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 a b s t r a c t

In nonlinear dynamical systems, internal resonance is a well known phenomenon. Natural fre-
quencies may change with vibration amplitude, becoming commensurable or close at certain 
energy levels. Nonlinear modes then interact based on their participating oscillators. Here, we 
investigate effects on the response curve of a system as neighboring oscillators are modified. This 
provides new insights into the relation of internal resonance and the frequency response of cou-
pled nonlinear systems. We use methods of Harmonic Balance and a continuation algorithm to 
compute nonlinear frequency response curves and nonlinear normal modes for a model system. It 
is arranged as a chain of Duffing oscillators with separated natural frequencies. We demonstrate 
a kinking effect in the response curve once internal resonance emerges in the system’s forced 
response. The kink is observed as a shift to higher response levels, stretching the response curve. 
We also show how this kinking effect is modified by adapting the nonlinearities of neighboring 
oscillators. The system’s response branches kink vertically as an oscillator in the chain is made 
linear, stacking on top of each other. Multiple stable solutions at a certain frequency may then be 
observed. We show that these solutions correspond to varying degrees of vibration localization in 
the system. We expect our results to be valuable in system design. It should be possible to exploit 
the observed kinking effect, shaping the response curve by adding suitable oscillators of various 
characteristics. The engineer may thus be able to reach a target system response level at a certain 
frequency.

1.  Introduction

In nonlinear dynamical systems, it is well known that natural frequencies may vary with vibration amplitude [1]. A popular 
example is the Duffing oscillator, whose natural frequency is a function of amplitude due to a cubic stiffness term included in the 
nonlinear restoring force [2]. In a system of coupled oscillators, natural frequencies may then become equal or commensurable 
at certain energy levels. This is known as (nonlinear) internal resonance [1,3]. It is accompanied by nonlinear modal interaction, 
governed by the properties of the participating oscillators.

In this paper, we examine the influence of neighboring oscillators on the response curve of a system. A chain of nonlinear Duffing 
oscillators is used, their natural frequencies are separated. As internal resonance emerges in the forced response of the system, we 
observe a kinking effect. The response curve shows a bend, altering its response level. The curve then looks stretched. We demonstrate 
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\begin {equation}\label {eq: eqm osc n base} m_{n} \ddot {x}_{n} + d_{n} \dot {x}_{n} + k_{n} x_{n} + k_{\mathrm {nl},n} x_{n}^{3} + k_{\mathrm {c},n} \left ( 2 x_{n} - x_{n-1} - x_{n+1} \right ) = f_{n}(t) \text {,}\end {equation}


$x$


$\dot {x} = \frac {\mathrm {d}x}{\mathrm {d}t}$


$\ddot {x} = \frac {\mathrm {d}^2 x}{\mathrm {d}t^2}$


\begin {equation}\label {eq: eqm osc n mass-norm} \ddot {x}_{n} + 2 \zeta _{n} \omega _{0n} \dot {x}_{n} + \omega _{0n}^{2} x_{n} + \gamma _{n} x_{n}^{3} + \omega _{\mathrm {c},n}^{2} \left ( 2 x_{n} - x_{n-1} - x_{n+1} \right ) = \frac {f_{n}(t) }{m_{n}} \text {.}\end {equation}


$\zeta _{n} = \frac {d_{n}}{2 \sqrt {m_{n} k_{n}}}$


$\omega _{0n}^{2} = \frac {k_{n}}{m_{n}}$


$\gamma _{n} = \frac {k_{\mathrm {nl},n}}{m_{n}}$


$\omega _{\mathrm {c},n}^{2} = \frac {k_{\mathrm {c},n}}{m_{n}}$


$\tau = \omega _{\mathrm {ref}} t$


$\omega _{\mathrm {ref}} = \sqrt {\frac {k_{\mathrm {ref}}}{m_{\mathrm {ref}}}}$


$\omega _{0n}$


$x_{n}(t) = X_{0} u_{n}(\tau )$


$n$


\begin {equation}\label {eq: eqm osc n nondim} u_{n}'' + 2 \xi _{n} u_{n}' + \eta _{n}^{2} u_{n} + \beta _{n} u_{n}^{3} + \kappa _{n}^{2}(2 u_{n} - u_{n-1} - u_{n+1}) = g_{n}(\tau ) \text {,}\end {equation}


$\tau $


$\xi _{n} = \zeta _{n} \frac {\omega _{0n}}{\omega _{\mathrm {ref}}}$


$\eta _{n}^{2} = \frac {\omega _{0n}^{2}}{\omega _{\mathrm {ref}}^{2}}$


$\beta _{n} = \frac {\gamma _{n}}{\omega _{\mathrm {ref}}^{2}} X_{0}^{2}$


$\kappa _{n}^{2} = \frac {\omega _{\mathrm {c},n}^{2}}{\omega _{\mathrm {ref}}^{2}}$


$g_{n}(\tau ) = \frac {f_{n}(t)}{m_{n} \omega _{\mathrm {ref}}^{2} X_{0}}$


$f_{n}(t) = \hat {f}_{n} \cos (\Omega t + \phi _{0})$


$\phi _{0} = 0$


\begin {equation}\label {eq: exc harm nondim} g_{n}(\tau ) = \hat {g}_{n} \cos (\omega \tau )\end {equation}


$\hat {g}$


$\omega = \frac {\Omega }{\omega _{\mathrm {ref}}}$


$N$


$u_{N+1} = u_{1}$


$u_{0} = u_{N}$


$N=2$


\begin {equation}\label {eq: eqm nonlin sys} \boldsymbol {\mathrm {I}} \boldsymbol {\mathrm {u}}'' + \boldsymbol {\mathrm {\Xi }} \boldsymbol {\mathrm {u}}' + \boldsymbol {\mathrm {\Lambda }} \boldsymbol {\mathrm {u}} + \boldsymbol {\mathrm {g}}_{\mathrm {nl}}(\boldsymbol {\mathrm {u}}, \boldsymbol {\mathrm {u}}') = \boldsymbol {\mathrm {g}}_{\mathrm {exc}} \ \text {,}\end {equation}
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$\boldsymbol {\mathrm {g}}_{\mathrm {exc}}$


$\boldsymbol {\mathrm {g}}_{\mathrm {nl}}$


\begin {equation}\label {eq: ansatz fourier series} \boldsymbol {\mathrm {u}}(\tau ) \approx \bar {\boldsymbol {\mathrm {u}}}_{0} + \sum _{h=1}^{H} \bar {\boldsymbol {\mathrm {u}}}_{\mathrm {c},h} \, \mathrm {cos}(h \omega \tau ) + \bar {\boldsymbol {\mathrm {u}}}_{\mathrm {s},h} \,\mathrm {sin}(h \omega \tau ) \ \text {,}\end {equation}


$H$


$\omega = 2 \pi / T$


$T$


$\bar {\boldsymbol {\mathrm {u}}}_{0}$


$\bar {\boldsymbol {\mathrm {u}}}_{\mathrm {c},h}$


$\bar {\boldsymbol {\mathrm {u}}}_{\mathrm {s},h}$


$h$


\begin {align}\label {eq: fourier mean value} \bar {\boldsymbol {\mathrm {u}}}_{0} &= \frac {1}{T} \int _{-T/2}^{T/2} \boldsymbol {\mathrm {u}}(\tau ) \diff \tau \text {,}\\ \label {eq: fourier cos coeff} \bar {\boldsymbol {\mathrm {u}}}_{\mathrm {c},h} &= \frac {2}{T} \int _{-T/2}^{T/2} \boldsymbol {\mathrm {u}}(\tau ) \cos (h \omega \tau ) \diff \tau \text {,}\\ \label {eq: fourier sin coeff} \bar {\boldsymbol {\mathrm {u}}}_{\mathrm {s},h} &= \frac {2}{T} \int _{-T/2}^{T/2} \boldsymbol {\mathrm {u}}(\tau ) \sin (h \omega \tau ) \diff \tau \ \text {.}\end {align}


$1$
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\begin {equation}\label {eq: HBM residual} \bar {\boldsymbol {\mathrm {r}}} \left ( \bar {\boldsymbol {\mathrm {u}}}, \omega \right ) = \boldsymbol {\mathrm {S}}(\omega ) \bar {\boldsymbol {\mathrm {u}}} + \bar {\boldsymbol {\mathrm {g}}}_{\mathrm {nl}}(\bar {\boldsymbol {\mathrm {u}}}, \omega ) - \bar {\boldsymbol {\mathrm {g}}}_{\mathrm {exc}}(\omega ) = \boldsymbol {0} \ \text {.}\end {equation}
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\begin {equation}\label {eq: L2 energy} L^{2} = \sqrt { \sum _{n=1}^{N} \sum _{l=0}^{H} \left ( \bar {u}_{\mathrm {c},n,l}^{2} + \bar {u}_{\mathrm {s},n,l}^{2} \right ) } \ \text {,}\end {equation}
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$\bar {u}_{\mathrm {s},n,l}$


$l$


$l=0$


$n$


$L^{2}$


$\boldsymbol {\mathrm {u}}^{*}(\tau ) = \boldsymbol {\mathrm {u}}^{*}(\tau + T)$


$\boldsymbol {\mathrm {p}}(\tau )$
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$\e (\sigma \tau )$


\begin {equation}\label {eq: periodic solution pert} \boldsymbol {\mathrm {u}}(\tau ) = \boldsymbol {\mathrm {u}}^{*}(\tau ) + \boldsymbol {\mathrm {p}}(\tau ) = \boldsymbol {\mathrm {u}}^{*}(\tau ) + \boldsymbol {\mathrm {s}}(\tau ) \e (\sigma \tau ) \text {.}\end {equation}


$\boldsymbol {\mathrm {u}}^{*}(\tau )$


\begin {equation}\label {eq: hill eig problem} \left [ \boldsymbol {\mathrm {\Delta }}_{2} \sigma ^{2} + \boldsymbol {\mathrm {\Delta }}_{1} \sigma + \boldsymbol {\mathrm {\Delta }}_{0} \right ] \bar {\boldsymbol {\mathrm {s}}} = \boldsymbol {0} \text {,}\end {equation}
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$\left .\boldsymbol {\mathrm {\Delta }}_{0} = \partial \bar {\boldsymbol {\mathrm {r}}}/\partial \bar {\boldsymbol {u}} \right |_{\bar {\boldsymbol {u}}^*}$
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$\tilde {\boldsymbol {\mathrm {\sigma }}}$


\begin {equation}\tilde {\boldsymbol {\mathrm {\sigma }}} = \left [ \sigma _{(l)} \right ]_{l=1}^{2 N} \ \text {, with } \left |\Im (\sigma _{(1)})\right | \le \left |\Im (\sigma _{(2)})\right | \le \ldots \le \left |\Im (\sigma _{(2N)})\right | \text {.} \label {Xeqn11-14}\end {equation}


$\tilde {\boldsymbol {\mathrm {\lambda }}}$


\begin {equation}\tilde {\lambda _{l}} = \e (\tilde {\sigma }_{l} T) \text {.} \label {Xeqn12-15}\end {equation}
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\begin {equation}\label {eq: hill eig prob coeff matrix} \begin {aligned} \boldsymbol {\mathrm {\Delta }}_{1} &= \boldsymbol {\mathrm {\nabla }} \otimes 2 \omega \boldsymbol {\mathrm {I}} + \boldsymbol {\mathrm {\nabla }}^{0} \otimes \boldsymbol {\mathrm {\Xi }} \text {,} \\ \boldsymbol {\mathrm {\Delta }}_{2} &= \boldsymbol {\mathrm {\nabla }}^{0} \otimes \boldsymbol {\mathrm {I}} \text {,} \end {aligned}\end {equation}


$\otimes $


$\boldsymbol {\mathrm {\nabla }}$


\begin {equation}\label {eq: nabla matrix full} \boldsymbol {\mathrm {\nabla }} = \begin {bmatrix} 0 & & & & \\ & \ddots & & & \\ & & \boldsymbol {\mathrm {\nabla }}_{h} & & \\ & & & \ddots & \\ & & & & \boldsymbol {\mathrm {\nabla }}_{H} \end {bmatrix}\end {equation}


\begin {equation}\label {eq: nabla matrix h} \boldsymbol {\mathrm {\nabla }}_{h} = \begin {bmatrix} 0 & h \\ -h & 0 \end {bmatrix} \text {,} \quad h = 1 \ldots H\end {equation}
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how this effect is modified by manipulation of neighboring oscillators’ nonlinearities. Introducing a linear oscillator in the chain results 
in vertical kinking of the system’s response branches. This is reflected in an increase of the response level while maintaining a certain 
frequency. Multiple response branches can here overlay on top of each other, creating a stacking effect in the response curve. In 
such a scenario, multiple solutions may be found at a certain frequency. We demonstrate that these solutions correspond to localized 
vibration patterns. Further modification of an oscillator’s nonlinearity reveals a limiting effect on the frequency attainable by the 
system’s response branches. In a zone of internal resonance, response branches may self-intersect as they bend. We demonstrate that 
the system response can overcome this region as excitation amplitude is increased.

Internal resonance in the context of coupled nonlinear systems is investigated in various fields. Research has been done in the con-
text of beams and plates [4–10]. Micro- and nanoelectromechanical systems (MEMS/NEMS) are known to exhibit internal resonance 
behavior [11–15]. Effects arising from nonlinear modal interactions are investigated and utilized to manipulate the system behavior 
[16–21]. Recently, the focus has been on energy harvesting and vibration mitigation technology, where internal resonances are ex-
ploited to influence energy transfer as modes interact [22–25]. Various lumped-parameter models are also routinely employed in the 
investigation of nonlinear dynamical systems [26–30]. Properties of included oscillators can be readily examined in these systems. 
Such research often uses systems explicitly created to exhibit internal resonance, for example by introducing commensurability of 
their natural frequencies [4,31–33]. A special case in this context is the symmetric system (e.g., a chain of equal Duffing oscillators), 
where internal 1:1 resonance is present by default [13,28,34–36]. We intend to expand the existing perspectives on the interaction of 
coupled oscillators, providing new insights into the dynamics at play. We focus our work on the relation between internal resonance 
and the system’s frequency response as neighboring oscillators are modified.

This paper is structured as follows: In Section 2, we set up the framework for our model and introduce the methods used. Section 3 
presents the results of the investigation as the model’s properties are modified, catching kinking and stacking phenomena in the system 
response. Section 4 then discusses the results and motivates further research based on our findings.

2.  Methods and model

We investigate a system of coupled nonlinear oscillators. Their linear natural frequencies are separated and initially not com-
mensurable. We focus on the computation of periodic steady state solutions to the system. We apply the well-established method 
of Harmonic Balance (HBM) to obtain periodic solutions of the nonlinear system. A continuation scheme is used to track solutions 
through the evolution of a parameter. Hill’s method is used to assess stability of the solutions.

2.1.  Model: A chain of duffing oscillators

Consider a system of Duffing oscillators, cyclically connected to each other by a coupling spring 𝑘c to form a chain as shown in 
Fig. 1. Each oscillator of mass 𝑚 is connected to ground by a viscous damper 𝑑 and a linear spring 𝑘. A nonlinear force acts on each 
oscillator due to a nonlinear stiffness 𝑘nl. An external excitation 𝑓 (𝑡) is applied, dependent on time 𝑡. Such a system may be used, for 
example, as a minimal model for aerospace engineering structures undergoing large deformations, such as turbine blisks [34,37–39]. 
Similar systems may also be used to model interconnected components at various levels of wear within large machinery [40,41]. The 
equation of motion for the 𝑛-th oscillator is

𝑚𝑛𝑥̈𝑛 + 𝑑𝑛𝑥̇𝑛 + 𝑘𝑛𝑥𝑛 + 𝑘nl,𝑛𝑥
3
𝑛 + 𝑘c,𝑛

(

2𝑥𝑛 − 𝑥𝑛−1 − 𝑥𝑛+1
)

= 𝑓𝑛(𝑡), (1)

where 𝑥 is the oscillator displacement from the equilibrium position of the system and 𝑥̇ = d𝑥
d𝑡 , 𝑥̈ = d2𝑥

d𝑡2  are velocity and acceleration, 
respectively. Eq.  (1) is mass-normalized to give

𝑥̈𝑛 + 2𝜁𝑛𝜔0𝑛𝑥̇𝑛 + 𝜔2
0𝑛𝑥𝑛 + 𝛾𝑛𝑥

3
𝑛 + 𝜔2

c,𝑛
(

2𝑥𝑛 − 𝑥𝑛−1 − 𝑥𝑛+1
)

=
𝑓𝑛(𝑡)
𝑚𝑛

. (2)

Here, 𝜁𝑛 = 𝑑𝑛
2
√

𝑚𝑛𝑘𝑛
, 𝜔2

0𝑛 =
𝑘𝑛
𝑚𝑛
, 𝛾𝑛 =

𝑘nl,𝑛
𝑚𝑛

 and 𝜔2
c,𝑛 =

𝑘c,𝑛
𝑚𝑛
. We introduce a new time scale 𝜏 = 𝜔ref 𝑡, where 𝜔ref =

√

𝑘ref
𝑚ref

 may be set to 
any of the linear natural frequencies 𝜔0𝑛. Scaling the displacement by 𝑥𝑛(𝑡) = 𝑋0𝑢𝑛(𝜏), the non-dimensional form of the nonlinear 
differential equation at oscillator 𝑛 is obtained as

𝑢′′𝑛 + 2𝜉𝑛𝑢′𝑛 + 𝜂2𝑛𝑢𝑛 + 𝛽𝑛𝑢
3
𝑛 + 𝜅2

𝑛 (2𝑢𝑛 − 𝑢𝑛−1 − 𝑢𝑛+1) = 𝑔𝑛(𝜏), (3)

where the prime denotes a derivative with respect to dimensionless time 𝜏, 𝜉𝑛 = 𝜁𝑛
𝜔0𝑛
𝜔ref

 is a dimensionless damping ratio, 𝜂2𝑛 =
𝜔2
0𝑛

𝜔2
ref

is a linear natural frequency ratio, 𝛽𝑛 = 𝛾𝑛
𝜔2
ref

𝑋2
0 defines the nonlinearity, 𝜅2

𝑛 =
𝜔2
c,𝑛

𝜔2
ref

 is the coupling ratio and 𝑔𝑛(𝜏) = 𝑓𝑛(𝑡)
𝑚𝑛𝜔2

ref𝑋0
 is a 

dimensionless excitation force. Throughout this paper, harmonic excitation of the form 𝑓𝑛(𝑡) = 𝑓𝑛 cos
(

Ω𝑡 + 𝜙0
) is assumed. Setting the 

initial phase 𝜙0 = 0, we get
𝑔𝑛(𝜏) = 𝑔̂𝑛 cos(𝜔𝜏) (4)

with excitation amplitude 𝑔̂ and excitation frequency 𝜔 = Ω
𝜔ref

. Cyclic boundary conditions will be imposed such that, in a system 
of 𝑁 oscillators, 𝑢𝑁+1 = 𝑢1 and 𝑢0 = 𝑢𝑁 . Note that for the special case of 𝑁 = 2 oscillators, this constraint results in the use of two 
coupling springs. Such a setup simplifies scaling to larger models, retaining consistency.
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Fig. 1. Model system, set up as a chain of Duffing oscillators with cyclic nearest-neighbor coupling. The figure shows a subset of the model, 
visualizing the coupling.

2.2.  Method of harmonic balance

The equation of motion of the dynamical system (cf. Eq.  (3)) may be rewritten as
𝐈𝐮′′ + 𝚵𝐮′ + 𝚲𝐮 + 𝐠nl(𝐮,𝐮′) = 𝐠exc , (5)

where 𝐈 is the identity matrix, 𝚵, 𝚲 denote the nondimensional damping ratio and stiffness ratio matrices, respectively, 𝐮 is a vector 
of system coordinates and 𝐠exc is a vector of periodic excitation forces applied to the corresponding coordinates. Nonlinear forces are 
described by a vector 𝐠nl and may be, in general, conservative or non-conservative.

We search for periodic solutions to Eq.  (5) by approximation with a truncated Fourier series. We write

𝐮(𝜏) ≈ 𝐮̄0 +
𝐻
∑

ℎ=1
𝐮̄c,ℎ cos(ℎ𝜔𝜏) + 𝐮̄s,ℎ sin(ℎ𝜔𝜏) , (6)

where 𝐻 is the truncation order, 𝜔 = 2𝜋∕𝑇  is the fundamental oscillation frequency with period 𝑇 , ̄𝐮0 is the mean value of the function 
over one period and 𝐮̄c,ℎ, 𝐮̄s,ℎ are the Fourier coefficients corresponding to the cosine and sine parts of harmonic ℎ:

𝐮̄0 =
1
𝑇 ∫

𝑇 ∕2

−𝑇 ∕2
𝐮(𝜏)d𝜏, (7)

𝐮̄c,ℎ = 2
𝑇 ∫

𝑇 ∕2

−𝑇 ∕2
𝐮(𝜏) cos(ℎ𝜔𝜏)d𝜏, (8)

𝐮̄s,ℎ = 2
𝑇 ∫

𝑇 ∕2

−𝑇 ∕2
𝐮(𝜏) sin(ℎ𝜔𝜏)d𝜏 . (9)

Substituting Eq.  (6) into (5) and projecting the resulting equations on the Fourier basis 1, cos(𝜔𝜏), sin(𝜔𝜏) yields an algebraic set 
of nonlinear equations. The residual 𝐫̄ is required to become zero for the Fourier coefficients up to truncation order 𝐻 [3]:

𝐫̄(𝐮̄, 𝜔) = 𝐒(𝜔)𝐮̄ + 𝐠̄nl(𝐮̄, 𝜔) − 𝐠̄exc(𝜔) = 𝟎 . (10)

Here, 𝐮̄ is a vector collecting the Fourier coefficients 𝐮̄c,ℎ, 𝐮̄s,ℎ, 𝐒(𝜔) is the dynamic stiffness matrix in frequency domain, 𝐠̄exc(𝜔)
represent the Fourier coefficients of the external excitation and 𝐠̄nl(𝐮̄, 𝜔) those of the nonlinear forces within the system. The latter 
are evaluated using an alternating frequency-time method (AFT). Details on the AFT may be found in, e.g., [3]. The resulting number 
of algebraic equations to be solved is 𝑁(2𝐻 + 1). Providing an initial guess based on steady state solutions obtained from a time 
integration algorithm, a Newton-Raphson scheme is used to search for solutions. Numerical path continuation is employed to track 
the evolving solutions as a parameter is varied. This allows for following an arbitrary curve in parameter space [42–44]. We use a 
predictor-corrector scheme with tangent predictor and arc-length parametrization to find appropriate solutions as the parameter is 
evolved. Various other variants of continuation algorithms are available; an overview is given in [3]. Implementations of continuation 
algorithms in the context of dynamical systems and the analysis of bifurcations are available in various software packages such as, 
for example, AUTO [45], MatCont [46] and MANLAB [47].

We use HBM and continuation for two purposes: calculation of nonlinear frequency response curves (NFRCs) and of nonlinear 
normal modes (NNMs). Both are established procedures in the analysis of nonlinear dynamical systems. The interested reader is 
referred to [1,3,48] for a detailed introduction, [49–54] for underlying principles and [31,55] for computational aspects. Computation 
of the NNMs is performed on the free and conservative system, neglecting excitation as well as the velocity proportional damping 
term in Eq.  (5). Periodic solutions are then obtained using an additional phase constraint in the continuation algorithm. The obtained 
Fourier coefficients are used to compute the system response. We investigate the system dynamics based on its overall response level. 
The 𝐿2-norm of the system is calculated as

𝐿2 =

√

√

√

√

𝑁
∑

𝑛=1

𝐻
∑

𝑙=0

(

𝑢̄2c,𝑛,𝑙 + 𝑢̄2s,𝑛,𝑙
)

, (11)
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where 𝑢̄c,𝑛,𝑙, 𝑢̄s,𝑛,𝑙 are the Fourier coefficients at harmonic index 𝑙 (including the mean value term for 𝑙 = 0) of degree-of-freedom 𝑛. 
The 𝐿2-norm may be viewed as a fictitious energy measure of the system; it does not, however, correspond to the time varying vibration 
energy of the system, as the varying phase differences of the oscillator vibrations are not considered.

2.3.  Stability analysis

The continuation procedure using HBM gives no indication on the stability of a computed periodic solution. In time-domain 
methods, the monodromy matrix of a system is used for that purpose. Stability can be deduced from its eigenvalues, termed Floquet 
multipliers [42]. An analogous procedure in frequency domain is called Hill’s method. It may be applied together with HBM to assess 
stability. We give a short summary of Hill’s method here. Detailed introductions may be found in, e.g., [3,56,57].

Hill’s method transforms a linear time-variant system into a time-invariant eigenvalue problem via Fourier expansion. In order to 
apply this approach to nonlinear systems, linearization around a solution point is employed [56]. A periodic solution 𝐮∗(𝜏) = 𝐮∗(𝜏 + 𝑇 )
is perturbed by a function 𝐩(𝜏), consisting of a periodic term 𝐬(𝜏) modulated by an decay term exp(𝜎𝜏). The perturbed expression reads

𝐮(𝜏) = 𝐮∗(𝜏) + 𝐩(𝜏) = 𝐮∗(𝜏) + 𝐬(𝜏)exp(𝜎𝜏). (12)

Eq.  (12) is substituted into the equations of motion of the system, cf. Eq.  (5). The solution as well as the perturbation are approximated 
as truncated Fourier series and a projection step as in Section 2.2 is applied. After linearization around the periodic solution 𝐮∗(𝜏), a 
quadratic eigenvalue problem in frequency domain is obtained:

[

𝚫2𝜎
2 + 𝚫1𝜎 + 𝚫0

]

𝐬̄ = 𝟎, (13)

where 𝐬̄ is the vector of Fourier coefficients of the perturbation’s 𝑇 -periodic part 𝐬(𝜏). For our model, 𝚫0 is the derivative matrix of 
the residual 𝐫̄ at the periodic solution point, 𝚫0 = 𝜕𝐫̄∕𝜕𝒖̄|

|𝒖̄∗ . The coefficient matrices 𝚫1, 𝚫2 describe the system dynamics; they are 
given in Appendix A. For a detailed derivation of Eq.  (13) and the corresponding coefficient matrices, the reader is referred to, e.g., 
[57]. Eq.  (13) yields (2𝐻 + 1)2𝑁 eigenvalues, of which only 2𝑁 eigenvalues approximate the Floquet exponents 𝛔̃. The remaining 
eigenvalues are spurious, introduced through truncation of the Fourier series. A filtering technique has to be applied to the set of 
eigenvalues to obtain the Floquet exponents. A practical approach is filtering by minimal distance to the real axis [58]. The Floquet 
exponents are thus

𝛔̃ =
[

𝜎(𝑙)
]2𝑁
𝑙=1 , with 

|

|

|

Im(𝜎(1))
|

|

|

≤ |

|

|

Im(𝜎(2))
|

|

|

≤ … ≤ |

|

|

Im(𝜎(2𝑁))
|

|

|

. (14)

They relate to the Floquet multipliers 𝛌̃ through
𝜆𝑙 = exp(𝜎̃𝑙𝑇 ). (15)

Stability is indicated by the real parts of all Floquet exponents being negative. Otherwise, at least one positive real part indicates an 
unstable solution.

In addition to general stability analysis, the Floquet exponents may be used for the detection of bifurcations. A common method is 
tracking sign changes of the Floquet exponents’ real parts. If a real-valued Floquet exponent crosses the imaginary axis, a bifurcation 
is detected, associated with a change of stability. If the corresponding Floquet multiplier leaves the unit circle at +1, a fold bifurcation 
is found; period-doubling is encountered if the Floquet multiplier leaves the unit circle at −1. A pair of complex-valued exponents 
crossing the imaginary axis indicate a change of stability through a Neimark-Sacker bifurcation. Here, the system branches to/from a 
torus [42]. Next to the tracking of Floquet exponents, test functions can be evaluated to assess bifurcation behavior. For an overview 
on test functions, the reader is referred to [42]. Details on implementation can be found in, e.g., [46,57,59].

2.4.  Computational aspects and parameters used in this study

Numerical computation is performed using a modified version of the free software package NLvib [3]. All simulations are run in 
MATLAB R2024b [60]. The parameters listed in Table 1 are used throughout this study, unless stated otherwise. They are chosen to 
resemble a model used in [34], where a symmetric setup was enforced (i.e., 𝜂2𝑛 = 1 was chosen for all 𝑛). We emphasize the setup of 
the frequency ratio 𝜂2𝑛 in our model: The oscillator with the lowest frequency is used as a reference. Subsequent oscillators have their 
frequencies spaced equally, controlled by frequency spacing constant 𝑎.

3.  Results

3.1.  Reducing frequency spacing between two nonlinear oscillators: Resonance overlap and response branch kinking

In this section, we investigate the effect the linear natural frequency spacing has on the nonlinear frequency response curve of 
our system. We initially set up the system with two oscillators and far-spaced frequencies, 𝑎 = 1.2, as shown in Fig. 2a (blue curve). 
The response shows two distinct resonance branches, each bending towards higher frequencies as the amplitude is increased. As 
the first oscillator’s resonance is passed, its maximum resonance frequency (that is, the highest frequency attained as the response 
branch bends due to the hardening effect) remains lower than the initial resonance frequency of the second oscillator. There remains 
a frequency gap where neither oscillator is in resonance. Next, the frequency spacing is decreased, first setting 𝑎 = 0.7, then 𝑎 = 0.3. 
Fig. 2a shows the corresponding effect in the system response: The frequency gap between the two resonances vanishes. The second 
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Table 1 
Overview of the parameters used in this study, unless 
stated otherwise. Weak coupling is implemented, the 
oscillators are weakly damped.
 Measure  Symbol  Value
 damping ratio 𝜉𝑛 0.005
 frequency ratio 𝜂2𝑛 1 + 𝑎(𝑛 − 1)
 frequency spacing constant 𝑎 0.3
 nonlinear factor 𝛽𝑛 1
 coupling ratio 𝜅2

𝑛 0.01
 excitation amplitude 𝑔̂𝑛 0.012
 truncation order 𝐻 9

Fig. 2. Effect of frequency spacing on the system response for 𝑁 = 2 oscillators. 𝐿2-norm is used to measure the response level, cf. Eq.  (11). (a)
Nonlinear frequency response curves for three different frequency spacing values. A kink in the first response branch is observed as the natural 
frequency spacing is reduced. (b), (c), (d) Three separate panels show the different NFRCs and the corresponding nonlinear normal modes. NNM 1 
is shown as a dotted line (color: magenta), NNM 2 as a dashed-dotted line (color: cyan).

oscillator’s resonance sets on even as the response branch from driving through the first oscillator’s resonance is still bending towards 
its maximum. We term this “resonance overlap” and observe an interesting effect on the response curve. The upper response branch 
shows an upward kink. This means that the response curve shifts to larger response levels, making the overall response curve look 
bent and stretched. Looking at the NFRC for close frequency spacing, 𝑎 = 0.3, we observe a similar effect. It is setting on at a lower 
frequency, corresponding to a lower resonance frequency of the second oscillator.

Reducing frequency spacing thus may lead to resonance overlap in the response curve. This overlap is accompanied by a kink in 
the response branch. The frequency location of the kink relates to the onset of a neighboring oscillator’s resonance.

3.2.  Nonlinear normal modes and internal resonance

We next check whether the observed kink can be related to the neighboring oscillator’s natural frequency. We calculate the 
nonlinear normal modes of the system and overlay them in the response graphs. They represent the backbone curves of the resonances. 
The corresponding graphs are shown in Figs. 2b–d. We observe distinct kinks in the NNMs for medium and small frequency spacing 
(Figs. 2c, 2d). As NNM 1 bends over the low amplitude natural frequency of NNM 2, internal 1:1 resonance occurs. This relates to the 
observed kink in the forced response as the modes interact. Note that for far-spaced frequencies (cf. Fig. 2b), the NNMs also exhibit 
a kink where the two modes reach internal 1:1 resonance. We do not see this in the system response as the excitation is not strong 
enough to drive the response in resonance further up on the backbone curve. One would expect the forced response to reach this 
point if the excitation amplitude is increased or if damping is reduced. Resonance overlap would then be observed in the response, 
and the NNM’s kink would emerge as a kink of the response curve.

We have shown that the kink in the system response is related to internal 1:1 resonance. It can be observed in the NNMs and relates 
to the onset of the neighboring vibration mode. Resonance overlap then makes this phenomenon visible in the system’s frequency 
response.

Journal of Sound and Vibration 642 (2026) 119967 

5 



Y. Manz et al.

Fig. 3. Relation of the kinking effect to the system’s nonlinearity, modified at oscillator 2. The reference curve for equal nonlinearity at both 
oscillators (𝛽1 = 𝛽2 = 1) is shown as a black, dotted line. System response as the hardening stiffness coefficient is (a) increased (orange curve, 
𝛽2 = 1.5) and (b) reduced (blue curve, 𝛽2 = 0.5). (c) System response as the nonlinear stiffness coefficient is removed (blue curve, 𝛽2 = 0). The area 
of response branch intersection is shown as a close-up. Its aspect ratio is adapted to enhance visibility. (d) System response as a softening stiffness 
coefficient is introduced (blue curve, 𝛽2 = −0.25). The frequency spacing constant for these graphs is 𝑎 = 0.3. (For interpretation of the references to 
colour in this figure legend, the reader is referred to the web version of this article.)

3.3.  Relation to the nonlinear stiffness coefficient

Now, we test whether the strength of the nonlinear stiffness coefficient affects the kinking phenomenon previously described. We 
distinguish between three cases: First, a stronger (or weaker) hardening stiffness, second, a linear oscillator with nonlinear stiffness 
removed, and third, a softening stiffness. Each are attained by modifying the nonlinear coefficient 𝛽 at one oscillator. The results are 
presented in Fig. 3. In Figs. 3a, 3b, the variation of hardening stiffness shows that an increase of the coefficient causes the upward kink 
to flatten. A reduction shows the opposite effect, causing a more pronounced upward kink in the response. Removing the nonlinear 
stiffness altogether creates a linear second oscillator, cf. Fig. 3c. The resulting response curve shows vertical kinking as it approaches 
the linear oscillator’s natural frequency. This causes the two resonant response branches to stack above each other. The vertical 
upward kink relates to veering in the NNMs. From the NNM trajectories, it can be seen that NNM 1 approaches NNM 2 and veers 
upward, avoiding a straight crossing through NNM 2. This behavior emerges in the forced response. The case of a softening stiffness 
is reported in Fig. 3d. As the onset of the second oscillator’s resonance is approached, the upper response branch turns upward-and-
leftward. It bends back toward lower frequencies as its amplitude increases. The resulting response curve looks as if the responses of 
a hardening and a softening Duffing oscillator are stacked on top of each other.

As observed, the system’s nonlinearity affects the kink occuring in the system response. Stacking of the response branches is seen 
as an oscillator is made linear, and a backward bend was shown for a softening nonlinearity. Both effects cause an increase in response 
level compared to the case of identical nonlinearities.

3.4.  Increasing model size

From the previous results, the question arises what happens as not only one, but multiple resonance overlaps occur for a given 
response branch. We expect additional kinks as resonance overlap extends over more than one oscillator. The system size is increased 
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Fig. 4. Increase of system size to 𝑁 = 6 oscillators, frequency spacing 𝑎 = 0.3. Left panel: NFRCs for identical nonlinearities (𝛽4 = 𝛽𝑛 = 1, blue 
curve) and a linear fourth oscillator (𝛽4 = 0, orange curve). Three points are marked A, B, C, corresponding to three solutions at the same frequency 
𝜔 = 1.384. Their time response analyses are displayed on the right side of the Figure. Middle panels show a section of the time responses, indicating 
stable periodic solutions. Right panels show the system’s response levels and the oscillators’ vibration amplitudes. (For interpretation of the references 
to colour in this figure legend, the reader is referred to the web version of this article.)

to a total of six oscillators. The frequency response curves are shown in Fig. 4 for two cases: identical nonlinearities (blue curve) as 
well as a linear oscillator 4 (orange curve, 𝛽4 = 0). Multiple kinks for the upper response branches can be observed as they overlap the 
natural frequencies of the subsequent oscillators. This effect is best visible for the orange curve in Fig. 4, where the upper response 
branches show kinking before stacking as the linear oscillator is approached. In this setup, multiple response branches stack on top 
of each other. We now observe a narrow frequency band where multiple system states coexist at different response levels for a given 
frequency.

We compare three different response levels within the stacked frequency band. They are denoted, in descending level of response 
amplitude, A, B, C in Fig. 4. They all share the same frequency. Numerical time integration is performed over 500 periods to assess 
stability, shown in the middle panels of Fig. 4. All three points are found to be stable periodic solutions. The variation in system 
response level can be attributed to a localization effect in the vibration patterns. They are shown in the panels on the right-hand side 
of Fig. 4. For the highest response level (point A), oscillators 2, 3 and 4 show significant displacement and thus contribution. At point 
B, the vibration amplitude of oscillator 2 is significantly reduced. As a consequence, localization increases toward oscillators 3 and 
4. For the lowest response level (point C), a reduction of displacement is observed for oscillator 3, thus localizing the vibration to 
oscillator 4 (the linear one).

It was shown that the addition of oscillators to the system creates additional kinks in the response branches as they overlap the 
natural frequencies of multiple subsequent oscillators. This extends to modifications of an oscillator’s nonlinearity, as demonstrated 
for a linear oscillator in the chain. The resulting stacking phenomenon yields multiple stable solutions at different response levels, 
corresponding to localized vibration patterns.

To demonstrate the effect of a softening nonlinearity on the response curve in a multi-oscillator chain, a softening stiffness is 
introduced on the fourth oscillator. Fig. 5 shows three iterations of progressively stronger softening stiffness coefficients. A weakly 
softening spring (Fig. 5a, 𝛽4 = −0.1) leads to backward bending of the response branches as the modified oscillator’s natural frequency 
is approached. It imposes a limit on the frequency attainable by the bending response branches at around 𝜔 = 1.39. These backward 
bends come with intersections between the branches; they fold over each other. This was already observed in the two-oscillator 
model (cf. Fig. 3d). Increasing the softening stiffness (Fig. 5b, 𝛽4 = −0.25) results in more pronounced bends of the branches. This is 
accompanied by self-intersection of individual response branches in addition to intersections between neighboring branches. Further 
increase of the softening stiffness (Fig. 5C, 𝛽4 = −0.5) shows an even stronger manifestation of this phenomenon. The curve now 
exhibits scissored sections, where the response drives back and forth in a large frequency range at high response levels.

As demonstrated, the backward bending effect observed in the system with two oscillators extends to a system of increased size. An 
effective frequency limit in the response is imposed beyond which the branches do not extend. As the strength of the softening stiffness 
is increased, complex phenomena unfold in the nonlinear frequency response. Self-intersections of individual response branches were 
found.
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Fig. 5. System response for three different softening stiffness coefficients 𝛽 at the fourth oscillator. (a) 𝛽4 = −0.1, (b) 𝛽4 = −0.25, (c) 𝛽4 = −0.5. The 
parameters for these graphs are 𝑁 = 6, 𝑎 = 0.3.

3.5.  Nonlinear softening stiffness in the increased model

In the previous section, it was shown that the frequency response exhibits complex behavior as the strength of softening nonlin-
earity increases. Regions of self-intersecting response branches were observed. Further investigation into related effects is performed 
on the system with softening stiffness 𝛽4 = −0.25.

3.5.1.  Analysis of stability
In this section, we assess stability of the response branches, focusing on the regions of self-intersection. The results are presented 

in Fig. 6a. As expected for systems with overhanging response curves, shadowed sections of the response branches are unstable. 
Bifurcation points indicate changes of stability. They mark turning points in the response curve. We note that no special bifurcation 
points are found at the points of self-intersection in the response. However, associated regions are found to be unstable. The corre-
sponding branches remain unstable until after the self-intersection is resolved through another crossing point. Beyond the regions 
of self-intersection, parts of the response branch are found to contain stable solutions. These parts remain connected to the main 
branch through the self-intersecting (and unstable) regions, yet they may not be accessible through frequency sweeping. They appear 
semi-isolated relative to the main branch, forming penisolas. A Neimark-Sacker (NS) bifurcation is detected in the system, marked 
by a red asterisk in Fig. 6a. Here, a pair of complex conjugate Floquet exponents crosses the imaginary axis, taking on a positive 
real part. This is illustrated in the inset of Fig. 6a, where the system’s Floquet exponents are shown for a point (i) just before and 
(ii) just after the Neimark-Sacker bifurcation. The periodic solution to the system becomes unstable, bifurcating into a Torus-like 
object. Continuation of the branch emanating from the NS point requires tracking of more than one frequency parameter [42]. A 
modified version of the Harmonic Balance method, often referred to as Multi-Harmonic Balance method (MHBM), has to be employed 
in this case. Implementations of MHBM are much less established than their single-frequency counterparts. Its application to track 
the system’s Neimark-Sacker bifurcation is beyond the scope of this paper.

It was shown that the self-intersecting regions of the system response are unstable. They show no special bifurcation behavior. 
Semi-isolated sections containing stable solutions (or penisolas) were found.

3.5.2.  Nonlinear normal modes
Next, we investigate the modal structure underlying the complex frequency response of the system with a softening stiffness 

(𝛽4 = −0.25). Nonlinear normal modes are computed. They are shown in Fig. 6b, including the NFRC. At a low response level, the 
modes start out according to their associated oscillators’ backbone trajectories (i.e., mode 4 follows a softening backbone while the 
other modes follow a hardening one). As modes 1–3 increase their frequency with increasing amplitude, kinks can be observed. As 
the modal curves approach the natural frequency of the modified oscillator 4, they bend toward lower frequencies (these points are 
labelled “a” in Fig. 6b). The modes each trace the backbone of the softening oscillator for a section before turning back around as 
they meet another NNM (these points are labelled “b”). As the NNMs return toward higher frequencies, they initially reduce their 
response level before looping around (the loops are labelled “c”). After completing the loops, the NNMs bend backward again before 
turning around and back towards higher frequencies a second time (labelled “d”). The NNMs’ response levels now drop down to a 
point where the NNMs converge to an original backbone curve (labelled “e”). We note that all points labelled “a” through “e” in 
Fig. 6b occur at points of internal resonance, where the NNM trajectories reach frequencies close to linear natural frequencies of the 
system. These interactions span a region we term zone of internal resonance. As the NNMs leave this zone, individual backbones 
become distinguishable again. A swap of modal trajectories is observed, where the NNMs now trace trajectories originally associated 
with other modes.

We have demonstrated complicated internal resonance effects in the system’s NNMs. Backward bending encountered in the NFRC 
is observed in the NNMs as well. A zone of internal resonance is reported where NNMs with hardening and softening backbone curves 
interact, resulting in multiple turns, and loops.
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Fig. 6. System response, softening stiffness coefficient at the fourth oscillator (𝛽4 = −0.25). Panel (a): Stability analysis. Unstable sections are shown 
in black, bifurcation points are denoted by crosses. Regions with self-intersection of the response branches are shown as close-ups. Their aspect 
ratios have been adapted to enhance visibility. A Neimark-Sacker bifurcation is found on a backward bending branch around 𝜔 = 1.324. The inset 
shows the Floquet exponents (i) just before and (ii) just after the NS bifurcation. Panel (b): NNM analysis. The parameters for these graphs are 
𝑁 = 6, 𝑎 = 0.3.

3.5.3.  Variation of excitation amplitude
In the previous section, its was shown that the NNMs exhibit complicated, backward bending behavior. However, it was also 

found that the NNMs eventually return to the backbone trajectories of the individual oscillators. It would be expected that these parts 
of the NNMs become relevant in the forced response once the system’s amplitude is increased.

To check this, we modify the excitation amplitude of the system. A stronger nonlinear response is expected from a stronger 
excitation, and thus, larger overhangs in the response curve are anticipated. Results are presented in Fig. 7, where the system’s 
NFRC is shown for three different excitation levels. The blue curve shows a reduced excitation amplitude (𝑔̂𝑛 = 0.006). It can be seen 
that the complex phenomena associated with the softening stiffness coefficient vanish as the excitation amplitude is reduced. The 
excitation is not strong enough to manifest internal resonances in the forced response. The orange curve (𝑔̂𝑛 = 0.012) corresponds 
to the excitation level previously used for analysis of stability and NNMs, showing the already established backward bending and 
self-intersection phenomena. For the increased excitation level (yellow curve, 𝑔̂𝑛 = 0.022), multiple new phenomena emerge in the 
forced response. The softening backbone curve is now identified through the response branches. They align along the softening 
backbone trajectory. This results in a bent stacking effect of the branches. Most notably, the response branches at this excitation 
level overcome the frequency limit imposed through the softening oscillator’s natural frequency and associated internal resonance. 
After bending backward, the branches now turn around to increase their frequency beyond the limiting frequency. The branches then 
come back toward lower frequencies again. This creates a swinging effect between high and low frequencies as the response level is 
gradually reduced. In doing so, the response branches follow the paths of the NNMs observed in the previous section, cf. Fig. 6b (for 
a reproduction of Fig. 7 with NNMs included, see Appendix B).

It was shown that an increase of excitation amplitude results in more pronounced bending effects. The response overcomes 
confinement to the zone of internal resonance, following the NNMs’ backbone curves. A bent stacking effect is observed along the 
softening backbone trajectory, which becomes clearly distinguished.

4.  Discussion

In this paper, we used a chain of nonlinear oscillators to examine the effect of neighboring oscillators on the system’s response 
curve. We demonstrated a kinking effect in the response curve. It was related to the nonlinear normal modes of the system. We showed 
that kinking may be observed in the NNMs as well, attributed to a change in vibrational composition as internal 1:1 resonance occurs. 
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Fig. 7. System response for three levels of excitation amplitude: Reduced excitation amplitude (blue curve), regular excitation amplitude as used 
throughout this paper (orange curve), and increased excitation amplitude (yellow curve). For a reproduction of this Figure with NNMs included, 
the reader is referred to Appendix B. Parameters 𝑁 = 6, 𝑎 = 0.3, 𝛽4 = −0.25. (For interpretation of the references to colour in this figure legend, the 
reader is referred to the web version of this article.)

These kinks emerged in the forced response once the system’s natural frequencies became close enough so that resonance overlap was 
observed. By modifying the nonlinearity of neighboring oscillators, we demonstrated effects on the kinks in the response curve. Making 
an oscillator linear resulted in a vertical kinking effect where multiple response branches stacked on top of each other. Furthermore, 
we increased the system size, demonstrating multiple kinks in the response curve as multiple resonances were overlapped. Multiple 
solutions at different response levels were then found. These were shown to correspond to localized vibration patterns of the system. 
Finally, we introduced a softening stiffness at one oscillator in our model. The results showed a response curve with backward bends 
and self-intersection of response branches in a zone of internal resonance. Regions of self-intersection were found to be unstable, 
leading to sections of stable solutions becoming semi-isolated on a branch. As the system’s excitation amplitude was increased, the 
forced response was driven further up along the backbone curves. The response branches effectively overcame an imposed frequency 
limit, leaving the zone of internal resonance to follow the original backbone trajectories.

Our results advance the understanding of frequency response in nonlinear dynamical systems. We analyzed the effect of neighbor-
ing oscillators on the response curve of the system. A relation between frequency spacing, oscillator nonlinearity and a kinking effect 
in the system’s response curve was established. These results may be helpful in system design, where the offset of natural frequencies 
may be used to mitigate effects from internal resonance, or induce them. Additional oscillating components may be introduced to 
shape the response curve at designated frequencies by exploiting kinks. It should be possible to shape a system’s response curve to 
ones liking as oscillators of various nonlinear properties are combined. In a suitable nonlinear system, it would be viable to reach a 
targeted response level at a certain frequency by introducing kinking through appropriately chosen add-on oscillators. Moreover, a 
frequency band of low response vibration may be created by introducing an appropriate (linear or maybe even softening) oscillator 
before said frequency, effectively creating a gap within the response curve. Modifications of excitation amplitude may be used to 
control the reach of response branches in resonance as they are driven up on the backbone curves of a system’s nonlinear modes. 
Bends of the response branches may be initiated in a zone of internal resonance, which may be overcome as excitation amplitude is 
increased.

Our work motivates further research regarding nonlinear systems where kinking properties are observed. For example, it may be of 
interest to investigate an actual frequency sweep through such a system. One would expect the corresponding jump phenomena to take 
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on interesting form as kinking, stacking and backward bending modify the response curve. Semi-isolated sections of the response may 
warrant special attention in this context. In addition, a detailed analysis of coordinate-wise responses may be of interest to increase 
the understanding of governing effects. It may also be worthwhile to take a closer look at the bifurcation structure of the model 
investigated. For example, the detected Neimark-Sacker bifurcation could be used as a starting point. Additional phenomena may be 
revealed with regard to kinking and stacking of response curves.
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Appendix A.  Eigenvalue problem of Hill’s method for stability analysis: Coefficient matrices

The coefficient matrices 𝚫1, 𝚫2 from Eq.  (13) are computed as
𝚫1 = 𝛁⊗ 2𝜔𝐈 + 𝛁0 ⊗ 𝚵,

𝚫2 = 𝛁0 ⊗ 𝐈,
(A.1)

where ⊗ denotes the Kronecker tensor product and 𝛁 is given as

𝛁 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0
⋱

𝛁ℎ
⋱

𝛁𝐻

⎤

⎥

⎥

⎥

⎥

⎥

⎦

(A.2)

with

𝛁ℎ =
[

0 ℎ
−ℎ 0

]

, ℎ = 1…𝐻 (A.3)

Appendix B.  Variation of excitation amplitude, including nonlinear normal modes

The following Fig. B.1 reproduces Fig. 7 with added nonlinear normal modes. 
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Fig. B.1. Reproduction of Fig. 7, including nonlinear normal modes. Note that all NNMs are shown in black to enhance visibility. For a better 
differentiation between individual NNM trajectories, refer to Fig. 6b.
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