝐶3 0 1∕143.1 1∕143.1
𝐶4 0 1∕143.1 1∕143.1
𝐶5 0 10−7∕143.1 10−7∕143.1
𝐶6 0 10−7∕143.1 10−7∕143.1
𝜙 0 0 0

The numerical simulation is executed using a custom C++ code with OPENMP for shared-
memory parallelism on the High-Performance Computing (HPC) cluster node at the Helmholtz
Zentrum Hereon, equipped with two 24-core 2.1 GHz Intel Xeon Scalable Platinum 8160 pro-
cessors. A spatial hashing algorithm is utilized to define neighborhood point sets in the nonlocal
corrosion model [81]. Simulations, each with a time step size of Δ𝑡 = 10.800 s (3 hours), are
reported for two configurations: one using 48 parallel threads and the other 12 threads (or cores)
to compare the scenarios of running on an HPC node versus mimicking the computational perfor-
mance of a regular desktop computer (cf. [100]). These configurations are analyzed across three
spatial discretizations: uniform, coarse, with a total of 903, 939 nodes; adaptive, multi-grid, with
1, 736, 901 nodes; and uniform, fine, totaling 7, 236, 427 nodes. In the case of the adaptive, multi-
grid approach, as shown in Fig. 3.25, the domain is partitioned into Ω+ and Ω−, with 834, 496 and
902, 405 nodes, and a spatial resolution of Δ𝑥+ = 100 µm and Δ𝑥− = 50 µm respectively. Due to
the high computational demands, the uniform, fine grid simulation results cover seven days, while
the uniform, coarse and adaptive, multi-grid simulations span 26 days of simulated immersion.

The results indicate that grid resolution can cause minor variations in the relative volume loss
of the bone implant screw. Fig. 3.26 shows the relative volume loss per simulated day, demon-
strating the similarity in results across the approaches, while noticeable differences exist between
the uniform coarse grid and both the fine and multi-grid approaches. Validation against experi-
mental data is beyond this discussion. Further comparisons between the different approaches of
corrosion-induced damage and the reduction of Mg-ion concentration in the implant screw are
detailed in Fig. 3.27, showing metallic degradation after one week of simulated immersion. Ad-
ditionally, the simulation results for the hydroxide layer formation (𝐶2) and the distribution of
electrostatic potential (𝜙) are depicted in Fig. 3.28 and Fig. 3.29. Since the sodium and chloride
components (𝐶3 and 𝐶4) are non-reactive, their distribution in the liquid electrolyte solution is not
displayed. From the simulation results, it can be observed that the numerical outcomes of the three
approaches are similar in providing the spatial distribution of ionic components and electrostatic
potential, with the adaptive, multi-grid refinement around the bone implant screw yielding macro-
scopic volume loss results closer to the uniform, fine reference solution at a reduced number of
nodes. Noticeable differences in simulation duration are observed between the three approaches.
These differences are summarized in Tab. 3.6, which includes the total simulation times for the
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seven-day uniform, fine grid and the 26-day uniform, coarse and adaptive, multi-grid simulations.
It is evident that the uniform coarse approach is the most computationally efficient, while the uni-
form fine approach is the most resource-intensive. In the first seven days of simulated immersion,
the uniform fine simulation is about 35% slower than the uniform coarse one. The multi-grid ap-
proach, using two parallelization configurations, takes 4% to 5% more CPU time but maintains the
accuracy of the uniform fine approach, achieving efficiency improvement with minimal overhead.
The 48-core configuration significantly reduces run times compared to the 12-core, demonstrating
the effectiveness of parallelization.

Table 3.6: Summary of the 3D implant screw bio-corrosion simulation run times and node numbers
for different grid configurations. Data available in [33].

Uniform, Coarse Adaptive, Multi-grid Uniform, Fine
48 cores 12 cores 48 cores 48 cores

No. of active nodes 903,939 1,736,901 7,236,427
Run time (7 days) 14588.37s 68178.55s 59764.56s 507623.1s
Run time (26 days) 49496s 251142.38s 230965.4s -
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Figure 3.26: Relative volume loss for the three different grid configurations in the 3D implant
screw bio-corrosion simulation. Reproduced and adjusted from [33].
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Figure 3.27: Normalized Mg ion concentration distribution, relative to 𝐶solid, after one week of
simulated corrosion for the three different grid configurations. Based on the findings presented
in [33].
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Figure 3.28: Normalized hydroxide ion concentration distribution, relative to 𝐶solid, around the
implant geometry after one week of simulated corrosion for the three different grid configurations.
Based on the findings presented in [33].
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Figure 3.29: Electrostatic potential distribution in the liquid electrolyte domain after one week
of simulated corrosion for the three different grid configurations. Note that the nonlocal Poisson
equation is not computed within the solid Mg phase, where it is zero. The colorbar is expressed in
volts (V). Based on the findings presented in [33].
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Table 3.7: Model and System Parameters for 3D NNPP Corrosion Simulation of Bone Implant
Screws in 1M NaCl Solution. Data avialable in [58, 33].

Symbol Value Unit Description
𝑇 298.15 K Temperature
𝐺 8.3145 Jmol−1K−1 Gas constant
𝐹 96485 Cmol−1 Faraday’s constant
𝛿 200 µm Peridynamic horizon
𝑧1 2.19 - Charge number for 𝐶1
𝑧2 1.19 - Charge number for 𝐶2
𝑧3 −1 - Charge number for 𝐶3
𝑧4 1 - Charge number for 𝐶4
𝑧5 1 - Charge number for 𝐶5
𝑧6 −1 - Charge number for 𝐶6
𝐶solid 143.1 mol L−1 Concentration of intact material
𝐶sat 5.1 mol L−1 Saturation concentration
𝐷1,liq 9.75 × 10−10 m2∕s Diffusivity of 𝐶1 for liquid-liquid bonds
𝐷1,int 2.125 × 10−19 m2∕s Diffusivity of 𝐶1 for interface bonds
𝐷2,liq 4.25 × 10−10 m2∕s Diffusivity of 𝐶2 for liquid-liquid bonds
𝐷2,int 8.5 × 10−13 m2∕s Diffusivity of 𝐶2 for interface bonds
𝐷3,liq 8.5 × 10−11 m2∕s Diffusivity of 𝐶3 for liquid-liquid bonds
𝐷3,int 8.5 × 10−12 m2∕s Diffusivity of 𝐶3 for interface bonds
𝐷4,liq 8.5 × 10−11 m2∕s Diffusivity of 𝐶4 for liquid-liquid bonds
𝐷4,int 8.5 × 10−12 m2∕s Diffusivity of 𝐶4 for interface bonds
𝐷5,liq 4.25 × 10−10 m2∕s Diffusivity of 𝐶5 for liquid-liquid bonds
𝐷5,int 8.5 × 10−12 m2∕s Diffusivity of 𝐶5 for interface bonds
𝐷6,liq 1.7 × 10−10 m2∕s Diffusivity of 𝐶6 for liquid-liquid bonds
𝐷6,int 8.5 × 10−12 m2∕s Diffusivity of 𝐶6 for interface bonds
𝜙applied −300 mV Applied potential on SHE
𝜙0 −477 mV Standard electrode potential on SHE
𝜖 6.1 × 106 Sm−1 Electrical conductivity in liquid solution
𝑘𝑓,1 5 × 10−9 s−1 Forward reaction rate in (3.95)
𝑘𝑏,1 0.0158 mol−1 s−1 Backward reaction rate in (3.95)
𝑘𝑓,2 2.5 × 10−8 mol s−1 Forward reaction rate in (3.96)
𝑘𝑏,2 2.5 × 10−16 mol−1 s−1 Backward reaction rate in (3.96)
𝐽50 −2 × 10−3 Ammol−1 Proportionality factor in (3.100)
𝐽60 8 × 10−10 A∕m2 Proportionality factor in (3.101)

76



3.5. The Multi-Adaptive Scheme

3.5 The Multi-Adaptive Scheme

In this section, we explore the integration of the hybrid configuration discussed in Section 3.3 and
published in [122] with the multi-grid method from Section 3.4 and published in [121, 60] to max-
imize the numerical performance of peridynamic models. The hybrid configuration combines the
advantages of both fixed and adaptive grid strategies, allowing for a more efficient representation
of the computational domain. On the other hand, the multi-grid method enables the use of different
grid resolutions in different regions of interest, reducing unnecessary computational overhead. By
integrating these two approaches, we aim to achieve a highly optimized numerical framework for
peridynamic simulations.

The resulting framework, referred to as the multi-adaptive scheme, is outlined in the following
sections. One of the key aspects of this scheme is the implementation of a switching strategy that
dynamically adapts to the evolution of critical regions. This strategy, as discussed in Section 3.3,
automatically identifies which parts of the domain require a higher grid resolution in the standard
discretization scheme. By selectively refining the grid resolution in these critical regions, we can
accurately capture the desired phenomena while minimizing computational costs.

The Switching Strategy for Multi-Adaptive Peridynamic Simulations

An adaptive algorithm is implemented to optimize the utilization of computational resources by
dynamically adjusting the configuration of active regions in the solution domains Ω+ and Ω−. The
goal is to track the evolution of critical regions, such as the changing morphology of damage,
by switching between the meshfree WLS collocation scheme with a coarse grid and the standard
scheme with a fine grid. This adaptive strategy ensures that coalescence and propagation of dis-
continuities occur within the active regions of Ω−. By deactivating nodes in Ω+ and activating
corresponding nodes in Ω−, and employing appropriate fictitious nodes in both domains, the algo-
rithm optimizes computational efficiency while accurately capturing the system’s behavior. The
switching process is depicted in Fig. 3.30.

In bond-based PD elasticity, determining the critical zones that require a configuration switch
relies on a criterion based on the stretch status of each bond vector. The same criterion defined
in Section 3.3, as derived and used by [126, 122, 93], is utilized in this configuration. The bond
stretch, as defined in (2.28), is evaluated between two neighboring nodes 𝐱𝑖 and 𝐱𝑗 in the initial
configuration of the system at time 𝑡𝑛. A linking bond is considered critical if its stretch value falls
within the specified range. The critical bond stretch margin is determined by a switching parameter
𝜎 ∈ (0, 1), which was chosen to be 0.95 based on the descriptions of Section 3.3. When a bond
connecting nodes 𝐱𝑖 and 𝐱𝑗 is classified as critical, the neighborhoods of these nodes are designated
as critical zones. As a result, the discretization scheme used for these regions is switched to the
standard scheme, and the grid spacing employed to describe them is adjusted to a finer grid spacing.

The switching strategy depicted in Fig. 3.30 outlines the process of updating the configuration
of Ω− and Ω+ near a critical region at time instant 𝑡𝑛. When a critical linking bond between nodes
𝐱1 and 𝐱2 in the coarse grid is identified by the adaptive algorithm, an update is performed before
advancing to the next time step 𝑡𝑛+1. The update involves deactivating nodes within the switching
area in Ω+, which encompasses the combined neighborhood of nodes 𝐱1 and 𝐱2, and activating
specific nodes within the same area in Ω−. This switching process ensures that the configuration
accurately represents the critical region and facilitates the subsequent time marching calculations.

The adaptive algorithm for activating and deactivating nodes, along with the identification of
fictitious nodes, is employed to update the configuration of Ω− and Ω+ in the switching strategy.
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The updated configuration at the next time step is depicted in Fig. 3.30. While the adaptive algo-
rithm adds computational overhead, it proves to be particularly beneficial in problems involving
fast and uncertain discontinuity evolution, such as dynamic crack propagation. Therefore, in the
numerical examples presented in the following sections, the switching strategy is implemented
only in the dynamic brittle fracture case study, while the corrosion problem maintains predefined
and unchanged Ω− and Ω+ solution domains throughout the simulation.

𝐱1 𝐱2

Ω+Ω−

𝐱2𝐱1

fine, active
fine, fictitious

coarse, active
coarse, fictitious

inactive
switching area

critical zone border
critical bond

Figure 3.30: Illustration of the switching strategy for a critical region, depicting the configurations
of Ω− and Ω+ at two different time instants. The top illustration represents the configuration at
time instant 𝑡𝑛, while the bottom illustration shows the configuration at time instant 𝑡𝑛+1. Repro-
duced from [100].
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3.5.1 2D Kalthoff-Winkler Experiment on Multi-Adaptive Configuration

In this example, we revisit the well-known Kalthoff-Winkler experiment [69], which has been ex-
tensively studied for evaluating and validating computational models in the context of dynamic
fracture modeling of brittle materials, particularly in the peridynamic framework [121, 149, 31].
In Section 3.3, we discussed the improved computational performance achieved by using a hy-
brid configuration that combines the standard discretization scheme for critical fracture regions
with the meshfree WLS scheme for smooth field variable regions. Here, we investigate further im-
provements in computational performance by incorporating the multi-grid approach for the smooth
field variable regions within the multi-adaptive configuration.

To reiterate the problem setup, Fig. 3.31 (left) depicts the schematic geometry of the problem.
It consists of a rectangular steel plate with two parallel pre-cracks that undergo an impact load from
a rigid projectile striking the boundary region between the pre-cracks. The experimental setup and
model parameters align with those detailed in Section 3.3.1. The impact load is simulated by
imposing an initial velocity of 𝑣0 = 16.5 × 103mms−1 on the nodes located along the left side
of the plate between the two pre-cracks, with the velocity directed horizontally and maintained
constant throughout the simulation.

The problem is investigated using the four approaches introduced in this section, with Δ𝑥+ =
2Δ𝑥− = 0.333mm and 𝛿 = 4mm (𝑚+ = 𝛿∕Δ𝑥+ = 12, 𝑚− = 𝛿∕Δ𝑥− = 24). The time integration
is performed using the velocity-Verlet algorithm described in Section 3.1.1 (cf. (3.5)-(3.6)). The
simulation is carried out for a total duration of 87.5 μs with a time step of Δ𝑡 = 2 × 10−3 μs. In
the multi-adaptive scheme, the meshfree WLS collocation scheme is used for the portion of the
domain discretized with monomial basis functions up to second-order, resulting in 𝑛𝑝 = 6 mono-
mials and 𝑛𝑐 = 49 collocation nodes. Fig. 3.32 shows the peridynamic neighborhoods obtained
using different discretization schemes, highlighting the advantage of the proposed scheme over the
standard one in terms of reduced number of nodes. The configuration of the adaptive, hybrid and
adaptive, standard approaches at the start of the simulation is illustrated in Fig. 3.31 (right), with
the black color representing the Ω− solution domain encompassing the pre-cracks and boundaries.
In the adaptive, hybrid approach, Ω− is discretized using the standard scheme while Ω+ employs
the collocation scheme. In the adaptive, standard approach, both solution domains are discretized
using the standard scheme. The critical bond stretch margin 𝜎 in the adaptive algorithm is set to
0.95.

Fig. 3.33 showcases crack patterns and evolving configurations of the Ω− solution domain at
different time instants for the four models studied, including the two adaptive approaches. The dam-
age contour plots exhibit similarities among all models except for the uniform, coarse approach,
which displays slightly different crack propagation angles and speeds along with a secondary frac-
ture on the opposite side of the impacted region. In contrast, the other models do not exhibit
this secondary fracture. The adaptive, hybrid approach demonstrates excellent agreement with
the uniform, fine and adaptive, standard approaches, confirming the effectiveness of the proposed
multi-adaptive scheme for studying dynamic crack propagation. Further validation is provided in
Fig. 3.34, which displays contour plots of the velocity field along the vertical direction. The adap-
tive, hybrid scheme closely aligns with the uniform, fine and adaptive, standard approaches, while
the discrepancies observed in the uniform, coarse model are also evident in the velocity field.

The computational efficiency of the adaptive, hybrid model is assessed by comparing it with
the uniform, fine and adaptive, standard approaches. Tab. 3.8 provides information on the number
of active nodes in each solution domain, the computational run times of the models, and the speed
ups achieved over the uniform, fine approach. Results show that when running the simulations on
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12 cores, both adaptive approaches are 1.86 times faster than the uniform, fine approach. On the
other hand, with 48 cores, the adaptive, hybrid scheme demonstrates the highest computational
efficiency, being 1.19 times faster than the uniform, fine model and almost 1.09 times faster than
the adaptive, standard scheme. The multi-adaptive scheme accurately reproduces the reference
solution obtained from the uniform, fine approach, while significantly reducing the computational
cost. The findings validate the effectiveness of the proposed scheme in achieving computational
efficiency in dynamic crack propagation simulations.

To validate the effectiveness of the multi-adaptive approach, Fig. 3.35 presents the energy vari-
ation Π of the system throughout the simulation for the four models. The energy content is com-
puted in a circular region at the tip of the upper pre-crack. The energy plot obtained by the adap-
tive, hybrid model closely matches those of the uniform, fine and adaptive, standard approaches,
indicating that the proposed scheme accurately captures crack nucleation and propagation speed.
Moreover, as demonstrated in Tab. 3.8, the multi-adaptive approach outperforms the other models
in terms of computational efficiency.

Table 3.8: Computational run times for the Kalthoff-Winkler experiment using grid spacings of
Δ𝑥− = 0.167mm and Δ𝑥+ = 0.333mm. Data available in [100].

number of active nodes
Uniform, Fine Adaptive, Multi-grid Adaptive, Hybrid

Ω+ Ω− Ω+ Ω−

𝑡 = 0μs 721801 150625 117000 150625 117000
𝑡 = 87.5μs 126859 212568 120681 237447

Run time (12 cores) 3796.6s 2042.9s 2037.1s
Run time (48 cores) 1190.4s 1096.0s 1003.8s
Speed up (12 cores) − 1.86 1.86
Speed up (48 cores) − 1.09 1.19

80



3.5. The Multi-Adaptive Scheme

50 mm

100 mm

75
mm

75
mm

200mm

pre-crack
Ω−

Ω+

Figure 3.31: Illustration of the problem domain for the Kalthoff-Winkler experiment (left) and the
initial configuration in the multi-adaptive configuration (right). Reproduced from [100].

fine, standard coarse, standard coarse, collocation
Figure 3.32: Illustration of the peridynamic neighborhood using different discretization schemes
in Kalthoff-Winkler experiment on the multi-adaptive configuration. The standard scheme utilizes
1793 and 441 nodes for the peridynamic neighborhoods within the fine and coarse grids, respec-
tively. In contrast, the hybrid discretization scheme employs only 49 collocation nodes for the
peridynamic neighborhood within the coarse grid. Reproduced from [100].
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Figure 3.33: The crack patterns obtained by different models in the Kalthoff-Winkler experiment.
Additionally, the evolution of the Ω− solution domain is shown for the adaptive standard and
adaptive hybrid approaches. Reproduced from [100].
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Figure 3.34: Velocity contour plots along the vertical direction at four different time instants for the
four approaches: (uniform, coarse), (uniform, fine), (adaptive, standard), and (adaptive, hybrid).
The color scale represents the velocity values in mms−1. Reproduced from [100].
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Figure 3.35: The energy content of the system is compared among the four approaches: (uniform,
coarse), (uniform, fine), (adaptive, standard), and (adaptive, hybrid) in the Kalthoff-Winkler ex-
periment. The comparison is based on the energy computed within a circular region centered at
the tip of the upper pre-crack with a radius of 10mm. Reproduced from [100].
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3.5.2 3D Peridynamic Corrosion on Multi-Adaptive Configuration

In this example, we apply the multi-adaptive scheme to simulate the electrochemical dissolution of
the 3D headless bone implant screw, as depicted in Fig. 3.25 of Section 3.4.2. The computational
domain description and the partitioning of Ω+ and Ω− remain the same as in the previous example.
However, to demonstrate the efficacy of the multi-adaptive scheme, we use the standard bi-material
peridynamic corrosion model with explicit time discretization instead of the full NNPP system.
This choice is made because we are not interested in the electromigration of other ionic components
and aim to showcase the performance of the multi-adaptive scheme for diffusion-type problems.

The corrosion kinetics are specified by means of the two constant micro-diffusivity parameters
in the peridynamic bi-material corrosion model, i.e., 𝜅liq and 𝜅int , which correspond to the bonds
connecting pairs of material points belonging to the liquid phase and to the interfacial bonds con-
necting material points in the solid phase with material points in the liquid phase, respectively. In
the solid phase, no flux between pairs of material points is considered. The threshold concentration
parameter 𝐶sat is used to determine the concentration of the solid phase during the dissolution pro-
cess. It plays a role in determining when the concentration reaches a level that indicates complete
dissolution of the solid phase. Following the phase-changing mechanism, when the concentra-
tion at a material point in the solid phase drops below a certain threshold value, the phase of that
material point transitions from solid to liquid.

The model parameters of the peridynamic corrosion model are chosen as follows: the micro-
diffusivity for the liquid bulk medium is 𝜅liq = 7.98 × 10−5 s−1mm−2, the interfacial micro-
diffusivity for bonds between the solid metallic and the liquid electrolyte medium is 𝜅int = 2.81 ×
10−6 s−1mm−2, the saturation concentration of magnesium ions in the bulk solution is 𝐶sat =
6.26 × 10−10 mol/mm3, and the exponent of the kernel function is 𝑞 = 1. These parameter values
are selected to produce a volume loss and corrosion rate within the observed ranges in experimen-
tal studies and numerical parameter calibrations (cf. (2.42)). The problem is investigated using the
multi-adaptive scheme, specifically the (uniform, fine) and (adaptive, hybrid) models, with grid
spacings of Δ𝑥+ = 0.075 mm and Δ𝑥− = 0.0375 mm, respectively. The horizon 𝛿 is set to 0.45
mm, resulting in a ratio of 𝑚+ = 6 for the coarse portion of the domain and 𝑚− = 12 for the fine
portion. Zero Dirichlet-type boundary conditions are imposed on all nodes within a distance of 𝛿
from the surface of the sphere.

In this example, the multi-adaptive scheme, also referred to as (adaptive, hybrid), is utilized.
However, unlike in previous cases, the adaptive algorithm is not triggered during the corrosion
simulation. The configuration of the solution domains, Ω− and Ω+, depicted in Fig. 3.25, is pre-
defined and remains unchanged throughout the simulation. The Ω− domain, discretized using the
standard scheme, is designed to cover the region where the concentration field exhibits discontinu-
ities, specifically the areas where diffusion occurs between nodes with different phase boundaries.
The collocation scheme is applied to discretize the portion of the domain denoted as Ω+. In this
scheme, the calculations are performed using monomial basis functions up to the second-order, as
described in (3.23). In 3D, this choice corresponds to having 10 monomials and 123 collocation
nodes. The peridynamic neighborhood in the multi-adaptive scheme, obtained using the meshfree
WLS collocation approach, is shown in Fig. 3.36. A significant advantage of this approach over the
(uniform, fine) scheme is evident, as the peridynamic neighborhoods within the fine grid consist
of 7153 nodes, while in the multi-adaptive scheme, peridynamic neighborhoods within the coarse
grid include only 123 collocation nodes. The time integration is performed using the explicit for-
ward Euler algorithm, as described in Section 3.1.1. The simulation duration is 14 days with a time
step Δ𝑡 of 90 seconds.
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fine, standard coarse, collocation
Figure 3.36: The peridynamic neighborhood is depicted using the discretization schemes utilized in
the 3D peridynamic corrosion example. In the standard scheme depicted on the left, the calculation
involves 7153 nodes for the neighborhoods within the fine grid. On the right, in the multi-adaptive
approach, the calculation is performed using only 123 collocation nodes for the neighborhoods
within the coarse grid. Reproduced and adjusted from [100].

The concentration profiles of the solid metal and dissolved material within the liquid phase
obtained from the peridynamic corrosion simulation of the Mg-10Gd implant screw immersed in a
liquid electrolyte for 14 days are presented in Fig. 3.38. Results obtained from both the (adaptive,
hybrid) scheme and the (uniform, fine) approach are depicted at two different time points. The
results indicate a high level of agreement between the two models, with the corrosion patterns
in the solid phase and the diffusion of dissolved material in the liquid phase closely matching
each other. This confirms the effectiveness of the proposed multi-adaptive scheme in accurately
modeling corrosion processes in geometrically complex, large-scale systems in 3D.

The relative volume loss of the solid phase over time is presented in Fig. 3.37 to further validate
the multi-adaptive approach. Due to computational constraints, the results of the (adaptive, hybrid)
scheme are compared to those of the (uniform, fine) approach for the first 2 days of corrosion. The
multi-adaptive approach closely aligns with the relative volume loss of the reference solution during
the computational period. However, the simulation of the (adaptive, hybrid) scheme is continued
for the full 14-day corrosion period. The results indicate that over 40% of the solid phase dissolves
after 14 days of simulated immersion.

The significant computational efficiency of the (adaptive, hybrid) scheme is evident from the
comparison of run times and speedups with the (uniform, fine) approach. Tab. 3.9 provides de-
tailed information on the number of active nodes, average run times per 100 time steps, and aver-
age speedups per 100 time steps for the two models. These results, obtained using parallelism on
48 cores, clearly indicate the superiority of the multi-adaptive scheme, as it achieves a remarkable
speedup of 11.76 times compared to the (uniform, fine) approach. The substantial reduction in
computational time, while maintaining a high level of accuracy, makes the multi-adaptive scheme
an attractive choice for simulating corrosion processes in large-scale, geometrically complex prob-
lems in 3D. The results, combined with the validation of the solution presented in Fig. 3.38 and
Fig. 3.37, underscore the effectiveness and practicality of the multi-adaptive approach in achieving
efficient and accurate peridynamic corrosion simulations.
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Table 3.9: The computational run times for the multi-adaptive implementation of peridynamic
corrosion, with grid spacings set as 2Δ𝑥− = Δ𝑥+ = 0.075 mm. Data available in [100].

Uniform, Fine Adaptive, Hybrid
Ω+ Ω−

No. of active nodes 17155295 2032496 2816295

Avg. run time per 100 time steps
(48 cores) 13406.3s 1140.15s
Avg. speed up per 100 time steps
(48 cores; over uniform, fine) − 11.76
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Figure 3.37: Illustration of the relative volume loss of the solid phase over time for the two ap-
proaches: (uniform, fine) and (adaptive, hybrid) in the multi-adaptive implementation of 3D peri-
dynamic corrosion. Reproduced and adjusted from [100].
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Figure 3.38: contour plots of the concentration field at two different time instants obtained by
the two approaches, (uniform, fine) and (adaptive, hybrid), in the multi-adaptive implementation
of the 3D peridynamic corrosion example. The concentration values are measured in [mol/mm3].
The lighter color of the Ω+ solution domain in the (adaptive, hybrid) scheme compared to the same
region in the (uniform, fine) solution is simply a visual effect resulting from the coarser grid spacing
used to discretize that part of the domain. Reproduced and adjusted from [100]. Reproduced and
adjusted from [100].
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Chapter 4

Numerical Solution Strategies for
Unbounded Domain Problems

In this chapter, we detail solution strategies for peridynamic models on unbounded domains, specif-
ically for diffusion-type, scalar wave, and linear elasticity problems. In each case, the domain is
truncated by a separating boundary (or boundary layer in nonlocal models), called the absorbing
boundary, along which appropriate ABCs have to be imposed. Thus, the domain is separated into
a near-field and far-field solution, where in the latter infinity or radiation conditions have to hold for
the governing equation. The proposed ABCs in this chapter are constructed on the basis of semi-
analytical solutions from EBFs which are collocated along the absorbing boundary layer. Next,
an extrapolation step is applied in order to approximate the far-field solution at the next time step,
thus establishing explicit Dirichlet-type ABCs formulated entirely in the time domain. We discuss
the applicability and performance of the proposed ABCs for nonlocal peridynamic models as well
as for CCM models solved via the FEM for diffusion and scalar wave models. The applicability
towards classical linear elasticity solved via FEM is omitted here as this was already studied in
the respective literature [95]. Various numerical examples in 2D and up to 3D problems in the
case of diffusion-type problems are presented. The findings of this chapter have been published
in various academic papers and thus the following chapter is mostly based on the discussions pre-
sented in peer-reviewed articles, particularly Section 4.1 is based on [123], Section 4.2 on [59],
and Section 4.3 on [124].

4.1 Diffusion-Type Problems on Unbounded Domains

To derive the ABCs for diffusion-type problems, we start with the classical diffusion equation in a
two-dimensional unbounded domainΩ∞ ⊂ ℝ2, as depicted in Fig. 4.1 and alluded to in (2.44). The
domain consists of an isotropic medium that surrounds various physical objects, including baffles
and sources. The governing diffusion equation, based on the classical local theory, describes the
behavior of the concentration field 𝐶(𝐱, 𝑡) of the diffusing material at any point 𝐱 in the unbounded
domain and at time 𝑡. The equation is given by

𝐶̇(𝐱, 𝑡) = 𝐷∇2𝐶(𝐱, 𝑡) + 𝑠(𝐱, 𝑡), 𝐱 ∈ Ω∞, 𝑡 > 0, (4.1)
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Figure 4.1: (Left) a generic unbounded-domain problem, (right) truncation of the exterior domain
and specification of the computational domain. Reproduced from [123].

where 𝐷 > 0 represents the diffusion coefficient, 𝑠(𝐱, 𝑡) is a given source function, and ∇2 is the
Laplacian operator. The initial condition for the concentration field is defined as

𝐶(𝐱, 0) = 𝐶0(𝐱), (4.2)
where 𝐶0 is a given function. Considering the unbounded nature of the medium, we impose the
condition

lim
‖𝐱‖→∞

𝐶(𝐱, 𝑡) = 0, 𝑡 > 0, (4.3)
indicating that the concentration approaches zero at infinity.

Solving the governing equation (4.1) poses a challenge due to the unbounded nature of the
medium. One approach to applying numerical methods, such as FEM, is to discretize a large portion
of the infinite domain Ω∞. However, this approach is computationally expensive and inefficient.
To address this issue, the domain can be bounded, and computations can be limited to the region
of interest. This is achieved by introducing an artificial boundary Γ∞, known as an absorbing
boundary, as depicted in Fig. 4.1. The domain Ω∞ is divided into a bounded domain Ω𝑁 (near-
field or computational domain) and an exterior domain Ω𝐹 = Ω∞∕Ω𝑁 (far-field). The region Ω𝑁
includes all the physical objects, and Γ∞ is positioned such that the support of the sources in (4.1) is
contained within Ω𝑁 . Consequently, the homogeneous counterpart of (4.1) for the exterior domain
is given by

𝐶̇(𝐱, 𝑡) = 𝐷∇2𝐶(𝐱, 𝑡), 𝐱 ∈ Ω𝐹 , 𝑡 > 0, (4.4)
where the medium is initially at rest. Similarly, for the far-field in the peridynamic diffusion prob-
lem, the governing equation is

𝐶̇(𝐱, 𝑡) = ∫𝐱
𝐽
(

𝐶(𝐱′, 𝑡) − 𝐶(𝐱, 𝑡), 𝐱′ − 𝐱
)

d𝑉𝐱′ , 𝐱 ∈ Ω𝐹 , 𝑡 > 0, (4.5)

where 𝐽 is the kernel of the integral operator or the concentration flow density, which takes the form
given in (2.42), and 𝐱 is the neighborhood of point 𝐱. To ensure a well-posed problem in Ω𝑁 ,
ABCs need to be imposed on Γ∞. These ABCs are designed to capture the effects of the far-field
and ensure that the bounded domain reproduces the solution of the original problem. Specifically,
the concentration in Ω𝑁 should be perfectly absorbed on Γ∞ and have a flux directed towards the
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exterior domain, preventing any unphysical flux back to the near-field. According to (4.3), the flux
should approach zero at infinity, indicating a vanishing concentration state. In this regard, a method
for constructing time-dependent ABCs is introduced in the following sections. This method utilizes
fundamental solutions (modes) that satisfy the governing equation of the exterior domain, as given
in (4.4), to construct Dirichlet-type ABCs. The construction of these modes, for both classical and
peridynamic diffusion, is outlined in the next section section.

4.1.1 Fundamental Solutions for Peridynamic Diffusion

In the following, we derive fundamental solutions, known as modes, for the governing equations in
the far-field using real-valued EBFs. These modes, denoted by 𝜓(𝐱, 𝑡), must satisfy the governing
equations of either the classical local or the peridynamic diffusion equation (cf. (4.1) and (4.5)),
respectively. The general form of 𝜓 in 2D is given by

𝜓(𝐱, 𝑡) = exp(𝜶 ⋅ 𝐱 + 𝜔̄𝑡), 𝜶 =
(

𝛼𝑥, 𝛼𝑦
)T , (4.6)

where 𝛼𝑥, 𝛼𝑦, 𝜔̄ ∈ ℝ are given real-valued coefficients. To control the flux direction, we make the
assumption

(𝛼𝑥, 𝛼𝑦)T = 𝑘 (cos𝜙, sin𝜙)T , 𝑘 ∈ ℝ, 0 ≤ 𝜙 < 𝜋. (4.7)
where 𝑘 affects the flux magnitude and 𝜙 determines the flux direction. By substituting 𝜓 into the
governing far-field equation (4.4) for classical local diffusion, we obtain

[

𝜔̄ −𝐷
(

𝑘2
(

cos2 𝜙 + sin2 𝜙
))]

exp(𝜶 ⋅ 𝐱 + 𝜔̄𝑡) = 0. (4.8)
In order to obtain a non-trivial solution, we set the expression in the brackets to zero, leading to

𝜔̄ = 𝐷𝑘2, (4.9)
which is referred to as the characteristic equation or dispersion relation. Substituting the upper
equation into (4.6), we obtain modes that can be used to construct semi-analytical solutions for
local diffusion. The modes take the form of

𝜓(𝐱, 𝑡) = exp
(

𝜶 ⋅ 𝐱 +𝐷𝑘2𝑡
)

. (4.10)
To derive fundamental solutions for the governing far-field peridynamic diffusion equation, we
consider once more a generic mode in the form of (4.6). By assuming 𝑞 = 1 in (cf. (2.42)) and
considering a constant influence function 𝜔0 (cf. (2.12)), we substitute 𝜓 into the governing equa-
tion of the far-field (cf. (4.5)), resulting in

𝜓̇(𝐱, 𝑡) = ∫𝐱
𝜅0
𝜓(𝐱′, 𝑡) − 𝜓(𝐱, 𝑡)

‖𝐱′ − 𝐱‖
d𝑉𝐱′ , (4.11)

where 𝜅0 corresponds to the constant micro-diffusivity of the constant influence function 𝜔0. By
introducing the change of variables 𝝃 = 𝐱′ − 𝐱 and using (4.6), equation (4.11) can be rewritten as

(

𝜔̄ − 𝜅0 ∫

exp(𝜶 ⋅ 𝝃) − 1
‖𝝃‖

d𝑉𝝃

)

exp(𝛂 ⋅ 𝐱 + 𝜔̄𝑡) = 0, (4.12)
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where  denotes the neighborhood around the origin. In order to obtain a non-trivial solution,
we equate the expression inside the parentheses in (4.13) to zero, resulting in the characteristic
equation for the far-field peridynamic diffusion in polar coordinates given by

𝜔 = 𝜅0 ∫

2𝜋

0 ∫

𝛿

0

[

exp(𝑟𝜂) − 1
]

d𝑟d𝜃, (4.13)

where 𝜂 ∶= 𝜶 ⋅ (cos 𝜃, sin 𝜃). However, finding an analytical solution for (4.13) is generally chal-
lenging. To simplify the expression and establish a connection with the local modes, we expand
the integrand using a Taylor series expansion around zero with respect to 𝑟𝜂, resulting in

𝜔̄ = 𝜅0 ∫

2𝜋

0 ∫

𝛿

0

(

𝑟𝜂
1!

+
𝑟2𝜂2

2!
+
𝑟3𝜂3

3!
+
𝑟4𝜂4

4!
+…

)

d𝑟d𝜃. (4.14)

which concludes in
𝜔̄ = 𝜅0𝜋

(

𝑘2𝛿3

6
+ 𝑘4𝛿5

160
+ 𝑘6𝛿7

8064
+…

)

. (4.15)
Thus, the nonlocal peridynamic mode can be written as

𝜓(𝐱, 𝑡) = exp
(

𝜶 ⋅ 𝐱 + 𝜅0𝜋
(

𝑘2𝛿3

6
+ 𝑘4𝛿5

160
+…

)

𝑡
)

. (4.16)

A comparison between the derived modes in (4.10) and (4.16) reveals that the main difference lies
in the temporal components. By substituting 𝜅0 = 6𝐷

𝜋𝛿3
into (4.15), we obtain

𝜔̄ = 𝐷𝑘2
(

1 + 3
80

(𝑘𝛿)2 + 1
1344

(𝑘𝛿)4 +…
)

. (4.17)

In the limit as 𝑘𝛿 → 0, equation (4.9) is obtained, which shows that the nonlocal mode converges
to the local mode when the micro-diffusivity is appropriately defined in terms of the diffusion co-
efficient𝐷 and the horizon 𝛿. Tab. 4.1 presents the expressions for the micro-diffusivity constants,
which are related to the diffusion coefficient of the local diffusion and the horizon, for different
kernels in 1D, 2D, and 3D. Note that, the expression in (4.16) suggests that including higher-order
terms from the Taylor expansion in (4.14) leads to a more accurate approximation of the nonlocal
solution. However, when implementing the ABCs based on modes given by (4.16), it is important
to consider that the absorbing boundary is located away from the regions where nonlocal effects,
such as crack tips, are significant. As a result, even if only a few terms from the Taylor expansion
are utilized, such as employing the local modes, it can still yield a satisfactory approximation of
the far-field.
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Table 4.1: The constants 𝜅0 for a constant influence function (cf. (2.12)) and 𝜅1 for a linear influence
function (cf. (2.13)) in terms of the diffusion coefficient 𝐷 and the horizon 𝛿. These expressions
are given for various integer kernel exponents 𝑞 in the kernel function 𝐽𝑞 (cf. (2.42)), where the
index corresponds to value of 𝑞, in 1D, 2D, and 3D. Data available in [123].

1D 2D 3D

𝐽0 𝐽1 𝐽0 𝐽1 𝐽2 𝐽1 𝐽2

𝜅0
3𝐷
𝛿3

2𝐷
𝛿2

8𝐷
𝜋𝛿4

6𝐷
𝜋𝛿3

4𝐷
𝜋𝛿2

6𝐷
𝜋𝛿4

9𝐷
2𝜋𝛿3

𝜅1
12𝐷
𝛿3

6𝐷
𝛿2

40𝐷
𝜋𝛿4

24𝐷
𝜋𝛿3

12𝐷
𝜋𝛿2

30𝐷
𝜋𝛿4

18𝐷
𝜋𝛿3
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Infinity Condition for Diffusion-Type Problems

Fig. 4.2(a) depicts a circular region called the cloud centered at a point 𝐱 and surrounded by an un-
bounded domain. Using a local coordinate system (𝑥̄, 𝑦̄) at 𝐱, the far-field solution is approximated
through a series of modes, characterized by temporal and spatial components. Considering a local
mode, i.e., the leading term of the Taylor series expansion in (4.17), expressed in polar coordinates
yields

𝜓(𝑟, 𝜃, 𝑡) = exp [𝑘𝑟 (cos 𝜃 cos𝜙 + sin 𝜃 sin𝜙)] exp
(

𝐷𝑘2𝑡
)

= exp [𝑘𝑟 cos(𝜃 − 𝜙)] exp
(

𝐷𝑘2𝑡
)

.
(4.18)

To satisfy the infinity (or radiation) condition in the direction 𝜃∗, we substitute 𝜓 for 𝐶 in (4.3) and
set 𝜃 = 𝜃∗, which yields

lim
𝑟→∞

𝜓(𝑟, 𝜃∗, 𝑡) = lim
𝑟→∞

exp
[

𝑘𝑟 cos(𝜃∗ − 𝜙)
]

exp
(

𝐷𝑘2𝑡
)

= 0. (4.19)

To satisfy the infinity condition, under the assumption that 𝐷𝑘2𝑡 is finite, the following inequality
𝑘 cos(𝜃∗ − 𝜙) < 0, (4.20)

must hold at a given time 𝑡 > 0. Depending on the sign of 𝑘 and the value of 𝜃∗, the condition (4.20)
can be simplified by considering two different cases. In the case of the first quadrant of the local
coordinate system, i.e., 𝜃∗ ∈ [0, 𝜋∕2), the mode should satisfy the conditions given as

𝑘 > 0 ∶ 𝜋
2
+ 𝜃∗ < 𝜙 < 3𝜋

2
+ 𝜃∗,

𝑘 < 0 ∶ 3𝜋
2

+ 𝜃∗ < 𝜙 < 2𝜋 + 𝜃∗ ∪ 𝜃∗ ≤ 𝜙 < 𝜋
2
+ 𝜃∗,

(4.21)

in order to fulfill the condition (4.20) at the angle 𝜃∗. The two cases described in (4.21) represent
two halves of the unit circle, as depicted in Fig. 4.2(b). These semicircular regions illustrate the
allowable range of flux direction 𝜙 (determined by the sign of 𝑘) that satisfies the infinity condition
at 𝜃∗. The interface between the two semicircles is perpendicular to the 𝜃∗ direction and rotates
accordingly as 𝜃∗ changes, as shown in Fig. 4.2(c).

𝑦̄

𝑥̄
𝜃
𝑟

𝐱
𝜃∗

0

3𝜋
2

𝜋
2

𝜋

𝜙

𝑘 < 0

𝑘 > 0

∞

Ω𝑓 𝜃∗
0

3𝜋
2

𝜋
2

𝜋

𝜙

𝑘 < 0

𝑘 > 0

∞

Ω𝑓

Figure 4.2: (a) A circular cloud surrounded by an unbounded domain. (b) The regions in the unit
circle where the flux direction 𝜙 satisfies the infinity condition at angle 𝜃∗ within the first quadrant
of the local coordinate system. (c) The valid regions of 𝜙 in (b) rotate accordingly as 𝜃∗ changes.
Reproduced from [123].
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Assuming that the infinity condition always occurs in the first quadrant of the local coordinate
system (𝜃 ∈ [0, 𝜋∕2)), we can define two valid regions, ℜ1 andℜ2, on the unit circle corresponding
to 𝜃∗ = 0 and 𝜃∗ = 𝜋∕2, respectively. To satisfy the condition at any angle within the first quadrant,
𝜙 must be chosen from the intersection of these regions, which can be expressed as:

ℜ1 ∩ℜ2 =

{ 𝜋 ≤ 𝜙 ≤ 3𝜋∕2, for 𝑘 > 0,

0 ≤ 𝜙 ≤ 𝜋∕2, for 𝑘 < 0.
(4.22)

In the subsequent sections, the solution strategies employed for addressing both the near-field and
far-field problems are discussed, as well as the approach for patching the far-field with the near-field
solution in a discretized peridynamic or FEM model.

4.1.2 Solution Strategy for Unbounded Domain Diffusion

The solution strategy involves two parts: approximating the near-field using either PD or FEM
and advancing in time, and approximating the far-field and constructing the absorbing boundary
conditions. The domain discretization for both the peridynamic grid and FEM mesh is illustrated
in Fig. 4.3. In the peridynamic case, absorbing nodes are distributed near the absorbing boundary
Γ∞, while in the FEM case only absorbing nodes along the boundary are needed. The domain
is represented by a set of nodes 𝐱𝑖 with their Cartesian coordinates. The time is discretized into
instants, and an explicit forward Euler time integration scheme is used throughout the following
examples. The time integration scheme utilizes the critical time step Δ𝑡crit determined by the CFL
condition, given by

Δ𝑡crit = 𝜎CFL
Δ𝑥2min
𝐷

, (4.23)
where Δ𝑥min represents the minimum peridynamic grid spacing or the minimum element size in
FEM for spatial discretization. The parameter 𝜎CFL corresponds to the CFL condition, with values
of 1

2 , 1
4 , and 1

8 for 1D, 2D, and 3D uniform discretizations, respectively.

Ω𝐹

Ω𝑁

Γ∞

Ω𝐹

Ω𝑁

Γ∞

Figure 4.3: A subsection of a typical solution domain in the vicinity of the absorbing boundary is
depicted in (a) for a peridynamic model utilizing a standard discretization scheme, and in (b) for a
FEM model employing quadrilateral elements. Reproduced from [123].
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𝑦̄

𝑥̄

45◦ 𝑦̄

𝑥̄

Γ∞

𝑥

𝑦

𝐱𝑖
Ω∞
𝑖

𝜏

Figure 4.4: Two generic clouds with rotated local coordinate systems for the far-field approxima-
tion. Reproduced from [123].

An efficient way for updating the absorbing boundary nodes, as originally proposed by [125],
is employed to approximate the far-field solution. At each time step, the far-field solution within
the associated cloud of each absorbing node is approximated using the modes introduced in Sec-
tion 4.1.1. This approximation provides the value of the absorbing node for the next time step,
which is imposed as a Dirichlet boundary condition. Fig. 4.4 illustrates two generic clouds with
differently oriented local coordinate systems. Consider a node 𝐱𝑖 on the absorbing boundary (or
boundary layer in the PD case) along with its associated cloud Ω∞

𝑖 , as shown in Fig. 4.4. The local
Cartesian coordinate system (𝑥̄, 𝑦̄) is associated with each cloud, as shown in Fig. 4.4 for the 2D
case. It is rotated by an angle 𝜏 to align the first quadrant with the exterior domain and ensure that
the bisection line of the axes is perpendicular to the absorbing boundary. To transform a represen-
tative position vector 𝐱 to the local coordinate system, a 2D rotation matrix 𝐑 is used, resulting in
the local coordinates 𝐱̄ given by

𝐱̄ = 𝐑(𝜏)(𝐱 − 𝐱𝑖), 𝐑(𝜏) =
[

cos 𝜏 sin 𝜏
− sin 𝜏 cos 𝜏

]

. (4.24)

Note that, in 3D problems, the absorbing boundary Γ∞ is a truncating sphere, and the local coor-
dinate system is rotated to ensure that the first octant aligns with the exterior domain. To simplify
the analysis, we focus on the 2D case. The far-field solution variable 𝐶∞(𝐱̄, 𝑡) within the cloud Ω∞

𝑖is approximated by expressing it as a linear combination of modes as

𝐶∞(𝐱̄, 𝑡) =
𝑛𝜙
∑

𝑙=1

𝑛𝑘
∑

𝑚=1
𝑎𝑙,𝑚 exp

[

𝑘𝑚
(

𝑥̄ cos𝜙𝑙 + 𝑦̄ sin𝜙𝑙
)

+𝐷𝑘2𝑚𝑡
]

, (4.25)

where 𝑎𝑙,𝑚 are unknown coefficients of the approximation and 𝑛𝜙 and 𝑛𝑘 specify the number of
modes. The angles 𝜙𝑙 are chosen from a set of equally spaced angles within the interval 𝜙𝑙 ∈

96



4.1. Diffusion-Type Problems on Unbounded Domains

[0, 𝜋∕2], and 𝑘𝑚 are selected from a set of equally spaced negative values within the interval 𝑘𝑚 ∈
Δ𝑘[−1, 0), where Δ𝑘 > 0. The selection of Δ𝑘 is crucial for ensuring the numerical stability
and accuracy of the absorbing boundary conditions. In Section 4.1.3, we will discuss a method to
carefully limit the value of Δ𝑘.

To determine the unknown coefficients in the approximation given by (4.25), we rely on the
nodal values within the cloud. At the beginning of each time step, we consider the validity of the
approximation within the time interval [𝑡𝑛, 𝑡𝑛+1], which can be expressed using a local time variable
𝑡 in the interval 𝑡 ∈ [0,Δ𝑡]. While this interval as proposed in [125] is suitable for many cases, the
use of a symmetric interval [−Δ𝑡,Δ𝑡] has proven to enhance numerical stability in peridynamic
scalar waves and elasticity problems. In diffusion problems, the choice of the interval shape has a
negligible impact. Utilizing (4.25), we express this approximation as

𝐶𝑛∞(𝐱̄, 𝑡) =
𝑛𝑏
∑

𝑏=1
𝑝𝑛𝑏𝜓𝑏(𝐱̄, 𝑡) = 𝛙(𝐱̄, 𝑡)𝐩

𝑛, (4.26)

where the superscript 𝑛 indicates the validity of the approximation within local time interval.
The series runs over 𝑛𝑏 modes and 𝑞𝑏 represents the corresponding unknown coefficients and the
vectors 𝛙 and 𝐩𝑛 are given by

𝛙(𝐱̄, 𝑡) ∶=
(

𝜓1(𝐱̄, 𝑡), 𝜓2(𝐱̄, 𝑡), ⋯ , 𝜓𝑛𝑏(𝐱̄, 𝑡)
)

,

𝐩𝑛 ∶=
(

𝑝𝑛1, 𝑝𝑛2, ⋯ , 𝑝𝑛𝑛𝑏
)T
.

(4.27)

At the start of the 𝑛th time step, the nodal values within the cloud Ω∞
𝑖 , associated with node 𝐱𝑖 in

Fig. 4.4, can be organized into a vector. Using (4.26) and taking into account that 𝑡 = 0 at the start
of each step, this vector can be represented as

𝐆𝑛 =

⎛

⎜

⎜

⎜

⎜

⎝

𝐶𝑛𝑖,∞
⋮

𝐶𝑛𝑗,∞
⋮

⎞

⎟

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎝

𝐶𝑛∞(𝐱̄𝑖, 0)
⋮

𝐶𝑛∞(𝐱̄𝑗 , 0)
⋮

⎞

⎟

⎟

⎟

⎠

=

⎡

⎢

⎢

⎢

⎣

𝛙(𝐱̄𝑖, 0)
⋮

𝛙(𝐱̄𝑗 , 0)
⋮

⎤

⎥

⎥

⎥

⎦

𝐩𝑛 =𝐌𝐺𝐩𝑛, 𝐱𝑗 ∈ Ω∞
𝑖 , (4.28)

where 𝐌𝐺 stands for the moment matrix of the local collocation procedure. When the number of
nodes in the cloud is smaller than the number of modes 𝑛𝑏, the unknown coefficients 𝐩𝑛 can be
determined in terms of the nodal values of the cloud 𝐆𝑛 using a least-squares collocation method.
This can be expressed as

𝐩𝑛 =𝐌+
𝐺𝐆

𝑛 (4.29)
where the superscript "+" denotes the Moore-Penrose generalized inverse. By substituting the
expression for 𝐩𝑛 from (4.29) into (4.26), we obtain an approximation for the solution within the
cloud as

𝐶𝑛∞(𝐱̄, 𝑡) = 𝛙(𝐱̄, 𝑡)𝐌+
𝐺𝐆

𝑛. (4.30)
The upper equation provides an explicit time approximation of the solution within the cloud. To
update the nodal value of the absorbing node at the 𝑛th time step, we can use the updating procedure
given by

𝐶𝑛+1𝑖 ≈ 𝐶𝑛∞(𝐱̄𝑖,Δ𝑡) = 𝛙(𝟎,Δ𝑡)𝐌+
𝐺𝐆

𝑛 = 𝐕𝐺𝐆𝑛, (4.31)
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where 𝐕𝐺 represents the updating vector of the absorbing node. The right-hand side of (4.31) is
known since the solver uses an explicit time marching algorithm. Thus, (4.31) provides Dirichlet-
type ABCs for the absorbing node 𝐱𝑖 based on the nodal values of its cloud at the time instant 𝑡𝑛.
The simulation uses a constant time step Δ𝑡 and resets the local time at each step, allowing the
updating vectors 𝐕𝐆 of the absorbing nodes to be pre-computed since they remain constant. This
significantly reduces the computational cost.

The absorbing layer in the peridynamic diffusion model is carefully chosen to ensure a complete
circular (or spherical) shape for the near-field neighborhoods. This mitigates the surface-effect
commonly found in peridynamic models with a narrower absorbing layer. The accuracy of the near-
field solution, which is the main concern, can be affected by this error. The numerical examples in
Section 4.1.4 provide a detailed illustration of this effect.

4.1.3 Implementation of Unbounded Domain Diffusion

The solution strategy for diffusion problems on unbounded domains preserves the near-field dis-
cretization scheme and is implemented in a straightforward manner. It involves discretizing the
domain, identifying absorbing nodes, constructing neighborhoods (for peridynamic diffusion) and
clouds for absorbing nodes, formulating equations, calculating updating vectors, and performing
explicit time marching. The final system of equations, applicable to both peridynamic and FEM
cases, is given by

𝐌̃𝐂̇𝑇 + 𝐊̃𝐂𝑇 = 𝐅̃, (4.32)
where 𝐌̃ and 𝐊̃ represent mass and conductance matrices,𝐂𝑇 and 𝐂̇𝑇 contain the nodal values and
their first time derivatives, and 𝐅̃ is the right-hand side. Note that the system remains the same for
bounded and unbounded domains, with an additional procedure required for updating nodal values
in the unbounded case.

Furthermore, an important consideration is the selection of modes, which is based on the spec-
ified intervals for 𝜙 and 𝑘 as mentioned in Section 4.1.1. The parameter Δ𝑘 plays a crucial role
in the stability of the numerical solution as it directly affects the temporal part of the modes. In
order to ensure boundedness and minimize numerical errors, the temporal component of the modes
should be constrained. This can be achieved by selecting Δ𝑘 such that

0 < 𝐷Δ𝑘2Δ𝑡 < 1, (4.33)
where Δ𝑡 represents the time increment. Given (4.33), the following range for Δ𝑘 is obtained as

0 < Δ𝑘 < 1
√

𝜎CFLΔ𝑥min
. (4.34)

To ensure an accurate approximation of the far-field solution, it is necessary to include a sufficient
number of neighboring nodes in the collocation process within each cloud. Our experience suggests
that in 1D, 2D, and 3D cases, the radius 𝑑∞ should be chosen to encompass at least 3, 5, and 7
neighboring nodes, respectively. It is important to note that 𝑑∞ only determines the region of
the least-squares approximation and does not represent the range of nonlocal interaction, which is
represented by the peridynamic horizon 𝛿.

The numerical examples were implemented using the C++ programming language. To enhance
performance, we employed parallelization techniques with OPENMP directives. The efficient li-
brary libkdtree was used to construct neighborhoods and clouds, with more details available
in [96]. To compute the Moore-Penrose generalized inverse in (4.29), we relied on the widely-
used LAPACK library [5].
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4.1.4 Classical and Peridynamic Diffusion on Unbounded Domains in 1D

In the first numerical example, we demonstrate the solution strategy for 1D unbounded domain
problems using classical (local) and peridynamic diffusion. The diffusion parameter is 𝐷 = 1,
and the computational domain is Ω𝑁 = (−30, 30). We validate the results against an extended
domain within Ω𝑁 from (−150, 150). The initial concentration is given by 𝐶0(𝑥) = exp(−4𝑥2).
Both the FEM model and the peridynamic model have the same spatial discretization and temporal
resolution. The spatial discretization uses a grid size of Δ𝑥 = 0.125, resulting in 2, 401 and 481
nodes for the extended and truncated domain, respectively. The time duration of interest is 𝑡𝑓 =
250, with a time increment ofΔ𝑡 = 0.001, corresponding to 250, 000 time steps. In the FEM model,
two clouds are placed at 𝑥 = −30 and 𝑥 = 30, with local coordinate systems oriented towards the
left and right directions, respectively. The far-field solution is constructed using 𝑛𝑏 = 20 modes.

Fig. 4.6 presents the concentration field obtained at different time instants using the FEM solver
for both the truncated domain and the extended domain. Only the portion of the reference solution
corresponding to the truncated domain is shown for better comparison. The results indicate that
the solution obtained on the truncated domain with ABCs closely resembles the reference solution.
Additionally, the solution for the truncated domain is extended beyond the initial time duration up
to 𝑡𝑓 = 4, 000, where the concentration eventually reaches zero as expected.

Fig. 4.7 provides further insights into the performance of the method by presenting the energy
variation over time for both the truncated domain with ABCs and the extended domain. The energy
is computed within the near-field and normalized with respect to its value at the initial time step.
Additionally, the normalized energy difference between the two solutions is defined as

ΔΠ∕Π0(𝑡) =
|Π(𝑡) − Πref (𝑡)|

Πref (0)
, (4.35)

where Πref (𝑡) is the energy of the reference solution at time 𝑡. The results of the normalized energy
difference for both the truncated domain with ABCs and the truncated domain with homogeneous
Neumann boundary conditions are shown in Fig. 4.5.

The energy analysis presented in Fig. 4.7 confirms the good match between the energy dissi-
pation in the near-field of the truncated domain with ABCs and the reference solution. In contrast,
using homogeneous Neumann boundary conditions leads to a significant difference between the so-
lutions, as shown in Fig. 4.5. These findings highlight the effectiveness of the ABCs in preventing
spurious flux reflections and maintaining stability over long-term calculations. The stability of the
approach is confirmed by the successful energy calculation up to 𝑡𝑓 = 4, 000, which corresponds
to 4 × 106 time steps. Overall, the results validate the performance and reliability of the method in
handling classical diffusion problems on unbounded 1D domains.

In the second part of this example, the peridynamic diffusion equation is employed with an
absorbing layer thickness of 𝛿 = 4Δ𝑥 and a cloud size of 𝑑∞ = 𝛿∕2 for the absorbing nodes.
The absorbing layer thickness is set to 𝛿 to ensure that each neighborhood in the near-field has
a complete integration domain. The concentration field is computed for both the truncated and
extended domains, and the results are shown in Fig. 4.8. The energy variation over time is also
analyzed, and the results are depicted in Fig. 4.9. It is evident that the truncated domain with
ABCs yields accurate and consistent results, with a close agreement between the truncated and the
extended domain solutions, even at the energy level.

Additional simulations were conducted using the peridynamic solver to investigate the influ-
ence of the absorbing layer thickness 𝛿𝐿 on the accuracy of the truncated domain solution. Varying
values of 𝛿𝐿, including 3Δ𝑥, 2Δ𝑥, and Δ𝑥, were considered. The concentration field at 𝑡 = 250 for
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different 𝛿𝐿 values is depicted in Fig. 4.10. The results reveal that a smaller 𝛿𝐿 and thus a larger
surface effect lead to reduced accuracy, particularly near the boundaries. Fig. 4.11 presents the
normalized energy difference between the solutions of the truncated domain with different absorb-
ing layer sizes and the reference solution. The findings demonstrate that satisfactory accuracy is
achieved when 𝛿𝐿 is chosen to be at least 3Δ𝑥.
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Figure 4.5: The normalized energy difference ΔΠ∕Π0 in 1D for the numerical examples in Sec-
tion 4.1.4, using the FEM solver with and without ABCs. Reproduced from [123].
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Figure 4.6: The concentration field obtained for the truncated domain and the extended domain in
1D for the numerical examples in Section 4.1.4, using the FEM solver. Reproduced from [123].
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Figure 4.7: The variation of energy obtained for the truncated domain and the extended domain in
1D for the numerical examples in Section 4.1.4, using the FEM solver. Reproduced from [123].
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Figure 4.8: The concentration field obtained for the truncated domain and the extended domain
in 1D for the numerical examples in Section 4.1.4, using the peridynamic solver. Reproduced
from [123].
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Figure 4.9: The variation of energy obtained for the truncated domain and the extended do-
main in 1D for the numerical examples in Section 4.1.4, using the peridynamic solver. Repro-
duced from [123].
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Figure 4.10: The concentration field in 1D obtained for the truncated domain and the extended
domain at 𝑡 = 250 for the numerical examples in Section 4.1.4, using the peridynamic solver with
different sizes of the absorbing layer. Reproduced from [123].
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Figure 4.11: The normalized energy difference ΔΠ∕Π0 in 1d for the numerical examples in Sec-
tion 4.1.4, using the peridynamic solver and taking different sizes of the absorbing layer. Repro-
duced from [123].
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4.1.5 Peridynamic Corrosion on Unbounded Domains in 2D and 3D

This section presents two numerical simulations for evaluating the proposed ABCs in solving the
standard peridynamic bi-material corrosion model for unbounded domains. These simulations are
conducted in 2D and 3D, respectively. The 2D example compares the performance of the model
equipped with the proposed ABCs to a model with homogeneous nonlocal Neumann boundary
conditions. The comparison reveals that the numerical error of the model with Neumann bound-
ary conditions grows over time, highlighting the superior accuracy and stability achieved by em-
ploying the proposed ABCs for unbounded domain corrosion problems. The numerical stability
is further demonstrated by monitoring the total energy within the near-field over time. The 3D
example involves a spherical specimen corroding within a larger spherical liquid domain. Due
to the significant computational effort required for a reference solution on a much larger domain,
the numerical performance of the ABCs is assessed qualitatively based on the concentration field,
the outward-pointing concentration flux, and the monotonically decreasing near-field energy lev-
els. These observations again demonstrate the stability of the model with ABCs and its ability to
effectively transmit the concentration flux towards the far-field.

2D Example with Reference Solution

In this 2D example, we investigate the effectiveness of the ABCs for a peridynamic corrosion
problem on an unbounded domain. The problem involves the corrosion of a metallic specimen sur-
rounded by an unbounded electrolyte, where the solid material dissolves into the liquid medium.
The initial state consists of an intact metal represented by the HZG1 letters with an initial con-
centration value of 𝐶0 = 2, while the surrounding electrolyte has an initial concentration value
of 𝐶0 = 0. As the corrosion process occurs, the solid phase reduces, leading to the diffusion of
dissolved material into the electrolyte.

In the peridynamic bi-material corrosion model, two micro-diffusivity parameters, 𝜅liq and 𝜅int ,
are used to represent diffusion in the liquid and interfacial bonds, respectively. It is assumed that
there is no flux between two points in the solid phase. The dissolution process is governed by a
threshold concentration 𝐶sat , below which a solid point is considered as a liquid point. This leads
to the autonomous propagation of the dissolution front. In this example, the parameters 𝛿 = 0.04,
𝐶sat = 0.8, 𝜅liq = 7, 957.70, and 𝜅int = 795.77 are used. As depicted in Fig. 4.12, the truncated
domain is a circular region with a radius of 2, surrounded by an absorbing layer with a thickness
equal to the peridynamic horizon 𝛿. Each absorbing node is associated with a cloud of radius 𝑑∞ =
𝛿∕2. The far-field is approximated using 𝑛𝑏 = 55 modes in each cloud. To validate the results,
the solution of an extended circular domain with a radius of 10 is used as the reference solution,
with homogeneous Neumann boundary conditions imposed on the boundary. Both the truncated
and extended domains are discretized with a grid spacing of Δ𝑥 = 0.02, resulting in 31, 417 nodes
for the truncated domain (including 2, 500 absorbing nodes) and 785, 349 nodes for the extended
domain. The time stepping is performed using an incremental time step of Δ𝑡 = 3.3×10−7 in both
models.

The concentration levels of the metal within the truncated domain, using the ABCs, and the
extended domain are compared at different time instants in Fig. 4.13. Regions with concentrations
higher than 0.8 represent the solid phase. The results show that the solution of the truncated do-
main closely resembles that of the extended domain. The metal concentration gradually diffuses

1The acronym HZG stands for Helmholtz-Zentrum Geesthacht, which was the name for the Helmholtz-Zentrum
Hereon between 2010 and 2021.
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outwards and crosses the truncation boundary, following a similar pattern as the reference solution.
By 𝑡 = 0.085, the concentration within the near-field reaches almost zero, indicating that the ABCs
are functioning effectively.

The effectiveness of the applied ABCs can be further assessed by examining the gradient field
of concentration. Contour plots of the gradient field at different time instants are shown in Fig. 4.14.
The arrows represent the direction of the gradient vectors, while the contours indicate their mag-
nitude. Near the truncation boundary, all the arrows point towards the exterior domain, indicating
that the boundary conditions are functioning appropriately over time. The accuracy of the solution
is evaluated by comparing the truncated domain solution with the extended domain solution. The
difference between these solutions is plotted in Fig. 4.15, using the normalized energy difference
defined in (4.35). It is observed that the difference is relatively small when the absorbing layer
is applied, while the solution of the truncated domain diverges from the reference solution when
the absorbing layer is removed. The stability of the solution is demonstrated in Fig. 4.16, where
the energy variation is shown for both the truncated and extended domains. The energy dissi-
pates monotonically from the computational domain (near fiel), and the absorbing boundary layer
exhibits stable behavior over 7 × 106 time steps, in good agreement with the reference solution.

Figure 4.12: The initial metal concentration distribution in the 2D unbounded peridynamic bi-
material corrosion example in Section 4.1.5. Reproduced from [123].
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Figure 4.13: The concentration field at different time instants in the 2D unbounded peridynamic
bi-material corrosion example in Section 4.1.5 for the reference solution (left column) and the
solution of the truncated domain (right column). Reproduced from [123].
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Figure 4.14: The concentration gradient field at various time instants in the 2D unbounded peridy-
namic bi-material corrosion example in Section 4.1.5. Reproduced from [123].
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Figure 4.15: The normalized energy difference ΔΠ∕Π0 in the 2D unbounded peridynamic bi-
material corrosion example in Section 4.1.5 for the truncated domain with and without ABCs.
Reproduced from [123].
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Figure 4.16: The variation of energy in the 2D unbounded peridynamic bi-material corrosion ex-
ample in Section 4.1.5. Reproduced from [123].
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3D Example of a Spherical Metallic Specimen

In this example, we extend the solution strategy for peridynamic bi-material corrosion problems
to 3D unbounded domains. The dissolution process of a spherical metallic specimen, surrounded
by an electrolyte, is simulated. The initial solid phase has a radius of 3.33 and the domain is
truncated by a spherical boundary with a radius of 5. The peridynamic corrosion model parameters
are set as 𝛿 = 0.2, 𝐶sat = 0.8, 𝜅int = 795.77, and 𝜅liq = 7, 957.7. The absorbing layer has a
thickness of 𝛿 and each absorbing node is associated with a cloud of radius 𝑑∞ = 𝛿∕2. The far-
field solution in each cloud is approximated using 𝑛𝑏 = 605 modes. The domain is discretized with
a grid spacing of Δ𝑥 = 𝛿∕2, resulting in 523, 155 nodes for the computational domain (including
60, 374 absorbing nodes). A time step of Δ𝑡 = 3.33 × 10−8 is used for time marching. Due to
computational limitations, a quantitative validation of the solution against a reference solution
obtained on a larger domain, as done in the previous 2D example, is not feasible. Therefore, only
a qualitative comparison is performed in this 3D example.

Fig. 4.18 shows the metal concentration level and gradient field at different time instants for
a corrosion problem on a spherical domain. Only a portion of the solution domain in the first
octant is shown due to symmetry. The concentration plots indicate that the solid phase gradually
decreases over time, with the corrosion front moving towards the center of the sphere. The gradient
field results demonstrate that the solid concentration diffuses outwards from the domain with a flux
perpendicular to the truncation surface, indicating the proper performance of the absorbing layer.
The energy variation over time is presented in Fig. 4.19, showing a monotonic dissipation of energy
without any instability observed. The calculations were performed for over 2 × 106 time steps.

Figure 4.17: The initial concentration field in the 3D unbounded peridynamic bi-material corrosion
example in Section 4.1.5. Reproduced from [123].
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Figure 4.18: The concentration field (left column) and the gradient field (right column) within the
first octant of the global coordinate system in the 3D unbounded peridynamic bi-material corrosion
example in Section 4.1.5. Reproduced from [123].
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Figure 4.19: The variation of energy in the 3D unbounded peridynamic bi-material corrosion ex-
ample in Section 4.1.5. Reproduced from [123].
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4.2 Peridynamic Scalar Waves on Unbounded Domains

In the subsequent section, we expand the methodology discussed in Section 4.1, which addressed
classical (local) and peridynamic diffusion-type unbounded domain problems, to tackle the viscous
scalar wave equation in 2D for both CCM and PD. Similar to the approach in Section 4.1.1, we
derive fundamental solutions for the peridynamic scalar wave equations using both constant and
linear influence functions from (2.12) and (2.13). We construct a basis of feasible modes oriented to
effectively transmit incident waves towards the far-field, aligning closely with the outward-pointing
boundary normal. For peridynamic scalar wave problems, it is crucial to match the dispersion re-
lations of these modes with the numerical discretization scheme used in the near-field, particularly
under conditions of increased nonlocality (i.e., a large 𝛿 horizon relative to the grid spacing), to
ensure numerical accuracy and stability. This condition is more critical for wave-type problems
compared to peridynamic diffusion-type issues, which maintain high accuracy even when employ-
ing CCM model dispersion relations. We also explore the influence of the collocation procedure
and the selection of feasible collocation points to ensure numerical stability, a common challenge
in collocation schemes and similar numerical techniques. In Section 4.2.6, the applicability of the
proposed ABCs is demonstrated for 2D CCM models solved via the FEM and compared to conven-
tional first-order ABCs, showing enhanced accuracy and better handling of numerical issues arising
from domain corners, typically a source of instabilities in conventional ABCs. Furthermore, as de-
tailed in Section 4.2.7, the proposed ABCs adeptly manage complex wave patterns with various
incident angles at the absorbing boundary layer, caused by scatterers within the near-field domain.
This numerical study has been published and is further elaborated in [59].

4.2.1 Fundamental Solutions for Peridynamic Scalar Waves

In this section, we derive the fundamental solutions (or modes) for the wave propagation problem
in the far-field using complex-valued EBFs. The methodology follows the approach outlined in
Section 4.1.1 for diffusion-type problems. Although demonstrated in 2D, the same principles can
be applied in 3D. We begin by considering a generic harmonic mode given by

𝜓(𝐱, 𝑡) ∶= exp (𝚤𝜶 ⋅ 𝐱 + 𝚤𝜔̄𝑡), 𝜶 = (𝛼𝑥, 𝛼𝑦)T, (4.36)
where 𝛼𝑥, 𝛼𝑦, 𝜔̄ ∈ ℝ. Here, 𝚤 is the imaginary unit defined by 𝚤2 = −1. The components of 𝜶
are defined analogously to (4.7) as 𝛼𝑥 = 𝑘 cos𝜙 and 𝛼𝑦 = 𝑘 sin𝜙, where 𝑘 controls the spatial
fluctuation of the wave and 𝜙 determines its direction. By substituting the general mode from
equation (4.36) into the homogeneous far-field classical scalar wave equation (2.37) (with a zero
right-hand side), we derive the expression

[

−𝜔̄2 + 𝜒2𝑘2(cos2 𝜙 + sin2 𝜙) + 2𝑑𝚤𝜔̄
]

exp (𝚤𝜶 ⋅ 𝐱 + 𝚤𝜔̄𝑡) = 0. (4.37)
To obtain the solution, the expression within the square brackets must equal zero, yielding

𝜔̄2 − 2𝑑𝚤𝜔̄ − 𝜒2𝑘2 = 0. (4.38)
The quadratic equation yields the local characteristic dispersion relation, given by

𝜔̄ = 𝚤𝑑 ±
√

−𝑑2 + 𝑘2𝜒2. (4.39)
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Substituting this result into (4.36), we obtain the modes for the classical scalar wave equation as

𝜓(𝐱, 𝑡) = exp (−𝑑𝑡) exp
(

𝚤𝜶 ⋅ 𝐱 ± 𝚤
√

−𝑑2 + 𝑘2𝜒2𝑡
)

. (4.40)
Similarly, inserting the generic mode (4.36) into the homogeneous far-field peridynamic scalar
wave equation in (2.40), yields

𝜓̈(𝐱, 𝑡) − ∫𝐱
𝑐𝑠𝜔(‖𝐱′ − 𝐱‖)

𝜓(𝐱′, 𝑡) − 𝜓(𝐱, 𝑡)
‖𝐱′ − 𝐱‖𝑝

d𝑉𝐱′ + 2𝑑𝜓̇(𝐱, 𝑡) = 0. (4.41)

By shifting the integration region to the neighborhood  around the origin with horizon 𝛿, we can
express (4.41) as

[

−𝜔̄2 − ∫
𝑐𝑠𝜔(‖𝝃‖)

exp(𝚤𝜶 ⋅ 𝝃) − 1
‖𝝃‖𝑝

d𝑉𝝃 + 2𝑑𝚤𝜔̄
]

exp (𝚤𝜶 ⋅ 𝐱 + 𝚤𝜔̄𝑡) = 0. (4.42)

A solution is obtained when the expression within the square brackets vanishes, thus

𝜔̄2 − 2𝑑𝚤𝜔̄ + ∫
𝑐𝑠𝜔(‖𝝃‖)

exp(𝚤𝜶 ⋅ 𝝃) − 1
‖𝝃‖𝑝

d𝑉𝝃 = 0. (4.43)

To evaluate the integral term, we employ the polar coordinate system, expressing the bond vector
as 𝝃 = 𝑟 (cos 𝜃, sin 𝜃), and perform a Taylor expansion of the integrand. This yields

∫
𝑐𝑠𝜔(‖𝝃‖)

exp(𝚤𝜶 ⋅ 𝝃) − 1
‖𝝃‖𝑝

d𝑉𝝃 = ∫

𝛿

0 ∫

2𝜋

0
𝑐𝑠𝜔(𝑟)

exp (𝚤𝑟𝜂) − 1
𝑟𝑝

𝑟d𝜃d𝑟

= ∫

𝛿

0 ∫

2𝜋

0
𝑐𝑠𝜔(𝑟)

(

𝚤𝜂𝑟2 − 1
2
𝜂2𝑟3 − 1

6
𝚤𝜂3𝑟4 +…

)

𝑟𝑝
d𝜃d𝑟, (4.44)

where 𝜂 ∶= 𝜶 ⋅ (cos 𝜃, sin 𝜃) = 𝑘 cos(𝜙−𝜃). Considering a constant influence function 𝜔 (as given
in (2.12)) and assuming 𝑝 = 2 in the denominator, the integral term in (4.43) can be expanded
using polar coordinates, yielding

𝜔̄2 − 2𝑑𝚤𝜔̄ +
[

−1
4
𝜋𝑐𝑠(𝑘𝛿)2 +

1
128

𝜋𝑐𝑠(𝑘𝛿)4 −
1

6912
𝜋𝑐𝑠(𝑘𝛿)6 +…

]

= 0. (4.45)

It is worth noting that while 𝑝 = 2 is a common choice in certain physical applications [13], the
value of 𝑝 is not restricted to a specific value in general. The quadratic equation for 𝜔̄ yields the
nonlocal characteristic dispersion relation of the far-field governing equation as

𝜔̄ = 𝚤𝑑 ±
√

−𝑑2 + 1
4
𝜋𝑐𝑠(𝑘𝛿)2 −

1
128

𝜋𝑐𝑠(𝑘𝛿)4 +
1

6912
𝜋𝑐𝑠(𝑘𝛿)6 +…. (4.46)

For the specific choice of the micromodulus 𝑐𝑠 = 4𝜒2

𝜋𝛿2
, we can express (4.46) as

𝜔̄ = 𝚤𝑑 ±
√

−𝑑2 + 𝑘2𝜒2
(

1 − 1
32

(𝑘𝛿)2 + 1
1728

(𝑘𝛿)4 +…
)

, (4.47)
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which, in the limit as 𝑘𝛿 → 0, recovers the local characteristic dispersion relation given by (4.39).
Inserting (4.47) into (4.36), we obtain the mode of the peridynamic scalar wave equation for 𝑝 = 2
with a constant influence function (cf. (2.12)) as

𝜓(𝐱, 𝑡) = exp (−𝑑𝑡) exp

(

𝚤𝜶 ⋅ 𝐱 ± 𝚤
√

−𝑑2 + 𝑘2𝜒2
(

1 − 1
32

(𝑘𝛿)2 + 1
1728

(𝑘𝛿)4 +…
)

𝑡

)

.

(4.48)
For a linear influence function with 𝑝 = 2, following the same procedure as before, we obtain the
relation

𝜔̄2 − 2𝑑𝚤𝜔̄ +
[

− 1
12
𝜋𝑐𝑠(𝑘𝛿)2 +

1
640

𝜋𝑐𝑠(𝑘𝛿)4 −
1

48384
𝜋𝑐𝑠(𝑘𝛿)6 +…

]

. (4.49)
Solving for 𝜔̄ in (4.49), we obtain the dispersion relation given by

𝜔̄ = 𝚤𝑑 ±
√

−𝑑2 + 1
12
𝜋𝑐𝑠(𝑘𝛿)2 −

1
640

𝜋𝑐𝑠(𝑘𝛿)4 +
1

48384
𝜋𝑐𝑠(𝑘𝛿)6 +…. (4.50)

Choosing the micromodulus constant as 𝑐𝑠 = 12𝜒2

𝜋𝛿2
, the above equation can be written as

𝜔̄ = 𝚤𝑑 ±
√

−𝑑2 + 𝑘2𝜒2
(

1 − 3
160

(𝑘𝛿)2 + 1
4032

(𝑘𝛿)4 +…
)

, (4.51)

which in the limit as 𝑘𝛿 → 0 also recovers the local characteristic dispersion relation (4.39). Inser-
tion of (4.51) into (4.36) yields the mode of the peridynamic scalar wave equation for 𝑝 = 2 given
a linear influence function (cf. (2.13)) as

𝜓(𝐱, 𝑡) = exp (−𝑑𝑡) exp

(

𝚤𝜶 ⋅ 𝐱 ± 𝚤
√

−𝑑2 + 𝑘2𝜒2
(

1 − 3
160

(𝑘𝛿)2 + 1
4032

(𝑘𝛿)4 +…
)

𝑡

)

.

(4.52)
Therefore, by selecting a specific influence function and value for 𝑝, we can construct modes that
satisfy the governing equation in the far-field for the peridynamic scalar wave problem. However, to
ensure that the modes satisfy the radiation condition at infinity, further considerations are required,
which are addressed in the following section.

Infinity Condition for Scalar Wave Equations

We start by focusing on a node 𝐱𝑖 located on the absorbing boundary (or boundary layer in the
peridynamic case) and its corresponding cloud Ω∞

𝑖 , as depicted in Fig. 4.20. Each cloud has its
own local Cartesian coordinate system (𝑥̄, 𝑦̄), where the positive 𝑥̄-axis is oriented towards the far-
field. It is important to note that while the local cloud coordinate system in Fig. 4.4 for unbounded
diffusion problems was oriented such that the bisection line of the axes is perpendicular to the
absorbing boundary, in the case of wave problems, the orientation is chosen to be consistent with
the conventions used in existing literature on ABCs. In such literature, it is often assumed that
incident waves are absorbed along a local coordinate axis, and therefore, the orientation is kept
consistent with that convention. We consider the local position vector 𝐱̄, which can be obtained
through the coordinate transformation in (4.24) of a representative vector 𝐱with respect to the local
coordinate system centered at 𝐱𝑖.
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Within the cloudΩ∞
𝑖 , the field variable is denoted as 𝑢∞(𝐱̄, 𝑡) and approximated through a linear

combination of modes as

𝑢∞(𝐱̄, 𝑡) =
𝑛𝜙
∑

𝑙=1

𝑛𝑘
∑

𝑚=1
𝑎𝑙,𝑚 exp (−𝑑𝑡) exp

(

𝚤𝑘𝑚
(

cos𝜙𝑙𝑥̄ + sin𝜙𝑙𝑦̄
)

− 𝚤𝜔̃(𝑘𝑚)𝑡
)

+𝑏𝑙,𝑚 exp (−𝑑𝑡) exp
(

𝚤𝑘𝑚
(

cos𝜙𝑙𝑥̄ + sin𝜙𝑙𝑦̄
)

+ 𝚤𝜔̃(𝑘𝑚)𝑡
)

,

(4.53)

where 𝑎𝑙,𝑚 and 𝑏𝑙,𝑚 represent unknown coefficients, while 𝑛𝜙 and 𝑛𝑘 determine the number of
modes, where the former indicates the number of wave directions, and the latter specifies the num-
ber of spatial wave fluctuations. The value 𝜔̃(𝑘𝑚) is determined by the characteristic dispersion
relation of the governing equation corresponding to the problem. For example, for the dispersion
relation of the classical wave in (4.39), it follows that

𝜔̃(𝑘𝑚) =
√

−𝑑2 + 𝑘2𝑚𝜒2 (4.54)
It is important to note that the damping coefficient 𝑑 should not be chosen arbitrarily high to ensure
physical feasibility, and is limited by the characteristic dispersion relation. For instance, in (4.39),
we have the constraint

𝑑2 ⩽ 𝑘2𝑚𝜒
2, ∀𝑘𝑚. (4.55)

Following the approach described in Section 4.2.1 for unbounded diffusion problems and consid-
ering the chosen orientation for the local coordinate system of the cloud in the unbounded wave
propagation problem, we select the values of 𝜙𝑙 and 𝑘𝑚 from two symmetric intervals as

𝜙𝑙 ∈ [−Δ𝜙,Δ𝜙] , Δ𝜙 ≥ 0,
𝑘𝑚 ∈ [−Δ𝑘,Δ𝑘] , Δ𝑘 > 0,

(4.56)

where Δ𝜙 and Δ𝑘 are pre-determined values that control the selection of wave directions and
fluctuations in space, respectively. In Section 4.1.3, an inequality condition (4.34) was derived
to limit Δ𝑘 for diffusion problems, ensuring the stability of the numerical method based on the
CFL condition and thus the spatial resolution of the computational domain. Similarly, for the
wave propagation problem, we will apply a similar procedure based on the sampling theorem to
provide boundaries for Δ𝑘, as proposed in [125, 95]. The choice of these parameters is crucial
as it can impact the numerical stability and accuracy of the solution. Therefore, the selection of
appropriate values for Δ𝜙 and Δ𝑘 should be made with care, taking into consideration the specific
characteristics of the problem and the desired level of accuracy. In Section 4.2.3, we address this
issue in more detail in the context of the numerical implementation of the proposed ABCs for the
wave propagation problem. The different orientations described by Δ𝜙 in (4.56) define half-spaces
centered at the cloud’s central nodeΩ∞

𝑖 corresponding to the incident wave angles, and are depicted
in Figure 4.21.

It is worth noting that when Δ𝜙 = 0, the incident angle of the respective mode aligns parallel
to the positive 𝑥̄-axis. Analyzing a small region around Δ𝜙 = 0, we observe that the first term
in (4.53) corresponds to outgoing waves, while the second term represents incoming waves. To
effectively absorb the incoming waves from the near-field at the truncating boundary, it is necessary
to set the coefficients 𝑏𝑙,𝑚 in (4.53) to zero. Consequently, the expression for 𝑢∞(𝐱̄, 𝑡) reads as

𝑢∞(𝐱̄, 𝑡) =
𝑛𝜙
∑

𝑙=1

𝑛𝑘
∑

𝑚=1
𝑎𝑙,𝑚 exp (−𝑑𝑡) exp

(

𝚤𝑘𝑚
(

cos𝜙𝑙𝑥̄ + sin𝜙𝑙𝑦̄
)

− 𝚤𝜔̃(𝑘𝑚)𝑡
)

. (4.57)
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By expressing the field variable 𝑢∞ in polar coordinates (𝑥̄, 𝑦̄) = 𝑟(cos 𝜃, sin 𝜃), where −𝜋 ≤ 𝜃 ≤ 𝜋,
we arrive at the representation

𝑢∞(𝑟, 𝜃, 𝑡) =
𝑛𝜙
∑

𝑙=1

𝑛𝑘
∑

𝑚=1
𝑎𝑙,𝑚 exp (−𝑑𝑡) exp

(

𝚤𝑘𝑚
(

𝑟 cos 𝜃 cos𝜙𝑙 + 𝑟 sin 𝜃 sin𝜙𝑙
)

− 𝚤𝜔̃(𝑘𝑚)𝑡
)

=
𝑛𝜙
∑

𝑙=1

𝑛𝑘
∑

𝑚=1
𝑎𝑙,𝑚 exp (−𝑑𝑡) exp

(

𝚤𝑘𝑚𝑟 cos
(

𝜃 − 𝜙𝑙
)

− 𝚤𝜔̃(𝑘𝑚)𝑡
)

.

(4.58)

This expression describes the outgoing waves from the near-field. To ensure that only outgoing
waves are present, the following condition

cos
(

𝜃 − 𝜙𝑙
)

> 0, ∀𝑙, (4.59)
must be satisfied. It can further be simplified to

−𝜋
2
+ 𝜙𝑙 < 𝜃 <

𝜋
2
+ 𝜙𝑙. (4.60)

The condition in (4.60) defines a half-space centered at 𝐱𝑖 with an angle 𝜙𝑙 relative to the local 𝑥̄-
axis, representing the outward boundary normal. By adjusting 𝜙𝑙, we can accommodate incoming
waves with different incident angles. In the following, we adopt a symmetric interval for 𝜙𝑙 as
specified in (4.56) and address the selection of Δ𝜙 in Section 4.2.3.

Γ∗
∞

Ω∞
𝑖

𝐱𝑖

𝐱𝑗

𝑦

𝑥

𝑦̄

𝑥̄

𝜏

𝑦

𝑥

Figure 4.20: Illustration of a portion of the solution domain for the peridynamic scalar wave equa-
tion, focusing on the vicinity of the absorbing boundary layer, denoted as Γ∗

∞, and a cloud region,
Ω∞
𝑖 , centered at a node 𝐱𝑖 on the absorbing boundary. The cloud region is associated with a local

coordinate system, (𝑥̄, 𝑦̄), which is rotated by an angle 𝜏 to facilitate the far-field approximation.
Notably, the orientation of the local coordinate system in this illustration is different from the choice
provided in Fig. 4.4 for unbounded diffusion problems, such that the 𝑥̄-axis aligns with the bound-
ary normal. Reproduced from [59].
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𝑦̄
𝑥̄

∞ ∞

𝑦̄ 𝑥̄
∞ 𝑦̄ 𝑥̄

𝜙𝑙 = −Δ𝜙

𝜙𝑙
𝜙𝑙

𝜙𝑙 = Δ𝜙𝜙𝑙 = 0

𝐱𝑖

Figure 4.21: The propagation region of outgoing waves from a generic absorbing node towards the
far-field, showcasing different values of the angle 𝜙𝑙, where 𝜙𝑙 falls within the interval Δ𝜙[−1, 1].
Reproduced from [59].

4.2.2 Solution Strategy for Unbounded Domain Scalar Waves

This section outlines the numerical solution approach for unbounded scalar wave problems, both
classical and peridynamic. The near-field solution is discretized in time and space to approximate
the solution at specific time instances 𝑡𝑛 and at nodes 𝐱𝑖, using a fixed time step Δ𝑡. In the numer-
ical examples provided below, we adopt the explicit velocity-Verlet scheme, as shown in (3.9), for
time integration. This scheme is employed for both the classical scalar wave equation and the peri-
dynamic wave equation. For the classical scalar wave equation described by (2.37), we utilize the
FEM for spatial discretization, which transforms the weak form into a linear system of equations.
On the other hand, for the peridynamic scalar wave equation in (2.40), we employ the standard
discretization scheme as given in (3.3) to approximate its strong form. For the peridynamic case,
the computational domain is discretized into a regular grid with a grid spacing of Δ𝑥 across the
entire computational domain. Each grid cell’s center represents a computational node, associated
with a volume of Δ𝑉𝑖 = (Δ𝑥)3 in 3D or an area of (Δ𝑥)2 in 2D. To handle the integration term
in (2.40), we sum over the grid points within the peridynamic horizon 𝛿. Similar to the algebraic
system represented in (eqref) for diffusion problems, in both cases (PD and FEM), the final system
of equations is formulated as

𝐌̃𝐔̈𝑛 + 𝐃̃𝐔̇𝑛 + 𝐊̃𝐔𝑛 = 𝐅̃𝑛, (4.61)
where 𝐌̃ represents the mass matrix, the damping matrix is defined as 𝐃̃ ∶= 2𝑑𝐌̃, and 𝐊̃ is the
stiffness matrix. At each time step 𝑡𝑛, we have the force vector 𝐅̃𝑛 on the right-hand side. The
nodal acceleration, velocity, and displacement vectors at time 𝑡𝑛 are denoted as 𝐔̈𝑛, 𝐔̇𝑛, and 𝐔𝑛,
respectively. To perform time integration, the velocity-Verlet scheme for both the nodal vector
𝐔𝑛+1 and the first time derivative 𝐔̇𝑛+1 at the time 𝑡𝑛+1, are given by

𝐔𝑛+1 = 𝐔𝑛 + Δ𝑡𝐔̇𝑛 + Δ𝑡2
2
𝐌̃−1

(

𝐅̃𝑛 − 𝐊̃𝐔𝑛 − 2𝑑𝐌̃𝐔̇𝑛
)

,

𝐔̇𝑛+1 = 1
1 + Δ𝑡𝑑

(

𝐔̇𝑛 + Δ𝑡
2
𝐌̃−1

(

𝐅̃𝑛 − 𝐊̃𝐔𝑛 − 2𝑑𝐌̃𝐔̇𝑛
)

+ Δ𝑡
2
𝐌̃−1

(

𝐅̃𝑛+1 − 𝐊̃𝐔𝑛+1
))

.
(4.62)
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Conventional Absorbing Boundary Conditions

In this section, we provide the derivation of the conventional ABCs up to the first-order of approx-
imation to effectively compare the results of the proposed scheme with the standard approaches in
CCM for hyperbolic-type equations, specifically the scalar wave equation. The derivation of the
conventional first-order ABCs for the classical (local) scalar wave equation in viscous media largely
follows [97]. We assume that the local coordinate system at each point of the absorbing boundary
Γ∞ is oriented so that the exterior domain lies in the half-space 𝑥 ⩾ 0, where the 𝑥-axis is normal
to the boundary and points towards the exterior domain. To this end, the governing equation of the
far-field reads as follows:

𝑢̈ − 𝜒2 (𝑢𝑥𝑥 + 𝑢𝑦𝑦
)

+ 2𝑑𝑢̇ = 0, 𝑥 ⩾ 0, 𝑦 ∈ ℝ, 𝑡 > 0, (4.63)
where 𝑢𝑥𝑥 and 𝑢𝑦𝑦 denote second partial derivatives with respect to the spatial coordinates in the
𝑥- and 𝑦-directions, respectively. The exterior domain is initially at rest:

𝑢(𝐱, 0) = 0, 𝑥 ⩾ 0, 𝑦 ∈ ℝ,
𝑢̇(𝐱, 0) = 0, 𝑥 ⩾ 0, 𝑦 ∈ ℝ.

(4.64)

In order to apply the Fourier transform to the field variable 𝑢 in time, we have to extend it to negative
times by setting the corresponding values for 𝑡 < 0 to zero. We denote the prolonged field variable
for negative and positive times as 𝑢̃. As the initial conditions are zero according to (4.64) for 𝑥 ⩾ 0,
the following homogeneous wave equation is obtained for 𝑢̃:

̈̃𝑢 − 𝜒2 (𝑢̃𝑥𝑥 + 𝑢̃𝑦𝑦
)

+ 2𝑑 ̇̃𝑢 = 0, 𝑥 ⩾ 0, 𝑦 ∈ ℝ, 𝑡 ∈ ℝ. (4.65)
Then, we apply the Fourier transform in the time 𝑡 and 𝑦-direction to obtain the ordinary differential
equation in the dual coordinates (𝑘, 𝜔̄) as follows:

−𝜔̄2 ̂̃𝑢 − 𝜒2 ̂̃𝑢𝑥𝑥 + 𝜒2𝑘2 ̂̃𝑢 + 𝚤𝜔̄2𝑑 ̂̃𝑢 = 0, (4.66)
where ̂̃𝑢 denotes the Fourier transform of the prolonged field variable 𝑢̃. For a fixed tuple (𝑘, 𝜔̄) in
the Fourier space, a general solution for (4.66) is given in the following form:

̂̃𝑢(𝑥, 𝑘, 𝜔̄) =
2
∑

𝑗=1
𝛼𝑗(𝑘, 𝜔̄) exp

(

𝜆𝑗(𝑘, 𝜔̄)𝑥
)

, (4.67)

where 𝛼𝑗(𝑘, 𝜔̄) and 𝜆𝑗(𝑘, 𝜔̄) denote unknown coefficients that generally depend on the dual coor-
dinates 𝑘 and 𝜔̄. By inserting the exponential ansatz function from (4.67) in (4.66), the following
relation is obtained for a representative pair of coefficients 𝜆 and 𝑘:

𝜆2 = 𝑘2 − 𝜔̄2

𝜒2
+ 𝚤𝜔̄2𝑑

𝜒2
. (4.68)

Defining the auxiliary variable 𝑧 ∶= 𝜒𝑘
𝜔̄

, the two solutions of the quadratic equation (4.68) can be
expressed as

𝜆1∕2 = ±𝚤 𝜔̄
𝜒

√

1 − 𝑧2 − 𝚤𝑧 2𝑑
𝜒𝑘

. (4.69)
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For the derivation of the first-order ABCs, we perform a first-order Taylor series expansion in
(4.69) for 𝑧 around 𝑧 = 0. In doing so, we obtain the following approximation:

𝜆1∕2 ≈ ±
(

𝚤 𝜔̄
𝜒

+ 𝑑
𝜒

)

. (4.70)

Note that higher-order Taylor series expansions would likewise be conceivable; however, the sub-
sequent equations turn out to be increasingly complex. Inserting the two approximate solutions
from (4.70) in (4.67) and using the inverse Fourier transform, a general solution for 𝑢̃ reads as
follows:

𝑢̃ = ∫

∞

−∞ ∫

∞

−∞
𝛼+(𝑘, 𝜔̄) exp

((

𝚤 𝜔̄
𝜒

+ 𝑑
𝜒

)

𝑥 + 𝚤𝑘𝑦 + 𝚤𝜔̄𝑡
)

d𝑘d𝜔̄

+ ∫

∞

−∞ ∫

∞

−∞
𝛼−(𝑘, 𝜔̄) exp

((

−𝚤 𝜔̄
𝜒

− 𝑑
𝜒

)

𝑥 + 𝚤𝑘𝑦 + 𝚤𝜔̄𝑡
)

d𝑘d𝜔̄,
(4.71)

where we distinguish the positive and negative solutions of (4.70) in terms of the corresponding
coefficients 𝛼+ and 𝛼−, respectively. Since the term 𝑑

𝜒
is nonnegative and the solution 𝑢̃ is bounded,

the corresponding coefficient must be zero, i.e., 𝛼+ ≡ 0. Therefore, we can simplify (4.71) and
express it as follows:

𝑢̃ = ∫

∞

−∞ ∫

∞

−∞
𝛼−(𝑘, 𝜔̄) exp

((

−𝚤 𝜔̄
𝜒

− 𝑑
𝜒

)

𝑥 + 𝚤𝑘𝑦 + 𝚤𝜔̄𝑡
)

d𝑘d𝜔̄. (4.72)

By evaluating (4.72) at 𝑥 = 0, we recognize that 𝛼−(𝑘, 𝜔̄) = ̂̃𝑢(0, 𝑘, 𝜔̄). Subsequent differentiation
of (4.72) with respect to 𝑥 and subtracting the right-hand side yields for 𝑥 = 0:

𝑢̃𝑥(0, 𝑦, 𝑡) − ∫

∞

−∞ ∫

∞

−∞
̂̃𝑢(0, 𝑘, 𝜔̄)

(

−𝚤 𝜔̄
𝜒

− 𝑑
𝜒

)

exp (𝚤𝑘𝑦 + 𝚤𝜔̄𝑡)d𝑘d𝜔̄ = 0, (4.73)

where we emphasized the explicit variable dependencies of the prolonged field variable 𝑢̃𝑥 and its
Fourier transform ̂̃𝑢 in the notation. In Fourier space, (4.73) reads as follows:

̂̃𝑢𝑥(0, 𝑘, 𝜔̄) + 𝚤
𝜔̄
𝜒
̂̃𝑢(0, 𝑘, 𝜔̄) + 𝑑

𝜒
̂̃𝑢(0, 𝑘, 𝜔̄) = 0. (4.74)

Multiplying (4.74) by 𝜒 and applying the inverse Fourier transform finally yields the first-order
approximation to the exact ABCs as

𝑢̇(0, 𝑦, 𝑡) + 𝜒𝑢𝑥(0, 𝑦, 𝑡) + 𝑑𝑢(0, 𝑦, 𝑡) = 0, (4.75)
which is a partial differential equation that has to be enforced on the absorbing boundary Γ∞ (at
𝑥 = 0). In the form of a partial differential equation, it does not necessitate the previous superscript
notation of the prolonged solution 𝑢̃ as we only consider the solution for 𝑡 ≥ 0. Note that, for a
vanishing damping coefficient 𝑑 = 0, the relation in (4.75) corresponds to the conventional zeroth-
order ABCs provided in [97].
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Proposed Nonlocal Absorbing Boundary Conditions

The far-field approximation procedure closely follows the methodology outlined in Section 4.1.2
for unbounded diffusion problems, with the emphasis on the necessary adaptations required to ad-
dress wave propagation problems. The ABCs are constructed using a linear combination of semi-
analytical far-field solutions given in (4.58), with their unknown coefficients determined through a
collocation procedure. Both the classical and peridynamic scalar wave equations follow the same
process for constructing the ABCs, and no distinction is made between the two at this stage. Con-
sequently, we obtain Dirichlet-type ABCs that are applicable to the nodes at each discrete time step
through constant updating vectors. It is worth noting that while the classical scalar wave equation
involves a boundary surface (depicted as Γ∞ in Fig. 4.1 for unbounded diffusion-type problems),
the peridynamic scalar wave equation utilizes a boundary layer (represented as Γ∗

∞ in Fig. 4.21).
We approximate the field variable and its first time derivative at the nodes within the cloud,

𝐱̄ ∈ Ω∞
𝑖 . Instead of using the time interval [𝑡𝑛, 𝑡𝑛 + Δ𝑡] as utilized in Section 4.1.2 for unbounded

diffusion-type problems and proposed in the original work [125], we now assume a symmetric
interval [𝑡𝑛 − Δ𝑡, 𝑡𝑛 + Δ𝑡] where the approximation is considered valid. This choice has been
found particularly effective in stabilizing the numerical simulation, especially for unbounded peri-
dynamic scalar wave problems. Further details on the stability analysis are provided in the next
section. By defining the approximation in the local time coordinate 𝑡 ∈ [−Δ𝑡,Δ𝑡], we express the
approximation around the time instant 𝑡𝑛 as

𝑢𝑛∞(𝐱̄, 𝑡) =
𝑛𝑏
∑

𝑚=1
𝑝𝑛𝑚𝜓𝑚(𝐱̄, 𝑡) = 𝛙(𝐱̄, 𝑡)𝐩

𝑛,

𝑣𝑛∞(𝐱̄, 𝑡) =
𝑛𝑏
∑

𝑚=1
𝑞𝑛𝑚𝜓̇𝑚(𝐱̄, 𝑡) = 𝛙̇(𝐱̄, 𝑡)𝐪

𝑛,

(4.76)

where 𝑢𝑛∞(𝐱̄, 𝑡) and 𝑣𝑛∞(𝐱̄, 𝑡) represent the field variable and its first time derivative, respectively,
at node 𝐱̄ and time 𝑡 (in the local time). Here, 𝜓𝑚 and 𝜓̇𝑚 denote the 𝑚th mode and its first time
derivative, respectively, and 𝑛𝑏 is the number of modes. The constant unknown coefficients 𝑝𝑛𝑚 and
𝑞𝑛𝑚 correspond to the presumed local time interval around 𝑡𝑛. It is important to note that we as-
sume two separate sets of coefficient vectors 𝐩𝑛 and 𝐪𝑛, allowing the approximation of 𝑢𝑛∞ and 𝑣𝑛∞independently of each other. This approach is possible due to the construction of ABCs involving
a WLS approximation of the coefficient vectors, which is generally not unique. Moreover, ap-
proximating the field variable and its first time derivative separately has been found to enhance
numerical stability. In the rightmost expressions in (4.76), we adopt vector notation for simplicity,
where

𝛙(𝐱̄, 𝑡) ∶=
(

𝜓1(𝐱̄, 𝑡), 𝜓2(𝐱̄, 𝑡), ⋯ , 𝜓𝑛𝑏(𝐱̄, 𝑡)
)

,

𝛙̇(𝐱̄, 𝑡) ∶=
(

𝜓̇1(𝐱̄, 𝑡), 𝜓̇2(𝐱̄, 𝑡), ⋯ , 𝜓̇𝑛𝑏(𝐱̄, 𝑡)
)

,

𝐩𝑛 ∶=
(

𝑝𝑛1, 𝑝𝑛2, ⋯ , 𝑝𝑛𝑛𝑏
)T
,

𝐪𝑛 ∶=
(

𝑞𝑛1 , 𝑞𝑛2 , ⋯ , 𝑞𝑛𝑛𝑏
)T
.

(4.77)
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Let us now introduce the vectors

𝐠𝑛(𝐱̄) ∶=
(

𝑢𝑛∞(𝐱̄, 0)
𝑢𝑛∞(𝐱̄,−Δ𝑡)

)

=
[

𝛙(𝐱̄, 0)
𝛙(𝐱̄,−Δ𝑡)

]

𝐩𝑛,

𝐡𝑛(𝐱̄) ∶=
(

𝑣𝑛∞(𝐱̄, 0)
𝑣𝑛∞(𝐱̄,−Δ𝑡)

)

=
[

𝛙̇(𝐱̄, 0)
𝛙̇(𝐱̄,−Δ𝑡)

]

𝐪𝑛,
(4.78)

where the vectors 𝐠𝑛(𝐱̄) and 𝐡𝑛(𝐱̄) represents the field variable and its first time derivative at the
local time steps 𝑡 = 0 and 𝑡 = −Δ𝑡, respectively. To determine the unknown coefficient vectors 𝐩𝑛
and 𝐪𝑛, we organize‚ the nodal values within the cloud into vectors 𝐆𝑛 and 𝐇𝑛 as

𝐆𝑛 =
⎛

⎜

⎜

⎜

⎝

𝐠𝑛(𝐱̄𝑖)
⋮

𝐠𝑛(𝐱̄𝑗)
⋮

⎞

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑢𝑛𝑖,∞
𝑢𝑛−1𝑖,∞
⋮
𝑢𝑛𝑗,∞
𝑢𝑛−1𝑗,∞
⋮

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

=𝐌𝐺𝐩𝑛, 𝐇𝑛 =
⎛

⎜

⎜

⎜

⎝

𝐡𝑛(𝐱̄𝑖)
⋮

𝐡𝑛(𝐱̄𝑗)
⋮

⎞

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑣𝑛𝑖,∞
𝑣𝑛−1𝑖,∞
⋮
𝑣𝑛𝑗,∞
𝑣𝑛−1𝑗,∞
⋮

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

=𝐌𝐻𝐪𝑛, 𝐱𝑗 ∈ Ω∞
𝑖 , (4.79)

where 𝑢𝑛𝑖,∞ ∶= 𝑢𝑛∞(𝐱̄𝑖, 0), 𝑢𝑛𝑗,∞ ∶= 𝑢𝑛∞(𝐱̄𝑗 , 0), 𝑢𝑛−1𝑖,∞ ∶= 𝑢𝑛∞(𝐱̄𝑖,−Δ𝑡), 𝑢𝑛−1𝑗,∞ ∶= 𝑢𝑛∞(𝐱̄𝑗 ,−Δ𝑡), 𝑣𝑛𝑖,∞ ∶=
𝑣𝑛∞(𝐱̄𝑖, 0), 𝑣𝑛𝑗,∞ ∶= 𝑣𝑛∞(𝐱̄𝑗 , 0), 𝑣𝑛−1𝑖,∞ ∶= 𝑣𝑛∞(𝐱̄𝑖,−Δ𝑡), 𝑣𝑛−1𝑗,∞ ∶= 𝑣𝑛∞(𝐱̄𝑗 ,−Δ𝑡), and 𝐌𝐺 and 𝐌𝐻
represent the moment matrices of the collocation procedure. If the number of nodes in the cloud
is less than the number of modes, 𝑛𝑏, the coefficient vectors 𝐩𝑛 and 𝐪𝑛 can be obtained through

𝐩𝑛 =𝐌+
𝐺𝐆

𝑛,

𝐪𝑛 =𝐌+
𝐻𝐇

𝑛,
(4.80)

where the Moore-Penrose generalized inverses of the respective moment matrices are denoted as
𝐌+
𝐺 and𝐌+

𝐻 . Using these generalized inverses and substituting the expressions from (4.80) for the
coefficient vectors into (4.76), we obtain the expressions

𝑢𝑛∞(𝐱̄, 𝑡) = 𝝍(𝐱̄, 𝑡)𝐌+
𝐺𝐆

𝑛,

𝑣𝑛∞(𝐱̄, 𝑡) = 𝝍̇(𝐱̄, 𝑡)𝐌+
𝐻𝐇

𝑛.
(4.81)

To calculate the values of the field variable 𝑢𝑛+1𝑖 and its first time derivative 𝑣𝑛+1𝑖 at the central node
of the cloud 𝐱𝑖, we evaluate (4.81) at this node and for the local time 𝑡 = Δ𝑡 yielding

𝑢𝑛+1𝑖 ≈ 𝑢𝑛∞(𝐱̄𝑖,Δ𝑡) = 𝝍(𝟎,Δ𝑡)𝐌+
𝐺𝐆

𝑛 = 𝐕𝐺𝐆𝑛,
𝑣𝑛+1𝑖 ≈ 𝑣𝑛∞(𝐱̄𝑖,Δ𝑡) = 𝝍̇(𝟎,Δ𝑡)𝐌+

𝐻𝐇
𝑛 = 𝐕𝐻𝐇𝑛,

(4.82)

where the constant updating vectors 𝐕𝐺 and 𝐕𝐻 are associated with node 𝐱𝑖 and can be computed
prior to the simulation. Since the nodal values forming𝐆𝑛 and𝐇𝑛 on the right-hand sides of (4.82)
are already known at the time instant 𝑡𝑛, we can conveniently apply Dirichlet-type ABCs to the ab-
sorbing boundary nodes during each time step. This results in an efficient extrapolation in time
procedure, where only the nodal values are required when implementing the ABCs. As a conse-
quence, the computational overhead is minimized, making the numerical approach computationally
practical and efficient.
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4.2.3 Implementation of Unbounded Domain Scalar Waves

This section delves into crucial considerations related to implementing ABCs for scalar wave
propagation in numerical simulations, focusing on compatibility with the chosen near-field so-
lution method and ensuring numerical stability. The numerical examples in this section, like those
for diffusion problems in Section 4.1.5, were implemented in C++ programming language. We
used OPENMP directives for parallelization, the libkdtree library to construct neighborhoods
and clouds, and the LAPACK library [5] for computing the Moore-Penrose generalized inverses
in (4.80). While the proposed approach to tackle unbounded domain problems has shown robust-
ness and accuracy for both classical and peridynamic diffusion problems, ensuring accurate and
stable simulations for unbounded scalar wave propagation problems demands additional attention.

In both classical and peridynamic scalar wave problems in viscous media, similar to the dis-
cussion in Section 4.1.3 for diffusion problems, a crucial aspect involves the meticulous choice of
the parameters Δ𝜙 and Δ𝑘, along with their corresponding ranges as specified in (4.56). For Δ𝜙,
a range of [−1, 1] with at least 10 subdivisions is proposed, and Δ𝜙 = 𝜋∕4 has been found to yield
satisfactory results. To maintain stable numerical simulations and prevent unwanted wave reflec-
tions, it is essential to avoid excessively high Δ𝜙 values, while not restricting the range of incident
waves that can be effectively absorbed too much. According to the Nyquist-Shannon sampling
theorem, the second parameter, Δ𝑘, influencing the spatial mode fluctuations, should satisfy

0 < Δ𝑘 ⩽ 𝜋
Δ𝑥

, (4.83)

where Δ𝑥 is the grid spacing. For the parameter 𝑘, we suggest using at least 10 evenly spaced sub-
divisions within the interval [−Δ𝑘,Δ𝑘], similar to the choice made for the interval of 𝜙. Note that,
the extrapolation procedure employed for the ABCs resembles a fixed-point iteration scheme over
extended time periods. It is known that fixed-point iterations contract only when they are Lipschitz
continuous. To ensure numerical stability in practice, we find that the norm of the updating vectors
𝐕𝐺 and 𝐕𝐻 should not exceed the value of 2, as two time steps are used for extrapolation in (4.82)
over multiple time steps. The maximum norm ‖𝐕‖max ∶= max

𝑖=1,…,𝑁
|𝑉𝑖| for a vector 𝐕 ∈ ℝ𝑁 is

preferred over the Euclidean norm in practice. For the following numerical examples, we select
and report Δ𝑘 to satisfy this condition.

Matching Near-Field and Far-Field Dispersion Relations

For accurately transmitting outgoing waves to the far-field in numerical simulations, especially in
the peridynamic case, we need to reevaluate the nonlocal characteristic dispersion relations pre-
sented in (4.47), and (4.51). These equations were derived at the continuum level and may not
precisely capture the dynamics of discrete systems, which exhibit discrete dispersion relations.
To address this, we utilize the standard meshfree modified one-point Gaussian quadrature of PD
for discretizing the spatial integral in (4.43), instead of relying on the Taylor expansion as given
in (4.44), yielding

𝜔̄2 − 2𝑑𝚤𝜔̄ +
∑

𝑗∈0

𝑐𝑠𝜔(‖𝐱𝑗‖)
exp

(

𝚤𝑘(𝑥𝑗 cos𝜙 + 𝑦𝑗 sin𝜙)
)

− 1
‖𝐱𝑗‖𝑝

𝛽(𝐱𝑗)Δ𝑉𝑗 ≈ 0, (4.84)

where 0 represents the set of family nodes around the origin. The solution that satisfies the
quadratic expression on the left-hand side of (4.84) yields the nonlocal numerical dispersion rela-
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tion, given by

𝜔̄ = 𝚤𝑑 ±

√

√

√

√−𝑑2 −
∑

𝑗∈0

𝑐𝑠𝜔(‖𝐱𝑗‖)
exp

(

𝚤𝑘
(

𝑥𝑗 cos𝜙 + 𝑦𝑗 sin𝜙
))

− 1
‖𝐱𝑗‖𝑝

𝛽(𝐱𝑗)Δ𝑉𝑗 , (4.85)

which is consistent with the standard discretization scheme of PD and ensures accurate represen-
tation of the nonlocal dynamics in the discrete system. It is important to note that this procedure
can also be applied to other discretization schemes used for the near-field solution in a similar
manner. Unlike previous works [125, 95], which primarily focused on local equations, the current
approach involves selecting modes that align with the dispersion relation of the discrete nonlocal
system. This alignment is crucial for ensuring numerical stability and accuracy when dealing with
nonlocal wave problems.

Fig. 4.22 presents a comparison of the nonlocal numerical dispersion relation (4.85) for a se-
lected value of 𝛿 = 2, considering negligible damping (𝑑 = 0) and a constant influence function 𝜔̄
as given in (2.12). The figure shows this nonlocal numerical dispersion relation in contrast with the
corresponding nonlocal characteristic dispersion relation derived from a Taylor expansion (4.47)
and the local characteristic dispersion relation (4.39). We analyze two cases for the nonlocal char-
acteristic dispersion relation: one with a lower-order (4th-order) and one with a higher-order (26th-
order) Taylor expansion. Similarly, we investigate the nonlocal numerical dispersion relation for
two scenarios: a coarser (Δ𝑥 = 𝛿∕2) and a finer discretization (Δ𝑥 = 𝛿∕8). As 𝑘𝛿 → 0, both
the continuum and discrete dispersion relations approach the linear, local dispersion relation, but
they deviate significantly for larger values of 𝑘𝛿. To accurately compute the nonlocal charac-
teristic dispersion relation, employing a high-order Taylor expansion or fine discretization is es-
sential, yielding comparable results. Fig. 4.22 illustrates the differences between the discrete and
continuum-level dispersion relations, emphasizing the need to match the dispersion relations of the
far-field modes with the discrete near-field dynamics. To ensure compatible and accurate ABCs,
the neighboring points, mesh size, and horizon used to evaluate the nonlocal numerical disper-
sion relation (4.85) must align with the parameters of the near-field, ensuring the correspondence
between the dispersion relations used in the far-field and those of the (discrete) near-field.
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Figure 4.22: Comparison between the nonlocal numerical dispersion relation (PD-numerical) and
the nonlocal characteristic dispersion relation based on Taylor expansions (PD-Taylor), as well as
the linear, local characteristic dispersion relation (Local) in a non-viscous medium (𝑑 = 0). The
figure depicts the PD-Taylor for two different Taylor expansion orders (4th and 26th orders) and
PD-numerical for two distinct discretizations (𝛿∕Δ𝑥 = 2, 8). To avoid negative ranges, the graphs
are plotted over the absolute value of 𝜔̄. Reproduced and adjusted from [59].
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Greedy Sparse Method Approach for Improved Conditioning

The issue of numerical stability in scalar wave propagation problems is closely related to the selec-
tion of collocation nodes in (4.79) and the solution procedure involving the Moore-Penrose inverse
matrices in (4.80). In practice, it has been found that using all family nodes within the cloud,
Ω∞
𝑖 , as shown in the top-left part of Fig. 4.23, can lead to numerically unstable simulations due

to poorly conditioned moment matrices in (4.79). The observed instability may be attributed to
the fact that the extrapolation on the central node 𝐱𝑖 incorporates information from nodes that are
spatially ahead of it. In the context of the peridynamic scalar wave equation, this implies that the
temporal prediction of the outgoing wavefront on the central node 𝐱𝑖 includes information from
nodes to which the wavefront has not yet arrived. To address this stability issue, we introduce an
extrapolation region ∞

𝑖 (Δ𝜙) ⊂ Ω∞
𝑖 for the absorbing node 𝐱𝑖. This region is a conic subset of the

cloud and is defined as
∞
𝑖 (Δ𝜙) =

{

𝐱̄ ∈ Ω∞
𝑖 ∶ 𝜋

2
+ Δ𝜙 < arg (𝐱̄) < 3𝜋

2
− Δ𝜙

}

. (4.86)

The illustration of this region can be found in the top-right part of Fig. 4.23. To enhance numerical
stability in our simulations, we consider nodes only within the extrapolation region, which can be
achieved by limiting the spread of a cone around the central node 𝐱𝑖. This extrapolation region,
denoted as ∞

𝑖 (Δ𝜙), is defined by the angle Δ𝜙, and for our purposes, we set it to 𝜋∕4, a value that
accommodates the maximum angle of incident waves and yields satisfactory results in practice.

An equally important consideration is the selection and number of collocation nodes employed
within the extrapolation region, especially for scenarios involving high resolutions or large hori-
zons. Efficient meshfree methods aim to strike a balance between minimizing computational costs
and achieving the smallest possible error [111]. It is beneficial to use a minimum number of
nodes with adequate distances from each other to improve the conditioning of the moment matri-
ces in (4.80) and ensure the numerical stability of the simulation. Previous research has explored
various techniques for identifying an optimal set of collocation nodes, often referred to as greedy
sparse methods [111, 43]. However, these methods can be iterative and computationally expen-
sive. In contrast, we propose a straightforward and efficient approach based on the meshfree WLS
collocation scheme, which was introduced and utilized in Section 3.2 to develop efficient numeri-
cal solution techniques for peridynamic models. First, we introduce a fixed set of auxiliary nodes
within the cloud, represented by blue markers in the bottom-left illustration of Fig. 4.23. We then
restrict the collocation process to the nearest nodes to these auxiliary nodes within the extrapola-
tion region ∞

𝑖 (Δ𝜙), as depicted in the bottom-right illustration of Fig. 4.23. This reduction in the
number of nodes involved in collocation leads to improved computational performance and better
conditioning of the moment matrices. It’s important to note that the arrangement of collocation
nodes should ideally be symmetric to avoid potential instabilities [111].

It is important to highlight that this approach, which utilizes EBFs, differs from other meshfree
approaches like the FPM. In the FPM, increasing the number of nodes in the cloud improves the
solution accuracy due to fewer basis functions available. However, with EBFs, we require a higher
number of modes, leading to a higher ratio of modes to collocation nodes. This increase in modes
is necessary to efficiently absorb incoming waves with various wave numbers and orientations.
Increasing the number and density of nodes in the cloud may adversely affect the conditioning of
moment matrix and lead to instability. To further enhance the numerical stability of the collocation
procedure, we suggest an iterative approach to reduce the node density. This involves decreasing
the number of nodes along the cloud coordinate axes by a factor of 2, as conceptually depicted in the
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lower right corner of Fig. 4.23. Although this approach may not yield the most optimal collocation
nodes, as described in [111, 43], it has been observed to effectively enhance the conditioning of
the moment matrices in (4.79). To ensure numerical stability prior to simulation, we recommend
monitoring the condition numbers of the moment matrices. Based on our numerical investigations,
condition numbers within the range of approximately 1011 to 1012 typically guarantee numerical
stability. Therefore, we suggest to iteratively reduce the node density by a factor of 2 until the con-
dition numbers fall within this specified range. This approach offers a user-friendly and practical
means of ensuring numerical stability, especially for clouds with a large number of nodes that may
lead to poor condition numbers. While it may not be the optimal choice of collocation nodes, it
has proven effective in practice.

𝑥̄

𝑦̄

Γ∗
∞

𝐱𝑖

Ω∞
𝑖

Extrapolationregion ∞
𝑖 (Δ𝜙)

Δ𝜙

Auxiliary node

Family node

Collocation node
Figure 4.23: The procedure to select the collocation nodes: (top left) the neighborhood Ω∞

𝑖 of node
𝐱𝑖 in the boundary layer Γ∗

∞, including its whole family nodes, (top right) selection of the extrapo-
lation region, (bottom left) setting the auxiliary grid centered at 𝐱𝑖, and (bottom right) selection of
the collocation nodes with respect to the auxiliary grid. Reproduced and adjusted from [59].
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4.2.4 1D Peridynamic Wave Propagation

In this example, we investigate the numerical performance of the ABCs for peridynamic scalar
wave propagation on a 1D unbounded viscous domain. We first compare the continuous and dis-
crete dispersion relations to construct modes for the ABCs, ensuring matching dispersion relations
between the near-field and the far-field. Next, we analyze the impact of the number of modes on
the numerical solution accuracy. Finally, we test the constructed ABCs on a 1D highly dispersive
peridynamic wave propagation system. Due to the presence of high-frequency components in the
waves, fine spatial and temporal resolutions are required for computational feasibility, leading us
to conduct the following investigations in 1D. Assuming the kernel exponent 𝑝 in (2.40) as 0, the
homogeneous 1D peridynamic wave equation is given by

𝑢̈(𝑥, 𝑡) − ∫

+𝛿

−𝛿
𝑐𝑠𝜔(|𝜉|) (𝑢(𝑥 + 𝜉, 𝑡) − 𝑢(𝑥, 𝑡)) d𝜉 + 2𝑑𝑢̇(𝑥, 𝑡) = 0. (4.87)

To obtain the dispersion relation of the continuous system, we substitute the generic mode, given
by 𝜓(𝑥, 𝑡) = exp(𝚤𝛼𝑥 + 𝚤𝜔̄𝑡), for 𝑢 in (4.87) and obtain

(

−𝜔̄2 − ∫

+𝛿

−𝛿
𝑐𝑠(exp(𝚤𝛼𝜉) − 1)d𝜉 + 2𝑑𝚤𝜔̄

)

exp(𝚤𝛼𝑥 + 𝚤𝜔̄𝑡) = 0. (4.88)

Following a procedure similar to (4.141), we arrive at the dispersion relation given by

𝜔̄2 − 2𝑑𝚤𝜔̄ = ∫

+𝛿

−𝛿
𝑐𝑠(1 − cos(𝛼𝜉)) d𝜉. (4.89)

Assuming 𝑐𝑠 = 3𝜒2

𝛿3
where 𝜒2 represents the propagation wave speed, the expression for 𝜔̄2 in

(4.89) can be expressed in closed-form as

𝜔̄2 − 2𝑑𝚤𝜔̄ =
6𝜒2(𝛼𝛿 − sin(𝛼𝛿))

𝛼𝛿3
. (4.90)

Notably, by employing a Taylor series expansion of sin(𝛼𝛿) around the origin and assuming that
𝛼𝛿 ≪ 1, we obtain the expression

𝜔̄2 − 2𝑑𝚤𝜔̄ =
6𝜒2(𝛼𝛿 − (𝛼𝛿 −

(𝛼𝛿)3

3!
+…))

𝛼𝛿3
≈ 𝜒2𝛼2, (4.91)

which leads to the continuous dispersion relation of the classical (local) wave equation, given by
𝜔̄ = 𝚤𝑑 ±

√

−𝑑2 + 𝜒2𝛼2. (4.92)
Let us consider a uniform spatial discretization of the system in question with𝑁+1 points, denoted
by𝑋 =

{

𝑥0, 𝑥1,… , 𝑥𝑁
}, where the grid size isΔ𝑥 = 𝛿∕𝑚with𝑚 ∈ ℕ. This implies that 𝑥𝑖 = 𝑖Δ𝑥

for 𝑖 = 0, 1,… , 𝑁 . The governing equation of motion on the discrete spatial domain at time 𝑡 ≥ 0
can be expressed as

𝑢̈𝑖 −
𝑖+𝑚
∑

𝑗=𝑖−𝑚
𝑗≠𝑖

𝑐𝑠𝜔(|(𝑗 − 𝑖)Δ𝑥|)
(

𝑢𝑗 − 𝑢𝑖
)

𝛽 ((𝑗 − 𝑖)Δ𝑥) Δ𝑥 + 2𝑑𝑢̇𝑖 = 0, (4.93)
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where 𝑢𝑖 ∶= 𝑢(𝑥𝑖, 𝑡), 𝑢̇𝑖 ∶= 𝑢̇(𝑥𝑖, 𝑡) and 𝑢̈𝑖 = 𝑢̈(𝑥𝑖, 𝑡). We consider the influence function according
to (eqref) as 𝜔̄(|(𝑗 − 𝑖)Δ𝑥|) ≡ 1 and once again choose 𝑐𝑠 = 3𝜒2∕𝛿3. To construct the ABCs
using (4.82), we need modes that match the numerical dispersion relation given in (4.93). For this
purpose, we insert the spatially discrete mode 𝜓𝑖 = exp (𝚤𝛼(𝑖Δ𝑥) + 𝚤𝜔̄𝑡) for 𝑢𝑖 into (4.93), resulting
in

⎛

⎜

⎜

⎜

⎝

−𝜔̄2 −
𝑖+𝑚
∑

𝑗=𝑖−𝑚
𝑗≠𝑖

𝑐𝑠 (exp (𝚤𝛼(𝑗 − 𝑖)Δ𝑥) − 1) 𝛽((𝑗 − 𝑖)Δ𝑥)Δ𝑥 + 2𝑑𝚤𝜔̄

⎞

⎟

⎟

⎟

⎠

exp (𝚤𝛼(𝑖Δ𝑥) + 𝚤𝜔̄𝑡) = 0.

(4.94)
Similar to the procedure in (4.85), we can replace the difference in spatial indices (𝑗 − 𝑖) with a
running index 𝑙 to obtain the numerical dispersion relation for the 1D system as

𝜔̄ = 𝚤𝑑 ±

√

√

√

√

√

−𝑑2 −
𝑚
∑

𝑙=−𝑚
𝑙≠0

𝑐𝑠 (exp (𝚤𝛼𝑙Δ𝑥) − 1) 𝛽(𝑙Δ𝑥)Δ𝑥. (4.95)

Figure 4.24 compares the dispersion relations in (4.90), (4.92), and (4.95) for a case study with
parameters 𝜒2 = 1, 𝑑 = 0, and 𝛿 = 10. The numerical dispersion relation in (4.95) is plotted for
three different grid spacings Δ𝑥, ranging from coarse to fine. As observed in the 2D investigation
(see Fig. 4.22), as 𝛼𝛿 → 0, both the analytical and numerical peridynamic dispersion relations
approach the local dispersion relation. However, significant deviations between the local and peri-
dynamic dispersion relations appear for large values of 𝛼𝛿. This discrepancy indicates that the
ABCs developed for classical models may not directly apply to peridynamic models. To obtain
accurate ABCs, it becomes crucial to construct the modes used for the far-field solution with a
numerical dispersion relation that closely emulates the discrete near-field dynamics. Interestingly,
when 𝛿∕Δ𝑥 ≈ 10, the numerical dispersion relation closely aligns with the analytical one. This
finding suggests that employing the analytical dispersion relation would lead to computationally
expensive calculations to achieve accurate ABCs, even in 1D. Thus, adopting the numerical disper-
sion relation proves to be a viable and computationally efficient strategy, particularly when 𝛿∕Δ𝑥
is not excessively large.
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Figure 4.24: Comparison of the peridynamic dispersion relations in 1D at both the discrete and
continuum levels for the case study in 4.2.4. The graphs are plotted for the absolute values of 𝜔̄ to
avoid negative ranges. Reproduced from [124].
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Effect of Mode Quantity on Numerical Solution Accuracy

In this section, we demonstrate the significance of using an appropriate number of modes for the
construction ABCs to achieve accurate solutions. For this purpose, we investigate a wave propaga-
tion problem in a 1D non-viscous (𝑑 = 0) unbounded domain (−∞,∞) governed by the equation
in (4.87). The propagation wave speed is chosen as 𝜒2 = 1, and the peridynamic horizon is set
to 𝛿 = 0.6. Our computational domain is confined to the region (−10, 10), while for validation,
we take the solution from an extended domain (−50, 50) as the reference solution. The initial
displacement condition that serves as the excitation source is given by

𝑢0(𝑥) = exp(−𝑥2). (4.96)
We discretize the spatial domain using a grid spacing of Δ𝑥 = 0.2, resulting in 501 nodes for the
extended domain and 101 nodes for the truncated (computational) domain. This setup includes
three absorbing nodes on each side of the computational domain. The simulation spans a time
duration of 25 units, ensuring that 𝑢 near the boundaries of the extended domain remains nearly
zero. The simulation employs the velocity-Verlet algorithm for time integration with a time step
of Δ𝑡 = 0.001, resulting in a total of 25, 000 time steps. For the evaluation, we set Δ𝛼 = 𝜋∕2, and
to assess the accuracy of the method, we examine different numbers of modes separately ranging
from 1 to 5.

Fig. 4.25 compares the accuracy of the ABCs using different numbers of modes (𝑛𝑏). The plot
shows the energy difference between the solutions of the truncated domain with varying modes and
the reference solution over time. Increasing the number of modes in the ABCs leads to higher ac-
curacy until it reaches a certain level, constrained by the discretization. After surpassing a specific
number of modes (four in this case), further additions do not significantly improve the accuracy,
indicating convergence. Fig. 4.26 presents the displacement field results obtained by the proposed
method using five modes, showing close agreement with the reference solution at four different
time instants.
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Figure 4.25: The accuracy of the ABCs on a 1D non-viscous unbounded domain is compared in
terms of total energy, using different numbers of modes 𝑛𝑏. Reproduced from [124].
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Figure 4.26: The displacement field at four different time instants of the 1D non-viscous wave
propagation problem in Section 4.2.4. Reproduced and adjusted from [124].

130



4.2. Peridynamic Scalar Waves on Unbounded Domains

Assessing the Numerical Performance on Highly Dispersive Waves

In this section, we assess the numerical performance of the ABCs on a 1D viscous unbounded
domain containing waves with high-frequency components. The computational domain is defined
as (−10, 10), and the system parameters are set to 𝜒2 = 10 and 𝑑 = 5 × 10−4. For the space
discretization, we choose Δ𝑥 = 0.01, leading to 2001 nodal points inside the domain and 25
absorbing nodes at each boundary. The horizon size is fixed at 𝛿 = 𝑚Δ𝑥 = 0.25 with 𝑚 = 25,
and the time step is set to Δ𝑡 = 1 × 10−4. The simulation runs over a total of 150, 000 time
steps. To obtain a reference solution, we use a larger computational domain of (−60, 60) with the
same system parameters, resulting in a total of 12001 nodal points. To introduce high-frequency
components in the wave, we initialize the field variable with a steep pulse represented by

𝑢0𝑖 = exp (−20 log (2)𝑥2𝑖 ). (4.97)
This initial condition generates a propagating wave exhibiting highly dispersive behavior, as de-
picted in Fig. 4.27. To construct the modes required for the far-field approximation, we select them
from a symmetric interval given by

𝛼𝑙 ∈ [−Δ𝛼,Δ𝛼], Δ𝛼 > 0, 𝑙 = (0, 1,… , 𝑛𝑏), (4.98)
where we choose Δ𝛼 = 1 and divide the interval into 𝑛𝑏 = 20 evenly spaced subdivisions. To guar-
antee numerical stability before the simulation, we follow the stabilization steps described in Sec-
tion 4.2.3. By excluding nodes ahead of the absorbing boundary node within the clouds, and
monitoring the condition numbers of moment matrices and the norms of updating vectors, we en-
sure stability. In this example, no further node reduction is required for the absorbing boundary
clouds, as illustrated in Fig. 4.23, but it may become necessary for different system parameters.
Therefore, we recommend monitoring the condition numbers and updating vector norms to ensure
numerical stability prior to the simulation, if needed, reducing the number of cloud nodes until
the condition numbers and updating vector norms fall within the specified ranges, as provided in
Section 4.2.3.

Fig. 4.27 displays the results of the reference solution and the truncated domain equipped with
ABCs. Notably, the waves exhibit high frequency tails due to the chosen horizon size of 𝛿 = 0.25
and the initial condition (see e.g., [117]). The truncated domain exhibits a remarkable resemblance
to the reference solution, confirming the method’s effectiveness in handling highly dispersive waves
with significant high-frequency components and large𝑚 values. Throughout the simulation period,
the method maintains numerical stability.
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Figure 4.27: Propagation of peridynamic waves in a 1D viscous domain at four different time
instants. Given the system parameters, the waves develop high-frequency tails as they propagate
towards both ends of the computational domain. Reproduced from adjusted from [59].
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4.2.5 2D Classical Scalar Waves on Unbounded Domains

In this example, we examine the classical (local) scalar wave equation in a 2D viscous medium as
described by (2.37). The near-field solution is obtained using FEM with linear shape functions.
Fig. 4.28 presents the results at different times. The near-field region is a square domain, (−26, 26)×
(−26, 26), discretized with square elements of edge length Δ𝑥 = 0.5. We show three sets of
results: the reference solution on a larger domain, (−126, 126) × (−126, 126), with homogeneous
Dirichlet boundary conditions (left column), the near-field solutions using the proposed ABCs
(middle column), and the near-field solutions using conventional first-order ABCs (right column).
These are referred to as reference, proposed, and conventional, respectively. The conventional first-
order ABCs derivation for the classical wave equation in viscous media is provided in Section 4.2.2.
The proposed ABCs are implemented only on the outermost boundary nodes.

The truncated models consist of a total of 11, 025 nodes and 10, 816 elements, while the refer-
ence model utilizes 251, 001 nodes and 250, 000 elements. For time integration, each model applies
the explicit velocity-Verlet scheme with a time step of Δ𝑡 = 5×10−4. The wave propagation speed
is set to 𝜒2 = 1, and the medium damping coefficient is 𝑑 = 0.0125. For ensuring stable numerical
simulations in 2D and achieving reasonable norms of the updating vectors in (4.82), along with ap-
propriate condition numbers of the moment matrices in (4.80), we empirically set the parameter Δ𝑘
from (4.56) to 1. This choice of Δ𝑘 has been found to yield satisfactory results and supports the sta-
bility of the simulation. The initial conditions according to (2.39), with 𝑢0(𝐱) = exp

(

− log 2
9 (‖𝐱‖)

)

and 𝑢̇0(𝐱) = 0, represent a pulse-like excitation.
Fig. 4.28 compares the near-field solutions between the truncated domain models and the ref-

erence solution at selected time instances. The proposed model effectively transmits the wave out-
ward without significant reflections, even when the wave reaches the near-field boundary. On the
other hand, the conventional first-order ABCs result in noticeable reflections, especially at 𝑡 = 40
and 𝑡 = 50, as evident from the absolute value of the solution differences |𝑢(𝐱, 𝑡) − 𝑢ref(𝐱, 𝑡)| for
the final time step 𝑡 = 50, as shown in Fig. 4.29. The left column of Fig. 4.29 depicts the solu-
tion difference for the model equipped with the proposed ABCs, while the right column shows the
difference for the conventional model. Notably, in the conventional model, reflections primarily
originate from the near-field corners, consistent with the known susceptibility of corners to cause
numerical instabilities [108].

To assess the numerical stability of the proposed ABCs model, we present the normalized en-
ergy evolution within the near-field in Fig. 4.30 (right). The plot shows the course of the normalized
energy, with respect to the initial energy of the system 𝐸0, over a total of 5 × 106 time steps, and it
is compared to the energy evolution of the reference solution. The energy at time 𝑡 ≥ 0 is defined
as

𝐸(𝑡) = 1
2 ∫Ω𝑁

(

𝑢̇2(𝐱, 𝑡) + 𝜒2

[

(

𝜕𝑢(𝐱, 𝑡)
𝜕𝑥

)2

+
(

𝜕𝑢(𝐱, 𝑡)
𝜕𝑦

)2
])

d𝑉𝐱, (4.99)

where Ω𝑁 represents the integration region. During the entire simulation duration, no signs of
unstable behavior are observed, confirming the numerical stability of the proposed ABCs method.
Furthermore, the comparison of accuracy between the proposed and conventional models is illus-
trated in Fig. 4.30 (top). The time evolution of the near-field solution at a selected node is plotted
for all three models employed. As shown in Fig. 4.28 and Fig. 4.29, it is evident that the solution of
the proposed model agrees well with the reference solution, while the conventional model exhibits
significant reflections.

133



4.2. Peridynamic Scalar Waves on Unbounded Domains

Reference Proposed Conventional
t=
20

t=
30

t=
40

t=
50

(20,10)

Figure 4.28: Near-field solutions at various time instances for the classical scalar wave equation
in 2D viscous media. The left column shows the reference model, the middle column corresponds
to the model equipped with the proposed ABCs, and the right column represents the model with
conventional first-order ABCs. Reproduced from [59].
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Figure 4.29: Absolute difference between the solutions of the proposed and the reference model
(left), as well as the absolute difference between the conventional and the reference model (right)
at different time instances in 2D. Reproduced from [59].

135



4.2. Peridynamic Scalar Waves on Unbounded Domains

0 5 10 15 20 25 30 35 40 45 50 55 60 65
−0.05

0

0.05

0.1

𝑡

𝑢

Reference
Proposed
Conventional

100 101 102 103 104
0

0.2

0.4

0.6

0.8

1

𝑡

𝐸
∕𝐸

0

Reference
Proposed

Figure 4.30: Top: The time evolution of the solution at the point 𝐱 = (20, 10) (see Figure 4.28) for
the various models employed. Bottom: Comparison of the normalized energy evolution over time
between the proposed and the reference model. Reproduced from [59].

136



4.2. Peridynamic Scalar Waves on Unbounded Domains

4.2.6 2D Peridynamic Scalar Waves on Unbounded Domains

In this example, we apply the proposed ABCs to the peridynamic scalar wave equation (2.40) with
a constant influence function given by (2.12) and 𝑝 = 2. The governing equation in the near-field is
discretized using the standard discretization scheme of PD, and is represented by a circular domain
with a radius of 𝑅 = 26, as shown in Fig. 4.31. The computational domain is discretized using
regular square cells with a grid size of Δ𝑥 = 0.25, and the horizon is set to 𝛿 = 1.5.

We compare three models at different time instants: the left column in Fig. 4.31 presents the
reference solution obtained on a much larger domain (𝑅 = 126) with homogeneous Dirichlet
boundary conditions, and the middle and right columns depict two versions of the proposed model
using different dispersion relations. The model in the middle column, referred to as Proposed-A,
employs the discrete peridynamic dispersion relation from (4.85). On the other hand, the model
in the right column, denoted as Proposed-B, uses the local characteristic dispersion relation (4.39)
derived for the classical wave equation (2.37). In both Proposed-A and Proposed-B models, the
ABCs are applied to a layer with a width equal to the horizon 𝛿. Additionally, we reduce the num-
ber of collocation nodes based on Figure 4.23 to improve overall conditioning and computational
efficiency.

The proposed models Proposed-A and Proposed-B utilize a discretization resulting in a total of
33, 949 nodes, while the reference model employs 797, 889 nodes. Time integration is performed
using the explicit velocity-Verlet scheme from (3.9) with a time step of Δ𝑡 = 1 × 10−4. The wave
propagation speed is assumed as 𝜒2 = 1, and the medium damping coefficient is set to 𝑑 = 0.0125.
Similarly to the previous example in Section 4.2.5, we choose the parameter Δ𝑘 from (4.56) as
Δ𝑘 = 1. The initial conditions consist of a pulse given by 𝑢0(𝐱) = exp (− log 2(‖𝐱‖)) and 𝑢̇0(𝐱) = 0.

Fig. 4.31 presents a comparison of the near-field solutions between the two proposed models
at four selected time instances. Both Proposed-A and Proposed-B models effectively absorb the
incident waves. However, the Proposed-A model shows fewer reflections compared to Proposed-B,
particularly at times 𝑡 = 40 and 𝑡 = 50 after the wave departs the near-field. To further illustrate
this, Fig. 4.32 displays the absolute value of the difference between the solution of each proposed
model and the reference solution. The left column represents the results for the Proposed-A model,
while the right column depicts the results for Proposed-B model. The observed differences in
reflection behavior can be attributed to the choices of dispersion relations in each model. Proposed-
A utilizes a discrete peridynamic dispersion relation that matches the numerical method employed
in the near-field, resulting in reduced reflections. On the other hand, Proposed-B employs the local
characteristic dispersion relation that significantly differs from the discrete peridynamic dispersion
relation, leading to more prominent reflections.
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(20,10)

Reference Proposed-A Proposed-B
t=
20

t=
30

t=
40

t=
50

Figure 4.31: Near-field solutions at different time instances for the peridynamic scalar wave equa-
tion in 2D. The left column displays the results obtained from the reference model. In the middle
and right columns, the solutions from the proposed models are depicted. The middle column cor-
responds to the model equipped with ABCs based on modes using the discrete peridynamic dis-
persion relation (Proposed-A), while the right column corresponds to the ABCs based on modes
with the local characteristic dispersion relation (Proposed-B). Reproduced from [59].
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Proposed-A Proposed-B

t=
20

t=
30

t=
40

t=
50

Figure 4.32: The absolute difference between the solutions of the proposed models and the refer-
ence model at various time instances. The left plot shows the comparison between the proposed
model (Proposed-A) equipped with ABCs based on modes using the discrete peridynamic disper-
sion relation and the reference model. The right plot demonstrates the comparison between the
proposed model (Proposed-B) with the local characteristic dispersion relation and the reference
model. Reproduced from [59].
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4.2.7 2D Peridynamic Scalar Waves on Discontinuous Unbounded Domains

In this section, we further demonstrate the effectiveness of the proposed ABCs in a more challeng-
ing scenario, involving two notches in the near-field, as shown in Fig. 4.33. The notches are created
by breaking all the bonds that intersect the corresponding line segments. Apart from the horizon
size, set to 𝛿 = 0.75 in this example, the model parameters remain the same as in the previous ex-
ample, while the initial conditions are consistent with the setup provided in Section 4.2.6. For this
case, we focus solely on comparing the solution of the Proposed-A model (see Fig. 4.31) with the
reference solution, omitting the comparison with the Proposed-B model. The presence of notches
leads to reflections within the near-field, resulting in a complex wave state with multiple waves
impinging on the near-field boundary at various angles. Nevertheless, as shown in Fig. 4.33, the
ABCs effectively absorb the incident waves, providing a solution that closely matches the reference
solution despite the complexity of the problem.

To further assess the solution of the Proposed-A model, we analyze the time evolution of the
field variable at a specific point and compare it with the reference solution in Fig. 4.34. Initially, the
solutions show excellent agreement for the chosen near-field with domain radius𝑅 = 26. However,
as time progresses, slight deviations from the reference solution become noticeable in the Proposed-
A model. These discrepancies can be attributed to the complex wave state and the relatively large
angles of incidence on the absorbing boundary. Improving solution accuracy in relation to the ref-
erence solution can be achieved by reducing the angles of incident waves relative to the boundary
normal vectors. This can be accomplished by increasing the radius of the near-field, which effec-
tively enlarges the distance between the absorbing boundary and the notches. As demonstrated in
Fig. 4.34, the solution accuracy of the Proposed-A model considerably improves relative to the ref-
erence solution when using a larger near-field with domain radius 𝑅 = 42. However, it is essential
to note that there is always a trade-off between numerical accuracy and computational efficiency
when determining the domain size of the near-field.

In this numerical example, we encounter a challenging scenario with two notches in the near-
field, leading to wave reflections from multiple incident angles at the absorbing boundary. To en-
hance numerical accuracy in such cases, one approach is to enlarge the numerical domain, as illus-
trated in Fig. 4.34, although this can significantly increase computational costs. Another parameter
that can potentially impact result accuracy is Δ𝜙 from (4.56), which governs the range of angles
for the modes used to construct the ABCs. However, simply increasing Δ𝜙 may not always yield
better outcomes and could even lead to numerical instability due to reflections from the absorbing
boundary back to the near-field (see e.g. [125]). Hence, striking a careful balance between numeri-
cal accuracy and computational efficiency becomes essential, especially for complex problems like
the one described here.
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Reference Proposed-A

t=
20

t=
30

t=
40

t=
50

(20,10)

Figure 4.33: Near-field solutions at various time instances for the PD scalar wave equation. In
the left column, we have the reference model, and the right column showcases the proposed
model equipped with ABCs using modes based on the discrete PD dispersion relation (Proposed-A
model). Reproduced from [59].
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0 5 10 15 20 25 30 35 40 45 50 55 60 65
−0.05

0

0.05

0.1

𝑡

𝑢

Reference
Proposed (𝑅 = 26)
Proposed (𝑅 = 42)

Figure 4.34: Time evolution of the solution at 𝐱 = (20, 10) (see Figure 4.33) for both the refer-
ence model and the proposed model with the discrete peridynamic dispersion relation (Proposed-
A model). The results are presented for two near-fields, one with a domain radius of 𝑅 = 26 and
the other with a domain radius of 𝑅 = 42. Reproduced from [59].
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4.3 Bond-Based Peridynamics on Unbounded Domains

In the concluding section of this chapter, we explore how the proposed ABCs are applied to vec-
torial waves governed by the linear bond-based PD equation in 2D. This method extends the ap-
proaches previously employed for peridynamic diffusion and scalar waves equations, as outlined
in Sections 4.1 and 4.2. We examine the propagation of 2D elastic waves within a generic, un-
bounded, homogeneous, and isotropic domain Ω∞, potentially containing scatterers and source
terms. The domain is truncated by an absorbing boundary Γ∞, which divides Ω∞ into the bounded
near-field Ω𝑁 and the far-field Ω𝐹 = Ω∞∕Ω𝑁 . The governing equation at a point 𝐱 ∈ Ω∞ at time
𝑡 ≥ 0 is

𝜌𝐮̈(𝐱, 𝑡) = ∫𝐱
𝑐
𝝃 ⊗ 𝝃
‖𝝃‖3

𝜼 d𝑉𝐱′ + 𝐛(𝐱, 𝑡), 𝐱 ∈ Ω𝑁 . (4.100)
Here, 𝜌 represents mass density, 𝐮 the displacement vector along 𝑥- and 𝑦-axes in the global coor-
dinate system, 𝐮̈ indicates the acceleration and the second time derivative of 𝐮, and 𝐛 is a known
body force density. The initial conditions are specified as

𝐮(𝐱, 0) = 𝐮0(𝐱), 𝐮̇(𝐱, 0) = 𝐯0(𝐱), 𝐱 ∈ Ω∞, (4.101)
where 𝐮0(𝐱) and 𝐯0(𝐱) are predefined functions. The near-field encompasses the entire support of
the sources in (4.100) and the initial conditions from (4.101). In the far-field Ω𝐹 , which behaves
as a linear elastic medium with a constant influence function, the force-free equation of motion at
𝐱 for 𝑡 ≥ 0 is expressed as

𝜌𝐮̈(𝐱, 𝑡) = ∫𝐱
𝑐
𝝃 ⊗ 𝝃
‖𝝃‖3

𝜼 d𝑉𝐱′ , 𝐱 ∈ Ω𝐹 . (4.102)

The far-field Ω𝐹 is modeled as a linear elastic medium that is initially at rest with a constant influ-
ence function. To simulate the unbounded domain solution, it is crucial to transmit elastic waves
across Γ∞ into the near-field without reflections. To achieve this, ABCs are applied to the trun-
cating boundary, derived from far-field solutions in the time domain. This approach builds on the
techniques used in [95] for addressing the unbounded classical linear elasticity problem in 2D. Fur-
ther, in [93], a coupled PD-CCM method was employed for crack propagation in 2D unbounded
domains. Here, the near-field was approximated using standard meshfree discretization of PD and
integrated with a FEM approach along the boundary assuming the validity of CCM equation in this
region. This coupling scheme assumes that displacement behaviors may be accurately obtained via
the CCM sufficiently distant from the crack tip, allowing boundary conditions within the CCM do-
main to be effectively implemented using local methods like conventional ABCs [40]. However, it
is important to recognize that PD-CCM coupling can sometimes generate spurious wave reflec-
tions at the coupling zone in dynamic scenarios, which is a consequence of the different dispersion
relations between PD and CCM [144]. To address unbounded domain problems in 2D linear bond-
based PD, we initially formulate the semi-analytical solutions for the far-field, utilizing harmonic
plane wave solutions, or modes, that satisfy the governing equation presented in (4.102). These
modes form the basis for the proposed ABCs, based on a collocation and extrapolation scheme
analogous to methods described for the peridynamic diffusion and scalar wave equation. The first
step involves deriving the analytical dispersion relations from classical linear elasticity, extending
these to bond-based peridynamic through a power series expansion that can be approximated to any
desired accuracy. Following this, we develop the discrete linear bond-based peridynamic modes
and establish the ABCs within a solution scheme for the far-field domain.
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4.3.1 Dispersion Relations in Classical Elasticity and Bond-Based Peridynamics

In this section, we detail the derivation of analytical dispersion relations for CCM and bond-
based PD. More detailed studies on peridynamic elastic wave dispersion relations are given in
the respective literature [128, 116, 23]. We consider the vector-valued plane wave mode 𝝍(𝐱, 𝑡)
that satisfies the governing equation from (4.102), represented as

𝝍(𝐱, 𝑡) = 𝜸 exp(𝚤𝜶 ⋅ 𝐱 + 𝚤𝜔̄𝑡), 𝜶 = (𝛼𝑥, 𝛼𝑦)T, 𝜸(𝜶, 𝜔̄) =
(

𝛾𝑥(𝜶, 𝜔̄)
𝛾𝑦(𝜶, 𝜔̄)

)

, (4.103)

where 𝚤2 = −1 denotes the imaginary unit, and the constants (𝛼𝑥, 𝛼𝑦, 𝜔̄) ∈ ℝ3 determine the
wave’s properties. Here, 𝜔̄ modulates the frequency, 𝛼𝑥 and 𝛼𝑦 dictate spatial oscillations and
wave direction, and 𝜸 serves as an eigenvector with a prescribed norm of ‖𝜸‖ = 2 for the purpose
of numerical stability. Drawing parallels to the methods in Section 4.2.1, we perform a coordinate
transformation into to polar coordinates as

𝜶 = 𝑘(cos𝜙, sin𝜙)T, 𝑘 ∈ ℝ, −𝜋 < 𝜙 ≤ 𝜋, (4.104)
where 𝑘 influences the amplitude of oscillations and 𝜙 specifies the wave direction. In the case of
classical linear elasticity, the governing equation of motion is given by

𝜌𝐮̈(𝐱, 𝑡) = 𝐒T𝐃𝐒𝐮(𝐱, 𝑡), 𝐒T =

[ 𝜕
𝜕𝑥

0 𝜕
𝜕𝑦

0 𝜕
𝜕𝑦

𝜕
𝜕𝑥

]

, 𝐃 =
⎡

⎢

⎢

⎣

𝐷1 𝐷2 0
𝐷2 𝐷1 0
0 0 𝐷3

⎤

⎥

⎥

⎦

, (4.105)

where 𝐒 is the strain operator in 2D linear elasticity, and 𝐃 is the matrix of material constants,
which in the case of plane stress condition is given by

𝐷1 =
𝐸

1 − 𝜈2
, 𝐷2 =

𝐸𝜈
1 − 𝜈2

, 𝐷3 =
𝐸

2(1 + 𝜈)
, (4.106)

where 𝐸 denotes the Young’s modulus and 𝜈 is Poisson’s ratio. We employ the plane-wave mode
described in (4.103) and substitute this mode for 𝐮 in (4.105), which results in the vector-valued
eigenvalue problem

(𝐌CE − 𝜌𝜔̄2𝐈)𝜸 exp(𝚤𝜶 ⋅ 𝐱 + 𝚤𝜔̄𝑡) = 𝟎, (4.107)
where 𝐈 is the identity matrix and𝐌CE(𝑘, 𝜙) ∈ ℝ2×2 is characterized by

𝐌CE(𝑘, 𝜙) = 𝑘2
[

𝐷1𝑁2
1 +𝐷3𝑁2

2 (𝐷2 +𝐷3)𝑁1𝑁2
(𝐷2 +𝐷3)𝑁1𝑁2 𝐷3𝑁2

1 +𝐷1𝑁2
2

]

, 𝐍 =
(

𝑁1
𝑁2

)

∶=
(

cos𝜙
sin𝜙

)

. (4.108)

Next, we assume a Poisson’s ratio of 𝜈 = 1
3
, which corresponds to the plane stress condition, and

aligns with the constraints inherent in bond-based PD models. Thus, the solution of the eigenvalue
problem in (4.107) is given by

𝐌CE(𝑘, 𝜙) = 9𝐸
8
𝑘2

[

𝑁2
1 + 1

3
𝑁2

2
2
3
𝑁1𝑁2

2
3𝑁1𝑁2

1
3𝑁

2
1 +𝑁2

2

]

, (4.109)

Solving (4.107) for 𝜔̄ determines the angular frequencies and corresponding eigenvectors under
plane stress conditions, which are expressed as

𝜔̄𝑃 = ±
√

𝐸
𝜌(1 − 𝜈2)

𝑘, 𝜸𝑃 =
(

𝑁1
𝑁2

)

, 𝜔̄𝑆 = ±
√

𝐸
2𝜌(1 + 𝜈)

𝑘, 𝜸𝑆 =
(

−𝑁2
𝑁1

)

, (4.110)
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where solutions represent pressure and shear waves, respectively. When the linear bond-based PD
equation, free of body force density fields, serves as the governing equation instead of (4.105), the
components of the generalized mass matrix, in the following denoted as𝐌PD, within the eigenvalue
problem (4.107) are modified accordingly and given by

𝑀PD
𝑖𝑗 (𝑘, 𝜙) = ∫

𝑐
‖𝝃‖3

𝜉𝑖𝜉𝑗(1 − cos(𝑘𝐍 ⋅ 𝝃)) d𝑉𝝃 , 𝑖, 𝑗 = 1, 2. (4.111)

When transformed into polar coordinates, with 𝜉1 = 𝑟 cos 𝜃 and 𝜉2 = 𝑟 sin 𝜃, the components may
be expressed as

𝑀PD
11 (𝑘, 𝜙) = 𝑐 ∫

𝛿

0 ∫

2𝜋

0
cos2 𝜃

[

1 − cos(𝑘𝑟(𝑁1 cos 𝜃 +𝑁2 sin 𝜃))
]

d𝜃d𝑟, (4.112)

𝑀PD
12 (𝑘, 𝜙) = 𝑐 ∫

𝛿

0 ∫

2𝜋

0
cos 𝜃 sin 𝜃

[

1 − cos(𝑘𝑟(𝑁1 cos 𝜃 +𝑁2 sin 𝜃))
]

d𝜃d𝑟, (4.113)

𝑀PD
22 (𝑘, 𝜙) = 𝑐 ∫

𝛿

0 ∫

2𝜋

0
sin2 𝜃

[

1 − cos(𝑘𝑟(𝑁1 cos 𝜃 +𝑁2 sin 𝜃))
]

d𝜃d𝑟, (4.114)
𝑀PD

21 (𝑘, 𝜙) =𝑀PD
12 (𝑘, 𝜙). (4.115)

The double integrals may be expressed in form of an infinite power series expansion by employing
the Taylor series expansion for cos(𝜃) given by

cos(𝜃) =
∞
∑

𝑛=0
(−1)𝑛 𝜃

2𝑛

(2𝑛)!
= 1 +

∞
∑

𝑛=1
(−1)𝑛 𝜃

2𝑛

(2𝑛)!
. (4.116)

Thus, we consider the following integral

∫

𝛿

0 ∫

2𝜋

0
cos𝑚 𝜃 sin2−𝑚 𝜃

[

1 − cos(𝑘𝑟(𝑁1 cos 𝜃 +𝑁2 sin 𝜃)
]

d𝜃d𝑟

= −∫

𝛿

0 ∫

2𝜋

0
cos𝑚 𝜃 sin2−𝑚 𝜃

∞
∑

𝑛=1
(−1)𝑛

(𝑘𝑟(𝑁1 cos 𝜃 +𝑁2 sin 𝜃))2𝑛

(2𝑛)!
d𝜃d𝑟

=
∞
∑

𝑛=1

(−1)𝑛+1𝑘2𝑛

(2𝑛)! ∫

𝛿

0
𝑟2𝑛 ∫

2𝜋

0
cos𝑚 𝜃 sin2−𝑚 𝜃(𝑁1 cos 𝜃 +𝑁2 sin 𝜃)2𝑛d𝜃d𝑟

=
∞
∑

𝑛=1

(−1)𝑛+1𝑘2𝑛

(2𝑛)!
𝛿2𝑛+1

2𝑛 + 1 ∫

2𝜋

0
cos𝑚 𝜃 sin2−𝑚 𝜃(𝑁1 cos 𝜃 +𝑁2 sin 𝜃)2𝑛d𝜃

= 𝑘2𝛿3
∞
∑

𝑛=1

(−1)𝑛+1(𝑘𝛿)2(𝑛−1)

(2𝑛 + 1)!
I[𝑚, 𝑛]

= 𝑘2𝛿3
(

1
3!
I[𝑚, 1] −

(𝑘𝛿)2

5!
I[𝑚, 2] +

(𝑘𝛿)4

7!
I[𝑚, 3] +…

)

, 𝑚 = 0, 1, 2 (4.117)

where the function I[𝑚, 𝑛] is defined as

I[𝑚, 𝑛] ∶= ∫

2𝜋

0
cos𝑚 𝜃 sin2−𝑚 𝜃(𝑁1 cos 𝜃 +𝑁2 sin 𝜃)2𝑛d𝜃. (4.118)
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Assuming the micromodulus is 𝑐 = 9𝐸
𝜋𝛿3

, the generalized mass matrix from (4.112) for the eigen-
value problem in the linear bond-based PD framework can be detailed as

𝑀PD
11 (𝑘, 𝜙) =

9𝐸
𝜋
𝑘2

∞
∑

𝑛=1

(−1)𝑛+1(𝑘𝛿)2(𝑛−1)

(2𝑛 + 1)!
I[2, 𝑛]

= 9𝐸
𝜋
𝑘2

(

1
3!
I[2, 1] −

(𝑘𝛿)2

5!
I[2, 2] +

(𝑘𝛿)4

7!
I[2, 3] +…

)

, (4.119)

𝑀PD
12 (𝑘, 𝜙) =

9𝐸
𝜋
𝑘2

∞
∑

𝑛=1

(−1)𝑛+1(𝑘𝛿)2(𝑛−1)

(2𝑛 + 1)!
I[1, 𝑛]

= 9𝐸
𝜋
𝑘2

(

1
3!
I[1, 1] −

(𝑘𝛿)2

5!
I[1, 2] +

(𝑘𝛿)4

7!
I[1, 3] +…

)

, (4.120)

𝑀PD
22 (𝑘, 𝜙) =

9𝐸
𝜋
𝑘2

∞
∑

𝑛=1

(−1)𝑛+1(𝑘𝛿)2(𝑛−1)

(2𝑛 + 1)!
I[0, 𝑛]

= 9𝐸
𝜋
𝑘2

(

1
3!
I[0, 1] −

(𝑘𝛿)2

5!
I[0, 2] +

(𝑘𝛿)4

7!
I[0, 3] +…

)

, (4.121)
𝑀PD

21 (𝑘, 𝜙) =𝑀PD
12 (𝑘, 𝜙). (4.122)

Given the relation 𝑁2
1 +𝑁2

2 = 1, we compute the values of I[m, n] for 𝑚 = 0, 1, 2 and 𝑛 = 1, 2, 3,
resulting in

I[0, 1] = 1
4
(𝑁2

1 + 3𝑁2
2 )𝜋 = 1

4
(1 + 2𝑁2

2 )𝜋, (4.123)
I[0, 2] = 1

8
(𝑁2

1 +𝑁2
2 )(𝑁

2
1 + 5𝑁2

2 )𝜋 = 1
8
(1 + 4𝑁2

2 )𝜋, (4.124)
I[0, 3] = 5

64
(𝑁2

1 +𝑁2
2 )

2(𝑁2
1 + 7𝑁2

2 )𝜋 = 5
64

(1 + 6𝑁2
2 )𝜋, (4.125)

I[1, 1] = 1
2
𝑁1𝑁2𝜋, (4.126)

I[1, 2] = 1
2
𝑁1𝑁2(𝑁2

1 +𝑁2
2 )𝜋 = 1

2
𝑁1𝑁2𝜋, (4.127)

I[1, 3] = 15
32
𝑁1𝑁2(𝑁2

1 +𝑁2
2 )

2𝜋 = 15
32
𝑁1𝑁2𝜋, (4.128)

I[2, 1] = 1
4
(3𝑁2

1 +𝑁2
2 )𝜋 = 1

4
(1 + 2𝑁2

1 )𝜋, (4.129)
I[2, 2] = 1

8
(𝑁2

1 +𝑁2
2 )(5𝑁

2
1 +𝑁2

2 )𝜋 = 1
8
(1 + 4𝑁2

1 )𝜋, (4.130)
I[2, 3] = 5

64
(𝑁2

1 +𝑁2
2 )

2(7𝑁2
1 +𝑁2

2 )𝜋 = 5
64

(1 + 6𝑁2
1 )𝜋, (4.131)

which can be used to derive the components of the generalized mass matrix 𝐌PD, resulting in the
following expressions
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𝑀PD
11 (𝑘, 𝜙) =

9𝐸
8
𝑘2

(

1
3
(1 + 2𝑁2

1 ) − (1 + 4𝑁2
1 )
(𝑘𝛿)2

5!
+ 5

8
(1 + 6𝑁2

1 )
(𝑘𝛿)4

7!
+…

)

, (4.132)

𝑀PD
12 (𝑘, 𝜙) =

9𝐸
8
𝑘2

(

2
3
𝑁1𝑁2 − 4𝑁1𝑁2

(𝑘𝛿)2

5!
+ 15

4
𝑁1𝑁2

(𝑘𝛿)4

7!
+…

)

, (4.133)

𝑀PD
22 (𝑘, 𝜙) =

9𝐸
8
𝑘2

(

1
3
(1 + 2𝑁2

2 ) − (1 + 4𝑁2
2 )
(𝑘𝛿)2

5!
+ 5

8
(1 + 6𝑁2

2 )
(𝑘𝛿)4

7!
+…

)

(4.134)
𝑀PD

21 (𝑘, 𝜙) =𝑀PD
12 (𝑘, 𝜙). (4.135)

Note that, the leading terms of 𝐌PD align with those of 𝐌CE as shown in (4.109). In the limit of
𝑘𝛿 → 0, these matrices converge and become equal. By approximating𝐌PD up to a specified order
𝑁 , we obtain the following expressions

𝑀PD
11 (𝑘, 𝜙) ≈

9𝐸
𝜋
𝑘2

𝑁
∑

𝑛=1

(−1)𝑛+1(𝑘𝛿)2(𝑛−1)

(2𝑛 + 1)!
I[2, 𝑛], (4.136)

𝑀PD
12 (𝑘, 𝜙) ≈

9𝐸
𝜋
𝑘2

𝑁
∑

𝑛=1

(−1)𝑛+1(𝑘𝛿)2(𝑛−1)

(2𝑛 + 1)!
I[1, 𝑛], (4.137)

𝑀PD
22 (𝑘, 𝜙) ≈

9𝐸
𝜋
𝑘2

𝑁
∑

𝑛=1

(−1)𝑛+1(𝑘𝛿)2(𝑛−1)

(2𝑛 + 1)!
I[0, 𝑛], (4.138)

𝑀PD
21 (𝑘, 𝜙) =𝑀PD

12 (𝑘, 𝜙). (4.139)
With these approximations in place, solutions to the eigenvalue problem as described in (4.143) for
various orders 𝑁 , can then be derived. The results are summarized in Table 4.2 for 𝑁 = 1, 2, 3.

Table 4.2: Approximations for 𝜔̄𝑃 and 𝜔̄𝑆 and their corresponding eigenvectors. Data available
in [124].

𝑁 𝜔̄𝑃 𝜸𝑃 𝜔̄𝑆 𝜸𝑆

1 ±
√

9𝐸
8𝜌 𝑘

(

𝑁1
𝑁2

)

±
√

3𝐸
8𝜌 𝑘

(

−𝑁2
𝑁1

)

2 ±
√

9𝐸
8𝜌
𝑘
√

1 − 1
24
(𝑘𝛿)2

(

𝑁1
𝑁2

)

±
√

3𝐸
8𝜌
𝑘
√

1 − 1
40
(𝑘𝛿)2

(

−𝑁2
𝑁1

)

3 ±
√

9𝐸
8𝜌 𝑘

√

1 − 1
24 (𝑘𝛿)

2 + 1
1152 (𝑘𝛿)

4
(

𝑁1
𝑁2

)

±
√

3𝐸
8𝜌 𝑘

√

1 − 1
40 (𝑘𝛿)

2 + 1
2688 (𝑘𝛿)

4
(

−𝑁2
𝑁1

)
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4.3.2 Fundamental Solutions for Discretized Bond-Based Peridynamics

To derive fundamental solutions for the discretized linear bond-based PD system and construct
ABCs based on semi-analytical solutions, we start by assuming that the wave direction of the modes
is oriented towards any angle on the unit circle, though this will eventually be restricted to only
describe outgoing waves from the near-field. First, we substitute a general mode 𝝍 from (4.103)
for 𝐮 in the continuous linear bond-based PD equation in (4.102), yielding

𝜌𝝍̈(𝐱, 𝑡) = ∫𝐱
𝑐
𝝃 ⊗ 𝝃
‖𝝃‖3

(𝝍 (𝐱 + 𝝃, 𝑡) − 𝝍(𝐱, 𝑡)) d𝑉𝐱′ . (4.140)

With the bond vector 𝝃 ∶= 𝐱′ − 𝐱 defined, we focus the range of integration towards the neighbor-
hood  ∶=

{

𝝃 ∈ ℝ2 ∶ ‖𝝃 ≤ 𝛿‖
} around the origin and perform minor algebraic manipulations,

resulting in

−𝜌𝜔2𝜸 exp(𝚤𝜶 ⋅ 𝐱 + 𝚤𝜔𝑡) =
(

∫
𝑐
𝝃 ⊗ 𝝃
‖𝝃‖3

(exp(𝚤𝜶 ⋅ 𝝃) − 1) d𝑉𝝃

)

𝜸 exp(𝚤𝜶 ⋅ 𝐱 + 𝚤𝜔𝑡). (4.141)

The integral in (4.141) is rephrased as

∫
𝑐
𝝃 ⊗ 𝝃
‖𝝃‖3

(exp (𝚤𝜶 ⋅ 𝝃) − 1) d𝑉𝝃 = − ∫
𝑐
𝝃 ⊗ 𝝃
‖𝝃‖3

(1 − exp (𝚤𝜶 ⋅ 𝝃)) d𝑉𝝃

= − 1
2 ∫

𝑐
𝝃 ⊗ 𝝃
‖𝝃‖3

(1 − exp (𝚤𝜶 ⋅ 𝝃)) d𝑉𝝃

− 1
2 ∫

𝑐
𝝃 ⊗ 𝝃
‖𝝃‖3

(1 − exp (−𝚤𝜶 ⋅ 𝝃)) d𝑉𝝃

= − ∫
𝑐
𝝃 ⊗ 𝝃
‖𝝃‖3

(

1 −
exp (𝚤𝜶 ⋅ 𝝃) + exp (−𝚤𝜶 ⋅ 𝝃)

2

)

d𝑉𝝃

= − ∫
𝑐
𝝃 ⊗ 𝝃
‖𝝃‖3

(1 − cos (𝜶 ⋅ 𝝃)) d𝑉𝝃 ,

(4.142)
where the second line involves a change of variable 𝝃 → −𝝃. This formulation results in a gen-
eralized vector-valued eigenvalue problem, previously provided in (4.107), and restated here for
convenience, yielding

(𝐌PD − 𝜌𝜔̄2𝐈)𝜸 exp(𝚤𝜶 ⋅ 𝐱 + 𝚤𝜔̄𝑡) = 𝟎. (4.143)
Calculating 𝐌PD in (4.143) accurately is essential for the stability and accuracy of constructing
ABCs using a basis of harmonic modes. Although the analytical calculation of 𝐌PD’s integral
components at the continuum level is shown in Section 4.3.1, even at higher order approximations,
the obtained characteristic dispersion relations may not precisely represent the dynamics of the
discrete (or discretized) system. This discrepancy, which may lead to inconsistencies between the
far-field and near-field solutions, thus rendering the ABCs scheme inaccurate and unstable, was
demonstrated in Section 4.2.3 for the peridynamic scalar wave equation and illustrated in Fig. 4.22.
The issue exacerbates with increasing nonlocality of the model when 𝛿 becomes larger relative to
the grid spacing, resulting in highly dispersive waves. Consequently, the integrals in (4.111) must
be approximated using the same integration scheme as the near-field. Using the standard meshfree
discretization scheme detailed in Section 3.1, we approximate
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𝑀PD
11 ≈

∑

𝐱𝑗∈𝑖

𝑐
‖𝐱𝑗 − 𝐱𝑖‖3

(𝑥𝑗 − 𝑥𝑖)2
(

1 − cos(𝜶 ⋅ (𝐱𝑗 − 𝐱𝑖))
)

𝛽(𝐱𝑗 − 𝐱𝑖)Δ𝑉𝑗 , (4.144)

𝑀PD
12 ≈

∑

𝐱𝑗∈𝑖

𝑐
‖𝐱𝑗 − 𝐱𝑖‖3

(𝑥𝑗 − 𝑥𝑖)(𝑦𝑗 − 𝑦𝑖)
(

1 − cos(𝜶 ⋅ (𝐱𝑗 − 𝐱𝑖))
)

𝛽(𝐱𝑗 − 𝐱𝑖)Δ𝑉𝑗 , (4.145)

𝑀PD
22 ≈

∑

𝐱𝑗∈𝑖

𝑐
‖𝐱𝑗 − 𝐱𝑖‖3

(𝑦𝑗 − 𝑦𝑖)2
(

1 − cos(𝜶 ⋅ (𝐱𝑗 − 𝐱𝑖))
)

𝛽(𝐱𝑗 − 𝐱𝑖)Δ𝑉𝑗 , (4.146)

𝑀PD
21 =𝑀PD

12 . (4.147)
This adaptation enables the recovery of nonlocal numerical dispersion relations of the discrete sys-
tem. Analogous to the approach described in Section 4.2 for the peridynamic scalar wave equation,
this strategy facilitates constructing a far-field solution consistent with the discretization employed
in the near-field. It is important to highlight that the discretization of the integrals from (4.111)
is executed based on a square lattice as depicted in Fig. 3.1, and thus, numerical dispersion rela-
tions are utilized to construct ABCs with a set of consistent modes. To determine the solutions
𝜔̄ to the eigenvalue problem in (4.143), eigenvalues are obtained by solving det(𝐐) = 0 with the
corresponding eigenvectors 𝜸 ∈ ker(𝐐), leading to the dispersion relations of the bond-based PD
system in 2D. The solution results in four roots for 𝜔̄

𝜔̄ = ±𝜔̄𝑃 , 𝜸 = 𝜸𝑃 (4.148)
𝜔̄ = ±𝜔̄𝑆 , 𝜸 = 𝜸𝑆 , (4.149)

where the indices are indicative of pressure and shear waves, respectively, with their components
as

𝜔̄𝑃 (𝑘, 𝜙) =

√

√

(𝑀11 −𝑀22)2 + 4𝑀12𝑀21 +𝑀11 +𝑀22
√

2𝜌
,

𝜔̄𝑆(𝑘, 𝜙) =

√

−
√

(𝑀11 −𝑀22)2 + 4𝑀12𝑀21 +𝑀11 +𝑀22
√

2𝜌
,

(4.150)

and the corresponding eigenvectors

𝜸𝑃 (𝑘, 𝜙) =
(√

(𝑀11 −𝑀22)2 + 4𝑀12𝑀21 +𝑀11 −𝑀22
2𝑀21

)

,

𝜸𝑆(𝑘, 𝜙) =
(

−
√

(𝑀11 −𝑀22)2 + 4𝑀12𝑀21 −𝑀11 +𝑀22
2𝑀21

)

.
(4.151)

As a result, we identify two types of modes within the framework of bond-based PD: pressure
modes, also known as dilation plane-waves, and shear modes, referred to as distortional plane-
waves. Notably, the frequency for pressure modes, 𝜔̄𝑃 , is higher than that for shear modes, 𝜔̄𝑆 ,
a relationship consistent with observations in CCM models. These modes can be mathematically
expressed as

𝝍𝑃 (𝐱, 𝑡) = 𝜸𝑃 (𝑘, 𝜙) exp(𝚤𝑘(𝑥 cos𝜙 + 𝑦 sin𝜙) ± 𝚤𝜔̄𝑃 𝑡),
𝝍𝑆(𝐱, 𝑡) = 𝜸𝑆(𝑘, 𝜙) exp(𝚤𝑘(𝑥 cos𝜙 + 𝑦 sin𝜙) ± 𝚤𝜔̄𝑆 𝑡).

(4.152)
These formulations will be utilized to construct an approximation of the far-field solution. This
approach enables the modeling of wave propagation dynamics more accurately by capturing the
distinct behaviors of dilation and distortional movements within the medium.
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Infinity Condition for Bond-Based Peridynamics

To derive the infinity condition for bond-based PD, consider a specific section of a solution do-
main adjacent to the absorbing boundary as depicted in Fig. 4.20 for the scalar peridynamic wave
equation. Near the boundary, the domain is extended by an absorbing boundary layer with a thick-
ness of 𝛿. Following the methodologies discussed in Section 4.1.2 and Section 4.2.2, for each
absorbing node 𝐱𝑖 within this layer, we construct a circular cloud neighborhood Ω∞

𝑖 centered at 𝐱𝑖.
Each cloud around the absorbing nodes represents a finite region where the modes are collocated
and the ABCs are applied. Although the radius of the cloud is set equal to 𝛿 for simplicity, it is
important to note that this radius is independent of the horizon, which is a material parameter and
length scale of the model. Within each of these absorbing boundary clouds, the far-field solution
is then approximated using the peridynamic elastic modes as the basis functions.

Within the local Cartesian coordinates of cloud (𝑥̄, 𝑦̄), aligned such that the 𝑥̄-axis points nor-
mal to Γ∞ with its positive direction towards the far-field, the coordinates of a node 𝐱 relative to
the local coordinate system, originating at 𝐱𝑖, are obtained through a rotation matrix 𝐑(𝜏) with the
rotation angle depicted in Fig. 4.20 as 𝜏, given by 𝐱̄ = 𝐑(𝜏)(𝐱− 𝐱𝑖) as described in (4.24). The far-
field solution of the displacement vector at cloud Ω∞

𝑖 is then approximated using a series of basis
functions from (4.152), yielding

𝐮∞(𝐱̄, 𝑡) =
𝑛𝜙
∑

𝑙=1

𝑛𝑘
∑

𝑚=1

(

𝑎𝑙,𝑚𝜸𝑃 (𝑘𝑚, 𝜙𝑙) exp(𝚤𝑘𝑚𝜂𝑙 − 𝚤𝜔̄𝑃 (𝑘𝑚, 𝜙𝑙)𝑡)

+ 𝑏𝑙,𝑚𝜸𝑆(𝑘𝑚, 𝜙𝑙) exp(𝚤𝑘𝑚𝜂𝑙 − 𝚤𝜔̄𝑆(𝑘𝑚, 𝜙𝑙)𝑡)
+ 𝑐𝑙,𝑚𝜸𝑃 (𝑘𝑚, 𝜙𝑙) exp(𝚤𝑘𝑚𝜂𝑙 + 𝚤𝜔̄𝑃 (𝑘𝑚, 𝜙𝑙)𝑡)

+ 𝑑𝑙,𝑚𝜸𝑆(𝑘𝑚, 𝜙𝑙) exp(𝚤𝑘𝑚𝜂𝑙 + 𝚤𝜔̄𝑆(𝑘𝑚, 𝜙𝑙)𝑡)
)

,

(4.153)

where (𝑥̄, 𝑦̄) = (𝑥 − 𝑥𝑖, 𝑦 − 𝑦𝑖), 𝜂𝑙 = (𝑥̄ cos𝜙𝑙 + 𝑦̄ sin𝜙𝑙), 𝑎𝑙,𝑚, 𝑏𝑙,𝑚, 𝑐𝑙,𝑚, and 𝑑𝑙,𝑚 are unknown
coefficients, with 𝑛𝜙 and 𝑛𝑘 specifying the number of modes at different directions and magnitudes
of spatial oscillations. The bar notation is used to indicate the representation in local Cartesian
coordinates of the cloud. As discussed in prior studies on CCM elasticity models [95, 125] and
similar to the approaches outlined in the previous sections, the values of 𝜙𝑙 and 𝑘𝑚 are chosen from
the intervals

𝜙𝑙 ∈ [−Δ𝜙,Δ𝜙], Δ𝜙 ≥ 0,
𝑘𝑚 ∈ (0,Δ𝑘], Δ𝑘 > 0,

(4.154)
where Δ𝜙 and Δ𝑘 are constant parameters. From the general form of all potential modes and
their directions in (4.152), we select those propagating towards the exterior domain to effectively
transmit the near-field energy into the far-field. Evaluating 𝜂𝑘 in (4.153) at 𝜙 = 0, we consider
plane waves propagating parallel to the 𝑥̄-axis. Considering the orientation of the local coordinate
system and the positive values of 𝜔𝑃 , 𝜔𝑆 , and 𝑘, we infer that for 𝜙 = 0 and angles close to
it (where 𝜂 > 0), the first two terms in (4.153) represent outgoing waves from the near-field,
while the remaining terms denote incoming waves. Consequently, for constructing the ABCs, we
disregard incoming waves, setting 𝑐𝑙,𝑚 = 𝑑𝑙,𝑚 = 0. This simplification reduces the far-field solution
in (4.153) to

𝐮∞(𝐱̄, 𝑡) =
𝑛𝜙
∑

𝑙=1

𝑛𝑘
∑

𝑚=1

(

𝑎𝑙,𝑚𝜸𝑃 (𝑘𝑚, 𝜙𝑙) exp(𝚤𝑘𝑚𝜂𝑙 − 𝚤𝜔̄𝑃 (𝑘𝑚, 𝜙𝑙)𝑡)

+ 𝑏𝑙,𝑚𝜸𝑆(𝑘𝑚, 𝜙𝑙) exp(𝚤𝑘𝑚𝜂𝑙 − 𝚤𝜔̄𝑆(𝑘𝑚, 𝜙𝑙)𝑡)
)

,

(4.155)
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where, transforming into the polar coordinate system (𝑥̄, 𝑦̄) = 𝑟(cos 𝜃, sin 𝜃) with −𝜋 ≤ 𝜃 ≤ 𝜋, it
can be expressed as

𝐮∞(𝐱̄, 𝑡) =
𝑛𝜙
∑

𝑙=1

𝑛𝑘
∑

𝑚=1

(

𝑎𝑙,𝑚𝜸𝑃 (𝑘𝑚, 𝜙𝑙) exp
(

𝚤𝑘𝑚𝑟(cos 𝜃 cos𝜙𝑙 + sin 𝜃 sin𝜙𝑙) − 𝚤𝜔̄𝑃 (𝑘𝑚, 𝜙𝑙)𝑡
)

+ 𝑏𝑙,𝑚𝜸𝑆(𝑘𝑚, 𝜙𝑙) exp
(

𝚤𝑘𝑚𝑟(cos 𝜃 cos𝜙𝑙 + sin 𝜃 sin𝜙𝑙) − 𝚤𝜔̄𝑆(𝑘𝑚, 𝜙𝑙)𝑡
)

)

=
𝑛𝜙
∑

𝑙=1

𝑛𝑘
∑

𝑚=1

(

𝑎𝑙,𝑚𝜸𝑃 (𝑘𝑚, 𝜙𝑙) exp
(

𝚤𝑘𝑚𝑟 cos(𝜃 − 𝜙𝑙) − 𝚤𝜔̄𝑃 (𝑘𝑚, 𝜙𝑙)𝑡
)

+ 𝑏𝑙,𝑚𝜸𝑆(𝑘𝑚, 𝜙𝑙) exp
(

𝚤𝑘𝑚𝑟 cos(𝜃 − 𝜙𝑙) − 𝚤𝜔̄𝑆(𝑘𝑚, 𝜙𝑙)𝑡
)

)

.

(4.156)
Given that 𝑘, 𝜔̄𝑃 , 𝜔̄𝑆 , and 𝑟 are positive and non-zero, the above equation exclusively represents
outgoing plane waves and characterizes the far-field solution under the condition

cos(𝜙𝑙 − 𝜃) > 0, (4.157)
thus yielding

−𝜋
2
+ 𝜙𝑙 < 𝜃 <

𝜋
2
+ 𝜙𝑙. (4.158)

Note that, the condition in (4.158) defines a half-space centered at the cloud’s central node Ω∞
𝑖 ,

corresponding to the incident angle 𝜙 relative to the local 𝑥̄-axis (the outward boundary normal),
as discussed in Section 4.2.1 for the peridynamic scalar wave equation and depicted in Fig. 4.21.
Similar to the approach employed for the peridynamic scalar wave equation, the vectorial modes
employed here determined by specific 𝜙 values direct waves crossing Γ∞ from the near-field to
propagate parallel to the bisector of the relevant half-space, extending into the exterior domain.
Fig. 4.21 illustrates how adjusting 𝜙 rotates the half-space around 𝐱𝑖. To manage incoming waves
from the near-field at various angles, symmetric ranges of 𝜙, as in (4.154), are chosen for trans-
mission or absorption. Notably, Δ𝜙 must not exceed certain limits to prevent plane waves from
redirecting incoming waves back to the near-field, thereby avoiding spurious reflections from the
absorbing layer.

4.3.3 Solution Strategy for Unbounded Domain Bond-Based Peridynamics

To derive the proposed ABCs for the bond-based peridynamic elasticity equation, we have to de-
termine the unknown coefficients in terms of the displacement and velocity values at the nodes
within the absorbing clouds. Similar to the method described in Section 4.2.2 for developing ABCs
for the peridynamic scalar wave equation, we utilize a collocation method based on the WLS ap-
proach, akin to the FPM. First, we consider both the displacements and velocities of the cloud
nodes 𝐱𝑗 ∈ Ω∞

𝑖 , aiming to approximate these using a feasible basis of modes. We assume the ap-
proximation holds for a symmetric time interval [𝑡𝑛 − Δ𝑡, 𝑡𝑛 + Δ𝑡] centered at time 𝑡𝑛, and convert
time into the local coordinate 𝑡 ∶= 𝑡 − 𝑡𝑛, where 𝑡 ∈ [−Δ𝑡,Δ𝑡] is defined within a symmetric time
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interval. Consequently, we approximate the displacements and the velocities at time 𝑡𝑛 as

𝐮𝑛∞(𝐱, 𝑡) =
(

𝑢𝑛1,∞(𝐱, 𝑡)
𝑢𝑛2,∞(𝐱, 𝑡)

)

= 𝐑T(𝜏)
𝑛𝑏
∑

𝑘=1
𝑝𝑛𝑘𝝍𝑘(𝐱̄, 𝑡), 𝐱 ∈ Ω∞

𝑖 , −Δ𝑡 ≤ 𝑡 ≤ Δ𝑡,

𝐯𝑛∞(𝐱, 𝑡) =
(

𝑣𝑛1,∞(𝐱, 𝑡)
𝑣𝑛2,∞(𝐱, 𝑡)

)

= 𝐑T(𝜏)
𝑛𝑏
∑

𝑘=1
𝑞𝑛𝑘𝝍̇𝑘(𝐱̄, 𝑡), 𝐱 ∈ Ω∞

𝑖 , −Δ𝑡 ≤ 𝑡 ≤ Δ𝑡,

(4.159)

where 𝑛𝑏 = 𝑛𝜙 × 𝑛𝑘 denotes the number of modes, 𝝍𝑘 is the 𝑘th mode with its corresponding
unknown coefficient 𝑝𝑛𝑘 for the specified local time interval, and 𝝍̇𝑘 is the time derivative of the 𝑘th
mode, with each mode’s derivative associated with its own unknown coefficient 𝑞𝑛𝑘. It is important
to note that, akin to the approach employed for the peridynamic scalar wave equation, the approx-
imations for 𝐮𝑛∞ and 𝐯𝑛∞ are performed independently, hence 𝑝𝑛𝑘 and 𝑞𝑛𝑘 may differ. The equations
in (4.159) can be represented in matrix form as

𝐮𝑛∞(𝐱, 𝑡) = 𝐑T(𝜏)𝚿(𝐱̄, 𝑡)𝐩𝑛,
𝐯𝑛∞(𝐱, 𝑡) = 𝐑T(𝜏)𝚿̇(𝐱̄, 𝑡)𝐪𝑛,

(4.160)

where 𝚿, 𝚿̇ ∈ ℝ2×𝑛𝑏 represent the modal basis and its time derivatives, respectively. The vectors
𝐩𝑛 and 𝐪𝑛, each of size 𝑛𝑏, contain the unknown constant coefficients
𝚿(𝐱̄, 𝑡) =

[

𝜸1 exp(𝚤𝜶1 ⋅ 𝐱̄ + 𝚤𝜔̄1𝑡), 𝜸2 exp(𝚤𝜶2 ⋅ 𝐱̄ + 𝚤𝜔̄2𝑡), ⋯ , 𝜸𝑛𝑏 exp(𝚤𝜶𝑛𝑏 ⋅ 𝐱̄ + 𝚤𝜔̄𝑛𝑏𝑡)
]

,

𝚿̇(𝐱̄, 𝑡) =
[

𝜸1𝚤𝜔̄1 exp(𝚤𝜶1 ⋅ 𝐱̄ + 𝚤𝜔̄1𝑡), 𝜸2𝚤𝜔̄2 exp(𝚤𝜶2 ⋅ 𝐱̄ + 𝚤𝜔̄2𝑡), ⋯ , 𝜸𝑛𝑏 𝚤𝜔̄𝑛𝑏 exp(𝚤𝜶𝑛𝑏 ⋅ 𝐱̄ + 𝚤𝜔̄𝑛𝑏𝑡)
]

,

𝐩𝑛 =
(

𝑝𝑛1, 𝑝𝑛2, ⋯ , 𝑝𝑛𝑛𝑏
)T
,

𝐪𝑛 =
(

𝑞𝑛1 , 𝑞𝑛2 , ⋯ , 𝑞𝑛𝑛𝑏
)T
.

(4.161)
The known displacements and velocities of the absorbing cloud nodes, 𝐱̄𝑗 ∈ Ω∞

𝑖 , at the known
time instances 𝑡𝑛 and 𝑡𝑛−1 are compiled into vectors 𝐆̄𝑛 and 𝐇̄𝑛 as

𝐆̄𝑛 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝐮𝑛𝑖,∞
𝐮𝑛−1𝑖,∞
⋮
𝐮𝑛𝑗,∞
𝐮𝑛−1𝑗,∞
⋮

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

=𝐌𝐺𝐩𝑛, 𝐇̄𝑛 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝐯𝑛𝑖,∞
𝐯𝑛−1𝑖,∞
⋮
𝐯𝑛𝑗,∞
𝐯𝑛−1𝑗,∞
⋮

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

=𝐌𝐻𝐪𝑛, (4.162)

where 𝐮𝑛𝑖,∞ ∶= 𝐮𝑛∞(𝐱𝑖, 0), 𝐮𝑛𝑗,∞ ∶= 𝐮𝑛∞(𝐱𝑗 , 0), 𝐮𝑛−1𝑖,∞ ∶= 𝐮𝑛∞(𝐱𝑖,−Δ𝑡), 𝐮𝑛−1𝑗,∞ ∶= 𝐮𝑛∞(𝐱𝑗 ,−Δ𝑡), 𝐯𝑛𝑖,∞ ∶=
𝐯𝑛∞(𝐱𝑖, 0), 𝐯𝑛𝑗,∞ ∶= 𝐯𝑛∞(𝐱𝑗 , 0), 𝐯𝑛−1𝑖,∞ ∶= 𝐯𝑛∞(𝐱𝑖,−Δ𝑡), 𝐯𝑛−1𝑗,∞ ∶= 𝐯𝑛∞(𝐱𝑗 ,−Δ𝑡), and 𝐌𝐺 and 𝐌𝐻 are
the moment matrices from the collocation procedure, given by

𝐌𝐺 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐑T(𝜏)𝚿(𝟎, 0)
𝐑T(𝜏)𝚿(𝟎,−Δ𝑡)

⋮
𝐑T(𝜏)𝚿(𝐱̄𝑗 , 0)
𝐑T(𝜏)𝚿(𝐱̄𝑗 ,−Δ𝑡)

⋮

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, 𝐌𝐻 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐑T(𝜏)𝚿̇(𝟎, 0)
𝐑T(𝜏)𝚿̇(𝟎,−Δ𝑡)

⋮
𝐑T(𝜏)𝚿̇(𝐱̄𝑗 , 0)
𝐑T(𝜏)𝚿̇(𝐱̄𝑗 ,−Δ𝑡)

⋮

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (4.163)
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Given that the system in (4.163) is overdetermined, i.e., the number of cloud nodes is fewer than the
number of modes, the unknown coefficients in (4.160) can be obtained through the Moore-Penrose
generalized inverse operator, denoted by the superscript ‘+’, as

𝐩𝑛 =𝐌+
𝐺𝐆̄

𝑛,

𝐪𝑛 =𝐌+
𝐻𝐇̄

𝑛.
(4.164)

By inserting the coefficient vectors into (4.160), we obtain the approximated far-field solution for
displacements and velocities as within the cloud region 𝐱 ∈ Ω∞

𝑖 and for the time period, given by
𝑡𝑛 ≤ 𝑡 ≤ 𝑡𝑛+1, as

𝐮𝑛∞(𝐱, 𝑡) = 𝐑T(𝜏)𝚿(𝐱̄, 𝑡)𝐌+
𝐺𝐆̄

𝑛,

𝐯𝑛∞(𝐱, 𝑡) = 𝐑T(𝜏)𝚿̇(𝐱̄, 𝑡)𝐌+
𝐻𝐇̄

𝑛.
(4.165)

To compute the displacements and velocities of the central cloud node 𝐱𝑖 at 𝑡𝑛+1, we evaluate the
equations in (4.165) at 𝐱̄𝑖 ≡ 𝟎 and 𝑡 = Δ𝑡, yielding

𝐮𝑛+1𝑖 ≈ 𝐮𝑛∞(𝐱𝑖,Δ𝑡) = 𝐑T(𝜏)𝚿(𝟎,Δ𝑡)𝐌+
𝐺𝐆̄

𝑛 = 𝐕̄𝐺𝐆̄𝑛,
𝐯𝑛+1𝑖 ≈ 𝐯𝑛∞(𝐱𝑖,Δ𝑡)= 𝐑T(𝜏)𝚿̇(𝟎,Δ𝑡)𝐌+

𝐻𝐇̄
𝑛 = 𝐕̄𝐻𝐇̄𝑛,

(4.166)

where 𝐕̄𝐺 and 𝐕̄𝐻 are constant vectors used to update the nodal values at each explicit time step.
Note that, the modes approximating the far-field solution are constructed assuming fully circular
neighborhood regions, as indicated by the integration domain in (4.144), thus surface effects on
the boundary layer are avoided. Moreover, each absorbing node is treated individually, negating
the need to distribute boundary values across nodes within the boundary layer, thus simplifying
the implementation of standard Dirichlet- and Neumann-type boundary conditions.

4.3.4 Implementation of Unbounded Domain Bond-Based Peridynamics

In this section, we outline the computer implementation of the proposed ABCs for the bond-based
peridynamic elasticity equation. To establish a benchmark, each numerical example compares
against a reference solution derived from a considerably larger bounded-domain problem. This
reference is equipped with homogeneous nonlocal Neumann boundary conditions and involves up
to 12 million nodes within the computational domain. For efficient computation, we utilize an ex-
tensively parallelized in-house code developed in C++, drawing from an existing PD research code
as detailed in [93, 96]. The implementation leverages OPENMP directives to enable shared mem-
ory multiprocessing parallelism across 48 cores. Simulations are conducted on a computational
node within the in-house HPC cluster at the Helmholtz Zentrum Hereon. This node features two
24-core 2.1 GHz Intel Xeon Scalable Platinum 8160 processors.

For the neighborhood search, we adopt the method described in [96], utilizing a space partition-
ing strategy based on the k-d tree algorithm, which efficiently handles computational complexity
of (𝑁 log𝑁). We utilize the libkdtree++ library, which offers efficient implementations and
user-friendly interfaces for handling such computations.

Prior to the time-marching process, we calculate the updating vectors for the absorbing nodes
using the Moore-Penrose generalized inverse. This step is particularly computationally intensive
when the number of modes is large or the nonlocality of the model increases, as indicated by an
increasing PD horizon 𝛿 relative to the grid spacing. To address this, we solve the associated
minimization problem using Householder transformations through the DGELSD function from
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4.3. Bond-Based Peridynamics on Unbounded Domains

the LAPACK library [5]. The resulting updating vectors 𝐕̄𝐺 and 𝐕̄𝐻 in (4.166) are computed
and stored once before the simulation begins. This addition to a standard bond-based peridynamic
solver involves merely a single extra step in the time-marching sequence, specifically, performing a
matrix-vector multiplication between the updating vectors and the nodal values of each absorbing
node’s neighboring points.

Additionally, as explored in Sections 4.1.2 and 4.2.2 for peridynamic diffusion-type and scalar
wave equations, respectively, the values ofΔ𝜙 andΔ𝑘 are chosen from symmetric intervals in (4.154)
at equidistant subdivisions, resulting in 𝑛𝜙 and 𝑛𝑘 values for 𝜙 and 𝑘. A sufficient number of
𝑛𝑏 = 𝑛𝜙 × 𝑛𝑘 modes, as shown in Section 4.2.4 for a 1D peridynamic wave equation, is required
for an accurate approximation of the far-field solution at the absorbing boundary layer. It is also
crucial that the range selections in (4.154) are judicious and remain within feasible bounds. For
instance, as suggested in [95], setting Δ𝜙 ≤ 𝜋∕8 ensures that waves near the normal to the absorb-
ing boundary are effectively absorbed. Alternatively, exploring different restrictions as proposed
in Section 4.1.3 and Section 4.2.3 may also prove feasible in practical applications. Moreover, the
choice of Δ𝑘 should be such that the appropriate norms of the updating vectors 𝐕𝐺 and 𝐕𝐻 do not
exceed 1, maintaining Lipschitz continuity and ensuring stable simulations over extended periods.
In addition, as discussed in Section 4.2.3, the Nyquist-Shannon sampling theorem places an upper
limit on Δ𝑘 as

0 < Δ𝑘 ≤ 𝜋
Δ𝑥

. (4.167)
It should be pointed out that selection of a suitable value for Δ𝜅, satisfying the condition in (4.167),
can quickly be done through a trial test on a sample cloud prior to the simulation. This is due to
the fact that the updating vectors are pre-calculated and remain constant throughout the numerical
simulation.

4.3.5 2D Elastic Wave Motion on Unbounded Domains

In this numerical example, we evaluate the accuracy and stability of the proposed ABCs on an
unbounded-domain problem governed by the linear bond-based peridynamic elasticity equation in
2D. The layout of the reference and computational domain are illustrated in Fig. 4.35. The ref-
erence domain is spatially discretized into 12,566,345 nodes, whereas the computational domain
comprises 196,321 nodes, including 6,268 absorbing nodes. The excitation source is an initial dis-
placement field defined by (4.101), represented as a bounded Gaussian pulse centered at the origin
of the global coordinate system as

𝐮0(𝑟, 𝜃) =
{

exp(− 1
100𝑟

2)(cos 𝜃, sin 𝜃)T 0 < 𝑟 ≤ 40, 0 ≤ 𝜃 < 2𝜋,
𝟎 elsewhere,

𝐯0(𝑟, 𝜃) = 𝟎.

(4.168)

This setup is used to examine scenarios involving non-diffracted and highly-diffracted wave mo-
tions, which are detailed in the subsequent sections.
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Non-Diffracted Peridynamic Wave Motion

The initial condition for the example in Section 4.3.5 is shown in Fig. 4.36. Furthermore, Fig. 4.37
presents the displacement field’s magnitude at four different times for the bounded, proposed, and
reference solutions. The highly dispersive wave begins crossing the boundary by approximately 𝑡 =
0.021 ms. In the bounded solution, the wave reflects back, while in the proposed solution (equipped
with the proposed ABCs), it progresses into the exterior domain with minimal reflection, aligning
closely with the reference solution. By 𝑡 = 0.21 ms, much of the wave has left the computational
domain in the reference scenario, and the remaining wave in the proposed solution closely matches
the reference, demonstrating the accuracy of the ABCs on the absorbing boundary layer over time.
To further evaluate the numerical performance of the proposed approach, we compute the total
energy, i.e., the sum of kinetic and potential energy, within the computational domain for all three
approaches over time. The total energy of the discrete system, 𝑃 𝑖𝑛, at time step 𝑡𝑛 is defined
in (4.169) as the sum of kinetic and potential energy contributions across all nodes as

Π𝑛 ∶= 1
2

𝑁𝑝
∑

𝑖=1
𝜌‖𝐯𝑛𝑖 ‖

2𝑉𝑖 +
1
2

𝑁
∑

𝑖=1

∑

𝑗∈𝑖

𝑤(𝐮𝑛𝑗 − 𝐮
𝑛
𝑖 , 𝐱𝑗 − 𝐱𝑖)𝛽(𝐱𝑗 − 𝐱𝑖)𝑉𝑗𝑉𝑖

≡ Π𝑛k + Π𝑛p,

(4.169)

whereΠk andΠp represent the kinetic and potential energy, respectively, and𝑁𝑝 is the total number
of nodal points in the computational domain. Fig. 4.38 depicts the energy variation over time for
the three scenarios. Initially, all solutions align well until the wave front reaches the computational
boundary. Once the wave crosses the boundary, the bounded solution exhibits oscillatory behavior
in both kinetic and potential energy, which fluctuates around a constant mean value. In contrast,
the energy in the proposed solution remains consistent with the reference solution, demonstrat-
ing the effectiveness of the proposed ABCs in avoiding wave reflections. The total energy in the
proposed solution decreases monotonically once the wave contacts the boundary, mirroring the
reference solution’s trend, thus confirming the absence of significant wave reflections back to the
near-field. Stability tests over 100,000 time steps indicate no emerging numerical instabilities from
the absorbing boundary layer.
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Figure 4.35: Illustration of the reference and computational domain for the numerical example in
Section 4.3.5. Reproduced from [124].

||𝐮||

absorbing layer (thickness = 𝛿)

Γ∞

Figure 4.36: The initial displacement condition for the numerical example in Section 4.3.5 is shown
with the absorbing boundary layer exaggerated in width for improved visualization. Reproduced
from [124].
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Figure 4.37: Contour plots illustrating displacement magnitude during the wave pulse propagation
at different time intervals within the computational domain, as employed in the numerical example
of Section 4.3.5. Reproduced from [124].
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Figure 4.38: Plots of the evolution of kinetic (top), potential (middle), and total energy (bottom)
within the computational domain in the numerical example of Section 4.3.5. Reproduced and
adjusted from [124].
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Highly-Diffracted Peridynamic Wave Motion

In the subsequent numerical example, we evaluate the performance of the proposed ABCs in sce-
narios characterized by highly-diffracted peridynamic elastic waves. To facilitate this, we modify
the earlier problem setup by introducing obstacles in the form of randomly distributed defects
within the computational domain, as shown in Fig. 4.39. These defects act as barriers where no
peridynamic bond connections are formed between material points across the defects.

Fig. 4.40 illustrates the contours of the displacement field magnitude at four distinct time points
within the computational domain. Due to the defects, the wave pulse becomes highly diffracted,
leading to waves propagating at various incidence angles toward the far-field. As observed in
Fig. 4.40, the truncated domain solution equipped with the proposed ABCs closely aligns with the
reference solution. Additionally, Fig. 4.41 shows that the energy dissipation pattern in the proposed
solution closely matches that of the reference solution, with the energy decreasing monotonically
once the wave reaches the boundary. Like in the non-diffracted case, the solver exhibits stable
behavior over 100,000 time steps without encountering any instabilities.

defect

||𝐮||

Figure 4.39: Initial condition in the computational domain for the numerical example detailed in
Section 4.3.5, including an illustration of the absorbing boundary layer. Reproduced from [124].
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Figure 4.40: Contour plots of the magnitude of displacement during the wave pulse propagation
at various time points within the computational domain for the numerical example outlined in
Section 4.3.5. Reproduced from [124].
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Figure 4.41: The evolution of kinetic (top), potential (middle), and total energy (bottom) within
the computational domain in the numerical example of Section 4.3.5. Reproduced and adjusted
from [124].
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4.3.6 Brittle Fracture and Dynamic Crack Propagation in a 2D Half-Space

In the final example, we apply the proposed ABCs to a crack-propagation problem within a semi-
unbounded half-space domain in 2D, a scenario commonly explored in geophysical applications
and soil-structure interactions (see e.g. [57]). The reference and computational domains are de-
picted in Fig. 4.42, with further details of the computational setup shown in Fig. 4.43, highlighting
two vertical notches of identical lengths. The upper surface adheres to a homogeneous nonlocal
Neumann boundary condition, while the region between the notches is subjected to the impact of
a rigid projectile, implementing a Dirichlet condition on the velocity at 16.5 × 103 mm/s as shown
in Fig. 4.43.

The spatial discretization results in 6,929,209 nodes for the reference domain and 98,411 nodes
for the computational domain, including 3138 absorbing nodes, with the simulation spanning a total
0.21 ms. Fig. 4.44 presents contour plots of damage, displacement magnitude, and 𝑦-component
of velocity at the final time instant for all three scenarios. Despite the highly dispersive wave
field caused by the impact and crack nucleation at the tips, the results confirm that the proposed
ABCs effectively reproduce the reference solution. Conversely, the bounded solution shows wave
reflections from the truncated boundary back to the near-field, causing stress intensities around the
notches to increase. This results in longer cracks that diverge from those observed in the reference
solution, highlighting the impact of boundary effects on the accuracy of the simulation outcomes.

To further evaluate the accuracy of the proposed solution compared to the reference solution,
Fig. 4.45 displays the crack paths emanating from the right notch at the last recorded time instant.
The comparison reveals that the crack path generated by the proposed solution not only closely
matches the reference solution in terms of length but also accurately follows the same direction
at a similar angle. These results underscore the effectiveness of the proposed ABCs in accurately
replicating the dynamic behavior and outcomes of the computational reference model in scenarios
involving dynamic crack propagation.
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Figure 4.42: Schematic representation of the reference and computational domains in the numerical
example of Section 4.3.6. Reproduced from [124].
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Figure 4.43: Schematic representation of the computational domain with two notches in the nu-
merical example of Section 4.3.6. Reproduced from [124].
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Figure 4.44: Contour plots of the damage field (top) in the undeformed configuration, magnitude
of displacement field (middle) in the deformed configuration, and 𝑦-component of velocity field
(bottom) in the undeformed configuration of the computational domain at the final time step of the
numerical example presented in Section 4.3.6. Reproduced from [124].
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Figure 4.45: Comparison of final crack paths of the numerical example in Section 4.3.6. Repro-
duced from [124].
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Chapter 5

Multi-Physics Simulation of
Bio-Degradable Magnesium-Based
Bone Implants

In this chapter, we examine the use of peridynamic models, specifically the peridynamic bi-material
and NNPP corrosion systems, for modeling the bio-degradation of magnesium-based bone implant
screws, focusing on the alloys Mg-5Gd and Mg-10Gd. These alloys are chosen for their favorable
properties and compatibility, as highlighted in experimental studies. We begin by reviewing data
collection from an experimental in vitro bio-corrosion setup in simulated physiological conditions,
noting that the fluid is regularly changed to avoid saturation, allowing us to model the dissolution
process as an unbounded diffusion problem. This setup ensures that the peridynamic model accu-
rately reflects the simulated physiological conditions. We detail how the peridynamic bi-material
corrosion model is parameterized using volume loss data via Particle Swarm Optimization (PSO),
achieving high accuracy in simulating macroscopic volume loss over several weeks. While this
model captures the general corrosion behavior, it only implicitly represents layer deposition and
precipitation effects at the corrosion surface. To include additional ionic components found in
the liquid electrolyte, we employ the NNPP system, which enhances the model’s ability to depict
the distribution of ions in SBF. Additionally, we discuss employing surrogate modeling to bridge
in vitro and in vivo results, thereby enhancing the applicability of our findings. We conclude by
linking peridynamic bio-corrosion simulation to mechanical analysis techniques typically based
on classical local methods and FEM strategies. While peridynamic models for constitutive dam-
age and correspondence are well documented, detailed examinations of Mg-5Gd and Mg-10Gd
post-corrosion are scarce. Thus, we employ a traditional FEM-based damage plasticity approach
to assess the residual mechanical strength of the corroded screws after extended immersion, pro-
jecting their durability over their intended lifetime within a digital life-cycle simulation framework.
The results and findings summarized in this chapter were published in various academic papers.
Specifically, Section 5.1, Section 5.2, and Section 5.4 are heavily based on [60], while the results
of Section 5.2.4 are available in [58], and Section 5.3 contains material from [2].
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5.1 Experimental Data and Mechanics of Magnesium-Based Implants

In this section, we provide a comprehensive discussion on the experimental data acquisition and
material data parameters that underpin both the peridynamic corrosion and FEM damage plasticity
simulations for Mg-5Gd and Mg-10Gd alloys. Starting with an overview of the bio-corrosion
experiments, including a detailed description of the electrolyte media and materials used, we then
delve into the micro-structural and mechanical characterizations of these alloys. The mechanical
parameters used in the residual mechanical analysis are also introduced.

To approximate the degradation profiles of Mg-5Gd and Mg-10Gd in vivo, in vitro degradation
tests are performed in media mimicking body fluids, where samples are submerged under controlled
conditions, such as in a well plate. During these quasi-static immersion tests, the electrolyte is reg-
ularly replaced to prevent ion depletion or salt saturation, effectively simulating the hydrodynamic
conditions found in biological tissue environments and helping control salt and deposit formations
during the bio-degradation process based on the ion composition of the medium [48]. Influenced by
local chemical conditions like pH values and temperature, chemical compounds precipitate within
the bulk medium and on the implant surface, forming a thin degradation layer, which acts as a par-
tially protective film whose thickness and composition significantly affect the degradation dynam-
ics. In the absence of galvanic corrosion from metal impurities, the degradation primarily hinges on
ion diffusion through the nanoporous layer [154]. Precipitation leads to ion depletion, altering the
chemical reaction equilibrium, influencing degradation rates, and affecting the interaction of ions
with the metal on a unit area. Despite these factors, macroscopic implant degradation is measur-
able through methods like hydrogen evolution, weight loss, or volume loss. Specifically, volume
loss is gauged using micro-computed tomography (𝜇CT), a non-destructive, high-resolution 3D
imaging technique, by comparing pre and post-degradation sample images [152, 151].

The experimental procedures, detailed in [75] and illustrated in Fig. 5.1, involve M2 × 4mm
threaded bone implant screws measuring 2mm in diameter and 4mm in length with a 0.5×0.5mm
slotted head were crafted from Mg-5Gd and Mg-10Gd. For the in vitro testing, the screws were
immersed in a complex cell culture medium (either 𝛼-Minimum Essential Medium or Dulbecco’s
Modified Eagle’s Medium, supplemented with 10% Fetal Bovine Serum and 1% Penicillin / Strep-
tomycin) for periods of {1, 2, 3, 4, 8} weeks under cell culture conditions (37°C, 5% CO2, 20%
O2, and 95% relative humidity). After immersion in a cell-culture-like medium for up to 8 weeks,
the screws are cleaned, the degradation layer removed, and re-imaged to assess degradation. The
conditions under which these experiments are conducted, including the regular refreshing of the
immersion medium, are consistent with standard cell culture environments. The post-test tomo-
graphic data is processed to calculate the macroscopic material volume loss, illustrated in Fig. 5.1,
and defined as

𝑉𝐿(𝑡) =
𝑉0 − 𝑉 (𝑡)

𝑉0
, (5.1)

where 𝑉0 and 𝑉 (𝑡) represent the volume of the metallic material before and after the test at time 𝑡,
respectively. Continuing, the microstructural and mechanical properties of these alloys are exten-
sively documented in [56]. In our FEM-based damage plasticity analysis, a Young’s modulus of
43GPa and a Poisson’s ratio of 0.3 are assigned. The alloys exhibit isotropic hardening modeled us-
ing exponential Voce-type stress-strain functions. As shown in Fig. 5.2, Mg-10Gd, with its higher
Gd content, exhibits greater yield stress and tensile strength than Mg-5Gd. These stress-strain
functions are inputted for the damage plasticity computations, as further discussed in Section 5.4.
Our analyses account for finite deformations by employing logarithmic Hencky strain measures.
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Figure 5.1: Schematic of the bio-corrosion experiment: Initial screw volume was determined us-
ing 𝜇CT images. After immersion in the degradation medium and removal of the degradation
layer with chromic acid, the screw was reimaged. Volume loss was calculated from these images.
Data sourced from [75] and image reproduced from [60].
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Figure 5.2: Extrapolated stress-strain curves for Mg-5Gd and Mg-10Gd. Reproduced from [60].
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5.2 Peridynamic Bio-Corrosion Simulation of Bone Implant Screws

In the next sections, the results of the numerical in vitro peridynamic bio-corrosion simulations
and the calibration of model parameters are discussed. First, we derive a peridynamic constitutive
corrosion model that effectively correlates the macroscopically observable volume loss over time
with the diffusivity of peridynamic interface bonds. Following this, we illustrate a method for
optimizing peridynamic corrosion models using low fidelity models with reduced spatial resolution
through the PSO algorithm. We then demonstrate how these estimated parameters are transferred
to a high-resolution, i.e., the high fidelity, peridynamic bi-material and NNPP corrosion models.

For robust 3D corrosion simulations, we developed a highly parallelized code using the C++11
programming language. These simulations are run on a dual-socket computational node at the
Helmholtz Zentrum Hereon’s in-house HPC cluster, equipped with 24-core 2.1 GHz Intel Xeon
Scalable Platinum 8160 processors, supporting shared memory multiprocessing on 48 cores via
OPENMP directives. We utilize the libkdtree++ library for its efficient implementation of the
k-d tree algorithm to construct peridynamic neighborhoods. Mathematical operations, particularly
those involving linear algebra, leverage the LAPACK software library [5]. The linear systems of
equations were iteratively solved using the Generalized Minimal Residual Method (GMRES). The
PSO algorithm employs a hybrid parallelism combining shared memory programming on each
computational node with distributed memory parallelization across nodes using the Message Pass-
ing Interface (MPI) standard. This optimization involves a network of 10 computational nodes,
each utilizing 5 cores.

5.2.1 Semi-Empricial Volume Loss Corrosion Kinetics Model

In this section, we examine the constitutive assumptions associated with the kinetics of electro-
chemical corrosion of binary Mg-Gd implant materials at the metal-electrolyte interface. Specifi-
cally, these assumptions relate to the peridynamic micro-diffusivity of solid-liquid interface bonds
and the definition of electric overpotential 𝜂 used in our modeling approach. Here, 𝜂 denotes a
relative positive shift in the corrosion potential of the bare immersed Mg-Gd system. Assuming a
Tafel-like behavior at the material interface allows a precise mathematical description of the change
in Mg dissolution current. It is presumed that an increase in 𝜂 is linked to precipitation and deposit
formation, which captures the effect of a decrease in anodic dissolution current due to precipita-
tion. Thus, increased micro-diffusivity for the corrosion interface bonds may lead to a precipitation
layer on the corrosion surface since the concentration of the liquid electrolyte cannot exceed the
saturation limit 𝐶sat. We adopt the approach from [63], which proposes an implicit mechanism to
account for deposit and precipitation layer formation in peridynamic corrosion models. When a
solid node near the solid-liquid interface has a liquid node with a concentration at or above𝐶sat, the
micro-diffusivity of all active bonds in this neighborhood is temporarily set to zero, suppressing
diffusion as long as this condition is met. This approach captures the potential drop due to electrical
resistance from deposits without explicitly measuring their thickness, constitution, or composition.

It is important to note, that temporarily inhibiting the diffusion of Mg ions is an overestimation
since the formation of a precipitation layer reduces but does not entirely stop the interface flux. For
instance, as shown by [22] for the ZE10 alloy, the interface flux decreases to between 0.15 and 0.25.
However, due to the uncertainty in the exact reduction of diffusion flux, it is practical to interrupt
the diffusion flux altogether. By calibrating the micro-diffusivity (or Fickian diffusion coefficient),
an average diffusion flux can be achieved over time, approximating the permeability properties of
the electrolytic environment on the corrosion rate. This approach ensures close alignment between
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simulation results and experimental volume loss data, eliminating an additional calibration param-
eter. The results of the calibrated peridynamic corrosion model are presented in Section 5.2.3.
Using the peridynamic bi-material bio-corrosion model with the standard discretization in PD, the
quadrature summation in (3.4), along with an implicit time discretization, yields

𝐶̇𝑛+1𝑖 −
∑

𝑗∈𝑖

𝜅𝑛+1𝑖𝑗

(

𝐶𝑛+1𝑗 − 𝐶𝑛+1𝑖

‖𝐱𝑗 − 𝐱𝑖‖𝑛𝑑+2𝑞

)

Δ𝑉𝑗 = 0, (5.2)

where 𝜅𝑛+1𝑖𝑗 denotes the micro-diffusivity for the bond 𝝃 = 𝐱𝑗 − 𝐱𝑖 and time instance 𝑡𝑛+1. The
equation in (5.2) can be expressed in a global matrix-vector form, collecting all the concentration
values and their time derivatives at the nodal points into global vectors, as

𝐂̇𝑛+1𝑇 − 𝐊̃𝑛+1𝐂𝑛+1𝑇 = 𝟎, (5.3)
where 𝐊̃𝑛+1 ∈ ℝ𝑁𝑝×𝑁𝑝 , with𝑁𝑝 denoting the number of nodal points in the domain, is a symmetric
and time-dependent global conductance matrix with entries given by

𝐾𝑖𝑖 = −
∑

𝑗∈𝑖

𝜅𝑛+1𝑖𝑗

‖𝐱𝑗 − 𝐱𝑖‖𝑛𝑑+2𝑞
Δ𝑉𝑗 , (5.4)

𝐾𝑖𝑗 =
𝜅𝑛+1𝑖𝑗

‖𝐱𝑗 − 𝐱𝑖‖𝑛𝑑+2𝑞
Δ𝑉𝑗 , (5.5)

and the global vector of nodal concentrations 𝐂𝑛+1𝑇 ∈ ℝ𝑁𝑝 is defined as

𝐂𝑛+1𝑇 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

⋮
𝐶𝑛+1𝑖
⋮

𝐶𝑛+1𝑗
⋮

⎤

⎥

⎥

⎥

⎥

⎥

⎦

. (5.6)

The micro-diffusivities, and thus the entries of the conductance matrix 𝐊̃𝑛+1, are updated at time
step 𝑡𝑛+1 as summarized in Algorithm 1. As proposed by the mechanism in [63], this update
accounts for the effect of precipitation layer formation without the need to compute its composition
or thickness. The peridynamic micro-diffusivity parameter determines the corrosion progression
as it dictates the speed and characteristics of the anodic dissolution process. Given the definition
of the overpotential 𝜂𝑛+1𝑗 , evaluated at 𝐱𝑗 and 𝑡𝑛+1, the micro-diffusivity 𝜅𝑛+1𝑖𝑗,int in the standard bi-
material peridynamic corrosion model for interface bonds at 𝑡𝑛+1, assuming 𝐱𝑗 is in the solid metal
phase, can be expressed as

𝜅𝑛+1𝑖𝑗,int =
3(1 − 𝑞)𝐷int

𝜋𝛿2−2𝑞
10

⎛

⎜

⎜

⎜

⎝

𝜂𝑛+1𝑗

𝛽𝑎

⎞

⎟

⎟

⎟

⎠ =
3(1 − 𝑞)𝐷int

𝜋𝛿2−2𝑞
10

⎛

⎜

⎜

⎜

⎝

𝜙corr − 𝐼𝑛+1𝑗 𝑅𝑛+1𝑗

𝛽𝑎

⎞

⎟

⎟

⎟

⎠, (5.7)
where 𝐷int is the Fickian diffusion coefficient at the metal-electrolyte interface, 𝑞 is the kernel
exponent, 𝜙corr is the effective corrosion potential, 𝛽𝑎 is the anodic Tafel slope (according to the
modeling approach) and 𝐼𝑛+1𝑗 𝑅𝑛+1𝑗 is the potential drop, where 𝐼𝑛+1𝑗 refers to the total anodic current
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and𝑅𝑛+1𝑗 is the electrical resistance related to the deposit formation and the electrolyte conductivity
both at time step 𝑡𝑛+1. Note that, for simplicity in implementation, the interface diffusivity, 𝜅𝑛+1𝑖𝑗,int ,can be assigned to material points in the solid metal phase. Additionally, the diffusion between
solid-solid diffusion bonds can be effectively excluded from the numerical computation, as diffu-
sion in the solid bulk is typically slower by several orders of magnitude compared to the material
dissolution into the surrounding liquid electrolyte. The electric current 𝐼𝑛+1 at time step 𝑡𝑛+1 can
be estimated based on the relation:

𝐼𝑛+1𝑗 = 𝑧𝐹
𝐶𝑛+1𝑗 − 𝐶𝑛𝑗

Δ𝑡
Δ𝑉𝑗 , (5.8)

where 𝑧 is the ion charge number, 𝐹 is Faraday’s constant, Δ𝑉𝑗 is the cell volume associated with
𝐱𝑗 , and Δ𝑡 is the time increment. The electrical resistance𝑅𝑛+1𝑖 can be influenced by factors like the
ohmic drop due to the electrolyte or resistive films at the interface. The precipitation layer’s impact
on overpotential is included implicitly and thus excluded from this resistance. Algorithm 1 provides
a schematic overview of implementing temporary diffusion inhibition between the solid material
and the liquid electrolyte when the saturation constant 𝐶sat is exceeded. For a detailed overview,
refer to [90].

Algorithm 1 Mechanism for the description of implicit precipitation layer formation at 𝑡𝑛+1.
1: Initialize conductance matrix 𝐊̃ ← 𝟎
2: for all nodes 𝐱𝑖 do
3: for all nodes 𝐱𝑗 in the neighborhood 𝑖 do
4: if 𝐱𝑖 in metal phase then
5: if 𝐱𝑗 in electrolyte phase and 𝐶𝑛𝑗 ≥ 𝐶sat then
6: 𝐾𝑖𝑗 ← 0 ∀𝑗
7: 𝐾𝑗𝑖 ← 0 ∀𝑗
8: break
9: else

10: Update 𝐾𝑖𝑗 according to (5.5)
11: Update 𝐾𝑖𝑖 according to (5.4)
12: end if
13: else if 𝐱𝑖 in liquid phase then
14: if 𝐱𝑗 in solid phase and 𝐶𝑛𝑖 ≥ 𝐶sat then
15: 𝐾𝑖𝑗 ← 0
16: else
17: Update 𝐾𝑖𝑗 according to (5.5)
18: Update 𝐾𝑖𝑖 according to (5.4)
19: end if
20: end if
21: end for
22: end for

170



5.2. Peridynamic Bio-Corrosion Simulation of Bone Implant Screws

Given the complexity, determining the exact functional relationship for electric resistance is
generally impractical. Therefore, we propose a practical phenomenological approach to develop
a constitutive peridynamic bio-corrosion model that effectively connects the experimentally ob-
served macroscopic volume loss to the peridynamic micro-diffusivity parameter (or Fickian inter-
face diffusion coefficient). In this approach, the time-dependent behavior of the overpotential is
replaced by volume loss using a semi-empirical corrosion rate equation. Semi-empirical corrosion
models are widely used since they offer accurate predictions on corrosion rates and depths for var-
ious systems with minimal parameter calibration [28, 47]. We adopt the model from [47] to binary
Mg-Gd alloys, where the average corrosion depth, and hence volume loss, is given by

𝑉𝐿(𝑡) = 𝑙 log
(

1 + 𝑡
𝜏

)

, (5.9)
where 𝑙, 𝜏 are model parameters related to the corrosion depth and speed of progression. Derivation
with respect to time yields the volume loss rate, which in the case of homogeneous corrosion
represents the corrosion rate

𝜕
𝜕𝑡
𝑉𝐿(𝑡) =

𝑙
𝜏 + 𝑡

, (5.10)
which be rewritten implicitly in terms of volume loss as

𝑉̇𝐿(𝑡) =
𝑙
𝜏
10

(

−
𝑉𝐿(𝑡)
𝑙

)

. (5.11)
Using Faraday’s 2nd law of electrolysis, we can relate the anodic current density to the mass of
dissolved material. By incorporating (5.11) into Faraday’s 2nd law, we obtain

𝑖𝑎(𝑡) =
𝑙𝑧𝐹𝜌
𝜏𝑀𝐴

10

(

−
𝑉𝐿(𝑡)
𝑙

)

= 𝑖010

(

−
𝑉𝐿(𝑡)
𝑙

)

, (5.12)
where 𝑖0 represents the anodic current density at 𝑡 = 0, or at zero initial volume loss 𝑉𝐿(0) = 0.
The relationship in (5.12) is similar to the Tafel equation in electrochemical kinetics but connects
volume loss to anodic current density instead of overpotential. Since the peridynamic bi-material
corrosion model assumes a linear relationship between the micro-diffusivity of solid (undissolved)
interface bonds and the anodic current density 𝑖𝑎, we can derive a corresponding expression for
micro-diffusivity as a function of volume loss as

𝜅𝑛+1𝑖𝑗,int =
3(1 − 𝑞)𝐷int

𝜋𝛿2−2𝑞
10

⎛

⎜

⎜

⎜

⎝

−
𝑉 𝑛+1
𝐿
𝑙

⎞

⎟

⎟

⎟

⎠. (5.13)
The semi-empirical corrosion model replaces the time evolution of the overpotential with the ex-
perimentally observable volume loss of the metallic sample. By calibrating the model using exper-
imental volume loss data, the corrosion process can be accurately described through peridynamic
micro-diffusivity, which in turn, ensures the correct representation of the anodic dissolution pro-
cess. Note that the constitutive relation derived in (5.13) for the standard peridynamic bi-material
corrosion model can also be used in the generalized NNPP corrosion formalism to describe the
anodic dissolution of the metallic sample, considering the presence of various ionic components
in the systems. This constitutive assumption has been consistently applied in the numerical studies
of this chapter for both bi-material and NNPP corrosion systems.
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5.2.2 Parameter Calibration on Low Fidelity Peridynamic Bio-Corrosion Models

Calibrating the constitutive parameters of peridynamic corrosion models, typically depends on
extensive experimental data, such as electrochemical polarization curves or saturation concentra-
tions 𝐶sat for the specific corrosion system at hand. However, data availability is often limited
or nonexistent. For example, proteins in the electrolyte can deposit on the measuring electrode’s
surface, complicating the acquisition of polarization curves. Additionally, certain model parame-
ters, such as the exponent 𝑞 of the peridynamic kernel function in (2.49), cannot be directly mea-
sured experimentally. Given the numerous uncontrolled parameters and resulting uncertainties, a
meta-heuristic evolutionary algorithm like PSO is a suitable choice. This optimization algorithm
effectively estimates parameters, allowing exploration of the potentially vast parameter space.

Two separate parameter optimizations are conducted to calibrate the peridynamic corrosion
models using Mg-5Gd and Mg-10Gd volume loss data sets. Experimental details, including a 𝜇CT
analysis of microstructure and overall volume loss over an 8-week immersion period, are provided
in [73, 60]. To explore the parameter space thoroughly, a large number of iterations is required,
necessitating a highly efficient simulation. Therefore, the PSO procedure is performed on a low-
resolution model, termed the low fidelity model, and the estimated parameters are then adjusted
for a subsequent high-resolution, or high fidelity model. The parameter values are restricted within
boundaries shown in Table (5.1), which denote the physically feasible subspace and provide ben-
eficial starting conditions for the optimization algorithm. For Mg-5Gd, 𝐶Solid is 66082.4mol∕m3,
and for Mg-10Gd, it is 62575.3mol∕m3. Note that the peridynamic kernel exponents 𝑞 were ini-
tially included in the parameter vector and optimization process. However, the optimizer tended
to set these values to 0, the assumed parametric boundary. This behavior increased the norm in
the kernel function and enhanced the model’s nonlocality, thus fully utilizing its nonlocal capabil-
ities. Due to this boundary convergence observed during the optimization, the kernel exponent 𝑞
is excluded from further discussion. The parameter 𝑙 must be adjusted when transferring it to the
high fidelity model, due to deviations in total volume and corrosion surface caused by the coarser
discretization of the low fidelity model. Assuming equal electric current densities between the low
and high fidelity models, and neglecting initial volume loss in (5.12), the adjustment is given by

𝑙high =
𝐴high

𝐴low
𝑙low, (5.14)

where 𝐴low and 𝐴high represent the corrosion surfaces of the low and high fidelity models, respec-
tively, and 𝑙high ≡ 𝑙 is the adjusted proportionality constant for the high fidelity model. For the
models of the headless M2×4mm bone implant screw geometry used in this study, the correction
factor is 𝐴high

𝐴low
= 1.1275. Fig. 5.3 shows the computational domain and initial condition of the low

fidelity peridynamic bi-material corrosion model, where the solid metal part of the implant bone
screw is depicted in red, and the surrounding parts represent the liquid electrolyte, with a total
of 34, 153 nodes used to discretize the geometry. The quadratic error between the experimentally
observed volume loss data, shown in Fig. 5.1, and the simulation is employed as the objective
function of the numerical parameter optimization procedure

min
𝐩

 (𝐩) = min
𝐩

∑

𝑖∈

(

𝑉 𝑖
L,exp − 𝑉

𝑖
L,sim(𝐩)

)2
, (5.15)

where 𝐩 is the parameter vector, 𝑉 𝑖
L,exp is the experimentally observed volume loss, and 𝑉 𝑖

L,sim(𝐩)is the simulated volume loss, both evaluated at the discrete time instances  = 1, 2, 3, 4, 8 weeks.
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The PSO algorithm undergoes 1000 iterations, were stagnation in minimizing the loss function, and
thus a local minima, occurs after 957 iteration for Mg-10Gd and 611 iterations for Mg-5Gd. Despite
the algorithm’s inherent randomness potentially allowing further reduction in the loss function, a
satisfactory agreement with the experimental data is achieved for less than 1000 iterations. The
results of the parameter calibration for Mg-10Gd and Mg-5Gd on the fidelity model are summarized
in Table 5.1. The next section demonstrates how these results are applied to the high fidelity
corrosion model.
Table 5.1: peridynamic bi-material corrosion model parameters calibrated on the low fidelity
model. Data available in [60].

Parameter Mg-5Gd Mg-10Gd Range Unit
𝐷int 2.8779 × 10−15 1.3956 × 10−14 (𝜖, 4.2 × 10−8) [m2 s−1]
𝐷liq 8.6822 × 10−9 2.1051 × 10−10 (𝜖, 4.2 × 10−6) [m2 s−1]
𝐶Sat 0.6608 0.6257 (𝐶Solid × 10−5, 𝐶Solid × 0.33) [molm−3]
𝑙 0.2355 0.064 (0.01, 1∕𝜖) [m3]

Figure 5.3: Computational domain of the low fidelity model used for parameter optimization of
the headless M2 × 4mm bone implant screw. Reproduced from [60].

173



5.2. Peridynamic Bio-Corrosion Simulation of Bone Implant Screws

5.2.3 Peridynamic Bi-Material Bio-Corrosion Simulation on High Fidelity Models

After calibration of peridynamic bi-material model parameters using experimental volume loss
data on Mg-5Gd and Mg-10Gd, simulations were performed based on the initial condition shown in
Fig. 5.4. Following the multi-grid approach for adaptive mesh refinement of peridynamic diffusion-
type models, as outlined in Section 3.4, the computational domain is divided into Ω− and Ω+,
discretized with 50 µm and 100 µm respectively. This resolution suffices as the anodic dissolution
rate of the systems at hand ensures numerical convergence. The region Ω− encompasses the entire
implant screw geometry and adjacent liquid domain parts, with nonlocal ABCs enforced on the
Ω+ boundaries to numerically mimic the experimental in vitro electrolyte exchange every 2-4 days.
The computational domain is discretized using 241, 740 nodes for Ω+ and 408, 205 nodes for Ω−,
totaling 649, 945 nodes. Uniform discretization of Ω− across the domain would increase the node
count to 2, 143, 611.

Fig. 5.5 shows the simulated volume loss progression over time. The experimental volume loss
data is represented by blue and red data points for Mg-5Gd and Mg-10Gd, respectively. Simula-
tion curves are plotted for a fully fine discretization of 50 µm (denoted as Fine) versus the multi-
grid approach (denoted as Multi-grid). The simulation results show good qualitative agreement
with experimental data for both materials. The developed peridynamic bi-material constitutive
model, with numerical parameter optimization using experimental volume loss data, captures the
macroscopic corrosion behavior well. Minor deviations between the multi-grid approach and full
discretization are noticeable but remain relatively small. For Mg-10Gd, the multi-grid approach
yields slightly more accurate results compared to the experimental data. However, this may be
due to the specific parameters obtained from the calibration procedure and the multi-grid domain
definition, and does not indicate general superiority. As reported in Table 5.2, employing the multi-
grid approach significantly reduces the number of nodal points, leading to a substantial decrease
in simulation time. For Mg-5Gd, the total simulation time is reduced by more than 12 times, and
for Mg-10Gd, it is reduced by more than 6 times.

Figure 5.4: The problem domain containing the M2 × 4mm headless bone implant screw with
two distinct discretizations Ω− and Ω+ as well as the ABCs as indicated by the red arrows on the
domain boundary. Reproduced from [60].
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Table 5.2: Run-times and node numbers for full discretization compared to the multi-grid approach.

Full Multi-grid
No. of nodes 2,143,611 649,945
Run-time Mg-5Gd [s] 75,741 6,125
Run-time Mg-10Gd [s] 20,677 3,129

Fig. 5.6 illustrates the peridynamic bi-material corrosion simulation over eight weeks of im-
mersion for Mg-5Gd. The left columns show the solid metal phase of the implant screw geometry,
while the right columns depict the surrounding liquid electrolyte (not to scale). The concentration
of Mg ions is depicted in both columns. Corrosion progresses primarily on the outer surfaces of the
implant screw, reducing concentration in these peripheral areas. The experimentally observed cor-
rosion rate is higher initially and decreases over time, resulting in an initially higher concentration
of Mg-ions in the electrolyte’s adjacent areas. This relationship describes the initiation phase with-
out the formation of precipitates and deposition layers and is correctly captured in the peridynamic
bi-material corrosion simulation, as shown in Fig. 5.6 (right). The ABCs mimic an unbounded
domain, allowing a continuous outflow of Mg ions, leading to a decreasing concentration in the
electrolyte over time. The corrosion process for Mg-10Gd is quantitatively similar to that shown
in Fig. 5.6, hence only one simulation sequence is shown for clarity.

Mg- 5Gd Experiment
Mg- 5Gd Fine
Mg- 5Gd Multi- grid
Mg- 10Gd Experiment
Mg- 10Gd Fine
Mg- 10Gd Multi- grid

0 10 20 30 40 50
0

5

10

15

20

25

30

Time [days]

R
el
at
iv
e
vo
lu
m
e
lo
ss
[%
]

Mg- 5Gd Experiment
Mg- 5Gd Fine
Mg- 5Gd Multi- grid
Mg- 10Gd Experiment
Mg- 10Gd Fine
Mg- 10Gd Multi- grid

0 10 20 30 40 50
0

5

10

15

20

25

30

Time [days]

R
el
at
iv
e
vo
lu
m
e
lo
ss
[%
]

Mg- 5Gd Experiment
Mg- 5Gd Fine
Mg- 5Gd Multi- grid
Mg- 10Gd Experiment
Mg- 10Gd Fine
Mg- 10Gd Multi- grid

0 10 20 30 40 50
0

5

10

15

20

25

30

Time [days]

R
el
at
iv
e
vo
lu
m
e
lo
ss
[%
]

Mg- 5Gd Experiment
Mg- 5Gd Fine
Mg- 5Gd Multi- grid
Mg- 10Gd Experiment
Mg- 10Gd Fine
Mg- 10Gd Multi- grid

0 10 20 30 40 50
0

5

10

15

20

25

30

Time [days]

R
el
at
iv
e
vo
lu
m
e
lo
ss
[%
]

Mg- 5Gd Experiment
Mg- 5Gd Fine
Mg- 5Gd Multi- grid
Mg- 10Gd Experiment
Mg- 10Gd Fine
Mg- 10Gd Multi- grid

0 10 20 30 40 50
0

5

10

15

20

25

30

Time [days]

R
el
at
iv
e
vo
lu
m
e
lo
ss
[%
]

Mg- 5Gd Experiment
Mg- 5Gd Fine
Mg- 5Gd Multi- grid
Mg- 10Gd Experiment
Mg- 10Gd Fine
Mg- 10Gd Multi- grid

0 10 20 30 40 50
0

5

10

15

20

25

30

Time [days]

R
el
at
iv
e
vo
lu
m
e
lo
ss
[%
]

Mg- 5Gd Experiment
Mg- 5Gd Fine
Mg- 5Gd Multi- grid
Mg- 10Gd Experiment
Mg- 10Gd Fine
Mg- 10Gd Multi- grid

0 10 20 30 40 50
0

5

10

15

20

25

30

Time [days]

R
el
at
iv
e
vo
lu
m
e
lo
ss
[%
]

Figure 5.5: Experimental and simulation volume loss for Mg-5Gd and Mg-10Gd, respectively.
Reproduced from [60].
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Figure 5.6: Peridynamic corrosion simulation for Mg-5Gd over 8 weeks of immersion. The left
column depicts the concentration profile of the solid (undissolved) metal implant screw while the
right one shows the concentration of Mg ions in the surrounding liquid phase. The colorbar is
expressed in the unit mol∕m3. Reproduced and adjusted from [60].
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5.2.4 Multi-Ionic Bio-Corrosion Simulation of Implants in Simulated Body Fluid

In this section, we build upon the results from Section 5.2.3, where close alignments between
experimental volume loss data and the peridynamic bi-material bio-corrosion model were obtained.
We utilize the complete 3D NNPP system to simulate and model the in vitro degradation of a
M2× 4mm headless bone implant screw under physiological conditions. This approach allows us
to obtain detailed information about the electromigration of different ionic components in the liquid
solution, incorporate various electrochemical reactions, and consider the formation of deposits and
precipitates around the bone implant screw. This study focuses on the Mg-10Gd binary magnesium
alloy, though the same analysis can be applied to Mg-5Gd as well.

The bone implant samples are immersed in SBF, which simulates physiological conditions.
The chemical composition and ionic concentrations of SBF, as detailed in [150], serve as the initial
and boundary conditions for the numerical simulation, listed in Tab. 5.3. The immersion process
is assumed to be quasi-static, with regular electrolyte refreshment to prevent ion depletion or salt
saturation in the medium [73]. This configuration replicates tissue hydrodynamics without con-
vective flow, controlling salt and deposit layer formation during the bio-corrosion based on the ion
composition. Due to the absence of established and consistent ABCs for the full NNPP system, our
analysis is limited to applying nonlocal Dirichlet boundary conditions over a layer with thickness
𝛿 across the boundary. However, assuming the electrostatic potential is small at the boundary layer
and that quasi-static conditions with negligible chemical reaction rates are present, it might be jus-
tifiable to apply a set of peridynamic diffusion equations instead of the coupled NNPP system near
the boundary, and impose nonlocal ABCs for diffusion-type problems as discussed in Section 4.1
of Chapter 4 of this dissertation.

In modeling the electrochemical degradation of Mg-10Gd bone implant screws in SBF, we
assume gadolinium is ideally homogenized and do not model its effects separately. Adopting the
description in [150], our system includes both chemical and electrochemical reactions. The dis-
solution of Mg ions into the liquid electrolyte and the concurrent formation of hydrogen gas are
represented by

Mg(s) → Mg2+(aq) + 2e−, (5.16)
2H+(aq) + 2e− → H2 (5.17)

where (s) indicates a solid state and (aq) represents an aqueous phase. Furthermore, we include
several precipitating components within the corrosion system, described by

Mg2+(aq) + 2OH−(aq) → Mg(OH)2(s), (5.18)
Mg2+(aq) + HCO−

3 (aq) → Mg(CO)3(s) + H+(aq), (5.19)
Mg2+(aq) + HCO−

3 (aq) + 3H2O(aq) → Mg(HCO)3OH ⋅ 2H2O(s) + H+(aq), (5.20)
3Mg2+(aq) + 2HPO2−

4 (aq) + 8H2O(aq) → Mg3(PO4)2 ⋅ 8H2O(s) + 2H+(aq), (5.21)
Ca2+(aq) + 2OH−(aq) → Ca(OH)2(s) (5.22)
Ca2+(aq) + HCO−

3 (aq) → CaCO3(s) + H+(aq) (5.23)
5Ca2+(aq) + 3HPO2−

4 (aq) + H2O(aq) → Ca5OH(PO4)3(s) + 4H+(aq). (5.24)
The latter system describes the precipitation of brucite (cf. (5.18)), magnesite (cf. (5.19)), nesque-
honite (cf. (5.20)), bobierrite (cf. (5.21)), portlandite (cf. (5.22)), calcite (cf. (5.23)), and hydroxya-
patite (cf. (5.24)). The corresponding dissolution equilibrium constants, expressed as logarithmic
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pK values at 37 ◦C, are adopted and refined from [71, 150], and are listed in Tab. 5.4. Moreover,
we take into account the dissociation of water, hydrogen carbonate, and hydrogen phosphate within
the liquid electrolyte solution as

H2O(aq) ⇌ H+(aq) + OH−(aq) (5.25)
HCO−

3 (aq) ⇌ CO2−
3 (aq) + H+(aq) (5.26)

HPO2−
4 (aq) ⇌ PO3−

4 (aq) + H+(aq). (5.27)
Local chemical conditions, such as pH level and temperature 𝑇 , influence which compounds pre-
cipitate either on the implant’s surface — forming a degradation layer — or within the bulk elec-
trolyte. This layer acts as a partially protective film, significantly impacting the corrosion rate and
extent. A numerical analysis from [150] determined which reactions from (5.18) to (5.24) need
to be computed by assessing the fractions of precipitates forming in SBF at 𝑇 = 37 ◦C, based on
pH values, and confirming these findings with experimental results. Portlandite was found not to
form in corrosion experiments of biodegradable materials and is therefore excluded from this study.
The NNPP system consists of 11 unknown field variables, including the electrostatic potential 𝜙,
derived from the nonlocal Poisson equation (2.64), and 10 concentration distributions

𝐶1 = [Mg𝑧1], 𝐶2 = [H𝑧2], 𝐶3 = [OH𝑧3],
𝐶4 = [HCO𝑧43 ], 𝐶5 = [CO𝑧53 ], 𝐶6 = [HPO𝑧64 ],

𝐶7 = [PO𝑧74 ], 𝐶8 = [Ca𝑧8], 𝐶9 = [Na𝑧9], 𝐶10 = [Cl𝑧10]
(5.28)

where𝐶1, 𝐶2,… , 𝐶10 represent the molar concentrations of the ionic species, and 𝑧1, 𝑧2,… , 𝑧10 are
their respective charge numbers. The initial and boundary values used in the numerical simulation
are summarized in Tab. 5.3. The chemical reaction terms are directly derived from (5.16) to (5.27)
and are imposed on specific parts of the computational domain. Thus, the dissolution of Mg ions,
as described by (5.16), and the associated hydrogen formation from (5.17), are calculated at point 𝐱𝑖
within the DCL at time 𝑡𝑛+1. This is accounted for through an explicit time reaction term affecting
the hydrogen ion concentration 𝐶2, given by

𝑅𝑛+1H2,𝑖
=

𝐽H2

𝑧2𝐹𝑐solid
exp

(

−
𝛼H2

𝐹
𝑅𝑇

𝜂𝑛𝑖

)

, ∃𝐱 ∈ 𝑖 ∶ 𝜑(𝐱𝑖, 𝑡𝑛) ≠ 𝜑(𝐱, 𝑡𝑛), (5.29)

where 𝐽H2
is the proportionality factor at zero overpotential, and 𝛼H2

is the charge transfer coeffi-
cient. Generally, a total of 𝑟 reactions within the system can be characterized by

𝑁
∑

𝑘=1
𝑝𝑘,𝑖𝐶𝑘(𝐱, 𝑡) ⇌

𝑁
∑

𝑘=1
𝑞𝑘,𝑖𝐶𝑘(𝐱, 𝑡), 𝑖 = 1, 2,… , 𝑟, (5.30)

where 𝑁 is the total number of species, and 𝑝𝑘,𝑖 and 𝑞𝑘,𝑖 are the stoichiometric coefficients for the
𝑖th chemical reaction. A general reaction term at a material point 𝐱 and time 𝑡 can thus be expressed
as

𝑅𝑘(𝐱, 𝑡) =
𝑟
∑

𝑖=1
𝑘𝑏,𝑖

(

𝐾eq,𝑖 − (𝑞𝑘,𝑖 − 𝑝𝑘,𝑖)
𝑁
∏

𝑛=1
𝑐𝑞𝑛,𝑖𝑛 (𝐱, 𝑡)

)

, 𝑘 = 1, 2,… , 𝑁, (5.31)

where 𝑘𝑏,𝑖 is the backward reaction rate for the 𝑖th chemical reaction, and𝐾eq,𝑖 is the corresponding
equilibrium constant. The reactions from (5.18) to (5.27) are applied to the entire liquid electrolyte
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phase as well as within the solid and liquid subdomains of the DCL, as schematically shown in
Fig. 2.6. In contrast, the dissociation reactions of water, hydrogen carbonate, and hydrogen phos-
phate are considered only in the liquid phase.
Table 5.3: Initial and Boundary Condition for 3D Bone Implant Screw Degradation. Data available
in [58].

Species Initial Value in Solid Initial Value in Liquid Boundary Condition
𝐶1 1 0 0
𝐶2 0 10−4∕66082.4 10−4∕66082.4
𝐶3 0 10−4∕66082.4 10−4∕66082.4
𝐶4 0 34.88∕66082.4 34.88∕66082.4
𝐶5 0 0 0
𝐶6 0 1.39∕66082.4 1.39∕66082.4
𝐶7 0 0 0
𝐶8 0 2.31∕66082.4 2.31∕66082.4
𝐶9 0 142∕66082.4 142∕66082.4
𝐶10 0 109.9∕66082.4 109.9∕66082.4
𝜙 0 0 0

Figure 5.7: The initial solid metallic phase on a regular grid for the M2× 4mm headless bone im-
plant screw, shown alongside a cross-sectional cut of the surrounding cylindrical liquid electrolyte
phase of SBF. Reproduced from [58].
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The constitutive peridynamic corrosion model, based on the semi-empirical corrosion rate
equation detailed in Section 5.2.1, governs the dissolution of Mg ions into the solution and is
applied to the full NNPP corrosion model in this example. Here, the diffusion coefficient𝐷1(𝑡) for
the Mg ion concentration 𝐶1 is defined as

𝐷1(𝑡) =

⎧

⎪

⎨

⎪

⎩

𝐷1,liq, 𝜑(𝐱𝑗 , 𝑡) = 0 ∧ 𝜑(𝐱𝑖, 𝑡) = 0, (liquid-liquid bonds)
𝐷1,int10(−𝑉𝐿(𝑡)∕𝑙), 𝜑(𝐱𝑗 , 𝑡) = 1⊕𝜑(𝐱𝑖, 𝑡) = 1, (interface bonds)
𝐷1,sol, 𝜑(𝐱𝑗 , 𝑡) = 1 ∧ 𝜑(𝐱𝑖, 𝑡) = 1, (solid-solid bonds)

, (5.32)

where 𝐷1,liq and 𝐷1,int are the constant diffusion coefficients for liquid-liquid and interface bonds,
respectively. A small diffusion coefficient 𝐷1,sol is included for solid-solid bonds to account for
the effects related to subsurface corrosion within the solid Mg material near the corrosion surface.
Since we compute the formation of deposits through chemical reaction terms in (5.18) to (5.24),
we do not use the implicit mechanism from Algorithm 1 for the temporary blockage of interface
bonds due to deposit layer formations. For the remaining ionic species the constitutive model is
defined as

𝐷𝑘 =

⎧

⎪

⎨

⎪

⎩

𝐷𝑘,liq, 𝜑(𝐱𝑗 , 𝑡) = 0 ∧ 𝜑(𝐱𝑖, 𝑡) = 0, (liquid-liquid bonds)
𝜀𝐷𝑘,liq, 𝜑(𝐱𝑗 , 𝑡) = 1⊕𝜑(𝐱𝑖, 𝑡) = 1, (interface bonds)
0, 𝜑(𝐱𝑗 , 𝑡) = 1 ∧ 𝜑(𝐱𝑖, 𝑡) = 1, (solid-solid bonds)

, 𝑘 = 2, 3, ..., 𝑁,

(5.33)
where 𝑁 = 10 represents the total number of species in the system. The diffusion coefficient for
interface bonds is denoted as 𝐷𝑘,int ∶= 𝜀𝐷𝑘,liq, with 𝜀 as the ratio of tortuosity to porosity across
the DCL. Moreover, the electrical conductivity assumed in the nonlocal Poisson equation in (2.64)
is considered constant for this analysis and the equation is solved exclusively in the liquid phase.
The parameters used in the numerical study are detailed in Tab. 5.4.

The numerical simulation was conducted over a simulated immersion period of 56 days within
a cylindrical computational domain with a radius of 3mm and a height of 5mm. A regular grid size
of 20 µm was employed, resulting in a total of 4, 393, 605 computational nodes. The simulation
used a time step size of Δ𝑡 = 3 h and a peridynamic horizon of 60 µm. To manage the computa-
tional load of solving the full NNPP system of electromigration, which is more demanding than the
reduced peridynamic bi-material corrosion model from Section 5.2.3, the liquid domain size was
chosen to be slightly smaller. The initial configuration, depicting the solid metal phase (𝜑 = 1)
of the M2 × 4mm headless bone implant screw, is shown in Fig. 5.7, with the surrounding liquid
electrolyte phase of SBF (𝜑 = 0). Detailed initial and boundary conditions for this simulation are
provided in Tab. 5.3. Note that the concentration values are scaled by 𝐶solid = 66 082.4mol∕m3,
the concentration of the intact solid Mg-10Gd material, which scales the maximum Mg ion con-
centration to a unitary value.

Fig. 5.8 shows the progression of corrosion through macroscopic volume loss over time for the
bone implant screw. The results indicate good agreement between the simulated and experimental
mean values for Mg-10Gd implant screws over an 8-week immersion period. Experimental data
for species distribution in the context of in vitro bio-corrosion of Mg-based implants are often
unavailable, so the presented results provide a qualitative analysis. Fig. 5.10 displays the normal-
ized concentration distributions of Mg, hydrogen, hydrogen carbonate, and hydrogen phosphate
ions within the computational domain after 8 weeks of simulated immersion. Concentration val-
ues are normalized against the intact material concentration of Mg-10Gd. Corrosion progresses
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most rapidly along the screw threads, as shown by reduced Mg concentration values in Fig. 5.10a.
This aligns with a homogeneous corrosion profile and uniform diffusion coefficients, preventing
increased localization and irregular pitting corrosion. This is consistent with the literature [73] and
the results obtained in Section 5.2.3 using the peridynamic bi-material corrosion model. The con-
centrations of other components stabilize quickly and are omitted for brevity. Fig. 5.10d shows
hydrogen phosphate ion accumulation within the screw slot, indicating higher concentration in
this confined region. This pattern is also partially observed for hydrogen carbonate in Fig. 5.10c.

To further assess the numerical findings, Fig. 5.9 illustrates the averaged pH value across the
radius of the cylindrical screw from the phase transition corrosion interface. The observed in-
crease in pH across the screw radius (Fig. 5.9) and the decrease in hydrogen ions (Fig. 5.10b)
qualitatively agree with experimental results from [150]. However, the experimental pH values
reported in [150] are slightly higher than those in our numerical study. This discrepancy may be
partially due to their 28-day immersion experiments in SBF using pure Mg, compared to the Mg-
10Gd alloy and 56-day (8 weeks) simulated immersion used in our study. Furthermore, the model
parameters, as reported in Tab. 5.4, are primarily derived from literature suggestions and approx-
imations and may require adjustments for the specific corrosion system at hand. Additionally, the
choice of boundary conditions and the size of the computational domain significantly affect the
numerical outcomes. A larger domain with more surrounding liquid electrolyte could potentially
minimize discrepancies with experimental observations; however, this would significantly increase
the overall computational effort.
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Figure 5.8: Volume loss over time as a weight percentage of the Mg-10Gd bone implant screw,
with experimental data from [73, 60]. Reproduced from [58].
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Figure 5.9: Average pH value across the bone implant screw radius at height 𝑧 = 0 in the liquid
phase, with the solid-liquid boundary marked by a dashed vertical line. Reproduced from [58].
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Figure 5.10: Normalized concentration distributions of various ionic species after 8 weeks of sim-
ulated immersion in SBF: (top, left) magnesium (𝐶1), (top, right) hydrogen ions (𝐶2), (bottom,
left) hydrogen carbonate (𝐶4), (bottom, right) hydrogen phosphate (𝐶6). Reproduced from [58].
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Table 5.4: Simulation and Model Parameters for 3D Bone Implant Screw Degradation. Data avail-
able in [58].

Symbol Value Unit Description
𝑇 298.15 K Temperature
𝐺 8.3145 Jmol−1K−1 Gas constant
𝐹 96485 Cmol−1 Faraday’s constant
𝛿 60 µm Peridynamic horizon
𝑧1 2 - Charge number for 𝐶1
𝑧2 1 - Charge number for 𝐶2
𝑧3 −1 - Charge number for 𝐶3
𝑧4 −1 - Charge number for 𝐶4
𝑧5 −2 - Charge number for 𝐶5
𝑧6 −2 - Charge number for 𝐶6
𝑧7 −3 - Charge number for 𝐶7
𝑧8 2 - Charge number for 𝐶8
𝑧9 1 - Charge number for 𝐶9
𝑧10 −1 - Charge number on species 𝑐10
𝜀 10−3 - Tortuosity to porosity ratio
𝑙 11.0524 m3 Constitutive parameter (cf. (5.32))
𝐶solid 66082.4 mol∕m3 Concentration of Mg-10Gd
𝐶sat 2312.88 mol∕m3 Saturation value of Mg-10Gd in SBF
𝐷1,liq 7.1 × 10−10 m2∕s Diffusivity of 𝐶1 for liquid-liquid bonds
𝐷1,int 1 × 10−15 m2∕s Diffusivity of 𝐶1 for interface bonds
𝐷1,sol 2.125 × 10−17 m2∕s Diffusivity of 𝐶1 for solid-solid bonds
𝐷2,liq 9.31 × 10−9 m2∕s Diffusivity of 𝐶2 for liquid-liquid bonds
𝐷2,int 9.31 × 10−13 m2∕s Diffusivity of 𝐶2 for interface bonds
𝐷3,liq 5.27 × 10−9 m2∕s Diffusivity of 𝐶3 for liquid-liquid bonds
𝐷3,int 5.27 × 10−12 m2∕s Diffusivity of 𝐶3 for interface bonds
𝐷4,liq 1.19 × 10−9 m2∕s Diffusivity of 𝐶4 for liquid-liquid bonds
𝐷4,int 1.19 × 10−12 m2∕s Diffusivity of 𝐶4 for interface bonds
𝐷5,liq 9.23 × 10−10 m2∕s Diffusivity of 𝐶5 for liquid-liquid bonds
𝐷5,int 9.23 × 10−13 m2∕s Diffusivity of 𝐶5 for interface bonds
𝐷6,liq 6.9 × 10−10 m2∕s Diffusivity of 𝐶6 for liquid-liquid bonds
𝐷6,int 6.9 × 10−13 m2∕s Diffusivity of 𝐶6 for interface bonds
𝐷7,liq 6.12 × 10−10 m2∕s Diffusivity of 𝐶7 for liquid-liquid bonds
𝐷7,int 6.12 × 10−13 m2∕s Diffusivity of 𝐶7 for interface bonds
𝐷8,liq 7.93 × 10−10 m2∕s Diffusivity of 𝐶8 for liquid-liquid bonds
𝐷8,int 7.93 × 10−13 m2∕s Diffusivity of 𝐶8 for interface bonds
𝐷9,liq 1.33 × 10−9 m2∕s Diffusivity of 𝐶9 for liquid-liquid bonds
𝐷9,int 1.33 × 10−12 m2∕s Diffusivity of 𝐶9 for interface bonds
𝐷10,liq 2.03 × 10−9 m2∕s Diffusivity of 𝐶10 for liquid-liquid bonds
𝐷10,int 2.03 × 10−12 m2∕s Diffusivity of 𝐶10 for interface bonds

Continued on next page
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Table 5.4 continued from previous page
Symbol Value Unit Description
𝜖 6.1 × 106 Sm−1 Electrical conductivity in SBF
pKbrucite 15.97 - Equilibrium constant in (5.18)
pKmagnesite 4.73 - Equilibrium constant in (5.19)
pKnesquehonite −4.49 - Equilibrium constant in (5.20)
pKbobierrite −2.98 - Equilibrium constant in (5.21)
pKcalcite −1.8 - Equilibrium constant in (5.23)
pKhydroxyapatite −35.42 - Equilibrium constant in (5.24)
pKwater 13.61 - Equilibrium constant in (5.25)
pKcarbonate 10.24 - Equilibrium constant in (5.26)
pKphosphate 10.24 - Equilibrium constant in (5.27)
𝐽H2

−2 × 10−3 Ammol−1 Pre-exponential coefficient in (5.29)
𝑘𝑏,1 9.0245 × 10−21 m7∕mol2s Backward reaction rate in (5.18)
𝑘𝑏,2 7.0332 × 10−9 m7∕mol2s Backward reaction rate in (5.19)
𝑘𝑏,3 7.0023 × 10−10 m7∕mol2s Backward reaction rate in (5.20)
𝑘𝑏,4 1.0798 × 10−2 m7∕mol2s Backward reaction rate in (5.21)
𝑘𝑏,5 8.0037 × 10−24 m7∕mol2s Backward reaction rate in (5.23)
𝑘𝑏,6 9.001 × 10−16 m7∕mol2s Backward reaction rate in (5.24)
𝑘𝑏,7 1.4 × 102 m3∕mol∕s Backward reaction rate in (5.25)
𝑘𝑏,8 1.4 × 102 m3∕mol∕s Backward reaction rate in (5.26)
𝑘𝑏,9 1.4 × 102 m3∕mol∕s Backward reaction rate in (5.27)
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5.3 Surrogate Modeling for in vitro and in vivo Bio-Corrosion

In the following section, we aim to demonstrate the applicability of peridynamic corrosion models
to address the discrepancy between in vitro and in vivo bio-degradation results for Mg-based bone
implants. We showcase the effectiveness of these models in predicting degradation behavior under
physiological conditions and highlight how efficient surrogate modeling can be used to enhance
their utility. By employing Kriging surrogate modeling, we optimized key parameters that describe
the diffusion of Mg ions within the liquid electrolyte and the porous degradation layer of formed
deposits on the corrosion surface. These surrogate models were calibrated using both in vitro and
in vivo experimental data, allowing for a detailed comparison of degradation rates and macroscopic
volume loss in both environments. Since this section primarily focuses on numerical efficiency and
aims to demonstrate how peridynamic corrosion models can be valuable tools for efficient simula-
tion, we use the peridynamic bi-material bio-corrosion model from Section 5.2.3 as the underlying
model for the Kriging surrogate model. This choice is made over the full NNPP corrosion system
due to its efficiency, although the NNPP system could also be employed if detailed distribution
of various ionic components and precise chemical reaction descriptions of precipitation product
formation near the corrosion surface are required, albeit at a substantially higher computational
cost. Utilizing this approach, we aim to effectively bridge the gap between in vitro and in vivo re-
sults while significantly reducing computational effort compared to direct numerical simulations.
This methodology offers a practical tool for large-scale studies and long-term corrosion simula-
tions, facilitating implant material design and the evaluation of biodegradable Mg-based implants,
as well as their clinical application.

Analogous to the numerical parameter calibration of the peridynamic bi-material corrosion
model in Section 5.2.2, we use in vitro and in vivo experimentally obtained relative volume loss data
for the Mg-5Gd and Mg-10Gd binary alloys on M2 × 4mm headless bone implant screws. The in
vitro setup, detailed in Section 5.1, involved immersing the screws in a specific medium that mimics
physiological conditions over 8 weeks. For the in vivo tests, the screws were implanted into rat tibia
with healing durations of 4, 8, and 12 weeks. Similar to the in vitro case, synchrotron radiation-
based 𝜇CT imaging was used to study the morphology of the degraded screws. Experimental
details can be found in [73, 155, 156, 157].

For a more comprehensive discussion of the numerical results, considering that the peridy-
namic corrosion model parameter calibration was based on experimental volume loss data, the
analysis in corrosion science typically also includes the discussion of the Degradation Rate (DR).
Analyzing the DR offers insights into the dynamics of corrosion, such as the rate of material degra-
dation over time and the identification of critical periods of rapid degradation, which is more ef-
fective than simply examining volume loss alone. Given the definition of the relative volume loss
in (5.1), the DR, expressed typically in mmyear−1, for 𝑡 > 0 can be computed by means of the
time-dependent volume loss as

𝐷𝑅(𝑡) =
𝑉0 − 𝑉 (𝑡)
𝐴0𝑡

, (5.34)
where 𝑉0 is the initial intact material volume of the sample, 𝐴0 is the initial intact material surface
area, and 𝑉 (𝑡) is the current sample volume at time 𝑡.

Kriging, or Gaussian process modeling, has been applied in this section to create a surrogate
model for studying the bio-corrosion behavior of Mg-based implants, following the methodology
in [150]. This approach treats the peridynamic bi-material bio-corrosion model as a black box
model, using a data-driven method to develop the Kriging-based surrogate model. Training data are
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sampled from the input distribution in the parameter space and evaluated using the computationally
intensive black-box model. The resulting observations help construct the surrogate model across
the input distribution domain. Latin Hypercube Sampling (LHS) is used to generate 30 sample sets
for the input parameters (𝐷int and 𝐷liq), as shown in Fig. 5.11, ensuring the entire feasible domain
of the peridynamic corrosion model is covered. This is crucial as the of input data distribution
significantly impacts the surrogate model’s prediction quality [46].

The training data,  , , involves evaluating the peridynamic model output  for 𝑁 sample
points of the input parameter vector  . Here,  represents the Quantity of Interest (QoI), specifi-
cally the volume loss of Mg-5Gd and Mg-10Gd headless bone implant screws. The general math-
ematical representation of the Kriging surrogate model is given by

 (𝑥) = 𝛽𝑇𝑓 (𝑥) + 𝜎2𝑍(𝑥, 𝜔), (5.35)
where  is the Kriging mapping function, which is a realization of the Gaussian process used
to calculate the volume loss  for any input parameter vector  over a finite period. The term
𝛽𝑇𝑓 (𝑥) represents the trend of the Kriging model, which is the mean value of the Gaussian pro-
cess, and 𝜎2𝑍(𝑥, 𝜔) is the realization of the stochastic process assumed to have zero mean and unit
variance 𝑍(𝑥, 𝜔). Here, 𝜎 is the variance of the process, and 𝜔 represents the underlying proba-
bility space defined by the correlation function of the stochastic process [163]. The performance
of the Kriging-based surrogate model, based on the training simulation data generated from the
peridynamic model, is estimated by the leave-one-out error, 𝜀𝐿𝑂𝑂, defined as

𝜀𝐿𝑂𝑂 = 1
𝑁𝑒

[
∑𝑁𝑒
𝑖=1((𝑥𝑖) −(−𝑖)(𝑥𝑖))2

Var (())

]

, (5.36)

where 𝑁𝑒 is the number of data points considered during Kriging, (−𝑖)(𝑥𝑖) denotes the Kriging
surrogate model obtained using all points of the numerical Experimental Design (ED) except 𝑥𝑖,
and () is the corresponding surrogate model response of the initial numerical ED generated us-
ing the original model [163]. The Kriging-based surrogate model is calibrated using experimental
data from both in vitro and in vivo degradation tests of binary Mg-Gd biodegradable implant alloy
materials. The calibration process involves dividing the model domain into equal intervals and
re-sampling each interval using LHS. Intervals with higher uncertainty are further subdivided and
sampled. The goodness of calibration is measured by the Mean Absolute Error (MAE), calculated
as

MAE =

∑𝑁
𝑗=1|𝑦𝑡 − 𝑦𝑗|

𝑁
, (5.37)

where 𝑁 is the number of measurement points, 𝑦𝑡 is the mean experimental value at time 𝑡 for
the volume loss at the 𝑗th point, and 𝑦𝑗 is the Kriging surrogate model response at the 𝑗th point.
The Kriging-based surrogate model is implemented using the Kriging module within the UQLAB
framework [89], which is installed and integrated under the BSD 3-clause license in MATLAB
2021b.

The Kriging surrogate models are trained to predict volume loss of the bone implant screws
over time based on computational ED data collected from 30 LHS-generated random samples of
the target parameters. The input parameter ranges were set as𝐷int ∈ [1×10−17, 1×10−12]m2∕s and
𝐷liq ∈ [1×10−12, 1×10−7]m2∕s, similar to the ranges used during peridynamic bi-material corro-
sion model parameter optimization discussed in Section 5.2.2. These surrogate models accurately
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capture the QoI for both Mg-5Gd and Mg-10Gd implant alloys for in vitro bio-corrosion and mate-
rial degradation, as shown by their performance compared to the peridynamic model in Fig. 5.12.
The in vivo peridynamic corrosion model response was assessed based on numerical findings, with
test ranges confirmed by experimental data from [76]. The surrogate model errors, represented by
𝜀𝐿𝑂𝑂, ranged from 2.1×10−3 to 5.5×10−3 for Mg-5Gd and 1.7×10−3 to 3.1×10−3 for Mg-10Gd.
Additionally, the Kriging surrogate model significantly reduces the computational time required to
simulate the entire domain over the simulated immersion duration, taking only 23.6 s compared to
approximately 3 h for the corresponding 3D peridynamic bi-material bio-corrosion model.

Moreover, the key parameters of the peridynamic corrosion models, 𝐷int and 𝐷liq, were cal-
ibrated and optimized using predictions from the Kriging surrogate model. The model outputs
were validated against volume loss data obtained from 𝜇CT measurements for both in vitro bio-
corrosion and material degradation [76] as well as in vivo experiments [74]. The optimized values
for the Fickian diffusion coefficients 𝐷int and 𝐷liq for Mg-5Gd and Mg-10Gd in both in vitro and
in vivo cases are provided in Table 5.5. Peridynamic corrosion model responses were obtained over
8 weeks (56 days) of simulated immersion, with the Kriging models initially trained and calibrated
on this period. To capture time points from in vivo experiments, surrogate model responses were
extrapolated to 100 days. The diffusivity of Mg ions was found to be an order of magnitude higher
in vivo compared to in vitro, consistent with the reported bio-corrosion and material degradation
behavior of bone implant screws [74, 76].

Figure 5.11: The LHS-generated sampling domain for 𝐷int and 𝐷liq. Reproduced from [2].

188



5.3. Surrogate Modeling for in vitro and in vivo Bio-Corrosion

Table 5.5: Optimized in vitro and in vivo diffusivity parameters measured via Kriging-based sur-
rogate models and MAE compared to experimental data. Reproduced from [2].

in vitro in vivo

Mg-5Gd Mg-10Gd Mg-5Gd Mg-10Gd Units

𝐷int 2.9 × 10−15 1.78 × 10−15 7.8 × 10−14 9.6 × 10−14 m2 s−1
𝐷liq 8.7 × 10−9 1.44 × 10−9 5.4 × 10−8 8.4 × 10−8 m2 s−1
MAE 0.03 0.08 0.31 0.44 -

Figure 5.12: Comparison between the QoI, i.e., the macroscopic volume loss of the headless bone
implant screws, computed by the 3D peridynamic bi-material bio-corrosion model and Kriging
surrogate model predictions for (a) Mg-5Gd in vitro, (b) Mg-5Gd in vivo, (c) Mg-10Gd in vitro,
and (d) Mg-10Gd in vivo. Reproduced from [2].
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The comparison of surrogate model responses, calibrated to experimental data over 100 days
of bio-corrosion and material degradation for Mg-5Gd and Mg-10Gd implants, in both in vitro
and in vivo conditions, is shown in Fig. 5.13(a). For the in vitro case, the simulated volume loss
aligns well with 𝜇CT measurements, as shown by the scatter plots in Fig. 5.13(a),(b) [76], with
MAE values of 0.03 for Mg-5Gd and 0.08 for Mg-10Gd. Similarly, the in vivo simulated volume
loss corresponds closely with 𝜇CT data [74], indicated by the scatter plots in Fig. 5.13(a),(b), with
MAE values of 0.31 for Mg-5Gd and 0.44 for Mg-10Gd. However, the accuracy of the surrogate
model parameter calibration is subject to uncertainties in the experimental data, particularly the
high standard deviation visible in Fig. 5.13(a). Calibration was further constrained by the limited
number of data points, with in vitro data spanning five time points between 1 and 8 weeks, and
in vivo data covering three time points: 4, 8, and 12 weeks. The parameter calibration process
could be enhanced by incorporating additional data points of macroscopic volume loss over time,
which would help mitigate numerical overfitting and underfitting, as well as increasing sample
sizes at each time point to reduce deviations.

Utilizing in vitro models for Mg-5Gd and Mg-10Gd bone implant screws, the Kriging surrogate
models accurately predict in vivo bio-corrosion and material degradation behavior. These models
can simulate the bio-corrosion of Mg-based implants for over 100 days in both in vitro and in vivo
conditions, though further experimental validation is required. Figure 5.13(b) illustrates that the
DR calculated for Mg-5Gd and Mg-10Gd in both environments closely match experimental data.
While traditional CCM methods suggest that the ratio of in vitro to in vivo DR varies with degrada-
tion time [109], our computational modeling provides a consistent, time-independent ratio based
on the diffusivity of Mg ions. For Mg-5Gd, the mean ratio of 𝐷int and 𝐷liq between in vitro and
in vivo experiments was 0.5, and for Mg-10Gd, it was 0.46. Establishing these ratios for various
materials allows for the prediction of in vivo degradation from in vitro observations, reducing the
need for extensive experiments and demonstrating the utility and relevance of peridynamic models
in designing implant materials for clinical applications.

Figure 5.13: (a) Experimental data and Kriging-based surrogate model simulations of in vitro and
in vivo volume loss for Mg-5Gd and Mg-10Gd, depicting the mean ± standard deviation. (b)
DR calculated from volume loss, determined from 𝜇CT measurements as provided in [74, 76].
Reproduced from [2].
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5.4 Corrosion-Induced Mechanical Damage Plasticity Simulation

In this section, we aim to predict the impact of bio-corrosion on the mechanical strength of headless
bone implant screws, treating the implant as a mechanically isolated object without considering the
surrounding electrolyte environment. We use damage plasticity analysis based on a CCM approach
and FEM to perform mechanical simulations following corrosion-induced damage. This damage
field is obtained either from the peridynamic bi-material bio-corrosion model (Section 5.2) or the
full NNPP model of electromigration (Section 5.2.4). The CCM approach is employed for two
main reasons: first, appropriate material models for the peridynamic description of Mg-based im-
plants are not yet established, thus necessitating a correspondence approach with a CCM model,
particularly in the non-ordinary state-based formalism. Second, since peridynamic modeling cur-
rently requires a CCM correspondence approach, it provides an opportunity to demonstrate the
supplementary value of peridynamic diffusion-type corrosion models alongside a CCM approach
using FEM simulations in bio-corrosion and bio-degradable implant material design. This high-
lights that the peridynamic approach can serve as a complementary method for obtaining in vitro
or in vivo corrosion-induced damage fields, which can be seamlessly integrated into subsequent
FEM simulations, showcasing the versatility of peridynamic models in the implant material design
process.

The implant material (Mg-5Gd and Mg-10Gd) is modeled using a constitutive model that in-
cludes plasticity and a damage variable 𝑓 , representing the loss of mechanical strength due to prior
bio-corrosion. The corrosion-induced material loss, simulated via a peridynamic corrosion model
before the mechanical analysis, can be mapped to the damage variable 𝑓 at any point in the solid
metallic implant screw domain. Using this pre-damaged configuration, a FEM simulation of a ten-
sile test is conducted to analyze the remaining mechanical strength of the implant after a specific
period of simulated immersion. For the FEM simulations, the initial bone implant screw geometry
from the peridynamic corrosion simulation is spatially discretized. For the headless and slotted
𝑀2 × 4mm screw, this results in 773, 005 tetrahedral 4-node elements, with a total of 412, 017
degrees of freedom. Axial Dirichlet boundary conditions were applied, with zero displacement on
one end and a prescribed displacement on the opposite end to simulate a tensile load corresponding
to a global strain of 0.1, requiring a displacement of 0.4mm for the bone implant screw. Reaction
forces in the axial direction were recorded to mimic a quasi-static tensile test of the isolated implant
screw. The FEM analyses were performed using an updated Lagrangian formalism accounting for
finite deformations.

In the FEM simulations of tensile tests, aimed at determining the residual mechanical strength
of Mg-based bone implant screws following bio-corrosion over a specified immersion period, a
classical elasto-plastic material model with damage is utilized. This model defines the yield surface
using a plastic potential Φ as

Φ
(

𝝈, 𝑓 , 𝜎𝑦(𝜀
pl
eq)

)

= 0. (5.38)
where 𝝈 is the Cauchy stress tensor, 𝑓 is the internal damage variable, and 𝜎𝑦 is the yield stress
of the undamaged material, which varies with accumulated plastic strain. The accumulated plastic
strain over the time interval [𝑡1, 𝑡2], denoted as 𝜀pleq, is given by

𝜀pleq = ∫

𝑡2

𝑡1

√

2
3
𝜺̇pl ∶ 𝜺̇pl 𝑑𝑡 (5.39)

where the colon represents the double contraction of two second-order tensors, capturing matrix
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hardening. The employed damage model is based on [52] and extended for strain hardening mate-
rials [138], with the plastic potential defined as

Φ =
(𝜎eq
𝜎𝑦

)2

+ 2 𝑞1𝑓 cosh
(

𝑡𝑟(𝝈)
2𝜎𝑦

)

−
(

1 + 𝑞21𝑓
2) , (5.40)

where 𝑞1 is a model parameter. An increasing 𝑓 reduces the yield stress. The equivalent stress 𝜎eq
follows the von Mises definition

𝜎eq =
√

3
2
𝝈′ ∶ 𝝈′, (5.41)

with 𝝈′ being the deviatoric part of 𝝈. The evolution of the damage variable 𝑓 is governed by
̇𝑓 = (1 − 𝑓 ) 𝑡𝑟(𝜺̇pl). (5.42)

Simulations were conducted using the FEM implementation of ABAQUS/EXPLICIT, capturing
the reduction in ductility with increasing stress triaxiality [55]. The material model parameters,
including Young’s modulus 𝐸 and Poisson’s ratio 𝜈, are provided in Section 5.1. Additionally,
Fig. 5.2 in that section defines the hardening functions 𝜎𝑦(𝜀pleq) for Mg-10Gd and Mg-5Gd. Con-
sistent with [138], 𝑞1 was set to 1.5 for both materials.

In the next step, the corrosion progress and corrosion-induced damage from prior peridynamic
bio-corrosion simulations must be mapped to the damage variable 𝑓 in the mechanical damage
plasticity FEM model. Literature, such as [50], proposed a continuum damage mechanics ap-
proach where the Cauchy stress is scaled by a corrosion damage variable 𝐷𝑒 that evolves due to
Mg dissolution in uniform and pitting corrosion. Elements were removed from the FEM model
when 𝐷𝑒 = 1. However, these studies, including follow-ups [49, 18, 19], did not consider ad-
ditional damage evolution due to mechanical loading. The approach used in this section aims
to overcome this limitation, allowing for a more realistic computational assessment of residual
strength post-corrosion. The peridynamic bio-corrosion simulations use a concentration variable
𝐶 ∈ [𝐶sat , 𝐶solid] to represent the metallic phase, where 𝐶solid is the initial intact material con-
centration (Mg-5Gd or Mg-10Gd) and 𝐶sat is the corresponding saturation concentration in the
liquid electrolyte medium. To convert this concentration drop into mechanical damage, we define
a normalized concentration 𝐶̄ = 𝐶∕𝐶solid ∈ [𝜀, 1], with 𝐶̄ = 1 representing uncorroded Mg-alloy
and 𝐶̄ = 𝜀 ∶= 𝐶sat∕𝐶solid representing fully corroded material. Thus, 𝐶̄ = 1 corresponds to an
undamaged state with 𝑓 = 0, and 𝐶̄ = 𝜀 corresponds to the maximum damage value 𝑓max, where
yielding occurs at 𝝈 = 𝟎. Assuming 𝑞1 = 2

3 , we get 𝑓max = 2
3 . We assume a linear transition

between no damage and maximum damage, resulting in the piecewise linear corrosion-to-damage
mapping as

𝑓0 =

{

1 − 𝐶̄, 𝐶̄ > 1 − 𝑓max

𝑓max 𝐶̄ ≤ 1 − 𝑓max
, (5.43)

where 𝑓0 represents the damage variable after a given period of corrosion and prior the mechanical
tensile test simulation, serving as the initial value of 𝑓 for the evolution equation in (5.42) during
tensile tests. This approach captures both the direct material loss from bio-corrosion and indirect
effects like stress corrosion cracking near the corrosion surface [145]. Due to the lack of stress
transfer data at the interface, we opted for a simple piecewise linear relation in (5.43). This can be
refined with more realistic functions as experimental data becomes available. Fig.5.14 shows 𝑓0,
the internal damage variable before tensile loading of the bone implant screws, following different
periods of in vitro bio-corrosion as determined by the peridynamic bi-material bio-corrosion model
described in Section 5.2.3.
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1 week 2 weeks 3 weeks 4 weeks 8 weeks

Figure 5.14: Initial internal damage variable 𝑓 after 1, 2, 3, 4, and 8 weeks of simulated immersion
for a Mg-10Gd bone implant screw, before tensile loading. Reproduced from [60].

The results in Fig. 5.15 show force-elongation curves from 14 simulations of bone implant
screws made from Mg-5Gd and Mg-10Gd, following various simulated in vitro immersion dura-
tions. Longer immersion times result in a reduced force transmission capacity of the bone implant
screws. Except for Mg-5Gd after one week, all degraded samples exhibit decreased ductility due
to damage growth. This reduction is due to the coupling of the internal damage variable and stress
state, where damage evolves during loading, reducing the stress-carrying capacity on the screw’s
surface. This highlights the progressive nature of in vitro corrosion damage under mechanical
loading. Notably, after 24 weeks, the strength of the Mg-5Gd implant is nearly zero, while the
Mg-10Gd implant retains 20% of its initial strength, demonstrating significant differences in the
long-term durability of the two alloys.

Fig. 5.16 summarizes the predicted normalized maximum force for Mg-5Gd and Mg-10Gd
materials. Both alloys show a similar reduction in strength during the initial weeks of simulated
immersion. Interestingly, Mg-5Gd experiences a less pronounced decrease in strength over time
compared to Mg-10Gd, despite a higher volume loss as shown in Fig. 5.1. This counterintuitive
result stems from the realistic consideration of material hardening (cf. Fig. 5.2), which is crucial
in determining mechanical strength loss. For longer corrosion periods (8 to 24 weeks), the trend
reverses, with the superior corrosion resistance of Mg-10Gd playing a more significant role in
implant strength. A thorough investigation of the predicted two-phase decrease in mechanical
strength, initially influenced by strain hardening and later by mass loss due to corrosion, will be
instrumental in validating the proposed computational models and advancing future research.
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Figure 5.15: Simulated mechanical strength of Mg-5Gd (left) and Mg-10Gd (right) bone implant
screws after 1, 2, 3, 4, 8, and 24 weeks of simulated in vitro immersion compared to the intact
screw. Reproduced from [60].
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Figure 5.16: Maximum normalized tensile force of Mg-5Gd and Mg-10Gd bone implant screws
over varying immersion times. Reproduced from [60].
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Chapter 6

Conclusions

This dissertation aimed to enhance the applicability of peridynamic models by developing, explor-
ing, and rigorously testing various numerical models, thereby preparing peridynamic models for a
broader range of real-world problems in engineering, structural and material design, and biomedi-
cal and biomechanical applications. Over nearly three decades, PD theory has provided a fully con-
sistent nonlocal multi-scale framework. However, efficient numerical solution techniques offering
accurate and robust discretization and integration methods for solving the integro-differential gov-
erning equations are just now emerging. Additionally, applying peridynamic models to unbounded
domain problems remained challenging due to the presence of nonlocal integral operators, limiting
the use of conventional ABCs and those based on Fourier and Laplace transforms, like Perfectly
Matched Layer (PML).

First, we review peridynamic elasticity equations, starting with the general state-based formu-
lation and focusing on the original bond-based formulation and the GPBM constitutive model. We
also cover nonlocal scalar wave fields and transport equations, proposing a consistent system of
nonlocal diffusion-advection-electromigration-reaction equations, the NNPP system, which gener-
alizes the standard peridynamic bi-material corrosion model. We demonstrate the convergence of
the NNPP system to classical local counterparts as nonlocal interactions vanish. An effective dif-
fusive corrosion layer is defined, where material properties change and metal ions transfer into the
liquid electrolyte. Constitutive models for the NNPP system based on diffusion-electromigration-
reaction are established, providing a framework for peridynamic corrosion modeling and facilitat-
ing the integration of existing peridynamic corrosion models into the NNPP system.

This work further explores various efficient numerical solution techniques for peridynamic
models in elasticity and nonlocal scalar field equations, using both explicit and implicit time dis-
cretization methods. An asymptotically convergent meshfree scheme for bond-based PD governing
equations was detailed, using a WLS scheme that is truly meshfree, unlike the standard modi-
fied one-point Gaussian quadrature rule. This scheme accurately computes quadrature points and
weights without needing partial volumes, outperforming the standard scheme in efficiency by using
a smaller subset of family nodes for spatial integrations. The meshfree WLS collocation scheme
works well for linear peridynamic models and smooth basis functions, but to handle dynamic frac-
ture and corrosion, it is combined with the standard discretization scheme using an adaptive hybrid
approach. This hybrid approach optimizes computational resources by combining the WLS scheme
in regions of smooth varying fields with a multi-grid approach that refines the grid only in areas
of interest, such as near discontinuities or domain boundaries. The hybrid scheme’s ability to bal-
ance computational cost and accuracy is demonstrated through numerical examples, including the
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Kalthoff-Winkler experiment and the bio-corrosion of Mg-based headless bone implant screws.
The multi-adaptive scheme reproduces solutions obtained with the standard scheme and fine grid
spacing at significantly lower computational costs, showing enhanced efficiency in large-scale,
complex 3D problems with millions of degrees of freedom. This improves the general applica-
bility of peridynamic models for real-world applications and facilitates their incorporation into
existing commercial and research PD codes.

A major focus of this work is exploring time domain techniques to derive ABCs for efficiently
approximating solutions in unbounded domain problems, which are crucial for various multi-
physics applications but have been particularly challenging for 3D models operating directly in
the time domain. Many existing techniques rely on Fourier and Laplace methods, which are cum-
bersome for peridynamic models. We proposed a new strategy for constructing nonlocal ABCs
suitable for peridynamic diffusion-type, scalar wave equation, and bond-based PD problems in
unbounded domains. The developed nonlocal ABCs, constructed as an efficient extrapolation
scheme based on semi-analytical and residual-free EBFs modes, can be employed for both lo-
cal CCM-based models and PD for all governing equations, with an appropriate implementation
at discrete levels. This method applies to available peridynamic discretizations as well as standard
FEM models for local counterparts. The proposed Dirichlet-type ABCs are advantageous because
their implementation does not depend on differentiation procedures or auxiliary variables, which
are challenging even for classical (local) equations. We demonstrated that peridynamic modes re-
cover the local counterpart equations corresponding to CCM in the limit of vanishing nonlocality.
Developed entirely in the time and space domains, the proposed ABCs offer significant advantages
over existing methods: they are free from Fourier or Laplace transforms, can be easily applied to
problems with material nonlinearity, dynamic fracture, and corrosion, and are efficient to imple-
ment as time-dependent Dirichlet-type boundary conditions with minimal computational overhead.
Moreover, the proposed ABCs do not introduce surface effects, unlike numerical bounded-domain
simulations. At the discrete level, the modes satisfy the numerical dispersion relations of waves
using the same standard discretization scheme as the near field, ensuring consistency and avoiding
numerical instabilities due to the combination of different numerical techniques.

As a challenging multi-physics example, we explored the practical use of peridynamic transport-
based corrosion equations, specifically the peridynamic bi-material corrosion equation and the
NNPP system of diffusion-electromigration-reaction, for designing bio-corrosive and bio-degradable
bone implant materials in physiological environments. We focused on modeling the bio-corrosion
behavior of two binary Mg alloys, Mg-5Gd and Mg-10Gd, with either 5% or 10% Gd, using head-
less M2 × 4mm bone implant screws in both in vitro and in vivo simulated physiological envi-
ronments. The goal was to assess the mechanical strength loss of the bone implant screws. We
developed a 3D peridynamic bi-material bio-corrosion model with appropriate constitutive ki-
netics assumptions based on semi-empirical descriptions of macroscopic volume loss, capturing
corrosion-induced mass loss over several weeks. The numerical model employed an implicit Euler
time-stepping method for efficient simulation over large timescales, a multi-grid approach to refine
the computational grid around the corrosion surface near the screw threads, and nonlocal ABCs to
mimic regular electrolyte exchange in the in vitro setup and hydrodynamic in vivo bio-degradation.
Additionally, we demonstrated that peridynamic models could be calibrated using evolutionary pa-
rameter optimization schemes like PSO, effectively reproducing experimentally obtained macro-
scopic volume losses. The generalized NNPP corrosion formalism provided additional insights
into the distribution of ionic components, chemical reactions, precipitation formations, and pH
values around the corrosion surface, which are crucial for corrosion science and implant mate-
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rial design. Transitioning from the full NNPP formalism to the peridynamic bi-material corrosion
model allows for higher abstraction, improving computational efficiency while preserving essen-
tial corrosion indicators like the 3D damage field and volume loss over time. We further employed
Kriging surrogate modeling to simulate in vivo systems based on in vitro bio-corrosion simulations,
offering efficient predictions of macroscopic volume loss and the DR, though it omits detailed 3D
damage distributions. This surrogate modeling can efficiently explore the parameter space and fit
experimental data. Moreover, we combined peridynamic corrosion simulations with subsequent
FEM analysis to assess residual mechanical strength after simulated immersion. This approach
demonstrates that peridynamic models can seamlessly integrate into digital implant material de-
sign methodologies, mapping corrosion effects to internal damage variables in FEM codes and
combining corrosion simulations with mechanical strength analyses, providing a useful framework
for designing future bio-degradable Mg-based implants.

Overall, the hope remains that this dissertation has advanced the field of peridynamic models
by addressing their numerical efficiency and applicability to a wide range of practical real-world ap-
plications. The novel methods developed and validated through this work demonstrate the potential
of peridynamic models to enhance engineering, structural, and biomedical applications. For fur-
ther refinement and expansion of the capabilities of peridynamic models in complex, multi-physics
environments, please refer to the next section on ongoing work and future prospects.
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Chapter 7

Ongoing Research and Future Prospects

After almost three decades of research, PD has established itself as a fully consistent multi-scale
theory, achieving significant progress across various fields, including foundational mathematics,
nonlocal calculus, numerical methods, and coupling schemes to CCM. It has been applied in ma-
terial systems modeling and industrial applications [35]. Peridynamic models of elasticity began
with the original bond-based formulation and expanded to ordinary and non-ordinary state-based
models, each addressing specific issues in material failure simulations [130]. Furthermore, PD the-
ory has advanced in transport, migration, and diffusion-based systems, as well as nonlocal scalar
fields on computational domains involving sharp discontinuities and crack propagation [113, 38].
The development of efficient numerical algorithms has facilitated the practical implementation
of peridynamic models in complex multi-physics and multi-scale problems [68]. The future of
PD looks promising, with ongoing research focused on broadening its applications, enhancing the
understanding of complex material behaviors, and offering innovative solutions to challenging sci-
entific and engineering problems.

HPC and exascale computing are currently of great interest in the peridynamic research com-
munity, particularly for their potential to advance peridynamic simulations towards practical appli-
cations through massively parallelized and distributed systems. These systems exploit approaches
such as MPI for distributed and OPENMP for shared memory parallelization. Numerous research
codes have been developed for peridynamic simulations, utilizing Graphics Processing Unit (GPU)
computing through frameworks like OPENCL (e.g., [96]), as well as CPU-based implementations
that leverage parallel processing capabilities (e.g., [94]) or employ fast convolution-based formu-
lations of PD [66, 141]. Additionally, some commercial software packages have integrated peridy-
namic capabilities, such as ABAQUS and ANSYS [88, 54]. These implementations include vari-
ous advancements like the Peridynamic Finite Element Method (PDFEM) and dual-based coupling
approaches, enabling efficient simulations of fracture and material behavior [12]. Open-source im-
plementations of peridynamic models are widely available and actively developed, with notable
projects focusing on dynamic fracture modeling, parallel optimization, and client-server integra-
tion techniques [51, 30, 158]. These developments have significantly improved the computational
efficiency and applicability of peridynamic models, facilitating their use in solving complex engi-
neering problems and fostering trust in their reliability for broader academic and industrial appli-
cations.

Recent advances in Machine Learning (ML) and Deep Learning (DL) have shown significant
potential for enhancing peridynamic models, especially in establishing constitutive relations. In
CCM approaches, ML techniques, such as Constitutive Artificial Neural Networks (CANNs), have
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successfully provided constitutive models for elastic and viscoelastic materials [84, 1]. These meth-
ods can be used as data-driven approaches to learn nonlocal constitutive laws for peridynamic
models. For example, novel nonlocal neural operator architectures have been developed to derive
constitutive laws from full-field spatial measurements, capturing complex material responses with
minimal model-form error [67]. These architectures leverage the expressivity of neural networks
while adhering to fundamental physics principles, such as balance laws and objectivity, derived
from the peridynamic governing equations [147, 87]. As research in this area progresses, inte-
grating ML and DL approaches into peridynamic frameworks will be crucial for advancing the
accuracy and efficiency of constitutive model development in PD.

A promising avenue for future research lies in the coupling of Smoothed Particle Hydrody-
namics (SPH) with PD to address multi-physics and multi-scale applications, particularly Fluid-
Structure Interaction (FSI) problems. SPH, which employs a particle-based discretization method
similar to the formulation of peridynamic equations, is widely used in fluid mechanics. By in-
tegrating SPH with PD, it becomes feasible to efficiently formulate and describe FSI problems
within a unified nonlocal framework. To date, numerical examples in the literature utilizing this
methodology include hybrid PD-SPH approaches for soil fragmentation caused by explosive blast
loads [44], as well as coupled approaches in FSI that address large deformations and fractures [146].
Integrated PD-SPH approaches can utilize HPC computing and efficient neighborhood search algo-
rithms to simulate the interactions between fluids and solid structures through short-range forces.
Leveraging various peridynamic formulations to describe thin structures, thermo-mechanics, and
dynamic crack propagation, the combined strengths of SPH and PD in a single framework could
provide nonlocal descriptions of complex multi-physics systems, significantly benefiting practical
engineering applications.

In conclusion, ongoing advancements in computational techniques and novel approaches un-
derscore the potential of peridynamic models to efficiently address complex multi-physics and
multi-scale problems. Current developments pave the way for broader applications in engineering,
material and structural design, as well as biomedical fields, highlighting the promising future of
PD research. As the field continues to evolve, peridynamic models are set to become increasingly
accurate, efficient, and widely accepted in both scientific and industrial contexts.
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