Reaction
Chemistry &

e ROYAL SOCIETY
. : OF CHEMISTRY
Engineering -

Published on 03 September 2026
Licensed under CC-BY 4.0

TUTORIAL ACCOUNT

Kinetic modeling and optimization of complex
enzymatic reactions: a practical guide for
chemists and biotechnologists

{ '.) Check for updates ‘

Cite this: DOI: 10.1039/d6re00247a

Maerthe Theresa Tillmann, @°° Manuel Ibafiez, @2 Kayla Reata Dittmer, ¢

Jixia Lu, @2 Gustavo Rodriguez Manotas, ¢ Daniel Ohde, @9 Andreas Liese,
Jakob Burger, @22 Mirko Skiborowski €2 and Leandros Paschalidis (2 *2¢

Designing complex enzymatic reaction processes that involve multiple reaction steps, multiple phases, or
different catalytic mechanisms is often challenging. This tutorial account provides a structured, accessible
overview of modeling and optimization methods for such process designs. It covers fundamental concepts
of modeling different types of enzymatic reaction processes, as well as methods for parameter estimation,
simulation, and model validation. Building on this foundation, the article introduces parametric studies,
approximations, and model-based optimization techniques for analyzing and optimizing these processes.
Each methodological step is illustrated through a consistent application example and supported by openly
available Python
biotechnology, and provides practical guidance for developing, analyzing, and applying kinetic models. By
integrating theoretical foundations with practical tools and workflows, this work aims to facilitate broader
adoption of model-based insights and optimization in early-stage development of enzymatic reaction
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implementations. The article targets experimental researchers in chemistry and
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1 Introduction

Enzymatic reaction processes have been studied for more
than a century.” A foundational milestone was the work of
Leonor Michaelis and Maud Menten in 1913, who introduced
a quantitative framework for describing enzyme kinetics.?
Since then, significant progress has been made in nearly all
aspects of enzyme-catalyzed processes, ranging from enzyme
purification and immobilization®**° to advanced methods for
enzyme engineering.>>"'™"® Particularly noteworthy recent
advances include directed evolution methods for enzyme
engineering and artificial intelligence approaches for studying
enzyme structure, both of which have been recognized with
Nobel Prizes in Chemistry.**"*

Enzymes are employed in a wide variety of applications,
including the production of fine chemicals, pharmaceuticals,
and bio-based materials.>* However, a persistent limitation
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in their use as industrial catalysts is their relatively rapid
deactivation and their sensitivity to conditions deviating from
those required for optimal catalytic activity. Deactivation can
be caused by elevated temperature, extreme pH values, or
other factors, and may be reversible or
irreversible."®™® This rapid deactivation makes careful design
of enzymatic processes essential. Even in cases where these
limitations can be overcome or partially mitigated (e.g., via
immobilization or enzyme engineering), the design of
economically viable enzymatic reaction processes remains
challenging. In reaction systems involving more than one
enzyme, the relative enzyme ratios and concentrations must
be carefully chosen. In processes that require cofactors, both
the cofactor concentration and the cofactor regeneration rate
must be designed to enable the reaction process to reach
high conversions without becoming rate-limiting. In
multiphase systems, mass-transfer limitations or phase
equilibria may significantly affect reaction performance,
requiring careful selection of operating conditions.*”
Complex reaction processes involving enzymes are often
limited by kinetics or mass transfer rather than
thermodynamic equilibrium."*'¢ Enzyme-catalyzed
reactions frequently follow Michaelis-Menten-type kinetics
with multiple substrates; the associated reaction networks,
particularly those involving cofactor regeneration, can be
highly complex. These systems often behave strongly

numerous
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Tutorial Account

nonlinear and are difficult to design by intuition alone;
process developers therefore benefit from modeling and
model-based optimization. Careful selection of initial
conditions often determines not only whether the reaction
process will run optimally, but whether it will run at all.*°

Alongside advances in biotechnology, the process systems
engineering community has made significant progress in
modeling and optimizing reaction processes.”’ ' Several
studies have been published in recent years applying
modeling and model-based optimization methods to
enzymatic reaction systems.>’”” However, these studies are
mostly conducted by specialists in modeling and
optimization and are often focused on specific applications.
Application of the methods in experimental settings is often
hindered by significant communication barriers between
modeling experts and experimental experts working on
biotechnological applications. Several open-source and
academic tools for kinetic modeling, parameter estimation,
sensitivity analysis, model-based experimental design and
dynamic optimization are already available, such as
COPASI,*® CasADi,** MOPEDS"’ and Pyomo.DAE.*" However,
their uptake in the experimental research community
remains limited, particularly among researchers primarily
focused on enzymatic reaction systems and laboratory-based
studies. Especially two main gaps persist in this direction
that this tutorial aims to address. First, there is no
comprehensive collection of examples of established
modeling and optimization methods that illustrates how
these can be effectively applied to the design of complex
enzymatic reactions, accompanied by ready-to-run open-
source implementations. Second, accessible explanations and
practical tools to help experimentalists apply modeling and
model-based optimization, or critically engage with modeling
specialists, remain scarce.

This  tutorial account collects modeling and
computational methods that can be wused to design
enzymatic reaction processes. The discussion begins with
some preliminary theoretical background and proceeds
through modeling methods for different systems, model
parameterization and validation, before turning to how
models can be used to extract process insights and support
model-based design and optimization. Each section is
accompanied by an application example implemented in
Python. The article concludes with recently published case
studies that combine experimental and modeling
investigations.

The article is aimed at chemists and biotechnologists
seeking to apply modeling and optimization to their
enzymatic reaction systems. It is written to be accessible to
this audience, although some prior knowledge typically
acquired at the Master's level is assumed (i.e. especially
physical chemistry, calculus, differential equations and
scientific computing). Considering that complete textbooks
are devoted to parameter estimation**** and model-based
optimization** the current tutorial article focuses on a
number of applications of practical relevance, while
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references and suggestions for additional in-depth reading
are provided where appropriate.

2 Preliminaries
2.1 The inherent complexity of reaction processes

Reaction processes vary and are often very complex.*> They
can occur in the gas, liquid, or solid phase and may be
catalyzed by homogeneous or heterogeneous catalysts. They
may also be chemical, biochemical, electrochemical, or of
another type. They can be extremely fast or extremely slow,
with some reaching equilibrium in seconds while others
require hours, days or even more time.*® Enzymes are most
often either dissolved in an aqueous solution or immobilized
on a support (or within the pores of a support).*”*® These
reaction processes are often relatively slow in approaching
equilibrium, and thus studying their kinetics is most relevant
for their design.

As shown in Fig. 1, the phenomena involved in reaction
processes are described across several physical domains,
including reaction kinetics, thermodynamics, transport
phenomena, transition state theory, and electronic structure
theory (among others). Because these domains are
interconnected, reaction processes are often difficult to
decipher: the observed behavior is typically determined by
their interplay rather than by any single factor. Naturally, a
kinetic model cannot include all of this information, but is
instead a simplification aimed at expressing reaction rates as
functions of state variables.

In multiphase reaction systems, the overall behavior is
often governed by the interplay of phase equilibrium,
interphase mass transfer, and reaction kinetics. While gas-
liquid equilibrium can provide important thermodynamic
constraints, its direct use implicitly assumes that interphase
mass transfer is sufficiently fast relative to the reaction
rates. If this assumption is not valid, mass-transfer
limitations must be modeled explicitly. In heterogeneously
catalyzed systems, the coupling between fluid dynamics
(and associated transport phenomena) and reaction kinetics
often plays a key role. In electrochemical systems, the
interplay between surface phenomena (such as electrode
kinetics and interfacial charge transfer) and mass transfer
is often dominant.** It is therefore important for
researchers working on a given type of reaction process to
be familiar with the intricacies of their system.
Experimentalists are typically very familiar with their own
reaction processes and their complexities, yet they often
lack the language or tools to model and describe them in a
formal way.

Note: aim

The focus of this tutorial account is to inform and instruct chemists
and biotechnologists who are very familiar with the intricacies of their
systems but lack the modeling and model-based optimization skills
needed to study them computationally.

This journal is © The Royal Society of Chemistry 2026
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Fig. 1 The behavior of a reaction process emerges from multiple interacting physical domains. Adapted from Dittmer et a
the Creative Commons Attribution 4.0 International (CC BY 4.0) license.

2.2 Enzyme Kinetics

A substantial body of theory exists for describing enzymatic
reaction Kkinetics.' The standard starting point is a
mechanistic reaction scheme, from which a system of
mass-action differential equations is derived for all species,
including  short-lived intermediates. Under suitable
assumptions, most commonly the quasi-steady-state
approximation, this high-dimensional dynamical system
can be reduced to a single effective rate law. This
reduction yields the well-known family of Michaelis-
Menten-type models.>’ These models are widely used
because their parameters can be estimated from
experimental data (assuming sufficient experimental data
exist to make them identifiable) and they remain
interpretable in terms of binding and catalytic rates.
Variants exist for one-, two-, and multi-substrate reactions.
In many practical settings, however, the true molecular
mechanism is either partially unknown or too complex to
resolve, and empirical alternatives such as Hill kinetics are
also commonly employed.”

Note: in practice

In practice, the detailed mechanism of an enzyme-catalyzed reaction is
often unknown or cannot be uniquely identified from available data. In
such cases, it is advisable to select the simplest model that adequately
describes the observed dynamics and incorporates any known
mechanistic features, such as inhibition or saturation effects.’”

This journal is © The Royal Society of Chemistry 2026
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Reaction process

Behavior emerges
from interacting
physical domains

1.%° under the terms of

Within this framework, the Michaelis-Menten model
provides the simplest description of enzyme-catalyzed
conversion of substrate into product. It is based on the
reaction scheme

k k
E+S<ES=E+P. (1)
~1
The key simplification is the quasi-steady-state
approximation, which assumes that the intermediate

complex ES rapidly reaches a steady state. This leads to the
classical rate law

= VmaXS
Ky+S’

(2)

where Vi = k2Eo and Ky = (k.y + ky)/k;. This expression
naturally captures enzymatic saturation: at low substrate
concentrations the reaction is approximately first-order in S,
whereas at high concentrations the rate approaches the
limiting value Viax.

More complex enzymatic systems can be described by
extending the same mechanistic principles. For example, in
reactions involving two substrates, an ordered sequential
mechanism is often assumed:

E+A—=FA, FEA+B<—=FEAB—E+P (3)
Under simplifying assumptions, this yields an effective

rate law of the form
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VnmXSASB
r= . (4)
(Ka+ Sa)(Kp+ Sg)

This expression highlights that catalytic turnover requires
both substrates to be sufficiently available: depletion of
either A or B significantly reduces the reaction rate. In the
limit of high substrate concentrations, the rate again
approaches V., consistent with enzyme saturation.

A further important modification arises in the presence of
inhibitors. For example, in competitive inhibition, the
inhibitor I competes directly with the substrate for binding to
the free enzyme:

E+I= EL (5)

This leads to the modified rate law

VmaxS
= max ) (6)
Kum (1+ K%) +S
P ——
: Conceptualized

reaction process
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Here, the primary effect of inhibition is an increase in the
apparent Michaelis constant, reflecting reduced effective
substrate binding affinity. Consequently, higher substrate
concentrations are required to achieve the same reaction
velocity, while the maximal rate V,,, remains unchanged in
the limit of saturating substrate.

2.3 Modeling philosophy for kinetically-limited reaction
processes

A central part of modeling kinetically limited reaction
processes is identifying the chemical reaction network. This is
often done pragmatically, by determining which chemical
species are detectable using the available analytical methods.
The reaction network considered in the model must contain all
relevant reactions, in the sense that it includes all reactions
needed to describe the reaction process under consideration.
This will mostly correspond to a simplified form of the actual

Selection of the
model structure

I

Model
parameterization

I

Simulation

I

Model
validation

What is the
goal?

Design

Parametric studies
& approximations

Model-based
optimization

Fig. 2 A modeling framework applied in parallel with experimentation.
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chemical reaction network for two reasons: first, some
reactions are omitted because they are irrelevant or unknown;
and second, even the reactions that are considered are often
treated in a simplified manner. For example, not all individual
elementary steps are included, but are instead simplified using
approaches such as the quasi-steady-state approximation, as in
Michaelis-Menten-type ~ models, or  through  other
simplifications. Such simplifications are often necessary to
create models with identifiable parameters, particularly when
the available experimental data do not contain sufficient
sensitivity to distinguish between all mechanistic
contributions, reliably estimate strongly correlated parameters,
or support the level of detail represented in the full model.

In addition, determining which further physical phenomena
must be considered is of great importance, such as accounting
for mass-transfer steps, treating certain parts of the process as
being at equilibrium, occurring at a faster time scale than the
rest of the process, or considering enzyme deactivation.

The general rule is that it is not possible to account for every
single detail occurring within a reaction process when
developing a kinetic model. What is required, however, is to
account for every relevant effect, relevant in the sense that it
influences the result we aim to achieve. For example, if the goal
is to maximize space-time yield (also referred to as
productivity) by varying reaction conditions A, B, and C, a good
model should be able to represent the effect of conditions A, B,
and C on the space-time yield with sufficient accuracy. It is less
important that the model captures the effect of an unimportant
condition (e.g., condition D) on the space-time yield.

At the same time, the level of model detail must also be
supported by the available experimental data. Even if a
mechanistic effect is potentially relevant, it can only be
estimated reliably if the measured data contain sufficient
information and sensitivity to observe its contribution. For
example, product inhibition can only be identified if product
concentrations vary sufficiently and the resulting decrease in
reaction rate can be distinguished from other effects, such as
substrate depletion, enzyme deactivation, or mass-transfer
limitations. Similarly, competitive substrate inhibition, enzyme
inactivation, or reversible reaction steps can only be included
meaningfully if the experimental design generates conditions
under which these effects lead to observable changes in the
measured response. If different mechanisms or parameters
lead to indistinguishable model responses under the available
experimental conditions, the corresponding parameters may
become non-identifiable or strongly correlated.

2.4 Application example

To illustrate the relevant material, a synthetic application
example will be presented alongside the discussion. This
differs from the case studies at the end of the article, which
primarily focus on already published cases combined with
experimental studies. The purpose of the synthetic example is
to help the reader understand the methods more clearly and
provide them with example code in Python.

This journal is © The Royal Society of Chemistry 2026
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The article is structured such that it follows a practical and
applicable flow any experimentalist could apply in early-stage
development of their enzymatic reaction process. Fig. 2
illustrates an iterative framework for the development and
optimization of reaction processes through the integration of
experimentation and process modeling. Experimental
activities, including data generation, processing, validation,
and interpretation, provide the basis for model development
and refinement. In parallel, the modeling workflow involves
model structure selection, parameterization, simulation, and
validation, followed by an assessment of model adequacy.
Once a validated model is obtained, it can be used either for
parametric studies and process understanding or for model-
based optimization. The continuous interaction between
experimental and modeling activities ultimately enables the
systematic optimization of the reaction process.

Application example: definition

The example relies on the following multi-enzymatic reaction network,
which starts from the raw material S; and produces the main product
S,. It is to be carried out in a batch reactor. As the first reaction step
requires a cofactor that cannot be added in stoichiometric amounts, an
additional reaction is included for cofactor regeneration. Three different
regeneration methods are shown: one producing CO, (b), one reducing
oxygen (c), and one electrochemical method using mediator M (d).

(a) I II III
EA EB EC
Sy 8% S, S3 Sy
C1 C
AN
| |

! cofactor 1 (b) v :
| . | ED |
| regeneration | |
! IS WCO !
: 5 2 :
| C2 Cy |
e oIDIZZIZIIoIoC
(@) v l
| EE :

|
30, + H*wH 0
| 2 2 !
! C2 & i

|
,,,,,,,::::::::::::::::::::

(d) e -

3 Experimentation

Experimentation is the basis from which models are formed.
Therefore, experimental data should comply with the principles
of good scientific practice to ensure model validity. This includes
reproducible experimental protocols, well-documented operating
conditions, quantified measurement uncertainty, replicate
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experiments, appropriate calibration procedures, mass-balance
closure and the use of independent data for model validation.

As seen in Fig. 2, experimental investigation begins with
the conceptualization of the reaction process. This stage
includes several key steps:

e reviewing the literature on the reaction,

e formulating a hypothesis,

o defining clear objectives,

o identifying key variables and parameters (dependent,
independent, controlled),

¢ developing an experimental plan,

e designing and implementing the experimental setup within
the constraints of the available infrastructure and equipment,

e and developing the analytical method, including
considerations of limits of detection, limits of quantitation,
and other methodological constraints.”®

Note: the importance of the experimental plan

Developing an effective experimental plan is essential in model-based
studies because the quality of the data determines how well model
parameters can be estimated and competing mechanistic hypotheses can
be evaluated. Experimental conditions should be chosen to maximize
information content, supporting parameter estimation, identifiability
analysis, and discrimination between alternative kinetic models. Varying
factors such as temperature, reactant concentrations, pH, or residence
time can improve parameter sensitivity, reduce uncertainty, and enhance
the validity and predictive power of the resulting kinetic model.***-°

Note: from chemical equations to kinetic model abstractions

Reaction Chemistry & Engineering

Once the experimental setup has been established and
preliminary trials have been completed, data suitable for
modeling can be generated, processed, validated, analyzed,
and interpreted.

3.1 Data generation

Data generation comprises the systematic acquisition of
reproducible  experimental results under controlled
conditions. The objective is to adequately capture the behavior
of the enzymatic reaction in a reliable and quantitative
manner. The parameter space (e.g., pH, temperature, enzyme
loading, substrate and cofactor concentration, buffer
concentration, or the selected solvent) should be designed to
capture all mechanistic behavior the model seeks to represent.
Ranges relevant to the intended application are necessary but
may not be sufficient for this purpose.

To ensure reproducibility and data reliability, experiments
must be conducted under well-controlled and consistent
conditions. Analytical instruments should be properly
calibrated prior to measurement to guarantee sufficient
accuracy, accounting for the reaction system, intended model
use, and the signal-to-noise ratio. Each experiment should be
performed in replicates (ideally a minimum of three) to enable
statistical evaluation of standard deviations. In addition,
appropriate control experiments must be included to
distinguish ~ enzymatic  activity = from  non-enzymatic
contributions. Data acquisition should be carried out with

The reactions shown in the application example are intentionally simplified to introduce the notation used throughout this tutorial. Using conventional
chemical notation, reaction (b) of the application example would be represented as shown below.

(@] (o]
S
OH | hz OH T
| + |
O=P—0O N O=P—0 N
o o
Q FDH
C (0] OHOH NH2 _— 0=C=0 + (o) OHOH NH2
H NSo- Tt
N N
Z N ’ Z8\
/4 /4
¢ f) <J$
0=P—0 N N O=P—0 N N
I (o) | (e}
OH OH
OHOH OHOH
Formate NAD* Carbon dioxide NADH

NAD stands for nicotinamide adenine dinucleotide and FDH stands for formate dehydrogenase. In the application example, formate is represented with S
while the two cofactor forms are represented with ¢; and c,. From the perspective of a chemist, this abstract notation can be interpreted as follows: each

state, S; or ¢; represents a collection of molecular species with associated concentrations. Molecules are transformed from one state to another through

kinetic processes, such as chemical reactions, mass transfer, or other physicochemical phenomena. This abstraction allows a wide range of processes to be
described within a common mathematical framework, independent of the specific underlying mechanism.

React. Chem. Eng.
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sufficient temporal and analytical resolution to capture the
relevant system dynamics. Finally, comprehensive metadata,
including detailed experimental conditions, batch information,
and equipment specifications, must be documented to ensure
traceability and facilitate reproducibility.

3.2 Data processing and validation

Following data generation, raw experimental data must be
processed and validated to ensure consistency, accuracy, and
suitability for modeling. This step is critical, as errors
introduced here directly propagate into the model and
compromise its predictive capability. The processing of data
depends heavily on the data format. Some typical processing
in biocatalysis includes baseline correction, normalization of
data and conversion of raw data into physically meaningful
quantities (such as concentration from absorption or reaction
rate from concentration changes over time). Time-resolved
data may require smoothing, though this should be applied
cautiously to avoid distorting underlying trends. It is also
imperative to use machine-readable formats in order for
scripts to analyze the data.

Validation involves assessing the data quality based on
defined criteria. Outliers should be identified using statistical
methods rather than being removed indiscriminately.
Measurement uncertainty should be quantified from the
replicates, and replicate agreement should be evaluated to
assess reproducibility. When possible, mass balances may
provide an additional validation of the data. If the measured
concentrations do not satisfy the mass balance, data
reconciliation may be required.***” Any inconsistencies
should be explicitly acknowledged and investigated further.
At the end of this step, the dataset should be ready for
analysis, and its uncertainty should be clearly characterized.

3.3 Data analysis and interpretation

The goal of data analysis is to extract mechanistic insight
and identify relationships that inform model structure and
parameterization. Initially, the analysis should be focused on
visualizing trends. In the area of biocatalysis, analyzing
substrate consumption or product formation as a function of
time is typical. This helps identify kinetic regimes, potential
rate limitations, and nonlinear behaviors. Subsequently,
parameters can be calculated, such as kinetic parameters,
reaction rates and inhibitory terms. Interpretation should
always be grounded in biochemical or physical reasoning as
well as parameter identifiability and statistical uncertainty,
since nominal parameter values alone may suggest
mechanistic effects or inhibitory relationships that are not
sufficiently supported by the data. Specifically for enzymatic
reactions, this includes considering enzyme stability, cofactor
dynamics, mass transfer limitations, and potential side
reactions. A look into the literature can offer insights into
mechanistic effects, expected results, and possible reasons
for deviations. Importantly, deviations from expected trends
should not be dismissed but rather examined, as they can

This journal is © The Royal Society of Chemistry 2026
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often provide insight into the system. The outcome of this
step is a set of numerical results and an improved
understanding of the system. This understanding directly
informs the selection of an appropriate model structure and
defines the scope and limitations of the subsequent
modeling.

4 Selection of the model structure
4.1 Ideal reactor models

The type of reactor in which a reaction process takes place is
the first aspect to consider when developing the model. In
reaction engineering, three ideal reactor models are
commonly used to approximate the behavior of real reactors,
the batch reactor (BR), the plug-flow reactor (PFR), and the
continuous stirred-tank reactor (CSTR).*® These idealized
models rely on simplifying assumptions. In this work, we will
primarily consider isothermal reactors, i.e., reactors in which
the temperature remains constant. This assumption is
justified either when the heat of reaction is negligible or
when sufficient heat exchange ensures effective temperature
control. Under isothermal conditions, the modeling of these
ideal reactors can be based solely on material balances,
assuming that non-ideal mixing effects can be neglected.

4.1.1 Reaction rate expressions. Consider a system with N
species and N, reactions. The rate of production of species i
that participates with a known stoichiometric coefficient in a
number of reactions is

Nr

Ri: Zvljrj7 (7)

Jj=1

where R; denotes the net production rate of species i, 7; is the
rate of reaction j, and v; is the stoichiometric coefficient of
species 7 in reaction j (positive for products and negative for
reactants). The indices i = 1,..., Ny and j = 1,..., N, label
species and reactions, respectively.

For enzymatic systems, the reaction rate typically depends
on the concentrations of substrates, products, inhibitors, and
the enzyme itself. In practice, however, enzyme activity is
influenced by a much broader set of factors. Environmental
conditions such as pH, temperature, ionic strength, and
pressure can significantly alter catalytic performance, as can
the presence of cofactors, competing substrates, or stabilizing
additives. Even seemingly minor changes, such as switching
buffer systems, introducing gas sparging, or altering mixing
intensity, may shift the observed kinetics.

Note: reaction engineering book suggestion

Octave Levenspiel has written a classic and timeless book in reaction
engineering.*®

Because of these sensitivities, kinetic parameters
measured in controlled enzyme-assay experiments do not
always translate directly to production. Nevertheless, assays

React. Chem. Eng.
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provide essential baseline information, and in many cases,
they represent the best available characterization. As a result,
we often rely on these measurements while acknowledging
that real process conditions may lead to deviations from
idealized kinetic behavior.

Application example: reaction rates

The rate of production of different species in the application example
is shown below:

Rs, = -1, (8)
Rs, =r—m 9)
Rs, =y — (10)
R 11)

When the first cofactor regeneration method is used, the rate of
production of the two cofactor form is shown below:

R, =-n+rny (12)

R, =1 —ny. (13)

4.1.2 Ideal batch reactor model. For a perfectly mixed
reactor without inflow or outflow (i.e., an ideal batch reactor),
the mole balance for species i is

ds; &
d_tl: Z ViiTj, (14)
=1

where S; denotes the concentration of species i, ¢ is time,
17 is the rate of reaction j, and v; is the stoichiometric
coefficient of species i in reaction j (positive for products
and negative for reactants). The indices { = 1,..., Ny and
J = 1,..., N, refer to species and reactions, respectively. A
batch reactor generally operates under unsteady-state
conditions, and it is therefore typically not modeled at
steady state.

4.1.3 Ideal plug-flow reactor model. For a system with
spatial variation along the axial coordinate z and superficial
velocity u (i.e., an ideal plug-flow reactor), the transient mole
balance is

3S; | 8S; &
E—i—ug—;vwﬁ (15)

where z is the axial position along the reactor and u is the

constant flow velocity.
At steady state, the transient term vanishes, giving

ds; uls

4.1.4 Ideal continuously-stirred tank reactor model. For a
well-mixed system with inflow and outflow (ie., an ideal

React. Chem. Eng.
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continuously-stirred tank reactor), the transient mole
balance is
ds; 0 N
ditl = v (Si,in —S,') + Z VT, (17)
Jj=1

where Q is the volumetric flow rate, V is the reactor volume,
and S;;, is the inlet concentration of species i.

At steady state, all time derivatives vanish, and the balance
reduces to

N
0= g (Siin—5:) + ; ViTjs (18)
These equations provide a general and compact

framework for modeling reacting systems with multiple
species and reactions. Most resulting models are systems of
ordinary or partial differential equations (with the exception
of the steady state CSTR equation), depending on whether
spatial variation is present, which directly influences the
choice of numerical solution methods.

Note: residence time analogy

It is worth noting that the equations describing a steady state plug-flow
reactor closely resemble those of a batch reactor. In reaction
engineering, a well-known analogy exists between time in batch
reactors and the residence time in plug-flow reactors. The residence
time is defined as

z
e (19)

Vv
o’
where z is the axial coordinate, u the superficial velocity, V the volume
of the reactor and Q the volumetric flow rate. This analogy is useful to
keep in mind: whether time progresses in a batch reactor or the
residence time increases as fluid moves through a plug-flow reactor,
the governing equations are mathematically equivalent. Consequently,
both models yield identical solutions when expressed in their
respective independent variables.

Even though these material balances represent the
‘backbone’ of the model, it is not yet complete. In order to
model the system, initial conditions and reaction rate
expressions are the minimum additions required.

Application example: material balances

For a batch reactor, the unsteady-state material balances for the
chemical species are given by:

s,

5 =R (20)

For a continuous stirred-tank reactor (CSTR), the unsteady-state
material balances are:

ds; 9(
e v

Siin—Si)+ R; (21)

This journal is © The Royal Society of Chemistry 2026



Reaction Chemistry & Engineering

At steady state, this simplifies to:

0=2
14

(Siin—5:) + Ry (22)

For a plug-flow reactor (PFR), the unsteady-state material balances are:

0S; 0S;
—tu—=~R (23)
ot (o4
At steady state, this reduces to:
ds;
U—=-~R; 24
o~ R (24)

for all species i € {1, 2, 3, 4, 5}

Note: real reactor and reactor model

A clear distinction must be made between the actual reactor used in
laboratory or industrial practice and its corresponding mathematical
model. For instance, an experimental setup may include a membrane
and be referred to as an enzymatic membrane reactor (EMR), whereas
its behavior is often described using an idealized model such as a
continuous stirred tank reactor (CSTR).’® Similarly, this distinction
extends to all aspects of process modeling. Physical phenomena, such
as mass transfer, must be differentiated from the mathematical
models used to describe them.

4.2 Reaction networks

The reaction network is the collection of all relevant reactions
occurring inside a reactor. (It should be distinguished from the
reaction mechanism, which describes the rearrangement of
molecules at the electron level). In general, a reaction network
comprises two types of reactions: fast reactions that reach
equilibrium almost instantaneously, and kinetically limited
reactions whose rates must be explicitly modeled.”® The
reaction network also defines the stoichiometry, clarifying the
set of reactions in which each species participates. In reaction-
network modeling, some reactions may be treated as effectively
equilibrated if they occur much faster than the processes of
interest. Other reactions should be described by kinetic rate
laws when they noticeably influence the observed behavior and
when the available data are sufficient to estimate the
corresponding kinetic parameters reliably.*®

Application example: reaction network

In the application example, all reactions are irreversible and kinetically
limited. It is also assumed that the measured data provides sufficient
information for all individual reaction steps.

4.3 Considerations for multi-phase systems

When multiple phases are present in a reaction process,
mass transfer between these phases often has to be taken
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into account. A common example in biotechnological systems
is the transfer of a gaseous substrate (e.g., oxygen) into a
liquid phase in which enzymatic reactions occur. Another
example is the presence of two immiscible liquid phases,
where species must transfer across the phase boundary to
react.®*®> In such situations, it is necessary to assess the
relative time scales of mass transfer and reaction. If mass
transfer is fast compared to the reaction, phase equilibrium
can be assumed, and thermodynamic relations are sufficient
to describe the distribution of species between phases. In
contrast, if mass transfer and reaction occur on comparable
time scales, mass transfer must be modeled explicitly,
typically through the use of mass-transfer coefficients.*

Phase equilibrium describes how species distribute
between phases after sufficient time has elapsed for
thermodynamic equilibrium to be reached. At equilibrium,
the chemical potential of each species is equal in all phases.
In practice, this is often expressed using simplified relations.
Building on distribution coefficients, such as Henry's
constant in Henry's law, for gas-liquid systems:

Sf=H,p,, (25)

where SF is the equilibrium concentration in the liquid
phase, p; is the partial pressure in the gas phase, and H; is
Henry's solubility constant.® When applying such simplified
relations, it has to be considered that they rely on
assumptions of near-ideal behavior in the involved phases; in
particular, non-ideality in the liquid and gas phase is
neglected, which is typically justified at sufficiently low
concentrations and low pressures. Correction via activity
coefficient in the liquid phase is possible if needed.®
Nevertheless, equations of state for both gas- and liquid-
phase mixtures are available and are widely presented in
modern thermodynamics textbooks.

When bulk-phase equilibrium cannot be assumed,
interphase mass transfer is often described using a linear
driving force model based on film theory:

N; = kLa(S7—Si)7 (26)

where N; is the molar flux of species i, k;, is the mass-transfer
coefficient, a is the interfacial area per unit volume, S; is the
bulk concentration, and S¥ is the hypothetical equilibrium
concentration corresponding to the composition of the
opposite phase, usually obtained from phase-equilibrium
relations.”?

Naturally, other situations in which mass transfer and
phase equilibrium need to be considered might exist. In
enzymatic reaction systems, often two immiscible liquid
phases appear in which chemical species can distribute
between. This is used, for example, to extract the product
from the reaction solution. Similar to gas-liquid systems,
these systems can be modeled either under the assumption
of thermodynamic equilibrium, or under non-equilibrium
conditions where mass transfer occurs across the interface at
a finite rate. In the latter case, interfacial transport
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limitations are explicitly considered, and the overall transfer
is governed by resistance in both liquid phases.®?

Dimensionless numbers can provide additional insight
into the relative importance of competing physical
phenomena. For example, the first Damkohler number,
defined as the ratio of the characteristic reaction rate to
the characteristic mass transfer rate, provides a
convenient criterion for assessing whether the overall
process is reaction-limited (Da < 1) or mass-transfer-
limited (Da > 1).%*

Application example: cofactor regeneration with NOX

When cofactor regeneration strategy (c) is applied, oxygen is supplied
to the reactor by sparging gas through the liquid phase, resulting in a
two-phase system consisting of gas bubbles and a liquid phase
containing dissolved oxygen. For example, this is the case when using
the NADH oxidase enzyme for cofactor regeneration. Because oxygen is
continuously transferred from the gas to the liquid, the reactor is more
accurately described as a semi-batch system rather than a purely
batch reactor. The dynamic oxygen balance in the liquid phase can
be written as
dSo,
dt

= kpa(85,-So,)—0.57y, (27)

where So, is the dissolved oxygen concentration in the liquid phase, ¢
is time, k;, is the liquid-side mass transfer coefficient, a is the
interfacial area per unit reactor volume, S§, denotes the hypothetical
dissolved oxygen concentration that the liquid phase would attain if
it were in equilibrium with the current oxygen partial pressure in the
gas phase, and ry represents the volumetric rate of oxygen
consumption (or production) due to the cofactor regeneration
reaction. The quasi-equilibrium concentration is described by Henry's
law as

88, = Ho,Po, (28)

where Ho, is Henry's law constant relating the gas partial pressure to
the dissolved oxygen concentration and po, is the partial pressure of
oxygen in the gas phase.

4.4 Considerations for electrochemical systems

Electrochemical systems require additional considerations
compared to purely chemical reaction systems, as reactions take
place at the interface between an electrode and an electrolyte. As
a result, both interfacial (surface) phenomena and transport
processes in the bulk phase must be accounted for.®”%®

At the electrode surface, the reaction rate is governed
by electrochemical kinetics, typically described by the
Butler-Volmer equation.®® These kinetics depend on the
overpotential and on the local concentrations of reacting
species at the interface. In addition, surface-specific
effects such as adsorption and the structure of the
electrical double layer may influence the reaction rate. A
common expression for the interfacial reaction rate
(current density) is given by

il )

where j is the current density, j, is the exchange
current density, # is the overpotential, ¢, and «a. are
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the anodic and cathodic transfer coefficients, F is
Faraday's constant, R is the gas constant, and T is the
temperature.

Faraday's law provides the fundamental link between
electrochemical reaction rates and measurable electrical
current. It states that the rate of conversion of a chemical
species at an electrode is directly proportional to the
electric passing through the electrochemical
interface. In differential form, the molar rate of reaction
is related to the current density through
_J

nF’

current

ri (30)
where r; is the molar rate of production or consumption
of species i per unit electrode area, j is the current
density, n is the number of electrons transferred per
reaction event, and F is Faraday's constant. This
relationship arises because each mole of electrons carries
a charge F, and therefore the total charge passed in the
system  directly determines how much chemical
transformation occurs
reactor context,
rate to be coupled to the bulk mass balance, since the
consumption or generation of species in the electrolyte
can be written as a volumetric rate proportional to the
applied current, scaled by the electrode area and reactor
volume. Consequently, Faraday's law serves as the bridge
between electrochemical kinetics, expressed through
current-potential relationships such as the Butler-Volmer

at the electrode surface. In a

this allows the electrochemical reaction

equation, and macroscopic  species balances in
electrochemical reactor models.
At the same time, reactants must be transported

from the bulk electrolyte to the electrode surface, and
products must be removed. This transport occurs via
diffusion, convection, and migration in the electric field.
A general expression for the flux of species 7 is given
by the Nernst-Planck equation.

z;D; F
RT

Ji=—-D,VS; - SiVo+ Siv (31)
where J; is the flux of species i, D; is the diffusion
coefficient, S; is the concentration of species 7, z; is the
ionic charge number, F is the Faraday constant, R is
the wuniversal gas constant, T is the absolute
temperature, ¢ is the electric potential, and v is the
convective velocity vector. A simplified approach is often
used in which the transport is described using a mass
transfer coefficient between the bulk solution and the
electrode surface:

N; = km(Sip = Siys)s (32)
where N; is the molar flux of species i, k,, is the overall

mass transfer coefficient, S;, is the bulk concentration,
and S;s is the concentration at the electrode surface.
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Application example: electrochemical cofactor regeneration

When the third cofactor regeneration method is used, additional
considerations must be made to account for the electrochemical
phenomena. An example of such a modeling methodology is presented
below. Consider a batch reactor of volume V with an immobilized
redox mediator on an electrode of area A.. The mediator cycles
between oxidized (M*) and reduced (M™%) forms, with @ the fraction
in oxidized form. The reduced mediator regenerates the cofactor,
converting ¢, into c¢;. Applying the same assumptions as Housseini
et al.”® the mediator balance is
do

e — K40 4+ KX (1-0) + kecas(1-0), (33)

with overpotential # = E — E, and

acFn
B = koexp<f IZT ), (34)
a,Fn
KX = ko exp( I:T ), (35)

where k, = jo/(nF) and @, = 1 - a.. Mass transfer between bulk and
surface is

ki(cap = C26) = keCa(1 = 6), = (36)
Cos = #‘Mc;_b. (37)
Bulk balances (batch operation):
dfft‘" = —‘% kecas(1-6), (38)
df;tvb :#%kccz,sa ~0). (39)
The current is given by
T = Ires + nFAQ(k(n)(1 - 6) = KE()0)- (40)

Consequently, the overall rate of an electrochemical
process is often determined by the interplay between surface
reaction kinetics and mass transfer. It is the modeling
specialist's task to determine which steps should be
considered and explicitly modeled and which ones can be
omitted, approximated, or assumed to occur at a much faster
timescale. This coupling can be expressed, for example,
through a species balance at the electrode:

ds;

q = Nit R (41)

where R; includes the contribution from the electrochemical
reaction at the interface.”*

If mass transfer is fast relative to the electrode kinetics,
the system is controlled by reaction kinetics. Conversely, if
the electrochemical reaction is fast, the process may become
mass-transfer limited, in which case the rate is determined
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by transport to the interface. In many practical systems, both
effects occur on comparable time scales and must be
modeled simultaneously.”® For enzymatic processes,
electrochemistry is particularly important with regards to
cofactor regeneration.”””

4.5 Considerations for immobilized enzyme systems

Enzyme immobilization, i.e., the attachment of enzymes onto
a solid support, is a widely used strategy in biocatalysis
because it enables recovery and reuse of the biocatalyst,
facilitates its integration into continuous-flow reactors, and
often improves enzyme stability by reducing unfolding,
subunit dissociation, or autolysis.”®’® A classic industrial
example is glucose isomerase immobilized on porous
supports for the continuous production of high-fructose corn
syrup, one of the largest-scale biocatalytic processes ever
implemented.

When enzymes are immobilized inside porous particles,
substrate molecules must first cross a liquid film around
the particle and then diffuse along the pore structure
before reaching the active sites. The rate of product
formation observed in the bulk of the reactor, usually
referred to as the macro-kinetic or apparent reaction rate,
therefore combines the intrinsic enzyme kinetics with the
rates of these transport steps. When multiple enzymes of a
cascade are involved, an additional degree of freedom
appears for the design and modeling: the spatial
immobilization distribution (SID), ie., how the different
enzymes are arranged relative to each other across particles
and inside the pores.

Two complementary modeling approaches are useful to
describe these systems and are both presented in this
section. The first is a spatially-resolved approach that tracks
concentration profiles along the pore coordinate.*® The
second is a lumped approach that describes transport
globally with a single mass-transfer coefficient.® Both
approaches ultimately reduce the coupled transport-reaction
problem inside the particle to a macroscopic rate expression
that can be plugged directly into the reactor material balance
from section 4.1.

Note: intrinsic kinetics of immobilized enzymes

Immobilization can alter the enzyme's intrinsic kinetics. Physical
attachment to a support may distort the active site, restrict
conformational mobility, or induce microenvironmental effects (e.g:,
shifts, hindrance, or partitioning). These
directly alter k., Kwm, and inhibition behavior

local pH steric

phenomena
compared to the free enzyme.

4.5.1 Spatially-resolved approach. In this approach, the
concentration profiles are tracked inside a single
representative pore. The pore is usually approximated as
one-dimensional, with length L, cross-sectional area A4,
open at one end (x = 0) and closed at the other (x = L).
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The enzyme surface density inside the pore is prescribed
according to the chosen SID. Recent experimental
approaches can help give insights in these intricate
immobilized systems.®!

Under a quasi-steady-state assumption inside the pore,
justified when the total amount of immobilized enzyme is
small compared to the amount of substrate in the bulk,
so that the profiles inside the pore relax much faster than
the bulk concentrations change, the material balance for
each species i inside a pore of type n reduces to a
reaction—-diffusion differential equation:

d’s;,
DiW = _Z il (42)

where D; is the effective diffusivity of species 7, v; is the
stoichiometric coefficient of species i in reaction j, and
i, is the intrinsic reaction rate. Mass transfer in the
liquid film around the particle is assumed to be fast
compared to the pore diffusion, so that the boundary

conditions are:

ds;,
Sin|x=0 = Sibulk, : =0. (43)
dx |,_,

Once the concentration profiles are known, the
macroscopic (apparent) reaction rate is obtained by applying
Fick's law at the pore entrance and summing over all pores
in the reactor:

ds;
Ri,macro = Z N,AD; d;n
n

; (44)

where N, is the number of pores of type n. It is this
macroscopic rate R;macro that enters the reactor material
balance in place of the intrinsic reaction rates discussed in
section 4.1.

For first-order enzyme kinetics, the resulting ODE system
can be solved analytically for a range of relevant SIDs,
yielding closed-form expressions for the macroscopic rates.
For more complex kinetics (e.g., Michaelis-Menten with
inhibition), a numerical solution of a boundary value
problem is typically required. Full derivations of the
analytical case are available in the SI of the original
reference.®* An extension of this framework to packed-bed
reactors is also available.*

Note: spatial immobilization distributions

For a two-enzyme cascade, four simple SIDs are commonly considered:
() individual immobilization, in which each porous particle contains
only one enzyme type; (f) homogeneous co-immobilization, in which
both enzymes are uniformly distributed in every pore; and two
heterogeneous co-immobilization variants (y, J), in which the two
enzymes are placed sequentially along the pore. The choice of SID
changes the concentration profiles inside the pore, and consequently,
the macroscopic rate.

React. Chem. Eng.
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4.5.2 Lumped approach. When the main interest is in
comparing biocatalyst formulations rather than resolving
intra-pore  concentration profiles, a simpler lumped
description is often used.® The particle is treated as a
well-mixed region with an intraparticle concentration S;j,
distinct from the bulk concentration S;p. Transport from
the bulk into the particle is described by a linear driving-
force expression with a global volumetric mass-transfer
coefficient Ki:

N,' = KL(Si,b - S,"p). (45)

Inside the particle, the intrinsic enzyme kinetics are
evaluated at the intraparticle concentration S;,, and the
species balance in the particle reads:

ds;,
dt

=R; +Ni, (46)

with a coupled balance in the bulk that accounts for the
particle volume fraction.

Note: initial rates vs. full reaction courses

A common practical question in biocatalyst design is whether to
optimize enzyme ratios based on initial rates or on the time required
to reach a target yield. These two criteria often give different answers,
particularly when diffusional limitations are present. Optimizing on
initial rates tends to overweight the enzyme that reduces the lag phase,
while optimizing on cycle time produces a more balanced formulation.
This distinction becomes especially relevant for co-immobilized
biocatalysts.*®

4.5.3 Choosing a method for immobilized systems. The
spatially-resolved approach provides a more detailed
physical picture and is especially useful when intra-particle
concentration gradients are expected to be significant, when
different SIDs are being compared, or when the relation
between pore geometry, diffusivities, and observed rate
must be made explicit. The lumped approach, in contrast,
requires fewer parameters and is well-suited for rapid
comparative studies and for dynamic optimization over the
full reaction course.

In practice, the two approaches are complementary. The
spatially-resolved approach can be used to understand and
justify a particular SID, while the lumped approach can then
be used for efficient process-level optimization. However, the
choice between these approaches depends heavily on the
information content of the available data. Spatially resolved
models are most useful when the additional required
information, such as effective diffusivities, particle geometry,
or internal concentration gradients, can be measured,
estimated independently, or identified from sufficiently
informative data. If the available data do not support this
level of detail, a lumped model with identifiable effective
parameters may provide a more reliable basis for comparison
and optimization.
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Application example: co-immobilization for reactions II
and III

Consider reaction III of the application example cascade, where the
intermediate S; is converted to S, by the enzyme catalyst E:

C
53 5 8, (47)

To investigate the impact of mass-transfer limitations within an
immobilized biocatalyst particle, we formulate a spatially-resolved
model inside a single cylindrical support pore of length L.

The local intrinsic consumption rate ry; at any position x along the
pore axis depends on the localized intermediate concentration Sj,
governed by Michaelis-Menten kinetics with substrate affinity constant
Ks, i and maximum catalytic velocity Vinax

v -S.
o = max,II1"903 (48)
K, +S3

Assuming a steady state balance between the axial molecular diffusion
of S; through the pore fluid and its enzymatic consumption, the
transport profile is defined by the following second-order ordinary
differential equation (ODE):

D53d2i3 _ VoS3 (49)

dx Ks,m + S3

where Dg represents the effective pore diffusivity constant of the
intermediate species.

The system is uniquely closed by specifying conditions at the pore
boundary coordinates:

1. At the pore mouth (x = 0), the local concentration matches the well-
mixed bulk liquid phase concentration:

8320 = S3, bulk (50)

2. At the dead end or symmetry center of the pore (x = L), a zero-flux
condition is applied:

ds,

e (51)

=

Evaluating this boundary value problem permits the determination of
the net macroscopic reaction rate Rg macro Observed at the reactor
scale. By applying Fick's law across the entrance cross-sectional area A

for all N active pores, the structural boundary term becomes:

ds;
RS4.macro - _R53,macr0 - _N'A'D53d_ (52)
X x=0

This apparent rate Rg, macro replaces the intrinsic rate laws within the
global, ideal macro-reactor material balances.
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5 Kinetic model parameterization
5.1 From data to model

Enzymatic reaction processes are usually characterized with
respect to their kinetics individually in so-called enzyme-
assay experiments, where the reaction rate of the reaction as
a function of enzyme, substrate, product, and inhibitor is
quantified.®” It should be noted that the reaction rate may
differ if the enzyme is used under different reaction
conditions. For example, the presence of a different buffer,
other substrates or gas-sparging might affect the activity of
the enzyme. However, it is not always possible to study the
enzyme under the exact correct conditions, and we are
therefore often constrained to work with the best available
information.

Historically, enzyme kinetic parameters were frequently
estimated using graphical methods such as the Lineweaver-
Burk plot.** While these methods provide a simple means of
visualizing Michaelis-Menten kinetics, modern
computational approaches typically estimate kinetic
parameters by directly fitting the nonlinear model to
experimental data using nonlinear regression. Direct
nonlinear regression generally provides more accurate and
statistically robust parameter estimates and can be readily
extended to complex kinetic models that cannot be analyzed
using graphical linearization methods.

Fitting these data to a kinetic model helps us in two
ways. First of all, we have a quantitative tool to estimate
the reaction rate under different conditions, even those
not tested experimentally, by interpolating or extrapolating
to these conditions. The extrapolating aspect is especially
relevant when the mechanistic model is correctly/carefully
selected as it can assume that we can deviate from the
conditions of the assay experiments and still get a
reasonable accuracy in our model-based prediction. For
example, when the reaction rate is linearly increasing
with respect to enzyme amount (often the case with
enzyme kinetics) our kinetic model can quite accurately
extrapolate to reaction rates wusing different enzyme
amounts.

It should be noted that multiple methods exist for
parameter estimation, and the choice of method can
influence the resulting parameter values. Different
approaches also require different types of datasets, produced
by differently designed experiments.**® In the following, two
approaches are presented. The reader is encouraged to assess
the quality and reliability of the estimated parameters using
statistical tools for goodness of fit, confidence intervals, and
confidence ellipses.*>*>**** These measures provide insight
into parameter identifiability and potential correlations
between parameters, further discussed in 7.3.

5.2 Nonlinear regression with initial rate data

Traditional approaches to parameter estimation in enzyme
kinetics often relied on graphical methods or linearized
forms of kinetic expressions. While such methods can
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provide qualitative insight, they introduce distortions in the
error structure and are generally less robust. Nowadays,
nonlinear regression offers a more consistent and
convenient way to estimate parameters directly from
experimental data.

In nonlinear regression, model parameters are determined
by minimizing the discrepancy between measured data and
model predictions. Mathematically, this is formulated as an
optimization problem:

6 = arg mﬁinz (yi—f(x,-ﬁ))z7 (53)

=1

where y; are the measured data points, x; are the corresponding
inputs (e.g., substrate concentrations), f(x;, 6) is the nonlinear
model (e.g., a kinetic rate expression), and @ is the vector of
parameters to be estimated. This unweighted least-squares
formulation treats all measurements equally; therefore, when
different types of measurements are combined or when
measurement accuracies differ considerably, a weighted least-
squares formulation should be used, with weights typically
chosen based on the measurement standard deviations, thereby
approaching a maximum-likelihood formulation under
appropriate error assumptions.

The minimization is typically performed using iterative
numerical algorithms (such as Gauss-Newton or
Levenberg-Marquardt), which update parameter estimates
until the model predictions best fit the data in a least-
squares sense. The solution of such parameter estimation
problems is subject to defining upper and lower bounds
and initial guesses for the parameters and may yield local
optima in case of nonconvex problems. Despite its
advantages, nonlinear regression must be applied with
care. In enzyme Kkinetics, parameters in models such as
the Michaelis-Menten equation are often strongly
correlated. This means that changes in one parameter
(6.2, Vmax) can be compensated by changes in another
(e.g., Ky), leading to multiple parameter combinations that
describe the data equally well. As a result, a good fit to
the data does not necessarily imply that the estimated
parameters are physically meaningful or precise
estimates.?>%>8¢

To assess the reliability of parameter estimates, confidence
intervals must be considered. These are typically derived from
the covariance matrix of the estimated parameters and
provide a measure of uncertainty. Large confidence intervals
or strong parameter correlations indicate that the parameters
are not well identifiable from the available data. More on this
in the statistical analysis section.?”-*®

Application example: initial rate data - script: initial
rate.py

Initial rate data for the third reaction are shown for varying initial
substrate concentrations below. The solid curve represents the best-fit

model obtained from nonlinear regression applied to the
measurements.
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The best-fit parameters are summarized below.

Parameter Value Units
Wsnene 1.6 mmol L™ min™*
K 39.7 mmol L

5.3 Nonlinear regression with progress curve data

Another method for estimating kinetic parameters is nonlinear
regression based on progress curve data. In contrast to initial
rate methods, this approach utilizes measurements of the time-
or space-dependent evolution of species concentrations within a
reactor. In this case, parameter estimation can be performed by
fitting either an integrated form of the rate expression or, more
generally, the full dynamic reactor model to the experimental
data. Alternatively, concentration profiles may first be
approximated from the progress-curve data to estimate local
rates or concentration gradients, which can then be used as the
basis for nonlinear regression of the kinetic parameters.*® The
reactor model typically consists of a system of differential (or
differential-algebraic) equations that describe the material
balances along with the relevant kinetic expressions.
Mathematically, this can be formulated as

N
6 = arg rr}’in Z (57 —sedel (g, 9))2: (54)

i=1

where S;"® are the measured concentrations at time (or position)
t, and S, 6) are the corresponding model predictions
obtained by solving the governing equations for a given
parameter set §.>**” For example, in a batch reactor, the model
prediction is obtained from the material balance

ds
E:_r5(570)7 (55)

In the most general case, the model consists of a system
of differential-algebraic equations (DAEs):
dx

a: f(X7 z, 97 t)7

where x is the vector of all state variables, z is the vector of all
control variables, 6 is the vector of all parameters to be

0=g(x,z,0,t), (56)
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estimated, and ¢ is time. This must be solved numerically during
the parameter estimation procedure. This approach makes use
of the larger information content of the time-resolved
concentration profiles over the course of the reaction, which in
particular provides information on effects that may only become
observable during reaction progress, such as substrate depletion,
product inhibition, enzyme deactivation, or equilibrium
limitations, enabling an improved parameter identification.**

Application example: progress curve data - script:
progress curve.py
Progress curve data for the third reaction are shown for varying initial

substrate concentrations. The solid curve represents the best-fit model
obtained from nonlinear regression applied to the progress curves.

150 e 10mmolL™?
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©
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t/ min
The best-fit parameters are summarized below.
Parameter Value Units
Vinax 1.4 mmol L™ min™*
K 24.7 mmol L™

Note: importance of parameter estimation method

Although the initial rate data were extracted from the progress curves
used in the application example, the resulting parameter estimates differ
substantially between the two estimation methods. This illustrates that
reliable parameter estimation depends not only on the estimation
method itself, but also on the underlying data, model formulation,
experimental conditions, weighting, and numerical implementation.

6 Simulation
6.1 Bringing it all together

The development of the final model is achieved by
combining the individual elements discussed above. The
resulting model is typically a coupled set of equations that
includes the reactor performance equations, reaction-rate
expressions, and, where relevant, mass-transfer relations,
phase equilibrium conditions, and electrochemical kinetics.
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Application example: complete model

The complete dynamic model consists of material balances for all
species, the corresponding reaction rate expressions, parameter values,
and initial conditions.

ds
5 = (57)
ds.
d_;:rl_rll-, (58)
ds.
T::ru’rm-, (59)
ds,
== 60
dt T, (60)
de dc.
FTiar i Ras (61)
= keat1EaS1€1 7 (62)
(Ksm + 51) (Kc,.l + 61) (1 4 K,S.:];)
k EgS.
m= cat,IT i 2 - : (63)
(Ks,n +52) (1 + K‘s', ..) (1 +Kz.:5..)
keatmEcS3
= LD 64
i Ks,m + 83 (64)
k EpS,
v = cat,IVEDO5C2 - ) (65)
(Ks,av + S5) (Kepav + €2) (1 ot m)
The initial conditions are presented below.
Parameter Value Unit
$4(0) 50 mmol L
55(0) 0 mmol L™
53(0) 0 mmol L™
54(0) 0 mmol L™
¢1(0) 2 mmol L
2(0) 0 mmol L™
S5(0) 50 mmol L™
The parameter values for the kinetic models are shown below.
Parameter Value Unit
keat,1 1.2 mmol L™ min™ mg™"
Keag,m 0.3 mmol L™ min~" mg™"
Keat,mm 1.4 mmol L™ min™" mg™"
keat,v 0.5 mmol L' min™" mg™
Ks,1 30.2 mmol L
K 1 1.1 mmol L
Kis 1 4.3 mmol L
Ks,n 8.2 mmol L™
Kis u 8.0 mmol L
Kis.,u 14.3 mmol L™
Ks, 24.7 mmol L*
KSsJV 15.2 mmol L_1
K., v 3.1 mmol L
Kis v 8.3 mmol L

The complete system, together with appropriate initial and
boundary conditions, constitutes a mathematical representation of
the reaction process. It allows one to track the evolution of species
concentrations (and, if applicable, other state variables such as
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temperature or potential) within the reactor. Such a model can be
used to analyze system behavior, predict performance, and support
the design and optimization of reaction processes.

6.2 Solution and visualization

Ordinary differential equations describe the temporal or spatial
evolution of state variables and are often solved using numerical
integration methods such as the Runge-Kutta schemes, implicit
solvers, or adaptive step-size methods. Partial differential equations
(PDEs), which involve both time and spatial derivatives, can be
tackled using the method of lines (discretizing space and
integrating the resulting ODEs), finite difference, finite volume, or
finite element approaches. Algebraic equations, including nonlinear
systems, are typically solved using iterative root-finding algorithms
such as the Newton-Raphson method or quasi-Newton methods.

Application example: batch and plug-flow reactor
simulation - script: simulation.py

The unsteady-state batch and steady-state plug-flow reactor simulations are
identical and therefore shown below in a single figure, with species
concentrations on the y-axis and time (or residence time for the plug-
flow reactor) on the x-axis. Full conversion is achieved before the 180
min mark. As dictated by the stoichiometry of the reaction network, the
concentrations of S; and Ss decrease in parallel throughout the reaction.
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The unsteady-state PFR simulation is shown below, with S, concentrations on
the y-axis (shown at different time points) and the length of the reactor on the
x-axis. The length of the reactor is 75 cm. Notice that after 109 min, steady state
is achieved.

t=0 min
t=36 min
t=73 min
t=109 min
t=145 min

S4/ mmol L7
»

z/cm

In Python, a variety of specialized functions exist for each class
of problem, allowing rapid implementation and robust solutions
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for complex kinetic and transport models.® These tools are ready
to use and abundant but should be used with care as they often
include a variety of underlying choices, e.g., different solvers,
algorithms, tolerances, scaling options, etc. The reader is
therefore advised to study the tools they apply, learn about the
available options, and test whether the chosen numerical settings
are appropriate for the specific problem. This is particularly
important for nonlinear parameter estimation and optimization
problems, where default settings may lead to poor convergence,
misleading parameter estimates, or unnecessary computational
effort. For advanced or critical applications, collaboration with
modeling or optimization experts is advisable.

The steady state CSTR simulation is shown at the end of the
following application example box, with species concentrations on
the y-axis and the residence time on the x-axis. Although the time
in a batch reactor and the residence time in a CSTR are not directly
equivalent, the comparison provides useful insight into how reactor
operation influences the reaction outcome. In the application
example, the CSTR reaches high conversion at shorter effective
times than the corresponding batch process. At first sight, this may
not be immediately expected because the reaction network involves
several interlinked reaction steps and inhibitory effects.

Application example: CSTR simulation — script: simulation.py

The unsteady-state CSTR simulation is shown below, with species concentrations
at the outlet on the y-axis and the time on the x-axis. The selected residence time
is 30 min. Notice that steady state is achieved after roughly 60 min.
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The simulation of a CSTR in steady state is shown below as outlet concentrations of
the different species over residence time. At a residence time of 30 min, the same
concentrations are achieved as the ones achieved in the unsteady state simulation.

S/ mmol L™!
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The model-based evaluation helps to explain this behavior
systematically: in the CSTR, substrates and products are
continuously diluted and removed through the inlet and outlet
streams, so that the reaction rates are governed by the steady-
state outlet concentrations rather than by the concentration
history observed in batch operation. This reduces substrate
inhibition and thereby accelerates the overall conversion. The
example illustrates how reactor models can be used not only to
compare process alternatives, but also to identify the mechanistic
reasons underlying differences in process performance.

7 Model validation

7.1 Goodness of fit

While parameter estimation ensures that the model fits the
observed data well, this alone does not guarantee its predictive
power under different reaction conditions. Validation answers
two questions: does the model reproduce the experimental data,
and are its parameter estimates reliable? We address the first
with goodness-of-fit metrics and predictions on unseen
experiments, and the second through identifiability and
uncertainty analysis. Goodness-of-fit indicates whether the
model can explain the observed data, while identifiability and
uncertainty analysis indicate whether this explanation is
sufficiently constrained by the data and provide a basis for
assessing the reliability of predictions beyond calibration.

After fitting a model to experimental data, we must evaluate
the fitting accuracy. Several statistical metrics serve this purpose,
each with its own strengths and weaknesses. The list covers key
examples but is not exhaustive; deeper variations exist.

1. Coefficient of determination (R*): R*> measures the proportion
of variance in the dependent variable that can be attributed to the
linear model of the independent variables. While commonly
reported, the interpretation of the coefficient of determination is
straightforward mainly for linear regression and can be highly
misleading for nonlinear kinetic models, overparameterized
models, or data sets with a poor signal-to-noise ratio. In particular,
a high R? does not imply that the underlying model structure is
mechanistically correct, nor does it guarantee that the estimated
parameters are uniquely identifiable. Therefore, relying solely on
this metric is prone to misinterpretation and should be
supplemented by rigorous parameter diagnostics.’”**

2. Mean Absolute Error (MAE): MAE measures the average
magnitude of errors in a set of predictions, without considering
their direction. It is less sensitive to outliers compared to other
metrics, but may not capture the full extent of model inaccuracies.

3. Mean Squared Error (MSE): MSE measures the average
squared difference between the predicted and actual values.
It is sensitive to the scale of the data and can be heavily
influenced by outliers.

4. Visual inspection via parity plots: parity plots are a
graphical tool where predicted model values are plotted against
actual experimental data. Points lying on or near the diagonal
indicate a good fit, while substantial deviations refer to model
insufficiency. This method is particularly useful for identifying
systematic errors or biases in the model.
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7.2 Comparison of model to unseen data

A robust validation step involves the comparison of the model's
predictions with experimental data that were not used during
the parameter fitting process. This step is crucial for assessing
the model's predictive capability. When the model performs
well on the fitting data but poorly on the unseen data, this
overfitting often stems from over-parameterization. If the
model's predictions match the unseen data, we consider the
model validated. While no universal agreement criterion exists
for validation on unseen data, the acceptable level of agreement
should not be left solely to the process designer's subjective
assessment. It should be defined in relation to the intended
model use, measurement uncertainty, expected experimental
variability, and decision-relevant tolerances, ideally using
predefined validation metrics and acceptance criteria.

Note: deciding between competing kinetic mechanisms

Model comparison can help determine whether the available data
discriminate between kinetic model structures associated with competing
mechanistic hypotheses. For example, candidate models representing
competitive, noncompetitive, or uncompetitive inhibition, or ping-pong and
ordered or random Bi-Bi mechanisms, can be fitted independently to the
same experimental dataset. Their relative statistical support can then be
assessed using criteria such as the Akaike information criterion (AIC) or
Bayesian information criterion (BIC). Model-based experimental design can
further identify experimental conditions under which the candidate models
yield distinct predictions, thereby improving model discrimination.>

Application example: comparison to unseen experiment —
script: validation unseen data.py

Two progress curve experiments served as the fitting set: $,(0) = 50 mmol L™
and 55(0) = 100 mmol L™ (with S5(0) = 4(0) and ¢(0) = 2 mmol L™). The
product S, was measured at nine time points over 120 min. The model
describes both fitting experiments well with a mean absolute error of MAE i, =
0.19 mmol L™ A third experiment at $;(0) = 75 mmol L™ was withheld entirely
from parameter estimation. The model prediction for this unseen condition,
obtained without any refitting, is compared to the experimental data below.
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The prediction matches the data with MAEq,;, = 0.09 mmol L. This
agreement confirms the model's ability to generalize to conditions outside
the fitting set, even though the validation points remain within the same
range. To further assess robustness, the model could be challenged with
unseen data requiring extrapolation beyond the fitting range.
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7.3 Parameter identifiability and uncertainty analysis

The reliability of the model heavily depends on the quality of
the parameter estimates. Adding more parameters to a model
can improve the fit but also increases the risk of overfitting.
Each parameter should contribute uniquely to the model's
prediction. Despite a general plausibility check for the
estimated parameter values, the following methods can help
in analyzing the parameter estimates.

The Jacobian matrix J, which contains the first-order partial
derivatives of the model outputs with respect to the parameters,
is a key tool in the sensitivity analysis:

_ W

=2 (66)

Jij
with y; as i-model output and 6; as j-th parameter. It relates
the parameters with observables (e.g., how V., affects the
substrate concentration). The parameter scale must be
considered when comparing sensitivities in kinetic models,
as differences in magnitude can distort the interpretation
of sensitivity values. For instance, a parameter with a large
absolute value (e.g., K, in millimolar range) may appear
less sensitive than one with a small value (e.g., ke in s°)
purely due to their disparate scales, rather than their true
influence on model dynamics. Reparameterization such as

normalization, log-transformation, or non-
dimensionalization ensures consistent scaling across
parameters, enabling meaningful comparisons of their

relative contributions to model behavior.

We can express the uncertainty in parameter estimates
using confidence intervals. These intervals provide a range in
which the true parameter value is expected to lie with a
certain probability, typically 95%. If the parameter estimates
are close to the true value, the confidence intervals can be
approximated using the residuals of the model fit and the
Jacobian matrix:***”

CI = f(residuals, J) (67)
If the confidence interval spans a wide range, the
respective parameter estimate is subject to large

uncertainty. Such uncertainty typically indicates that the
available data do not contain sufficient information to
constrain the parameter independently, either because the
model output is insufficiently sensitive to this parameter
under the investigated conditions or because its effect is
strongly correlated with that of other parameters. In case
of highly correlated parameters, the model can achieve a
good fit to the data through multiple combinations of
parameter values, making it difficult to separate different
effects. For a Michaelis-Menten model, the overestimation
of Vmax can be balanced by an overestimation of Ky,
leading to a good fit but physically meaningless
parameters.>”

Confidence ellipses are a suitable tool to visualize the
parameter estimate uncertainty and correlations between pairs of
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parameters. Under a local linear approximation and
approximately normally distributed parameter uncertainty, the
confidence region for a pair of parameter estimates forms an
ellipse centered around the estimate in parameter space. Their
computation relies on the covariance matrix of parameter
estimates and the confidence level, usually 95%."** Narrow
ellipses indicate precise parameter estimates and wide ellipses
suggest high uncertainty, while diagonally elongated reveals
strong correlation between parameters.

For the inspection of all possible parameter
combinations at once, heatmaps help detect correlations. A
heatmap is a graphical representation of the correlation
matrix, where each entry shows the correlation coefficient
between pairs of parameters with an easy-to-use color code.
The correlation coefficient p; between parameters ¢; and 6;
is given by:

_ cov(6,0)

68
o0 (68)

P
where Cov(6;, 6) is the covariance between ¢; and 6}, and gy,
and g, are their standard deviations. For p; close to 1, the
parameters have a strong positive correlation. If close to -1,
the parameters vary inversely. Values of 0 indicate no
correlation. If significant correlations are detected, consider
the following strategies:

1. Simplify the model: remove non-identifiable parameters
or terms that contribute to correlations. For example, if two
parameters are highly correlated, consider fixing one based
on prior knowledge or literature using
approximations 8.2.

2. Collect more data: design experiments to break
correlations by varying inputs in a way that decouples the
effects of correlated parameters. For example, varying
substrate concentrations over a wider range can help
distinguish Vy,ax and Ky

3. Reparameterization: transform the model to use
combinations of parameters that are less correlated. For
example, in the Michaelis—-Menten model, using Vy,.x/Ky (the
catalytic efficiency) as a single parameter can sometimes
reduce correlation issues.

values or

Application example:
confidence ellipses.py

confidence ellipses - script:

To illustrate parameter correlation and the effect of experimental
design, we isolate Reaction III (S; 2 S, simple Michaelis-Menten
kinetics) and fit kear,n and Ky, iy to synthetic progress curve data. Three
scenarios, each comprising exactly three progress curves, are compared
so that data quantity is held constant and only data diversity varies:

e Scenario A: three replicates of the same initial condition (S53(0) = 50
mmol L™). Replicates improve noise estimates but add no new kinetic
information.

e Scenario B: three curves at S5(0) € {20, 50, 80} mmol L', all in a
similar concentration regime.
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e Scenario C: three curves at S;(0) € {5, 50, 200} mmol L,
spanning the linear (S; < Kj,), intermediate, and saturating (S; >
Ks)) regimes.

The parameter correlation coefficients are p = 0.992 (A), 0.970
(B), and 0.801 (C). In Scenario A, the nearly degenerate ellipse
shows that replicates alone cannot break the correlation between
keat,mt overestimation of kem can  be
compensated by an overestimation of Ks iy, leaving the model
prediction nearly unchanged. Covering a wider substrate
concentration range (Scenario C) forces the data to probe both
the linear and saturated portions of the rate law independently,
substantially reducing the However, because
measurement noise is specified as a relative error, the highest
(S5(0) = 200 mmol L")
proportionally large absolute uncertainty, which inflates the
overall residual variance and leads to a larger confidence ellipse

and K g any

correlation.

initial concentration carries a

area despite the improved decorrelation. Confidence ellipses (at
95% confidence level) for kea,m and Ks i under Scenarios A
(red), B (orange), and C (blue) are shown below. The cross marks
the true parameter values.
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7.4 Disagreement or agreement to experiment

If the model does not agree sufficiently well with
experimental data, there are three key questions to
consider:

1. Is the model parameterized sufficiently well?

2. Are the physics considered in the model adequate?

3. Are additional or better experimental data required to
model the system adequately?

Here, “better” experimental data does not necessarily
mean data with lower measurement error only, but data
that are more informative for the specific modeling
question. This may include measurements under additional

operating conditions, a broader concentration or
temperature range, replicate experiments to quantify
uncertainty,  higher temporal resolution, or the

measurement of additional species or process variables that
make relevant mechanisms observable and parameters
identifiable. The limit of detection (LOD) and limit of
quantification (LOQ) might also need to be checked or
evaluated.
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Application example: disagreement to experiment -
script: parity.py

The measured product concentration can be compared with the
predicted values using a parity plot, as shown in the figure below. The
model consistently overpredicts the experimental results, indicating a
systematic deviation between model and experiment. In other words, the
model appears overly optimistic. It is the responsibility of the modeling
specialist to determine whether this level of disagreement is acceptable
or if further model refinement is required.
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Importantly, the nature of the deviation can provide insight into
potential model deficiencies. The model predicts a faster reaction
progression than observed experimentally. This discrepancy may arise
from stronger inhibition effects in the real system than those
accounted for in the model, or from enzyme deactivation occurring
during the reaction process, which is not adequately captured in the
current formulation as well as possible non-idealities for the reactor.

It is then the responsibility of the modeling specialist to
answer these questions and determine the appropriate course of
action. Much like properly designing and executing an
experimental study, modeling a system accurately requires a
certain level of skill that is developed by iteration and a better
understanding of the underlying physics. When the model
agrees to experiment sufficiently well, it can be used for studying
or optimizing the reaction process under the considered
assumptions. These always need to be stated and borne in mind
when using the model. This also highlights the added value of
the modeling process, by formalizing the assumptions and
structuring the available understanding of the system.

8 Insights: parametric studies and
approximations
8.1 Sensitivity analysis and parametric studies

Once we have a sufficiently accurate model, we can use it to
gain insights into the system. A straightforward approach for
this is sensitivity analysis, which involves varying one or
more parameters and observing their effect on a particular
output. This can be performed by solving the model using a
standard ODE or PDE solver and extracting the resulting
values. The results can then be visualized in various ways,
one common method is through contour plots, which allow
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the simultaneous effect of two parameters on the selected
output to be analyzed and presented clearly.

Application example: time to reach steady state in a
CSTR - script: sensitivity analysis.py

Here, a sensitivity analysis is performed to calculate how long it takes a
CSTR to reach steady state for different volumetric flow rates. The
results of the sensitivity analysis are shown in the figure below. Notice
that due to the complex dynamics of the system, the results do not
change monotonically but instead display a maximum.
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8.2 Useful approximations

Several approximations are commonly applied in reaction
engineering to simplify complex kinetic models. In this
section, the approximations most relevant for enzymatic
reaction processes are introduced and briefly explained.”* %°

8.2.1 Quasi-steady-state approximation. The quasi-steady-
state approximation assumes that the concentration of
reactive intermediates remains approximately constant over
time. This, in turn means that the rate of the reactions
producing it equal the rates of the reactions consuming it.

8.2.2 Quasi-equilibrium approximation. The quasi-
equilibrium approximation assumes that certain steps in a
reaction mechanism are sufficiently fast to reach
thermodynamic equilibrium relative to the overall reaction.
These steps can therefore be described using equilibrium
relationships instead of rate expressions.

8.2.3 Rate-limiting step approximation. In multi-step
reaction mechanisms, the overall reaction rate is often
controlled by the slowest step, referred to as the rate-limiting
step. Under this approximation, the overall rate can be
approximated by the rate of this step.

8.2.4 Lumped parameter approximation. The lumped
parameter approximation combines multiple physical or
chemical effects into a single effective parameter or variable.
This reduces model complexity by avoiding detailed spatial
or mechanistic descriptions. For example, spatial variations
in concentration within an ideal batch reactor may be
neglected by assuming a uniform concentration. Similarly,
multiple reaction steps may be represented by a single
effective rate constant.
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8.2.5 Large excess approximation. When one reactant is
present in large excess compared to others, its concentration
remains approximately constant during the reaction. This
allows simplification of the reaction rate models and allows
omitting this reactant from such models.

Application example: rate-limiting step

When cofactor regeneration is rate-limiting, the overall reaction rate of
the reaction system is equal to the rate of the cofactor regeneration
reaction. Under this approximation (i.e., the rate-limiting step
approximation for the cofactor regeneration reaction) all of the cofactor
is in the ¢, form (2™ = ¢,(0) + ¢5(0), where the superscript IV,rl means
that the fourth reaction is rate limiting) and the overall reaction rate of
the reaction network is calculated from the following equation.

WA
kcat.IVEDSS Cy

(Ks,v + Ss) (KCZ,W + cﬁv-") (1 + S—)

Kisy v

(69)

Toverall = I'v =

These approximations are essential tools in reaction
engineering and can be a powerful part of an
experimentalist's toolkit for obtaining rapid insights. They
enable the analytical treatment of otherwise complex kinetic
systems while retaining the dominant physical and chemical
behavior. It should be noted that this is not an exhaustive
list, and many other approximations exist.

9 Model-based optimization
9.1 Single and multi-objective problem formulations

In general terms, an objective is something we aim to
achieve. In the context of optimization, an objective function
is a quantitative measure that is either maximized or
minimized. In industrial chemical processes, the ultimate
goal is often to maximize economic profit. However, defining
such an objective rigorously is challenging in practice, as it
requires accurate knowledge of economic parameters (e.g.,
raw material costs, product prices, utility costs), which may
not be known a priori and can fluctuate over time. A possible
formulation of a profit-related objective function is given by

Creactor _

E, C Cutili
max O = w;-STY — w,- tot Wws- tot utility
x t t t t

(70)

where STY denotes the space-time yield, E, represents the
total enzyme consumption, and Cy, refers to the total
cofactor consumption. The variable ¢ corresponds to the
process time, which is used to normalize consumption and
cost terms on a time basis. The quantities Creactor and Cugitity
denote the reactor-related and utility-related costs,
respectively. The weighting factors w;, w,, and w; reflect the
relative economic importance assigned to space-time yield,
enzyme usage, and cofactor usage in the overall objective. At
early stages of process development, it is often sufficient to
consider simplified objectives. A common choice is the
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maximization of space-time yield (STY) subject to process
constraints:

max STY(x) subjectto xe .2 (71)

where 2~ denotes the feasible set defined by operational and
physical constraints. However, in enzymatic processes, such
formulations inherently involve trade-offs. For a fixed initial
substrate concentration, the achievable STY depends strongly
on the amount of enzyme and cofactor used. Increasing enzyme
loading typically leads to higher STY, but also increases cost.
This introduces a trade-off between productivity and resource
consumption, which may potentially be represented by a proper
weighting of the individual terms, as in eqn (70). If such an
explicit weighting is infeasible, the optimal trade-offs between
the objective functions can also be sought by solving a multi-
objective optimization problem:

max O; min{0,,0;} (72)
X X

while such problems can be addressed by different methods
including metaheuristics, such as genetic or evolutionary
algorithms,’® gradient-based optimization usually builds on a
reformulation of the multi-objective optimization problem to a
single objective problem by means of a scalarization strategy.
The transformation of this multi objective optimization
problem by means of the epsilon constraint method results in
the following problem formulation:

max Oj(x)
subject to 0;(x) < &,
(73)
03(x) < &,
xe 4,

where O; may represent productivity (e.g, STY), and O,, O;
represent resource usage such as enzyme and cofactor
consumption.”*  The multi-objective
optimization problem are refered to as Pareto optimal solutions,
which are all possible optimal trade-offs between the different
objectives. An individual solution is Pareto-optimal if no objective

solutions of the

can be improved without worsening at least one other objective.
The set of Pareto-optimal solutions is determined by solving the
transformed problem for different values of ¢, and &;. The final
selection of an operating point from the Pareto front depends on
external considerations, such as economic parameters or strategic
priorities, which may not be explicitly included in the model.

Application example: objective selection

Simple objectives are often used in early-stage process development. In

the following optimal control, superstructure and Bayesian
optimization problems, the amount of product at the final time is

considered as an objective to be maximized.
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9.2 Optimal control

Once a dynamic process model in the form of differential-
algebraic equations (DAEs) is available, and the objective
function together with all relevant constraints has been
defined, the problem can be formulated as an optimal
control problem. This is particularly relevant for batch
reactors and plug-flow reactors, where the system evolves
over time or along a spatial coordinate.

One way to solve the optimal control problem numerically
is by transcribing the infinite-dimensional problem into a
finite-dimensional nonlinear programming (NLP) problem.
This is typically achieved via direct methods such as time
discretization. Different discretization methods exist,
backwards and forward Euler and collocation being two of
the most important ones. These discretization approaches
are implemented in modeling frameworks such as Pyomo,
which automate the transformation of DAEs into algebraic
constraints. After discretization, the optimal control problem
is transformed into a large-scale NLP. Such NLPs are typically
solved using gradient-based algorithms, for example, interior-
point methods as implemented in solvers like IPOPT. The
first-order optimality conditions for the NLP are given by the
Karush-Kuhn-Tucker conditions.**

Note: optimal control problem

The goal of an optimal control problem is to determine optimal
control trajectories (e.g., feed rates, temperature profiles, or enzyme
dosing strategies) that maximize or minimize a given objective while
satisfying the system dynamics and constraints.**

Application example: optimal dosing - script: optimal
control.py

Due to the strong inhibitory effects of substrates S; and Ss, a process
strategy is adopted in which these species are fed gradually during the
course of the reaction. The resulting optimal control problem is
formulated and solved using Pyomo, where the optimizer determines
the optimal dosing profiles of S; and S5 in order to maximize the
product concentration at the final time point. The results are shown

below.
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The gradual addition of S; and S5 is shown in the figure below. After a

short oscillation at the start, it is kept constant throughout the process
up until the end, where it decreases and eventually stops. It can be
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observed that the concentrations of S; and S5 are maintained
approximately constant at around 5 mM and 20 mM, respectively. This
behavior reflects the optimizer's attempt to operate in concentration
regimes where substrate inhibition is minimized.
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It is important to note that the resulting NLP is generally non-
convex. Consequently, numerical solvers such as IPOPT can only
guarantee convergence to a local optimum, which depends on
the initial guess provided. Global optimality is not guaranteed,
and multiple initializations or global optimization techniques
may be required to explore the solution space more thoroughly.

9.3 Superstructure optimization

In many applications, the goal is not just to optimize a single
reactor, but to determine the optimal configuration of an entire
reactor network. This type of problem can be formulated as a
superstructure optimization, where all plausible process
configurations—different reactor types, interconnections, recycle
streams, and bypasses—are included in a single overarching
model. The optimizer then selects the optimal connections and
operational settings to maximize the desired objective while
satisfying process constraints.’®* % Structural decisions can be
modeled explicitly using binary variables, which leads to a mixed-
integer nonlinear programming (MINLP) problem. In practice,
continuous relaxations are often used, turning the problem into
a nonlinear programming (NLP) formulation. While this
simplifies the problem, NLPs are usually highly non-convex, so
solvers may only find local optima. Techniques such as
metaheuristics can help explore multiple starting points and
guide the solution toward better or near-global optima (Fig. 3).

This approach allows simultaneous optimization of both
reactor operation and network structure, making it a powerful
tool for process design and intensification.

Separating enzymes from certain substrates can be
important due to issues such as substrate inhibition, enzyme
deactivation, and differing optimal pH or temperature
conditions. In this context, superstructure optimization can
be a valuable tool: it helps determine which enzymes to
include in each reactor, which enzymes can operate together
efficiently, and which should be separated to maintain
activity and maximize overall process performance.
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Fig. 3 Representation of a superstructure of two batch reactors.

Application example: superstructure optimization -
script: superstructure.zip

In the application example, multiple substrates inhibit different
enzymes in the cascade, raising the question of how to distribute
enzymes across reactors to minimize inhibition and maximize
productivity. Assuming cofactor regeneration is sufficiently fast, a
superstructure optimization can be used to determine optimal enzyme
allocations across reactors. We consider two configurations: a single-
reactor system and a two-reactor cascade. The objective is to maximize
product formation from 100 mM of substrate S; using no more than 2
¢ L' total enzyme. For the single-reactor case, the optimized solution
achieves a yield of approximately 25%, with the following enzyme
titers.

0.980

0.920

0.0 02 0.4 0.6 08 10 12
mgi /g

When splitting the enzymes in two reactors full conversions are
achieved and the optimal enzyme titers are given below. The titers for
the first reactor are shown below.

A 0.762
B4 0.000
CA 0.000
0.0 02 0.4 0.6 0.8 10
me /g
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The titers for the second reactor are shown below.

A4 0.000
c 0.439
0.0 0.2 0.4 0.6 0.8 1.0

mgi /g

9.4 Hybrid optimization

Due to the non-convex nature of many nonlinear programming
(NLP) problems arising in process and reactor optimization,
gradient-based solvers such as IPOPT are generally only
guaranteed to converge to local optima. To mitigate this
limitation, metaheuristic optimization methods can be
employed to explore the global solution space more effectively.
These methods, including genetic algorithms, particle swarm
optimization, and simulated annealing, do not rely on gradient
information and instead use stochastic search strategies to
escape local minima. While these methods do not guarantee
convergence to the global optimum, they are effective at
identifying high-quality solutions in complex landscapes and
can be used in combination with deterministic NLP solvers in
hybrid strategies, where a metaheuristic varies the initialization
(exploration) while the optimum is sought by means of
gradient-based optimization (exploitation).'®® This strategy is
conceptually illustrated in Fig. 4, for which the workflow
terminates due to some termination criteria, which is often
defined on the basis of a maximum number of evaluations, but
better reflects a lack of improvement over a continued number
of iterations.

Metaheuristic
Selects Initial
Conditions

|

NLP Algorithm
Converges to
Local Minimum

!

Criterion
Met?

Final Solution -
Possible Global
Minimum

Fig. 4 A workflow for the solution of a hybrid optimization problem.
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Application example: hybrid optimization

In the superstructure optimization shown in the previous section, we
applied a multi-start strategy. This approach represents the simplest form of
a metaheuristic: the optimizer is initialized from multiple, randomly
generated starting points in an attempt to escape poor local optima and
identify improved solutions. Below, we report the results obtained from
each of the initializations, illustrating how even a basic multi-start strategy
can enhance solution quality. Notice how different initializations result in
very different results, while one initialization does not allow the optimizer
to converge at all.
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9.5 Bayesian optimization

Bayesian optimization is especially well-suited to problems
where evaluating the objective function is costly, the response
surface is non-convex, or gradients are unavailable or
unreliable. As a black-box method, it requires no explicit
mathematical form of the objective, only the ability to sample it
at specific points.'® ™ Instead of relying on explicit derivatives,
the method constructs a surrogate model of the objective
function, typically based on Gaussian processes, and iteratively
refines this model by selecting new evaluation points in a
systematic way.'®” This allows for an efficient exploration of the
decision space while minimizing the number of required model
evaluations. In the present context, Bayesian optimization can
support the identification of near-optimal operating conditions
when the process model is expensive to evaluate, gradients are
unavailable or unreliable, or conventional NLP solvers
struggle with non-smooth or highly nonconvex behavior. It
should therefore be regarded as a complementary optimization
strategy rather than a general replacement for model-based NLP
approaches. An overview of Bayesian optimization methods
for enzymatic systems can be found in the work of
Tachibana et al.'®

Note: numerical methods book suggestions

Two excellent resources for readers interested in exploring numerical
methods and mathematical optimization in greater depth are the
textbooks by Chapra and Martins.'%%'*°
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Application example: Bayesian optimization for initial
substrate concentration selection - script: Bayesian
optimization.py

The Bayesian optimization framework is used to solve a black-box, derivative-
free optimization problem aimed at maximizing reactor performance with
respect to the initial equimolar loading S,(0) = S5(0) = S,. The objective is to
maximize the product concentration after a fixed batch time of 60 minutes,

max S,(60 min),

where S,(¢) is obtained by numerical integration of a nonlinear system of
coupled ODEs describing enzyme kinetics with inhibition and cascade
reactions. Bayesian optimization constructs a Gaussian process surrogate
model and sequentially selects new evaluations using an acquisition
function that balances exploration and exploitation to efficiently identify
the optimal S,. The results of the Bayesian optimization are shown below.
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The results show that adding roughly 25 mM of both S; and S5 at the
start of the reaction process leads to the maximum space-time yield at
the end of the reaction process.

10 Case studies from literature

While the theoretical foundations of biochemical modeling
and optimization frameworks provide the necessary
mathematical tools, their true value is demonstrated through
their application to complex, real-world biocatalytic
processes. This section reviews several recent case studies
from the literature that illustrate how these methodologies
solve distinct engineering challenges. Specifically, we
examine the application of black-box Bayesian optimization
to design optimal pH control strategies in multi-phase
reactive systems, the use of multi-objective optimization to
navigate economic and operational trade-offs, and a
sensitivity analysis study to select initial concentrations of
intermediates. Together, these examples showcase how
tailoring the optimization strategy to the specific kinetic and
thermodynamic features of a system can significantly
enhance process productivity and efficiency.

10.1 Bayesian optimization for optimal pH control

In a recent study, Dittmer et al>® developed a validated
model that included both chemical equilibria for fast acid-
base reactions, gas-liquid interfacial mass transfer, and
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Fig. 5 Calculated pH as a function of total ammonia nitrogen (TAN)
and dissolved inorganic carbon (DIC) concentrations at 35 °C.
Generated using Python code from Dittmer et al.,''* with extended axis
ranges, based on the model reported in Dittmer et al.>° The associated
article is licensed under the Creative Commons Attribution 4.0
International (CC BY 4.0) license,*® and the code is available through
TORE under the Public Domain Mark 1.0 (PDM 1.0).™*

reaction kinetics for the enzymatic hydrolysis of urea. The
reaction converts urea into ammonia and CO, according to:

Urease

(NH,),CO + H,0 ~—=*2NHj; + CO, (74)

In aqueous systems, the released ammonia participates in
the ammonia-ammonium acid-base equilibrium, increasing
the pH. The model was used to design an optimal pH control
strategy via the addition of CO, (to lower the pH) in the gas
phase. Some representative results are given below. First, in
Fig. 5, the pH in the reaction solution as a function of the
concentration of total ammonia nitrogen and dissolved
inorganic carbon is given. The dashed lines show the
stoichiometry of the reaction, while the solid lines show the
optimal pH region for the urease enzyme.

The model was used to determine optimal initial CO,
pressures that maximize process productivity. Due to the
complexity of the model, which makes it difficult to handle
with standard nonlinear programming (NLP) solvers,
Bayesian optimization was employed as an alternative
approach. The optimal conditions and
corresponding performance are presented below (Fig. 6).

resulting

10.2 Trade-off exploration via multi-objective optimization

In a model-based study, Paschalidis et al®>° demonstrated
that trade-offs between the achieved space-time yield,
enzyme consumption, and cofactor consumption exist.
Intuitively, more enzyme and cofactor can help produce more
product. These trade-offs were visualized in Pareto fronts, as
shown in Fig. 7.

Each of these points corresponds to a Pareto-optimal
process schedule; such an example of a process schedule is
shown in Fig. 8.

This journal is © The Royal Society of Chemistry 2026
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Fig. 6 Bayesian optimization results showing the optimal initial CO,
pressure (pco,(0)) and the resulting urea concentration after 60 min
(cu(60 min)) for different initial urea concentrations (c,(0)). Generated
using Python code from Dittmer et al.,''! with extended axis ranges,
based on the model reported in Dittmer et al.°° The associated article
is licensed under the Creative Commons Attribution 4.0 International
(CC BY 4.0) license,*® and the code is available through TORE under
the Public Domain Mark 1.0 (PDM 1.0).***
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Fig. 7 Trade-offs between space-time yield, enzyme consumption,
and cofactor consumption for a cascade that produces alpha-
ketoglutarate. Adapted from Biochemical Engineering Journal, vol. 181,
Paschalidis et al., “Design of enzymatic cascade reactors through
multi-objective dynamic optimization,” article 108384, copyright
(2022), with permission from Elsevier.?°

10.3 Sensitivity analysis of intermediate addition
In another modeling study, Paschalidis et al.’'* investigated a
strategy termed boosting by intermediates, which was first
demonstrated experimentally by Sutiono et al''® In certain
redox-neutral enzymatic cascades, process performance can
be enhanced by adding reaction intermediates at the
beginning of the reaction. This seemingly counterintuitive
behavior highlights the strongly nonlinear interactions that
can arise within complex enzymatic reaction networks. Fig. 9
shows the simplest version of such a redox neutral cascade.
Fig. 10 illustrates how increasing the initial intermediate
concentration affects the residence time required to achieve
complete conversion for the reaction network of Fig. 9.

This journal is © The Royal Society of Chemistry 2026
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Fig. 8 A Pareto-optimal process schedule for the cascade. Adapted from
Biochemical Engineering Journal, vol. 181, Paschalidis et al, “Design of
enzymatic cascade reactors through multi-objective dynamic optimization,”
article 108384, copyright (2022), with permission from Elsevier.2° Figure
generated using the code provided by the authors as SI for this publication,
available under the MIT license at https://github.com/TUM-CS-CTV/
CascadeMOO.
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Fig. 9 One of the reaction networks studied by Paschalidis et al.''?

Adapted from Paschalidis et al'!? under the Creative Commons
Attribution 4.0 International (CC BY 4.0) license.

10.4 Other noteworthy case studies

A few additional case studies from the literature are worth
noting. Recently, Chandra et al'®> used a superstructure
optimization algorithm to design an optimal network of batch
reactors for a validated model of the Weimberg pathway. The
authors found that distributing the enzymes across multiple
reactors can improve productivity while mitigating inhibition
effects. Another interesting study by Waluga et al*
demonstrated how different parameter estimation methods
influence the resulting parameter values. Finally, Paschalidis
et al.>** published two studies on the modeling of immobilized
enzyme systems and used parametric studies to derive further
insights from the resulting models.

11 Conclusions

This tutorial presents a structured workflow for modeling and
optimizing enzymatic reaction processes, covering all key steps

React. Chem. Eng.


https://github.com/TUM-CS-CTV/CascadeMOO
https://github.com/TUM-CS-CTV/CascadeMOO

Tutorial Account

<300
€200/ — 21
Y1001 - 52
I 3
0% —
o c2

= N W
o
o

0 N
50 100 150 200 250

-

=N W
o O
o O

Siorci/ (mM) S;orc;/(mM) S;o
o

0 50 100 150 200 250
t/ (min)

Fig. 10 Effect of the initial intermediate concentration on the
space-time yield. Increasing the initial intermediate concentration
(S2) substantially enhances the space-time yield. Reproduced from
Paschalidis et al.''? under the Creative Commons Attribution 4.0
International (CC BY 4.0) license.

from experimentation to model-based optimization. The article
does not introduce new modeling techniques, but demonstrates
how established methods can be combined into a consistent,
application-oriented workflow supported by implementation
examples. Its main contribution is therefore to make these
approaches more accessible to experimental researchers,
support their application in early-stage process development,
and facilitate informed collaboration with modeling and
optimization experts.

The discussion shows that kinetic modeling of enzymatic
systems requires careful selection of the reaction network,
appropriate reactor representation (e.g., batch, CSTR, plug-flow),
and inclusion of relevant physical effects such as mass transfer,
phase equilibria, or electrochemical phenomena where
necessary. Rather than attempting to represent all underlying
mechanisms, the model should capture the effects that are
relevant for the specific objective of the study and the
information that is available from the experimental data.

Parameter estimation is identified as a critical step, with the
article illustrating how different approaches (e.g, initial rate vs.
progress curve fitting) can lead to different parameter values. This
emphasizes the need to assess parameter identifiability and
uncertainty, and to interpret fitted parameters with caution.
Model validation against independent data is similarly important
to ensure that the model is suitable for its intended use.

Once established, the model provides a basis for simulation,
allowing the analysis of system behavior under different conditions.
Building on this, parametric studies and approximations (such as
quasi-steady-state or rate-limiting step assumptions) can be used to
extract qualitative insights. Finally, model-based optimization
methods—ranging from standard formulations to Bayesian
and hybrid approaches—can support the exploration of
operating conditions or process configurations.
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Nomenclature

Latin symbols

A
Ael
a
Ci
Cib
Cis

Dl
E
Ey
F

H;
Iel

J

Jo

Ji

k

ko

k1, k-1, ks
kc

£

k;e d

kr,

Q
*

red

L2 ZZREK

QT

IS

i,macro
Si

Siin

S bulk

Area

Electrode area

Interfacial area per unit reactor volume
Concentration of cofactor species i
Bulk concentration of species i

Surface concentration of species i
Diffusion coefficient of species i

Free enzyme concentration

Initial enzyme concentration

Faraday constant

Henry's law constant of species i
Electric current

Inhibitor concentration

Current density

Exchange current density

Flux of species i

Generic kinetic rate constant

Standard electrochemical rate constant
Elementary reaction rate constants
Chemical reaction rate constant
Electrochemical oxidation rate constant
Electrochemical reduction rate constant
Liquid-side mass-transfer coefficient
Overall mass-transfer coefficient
Inhibition constant

Michaelis constant

Characteristic pore length

Oxidized mediator

Reduced mediator

Molar flux of species i

Number of pores of type n

Number of reactions

Number of chemical species

Partial pressure of species i
Volumetric flow rate

Rate of reaction j

Universal gas constant

Net rate of production of species i
Apparent (macroscopic) production rate
of species i

Concentration (state variable) of species i
Inlet concentration of species i

Bulk concentration of species i
Equilibrium concentration of species i
Time

Temperature

Superficial velocity

Reactor volume

Maximum enzymatic reaction rate
Spatial coordinate within porous support
Axial reactor coordinate

Ionic charge number of species i
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Greek symbols

o Charge-transfer coefficient
o,  Anodic charge-transfer coefficient
O Cathodic charge-transfer coefficient

n Electrochemical overpotential
Vij Stoichiometric coefficient of species i in reaction j
0 Fraction of oxidized mediator
Electric potential
T Residence time
Subscripts
b Bulk phase
el Electrode
in Inlet
macro Macroscopic (apparent)
0x Oxidized form
red Reduced form
s Surface
0 Initial value or reference value
Abbreviations
AIC Akaike information criterion
BIC Bayesian information criterion
BR Batch reactor
CSTR Continuous stirred-tank reactor
DAEs Differential-algebraic equations
EMR Enzymatic membrane reactor
FDH Formate dehydrogenase
MINLP  Mixed-integer nonlinear programming
NAD Nicotinamide adenine dinucleotide
NADH Reduced nicotinamide adenine dinucleotide
NLP Nonlinear programming
NOX NADH oxidase
ODE Ordinary differential equation
PDE Partial differential equation
PFR Plug-flow reactor
SID Spatial immobilization distribution
STY Space-time yield
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