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H I G H L I G H T S G R A P H I C A L  A B S T R A C T

• Comparison of MRI data to CFD-DEM of 
vibrated and non-vibrated fluidized 
beds.

• CFD-DEM reproduces MRI trends in 
bubble and bed parameters.

• CFD-DEM slightly overpredicts bubble 
size and bed height, underpredicts bub
ble count.

• No systematic vibration effect observed 
for vibration acceleration Γ < 1 at 2–4 
Umf.

• Slice analysis captures trends but differs 
systematically from full 3D evaluation.

bed height bubble diameter

bubble rise velocitynumber of bubbles

MRI

Low High

Local solids volume fraction

CFD-DEM

2Umf2Umf

5 cm

A R T I C L E  I N F O

Keywords:
Fluidization
Vibrated fluidized bed
CFD-DEM
MRI
Bubble properties

A B S T R A C T

This study compares real-time magnetic resonance imaging (MRI) measurements with three-dimensional CFD- 
DEM simulations for fluidized beds of Geldart Group D particles under non-vibrated and vibrated conditions. 
Simulation data were analyzed both in a central 10 mm slice, mimicking the MRI measurement, and across the 
full three-dimensional domain to assess the representativeness of slice-based evaluation. Bed height, bubble 
diameter, bubble count, and bubble rise velocity were quantitatively compared. For non-vibrated cases, CFD- 
DEM agrees well with MRI across all metrics and reproduces established correlations for bubble diameter and 
rise velocity. For vibrated conditions at 10–30 Hz and 0.5 mm peak-to-peak amplitude (dimensionless acceler
ation Γ < 1) and superficial gas velocities of 2–4 Umf, no systematic changes in bed expansion or bubble-scale 
properties was observed. These findings indicate that, for Geldart D particles operating well above minimum 
fluidization, gas-driven bubbling dominates bed hydrodynamics and low-to-moderate vibration intensities do not 
substantially alter macroscopic behavior. Comparing slice-based and full-domain analyses revealed systematic 
offsets in absolute values, most notably in bed height and small-bubble statistics. Thus, central-slice measure
ments capture hydrodynamic trends reliably but can bias absolute quantities relative to full three-dimensional 
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evaluation. These results define a regime of weak vibration influence for Geldart D particles and provide 
guidance for interpreting tomographic measurements of fluidized beds.

1. Introduction

Fluidized beds are widely utilized in various industries due to their 
excellent gas-solid contact and efficient solid mixing capabilities. Me
chanical vibration is often added to improve fluidization behavior. In 
vibrating fluidized beds (VFBs), vibratory kinetic energy is introduced 
through oscillatory displacement of the bed vessel. This mechanical vi
bration effectively reduces minimum fluidization velocity [1–3] and 
improves particle mixing and contact efficiency [4,5]. VFBs are partic
ularly effective for processing cohesive particles, where the additional 
energy can minimize agglomeration and prevent gas channeling [6,7]. 
Introducing vibration significantly increases system complexity, making 
experimental characterization and modeling more challenging. The 
interaction between vibration and bubble dynamics in the bubbling 
regime further complicates the system behavior, underscoring the crit
ical need for comprehensive experimental and computational charac
terization of vibrating fluidized bed systems.

Traditionally, the investigation of fluidized bed hydrodynamics has 
relied primarily on intrusive probes and optical measurements of 
pseudo-2D fluidized beds. Intrusive probes, such as pressure sensors and 
capacitance probes, provide only single-point measurements and may 
interfere with natural flow patterns. Pseudo-2D configurations, on the 
other hand, are strongly influenced by wall effects, which can limit their 
representativeness of three-dimensional fluidized bed behavior [8,9]. 
Although wall effects are also present in laboratory-scale cylindrical 

fluidized beds, such systems allow three-dimensional flow development 
and more representative bubble dynamics. To overcome the limitations 
of traditional measurement methods, tomographic techniques are 
increasingly employed for fluidized bed characterization. These non- 
invasive methods include X-ray computed tomography [10], electrical 
capacitance (volume) tomography [11,12], positron emission particle 
tracking [13], and magnetic resonance imaging (MRI). A historical 
limitation of MRI has been its relatively low temporal resolution, which 
restricted measurements to time-averaged data with acquisition times 
on the order of minutes [14]. Recent advances in scan acceleration 
techniques, including optimized radiofrequency detector design and 
improved scan sequence efficiency, have dramatically enhanced tem
poral resolution, enabling real-time MRI of fluidized beds [15]. This 
breakthrough allows the capture of instantaneous gas bubble positions 
and particle velocities, making MRI particularly well suited for obtain
ing spatially and temporally resolved dynamic information from the 
interior of fluidized beds. Real-time MRI has been applied in fluidized 
bed research to investigate bubble behavior and particle velocities [16], 
quantify the effects of liquid bridging on fluidization hydrodynamics 
[17], study single isolated bubbles injected into incipiently fluidized 
beds [18], and assess the influence of different baffles and internals on 
gas-solid fluidized bed hydrodynamics [19–21]. Real-time MRI mea
surements are typically based on data acquired from limited slice 
thicknesses, and it therefore remains unclear to what extent such slice- 
based observations are representative of bubble dynamics and bed hy
drodynamics throughout the full three-dimensional fluidized bed. While 

Notation

A vibration amplitude (m)
Cd drag coefficient
CFL Courant number
d32 Sauter diameter (m)
dp particle diameter (m)
ep-p restitution coefficient particle/particle
ep-w restitution coefficient particle/wall
f vibration frequency (Hz)
Fc,i contact force (N)
Fd,i drag force (N)
Ffp,i fluid-particle interaction forces (N)
Fr Froude number
g gravitational acceleration (m/s2)
Ii inertia tensor (kg•m2)
mi mass of component i (kg)
Mi torque (Nm)
Np number of particles
p static pressure (Pa)
poutlet outlet pressure (Pa)
R radius of rotating drum (m)
Rfp momentum exchange term (N/m3)
Rep,i Reynolds number of particles
t time (s)
ΔtCFD CFD time step (s)
ΔtDEM DEM time step (s)
Uf fluid velocity (m/s)
Uf,in superficial gas inlet velocity (m/s)
Umf minimum fluidization velocity (m/s)
Up,i particle velocity (m/s)

Vcell volume of a CFD grid cell (m3)
Vp,i particle volume (m3)
xi center of mass of component i (m)
Δx size of a grid cell (m)
Yp Young's modulus of the particles (Pa)
Yw Young's modulus of the wall (Pa)

Greek letters
αf fluid volume fraction
βi momentum exchange coefficient (kg/(m3•s))
Γ vibration intensity
μf fluid dynamic viscosity (kg/(m•s))
μr,p-p rolling friction coefficient particle/particle
μr,p-w rolling friction coefficient particle/wall
μs,p-p static friction coefficient particle/particle
μs,p-w static friction coefficient particle/wall
νf Fluid kinematic viscosity (m2/s)
νp Poisson ratio of the particles
νw Poisson ratio of the wall
ρf fluid density (kg/m3)
ρp particle density (kg/m3)
τf stress tensor for the fluid phase (Pa)
ω angular velocity (rad/s)

Abbreviations
CFD computational fluid dynamics
DEM discrete element method
MRI magnetic resonance imaging
PISO pressure-implicit with splitting of operators
VFB vibrating fluidized bed
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tomographic techniques have significantly advanced fluidized bed 
research, their application to VFBs remains limited, with most experi
mental studies relying on pseudo-2D configurations [22–26].

Complementing experimental investigations, computational fluid 
dynamics coupled with discrete element method (CFD-DEM) simula
tions have emerged as a powerful tool for studying fluidized bed hy
drodynamics. In this approach, the gas phase is treated as a continuum 
using computational fluid dynamics, while individual particles are 
modeled using the discrete element method, enabling detailed analysis 
of gas-particle interactions and particle-scale phenomena. This coupled 
modeling framework has proven particularly valuable for investigating 
complex multiphase systems where experimental measurements alone 
may be insufficient to capture all relevant physics. CFD-DEM simula
tions have successfully reproduced key hydrodynamic features of con
ventional fluidized beds, including bubble formation, particle mixing 
patterns, and pressure drop characteristics [27–29]. Several studies have 
extended CFD-DEM to VFBs, focusing primarily on the influence of vi
bration frequency and amplitude on bed dynamics [23,26,30–35]. 
Similar to experimental investigations, these CFD-DEM studies have 
largely been restricted to pseudo-2D [23,26,30–33] or strictly two- 
dimensional [34,35] computational domains. Such simplifications are 
primarily adopted to reduce computational cost and complexity, as fully 
three-dimensional simulations require substantially higher computa
tional resources due to the large number of particles involved. In addi
tion, suitable experimental data for three-dimensional VFBs are scarce. 
As a consequence, quantitative experimental validation of three- 
dimensional CFD-DEM simulations of VFBs remains limited, and the 
accuracy of such models in predicting bubble-scale hydrodynamics in 
realistic three-dimensional systems remains largely unassessed. In 
addition, it remains largely unexplored how results obtained from full 
three-dimensional CFD-DEM simulations should be analyzed and 
compared to slice-based experimental measurements.

The primary objective of this work is to validate three-dimensional 
CFD-DEM simulations against real-time MRI measurements for fluid
ized beds of Geldart Group D particles under both non-vibrated and 
vibrated conditions. MRI is employed as a non-invasive experimental 
benchmark providing time-resolved, bubble-scale information, while 
CFD-DEM is treated as the numerical model under validation. The 
comparison focuses on key bubble properties and bed hydrodynamic 
parameters, including bed height, bubble diameter, bubble count, and 
bubble rise velocity, across different superficial gas velocities and vi
bration conditions. In addition, two analysis approaches are applied to 
the CFD-DEM data – a slice-based method mimicking the MRI mea
surements and a full three-dimensional analysis – to assess how exper
imental measurement limitations affect the interpretation of fluidized- 
bed hydrodynamics. Within this validation framework, the influence 
of mechanical vibration is examined.

2. MRI measurements

2.1. Experimental setup

Experiments were conducted in an MRI-compatible fluidized bed 
constructed from polymethyl methacrylate (PMMA) with an outer 
diameter of 100 mm and an inner diameter of 96 mm. The bed was open 
to the atmosphere with a filter covering the top to prevent particle 
elutriation. Pressurized air served as the fluidizing medium, with volu
metric flow rates controlled via a mass flow controller (F-202AV, 
Bronkhorst) to achieve superficial gas velocities of 2, 3, and 4 Umf. 
Minimum fluidization velocity Umf was determined experimentally to be 
0.30 m/s by monitoring pressure drop across the bed at progressively 
decreasing gas velocities. Uniform gas distribution was achieved 
through a sintered porous polyethylene plate with 20 μm pore size and 5 
mm thickness located at the bottom of the bed. The fluidized bed was 
filled with poppy seeds to a static bed height of 116 mm. The particle 
size distribution of the poppy seeds was measured by dynamic image 

analysis using a Camsizer XT (Microtrac Retsch GmbH) and is shown in 
Fig. 1. The detected particle areas were converted to equivalent spher
ical diameters, yielding a median diameter of 1.05 mm and a Sauter 
diameter of 1.17 mm. The particle density of 1165 kg/m3 was measured 
using a helium gas pycnometer (AccuPyc 1330, Micromeritics). Ac
cording to these properties, the material is classified as Geldart Group D.

Mechanical vibration was applied using an electrodynamic shaker 
(M120-CE, IMV Corporation). Since the isocenter of the magnet is 
located approximately 4 m above ground level, glass-fiber reinforced 
tubes were used to transmit the vibrations from the shaker to the 
elevated bed assembly. Vibration frequencies of 10, 20, and 30 Hz at a 
fixed peak-to-peak amplitude of 0.5 mm were used to generate sinu
soidal vertical oscillations of the entire bed assembly. The vibration 
frequencies and amplitude were selected to (i) match the mechanically 
stable operating range of the experimental setup and (ii) span vibration 
intensities commonly reported in laboratory-scale vibrating fluidized- 
beds. The corresponding dimensionless acceleration 

Γ =
(2πf)2A

g
, (1) 

covers approximately 0.1–0.9, representing a low-to-moderate vibration 
intensity range within the scope of laboratory-scale studies.

MRI measurements were performed using a vertical 3 Tesla MRI 
system equipped with a custom-built 15-channel RF detector array for 
signal detection. The natural oil content within poppy seeds provided 
the MRI-active signal source, allowing gas bubbles to be distinguished 
through the signal-intensity voids created in the acquired images. The 
use of the multichannel detector array enabled parallel imaging, 
wherein the spatial sensitivity of each coil element is exploited to 
reconstruct the full image [36]. This technique substantially reduced the 
required sampling density, thereby achieving enhanced temporal reso
lution necessary for capturing transient bubble dynamics. Images were 
acquired with a temporal resolution of 18 ms and an in-plane resolution 
of 4 mm × 8 mm. The imaging field-of-view encompassed the complete 
expanded bed region. Signal intensities from a central 10 mm-thick 
vertical slice through the bed centerline were spatially averaged, 
yielding two-dimensional projections. At each operating condition, 500 
consecutive frames were recorded using a gradient echo pulse sequence, 
corresponding to a total sampling duration of approximately 9 s. 
Considering the observed bubble rise velocities and bed heights, this 
duration includes a large number of independent bubble formation and 
eruption events across all investigated gas velocities.

Table 1 summarizes the varied operating parameters and their 
respective values. All combinations of superficial gas velocity and vi
bration frequency were investigated. Each combination was repeated 
three times. Mean values and standard deviations were calculated from 

Fig. 1. Volume-based particle size distribution and light microscope image of 
poppy seeds.
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the three repetitions, with standard deviations shown as error bars in the 
results figures.

2.2. Post-processing of MRI data

Acquired MRI images were processed using Python with the OpenCV 
library to segment and quantify gas bubbles within the fluidized bed. 
Threshold-based segmentation was used to differentiate low signal in
tensity gas bubbles from high signal intensity particle regions. 
Morphological operations such as dilation and erosion were used to 
reduce noise and smooth bubble edges.

Area-equivalent bubble diameters were calculated from the 
segmented bubble regions assuming circular geometry. Bubble dy
namics were quantified by tracking bubble centroids across consecutive 
frames separated by the 18 ms temporal resolution. Tracking was based 
on direct pixel overlap between segmented regions in successive frames, 
enabling classification of bubble events into tracks (1-to-1 continua
tion), splits (1-to-n), and merges (n-to-1). Only unambiguous 1-to-1 
continuation events persisting over at least three consecutive frames 
were considered as accepted tracks. Bubble events involving splitting (1- 
to-n) or merging (n-to-1) were excluded from velocity calculations, as 
these events do not allow for a unique definition of bubble displacement. 
Instantaneous bubble rise velocities were then calculated for accepted 
tracks based on the centroid displacement over the time interval. 
Furthermore, the fluidized bed height was determined by tracking the 
highest particle-containing pixel row in each frame and averaging the 
result.

The spatial resolution of the MRI measurements imposes a lower 
limit on the size of gas structures that can be reliably detected. Small 
bubbles, particularly in the vicinity of the distributor where gas injection 
occurs, may therefore not be fully resolved or may be filtered out during 
threshold-based segmentation. In addition, the choice of signal intensity 
threshold can influence bubble boundaries and thus affect absolute 
bubble size and count statistics. However, the same post-processing 
procedure and thresholding criteria were consistently applied across 
all operating conditions, ensuring that relative comparisons between 
cases remain meaningful.

3. Numerical simulations

For the simulations in this work, the open source CFD code Open
FOAM [37] and the DEM code LIGGGHTS [38] were coupled using 
CFDEMcoupling [39]. Since close to 900,000 particles were simulated, 
the unresolved coupling method was required. In unresolved simula
tions, the computational grid cell size exceeds the particle diameter, as 
particles are not fully resolved within the CFD simulation. Instead, their 
presence is accounted for through momentum exchange terms and void 
fraction calculations. As a solver for coupling granular flow with fluid 
flow, cfdemSolverPiso was used, which applies a PISO (Pressure-Implicit 
with Splitting of Operators) loop for pressure velocity coupling. PISO 
was selected because the simulations are fully transient and incom
pressible, with time steps constrained by the CFL condition and DEM 
coupling, for which PISO provides stable and efficient pressure-velocity 
coupling. Further details about the CFD-DEM coupling routine can be 
found in the publication of Goniva et al. [39].

3.1. Gas phase

The gas phase was assumed to be incompressible, which is justified 

due to the constant temperature and low Mach number throughout the 
whole system. Under this assumption, the dynamics of the fluid phase in 
the presence of a particulate phase can be described by the Navier- 
Stokes equations expressed as: 

∂
∂t

αf +∇ •
(
αfUf

)
= 0, (2) 

∂
∂t
(
ρfαfUf

)
+∇ •

(
ρfαfUfUf

)
= − αf∇p+∇ •

(
αfτf

)
− Rfp. (3) 

Here αf is the fluid volume fraction, Uf the fluid velocity, ρf the fluid 
density, p the static pressure, τf the stress tensor for the fluid phase, and 
Rfp the momentum exchange term. For calculating the fluid volume 
fraction αf, each particle is decomposed into a cloud of 29 distributed 
marker points, allowing the particle's volume to be proportionally 
allocated across all computational cells it partially occupies. For 
incompressible flows with constant viscosity, the stress term ∇ •

(
αfτf

)

can be expressed as μf∇
2
(
αfUf

)
, where μf is the dynamic viscosity of the 

fluid. The momentum exchange term Rfp includes each particle's 
contribution to particle-fluid momentum exchange within a computa
tional cell of volume Vcell and can be expressed as a drag force sum: 

Rfp =
1

Vcell

∑

i
Fd,i, (4) 

where 

Fd,i = βiVp,i
(
Uf − Up,i

)
. (5) 

Vp,i and Up,i are the volume and velocity of particle i, respectively. 
The momentum exchange coefficient βi is calculated based on drag 
correlations. Here the drag model by Gidaspow [40], which is a com
bination of the Ergun Eq. [41] and the Wen and Yu Eq. [42], was used. 
The Gidaspow drag model switches between the two correlations 
depending on the fluid volume fraction. For fluid volume fractions αf >

0.8, the Wen and Yu correlation applies: 

βi =
3
4
Cd

αf
(
1 − αf

)⃒
⃒Uf − Up,i

⃒
⃒ρf

dp,i
αf

− 2.65, (6) 

with 

Cd =
24

αfRep,i

[
1+0.15

(
αfRep,i

)0.687
]
, (7) 

Rep,i =

⃒
⃒Uf − Up,i

⃒
⃒dp,i

νf
, (8) 

where dp,i is the particle diameter and νf is the kinematic viscosity of the 
fluid. For fluid volume fractions αf ≤ 0.8, the Ergun equation is used: 

βi = 150
(
1 − αf

)2νfρf

αfdp,i
2 +1.75

(
1 − αf

)⃒
⃒Uf − Up,i

⃒
⃒ρf

dp,i
. (9) 

The Gidaspow drag model was selected due to its ability to represent 
both dense and dilute regimes encountered in fluidized beds. The model 
employs a sharp transition between the Ergun and Wen-Yu correlations, 
which may influence the predicted interphase momentum exchange in 
regions of intermediate solids concentration and strong voidage 
gradients.

3.2. Solid phase

In the DEM approach, as initially proposed by Cundall and Strack 
[43], the trajectories of individual particles i of mass mi are calculated by 
applying the Newtonian laws of motion: 

mi
d2

dt
xi = Fc,i + Ffp,i +mig, (10) 

Table 1 
Parameters varied during experiments.

Property Symbol Values Unit

Superficial gas inlet velocity Uf,in 2 Umf 3 Umf 4 Umf m/s
Vibration frequency f 10 20 30 Hz
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Ii
d
dt

ωi =
∑

i
Mi, (11) 

with center of mass positions xi, sum of all contact forces Fc,i, sum of all 
fluid-particle interaction forces acting on the particle Ffp,i, gravitational 
vector g, inertia tensors Ii, angular velocities ωi, and torques Mi. For 
modeling particle interactions, the soft-sphere approach [43] was used 
where normal contact forces are calculated according to the Hertz- 
Mindlin law, utilizing a non-linear spring-dashpot model [44]. Simi
larly, tangential contact forces were calculated via a non-linear spring- 
dashpot model with an upper bound established by the Coulomb friction 
criterion [44]. Rolling friction was modeled using an elastic-plastic 
spring-dashpot model as detailed in the publication of Ai et al. [45]. 
The fluid-particle interaction forces Ffp,i included three components: 
forces arising from viscous effects, pressure gradients, and drag. Addi
tional fluid-particle interactions like virtual mass and Basset forces were 
neglected due to the substantial density ratio between the solid particles 
and the surrounding gas phase [46].

3.3. Case setup

For the simulations, polydispersity was introduced in the form of a 
particle size distribution with three discrete classes, to prevent crystal
lization effects of the packing, that can occur in monodisperse particle 
arrangements [47]. The particle size distribution was centered on a 
target diameter of 1.05 mm, with two additional classes positioned at 
±15% of this value. The weights of each class were adjusted to produce a 
Sauter diameter d32 of 1.17 mm. The particles were assumed to be 
perfect spheres, even though their sphericity was measured to only be 
0.87.

These idealizations of particle size distribution and particle shape 
may influence particle-scale contact mechanics and gas-particle in
teractions. To account for these effects at the bulk scale relevant to 
fluidized-bed hydrodynamics, DEM model parameters were calibrated 
by matching simulated bulk behavior to experimentally measured static 
and dynamic angles of repose, bulk friction angle, bulk cohesion, and 
bulk density [48,49]. While this calibration approach is effective in 
reproducing macroscopic bulk properties, it cannot fully capture all 
particle-scale effects associated with non-sphericity and size variability. 
A systematic optimization approach based on Latin Hypercube Sampling 
and Kriging was employed to identify suitable DEM parameters. A 
detailed description of the calibration experiments and optimization 
procedure is provided in the Supplementary Information. The resulting 
calibrated DEM parameters used in the simulations are summarized in 
Table 2.

Fig. 2 shows the CFD grid that was used for the simulations. The grid 
was generated with blockMesh, a mesher contained in OpenFOAM, and 
classy_blocks, a utility for the creation of blockMesh dictionaries. The 
grid cell edge length ranged between 2.6 and 5.4 mm with the average 
edge length being 3.2 mm. Across all three particle sizes, this gives grid- 
size-to-particle-diameter ratios of 2.2–6.1 with an average ratio of 3.15. 
Thus, the grid size is close to the suggested values in the literature to 
obtain mesh-independent solutions [47,48].

The inlet area at the bottom was defined as constant superficial gas 
velocity inlet, while the outlet at the top was set to be a pressure outlet 
with a gauge pressure of zero. The wall boundary condition was set to 
no-slip for the gas phase and rigid wall for the particles. The density and 
kinematic viscosity of the gas were set to 1.2 kg/m3 and 1.5•10− 5 m2/s, 
respectively, which corresponds to air at atmospheric pressure and 
20 ◦C. The CFL condition CFL = max Uf ΔtCFD

Δx < 1, where Δx is the size of a 
grid cell, was used to choose the CFD time step ΔtCFD. The DEM time step 
ΔtDEM was set to approximately 10% of the Rayleigh time based on the 
calibrated model parameters. The simulations were run for 15 s of 
simulation time, of which the last 10 s were used for the analysis. Similar 
to the procedure for the experimental part, the minimum fluidization 
velocity was determined by simulating defluidization. The simulated 
minimum fluidization velocity was found to be 0.31 m/s, demonstrating 
good agreement with the experimental value (0.30 m/s). Table 3 gives a 
summary of the fluid phase properties and simulation conditions.

Vibration was modeled by oscillating the gravitational force. To 
achieve this, the gravitational acceleration in both CFD and DEM was 
modified according to g→ = 9.81+ (2πf)2Asin(2πft), where f is the vi
bration frequency, A = 0.25 mm corresponds to the applied vibration 
amplitude (0.5 mm peak-to-peak), and t is the time. Modeling vibration 
through an oscillating gravitational acceleration is equivalent to solving 
the governing equations in a non-inertial reference frame moving with 
the vertically oscillating fluidized bed [31,49]. This formulation effec
tively accounts for the motion of the distributor and sidewalls without 
explicitly prescribing boundary motion and avoids the need for a mov
ing mesh. While this approach applies a spatially uniform acceleration 
and therefore does not explicitly resolve possible time delays or dissi
pative effects associated with the transmission of vibration-induced 
stresses from the walls into the bed, it provides a physically consistent 
representation of vibration-induced inertial forcing and is widely used to 
study global hydrodynamics in vibrated fluidized beds 
[26,30–32,49,50].

Table 2 
DEM model parameters used in simulations.

Parameter Symbol Value Unit

Particle diameter dp 1.05 mm
Particle density ρp 1015 kg/m3

Number of particles Np 894,394 –
Young's modulus

Particles Yp 1e7 Pa
Wall Yw 1e7 Pa

Poisson ratio
Particles νp 0.3 –
Wall νw 0.3 –

Restitution coefficient
Particle-particle ep-p 0.90 –
Particle-wall ep-w 0.77 –

Coefficient of static friction
Particle-particle μs,p-p 0.13 –
Particle-wall μs,p-w 0.87 –

Coefficient of rolling friction
Particle-particle μr,p-p 0.84 –
Particle-wall μr,p-w 0.58 –

Fig. 2. CFD grid. (a) 3D view; (b) Axial cross-section; (c) Radial cross-section; 
and (d) × 2.5 magnified view of axial cross-section showing the grid structure.
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3.4. Post-processing of simulation data

To ensure a direct comparison between experimental and simulation 
results, the post-processing of the simulation data matches the MRI data 
processing as closely as possible. Therefore, the central slice of the 
simulated void fraction field was extracted and averaged to create two- 
dimensional images matching the MRI data format. The same bubble 
detection and characterization algorithms used for MRI data processing 
were applied to these simulation-generated images. In addition to this 
slice-based approach, the full three-dimensional void fraction field was 
analyzed to assess whether the central slice results are representative of 
the entire fluidized bed system and to capture bubble behavior that may 

Table 3 
Fluid phase properties and simulation conditions.

Property Symbol Value Unit

Fluid phase density ρf 1.2 kg/m3

Fluid kinematic viscosity νf 1.5•10− 5 m2/s
Outlet pressure poutlet 0 Pa
Time step
CFD ΔtCFD 2.5•10− 4 s
DEM ΔtDEM 2.5•10− 6 s

0 ms 36 ms 72 ms 108 ms 154 ms 190 ms 226 ms 262 ms

CFD-
DEM

MRI

Low

High

Lo
ca

l s
ol

id
s 

vo
lu

m
e 

fra
ct

io
n

MRI

CFD-
DEM

a)

b)

Fig. 3. Time series of instantaneous snapshots of the local solids volume fraction in the central 10 mm slice obtained from MRI measurements (top rows) and CFD- 
DEM simulations (bottom rows) at superficial gas velocity Uf,in = 2 Umf for a) a non-vibrated fluidized bed and b) a vibrated fluidized bed (f = 30 Hz, A = 0.5 mm 
peak-to-peak).
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not be detected within the limited spatial region of the slice analysis. The 
3D method uses algorithms that follow the same principles as the slice 
method but operate on the complete computational domain. From here 
on, these approaches are referred to as the CFD-DEM slice method and 
the CFD-DEM 3D method, respectively. Both methods were processed 
with the same temporal resolution of 18 ms as the MRI measurements. 
While the MRI data used signal-intensity thresholds and the CFD-DEM 
data used void-fraction thresholds, equivalent criteria were applied to 
identify and segment bubbles. Additional processing parameters, such as 
minimum bubble area and connectivity criteria, were kept consistent 
between the two methods to ensure comparable bubble detection and 
characterization.

4. Results and discussion

4.1. Qualitative comparison

Section 4.1 provides a qualitative comparison of bubble dynamics 
observed in the MRI measurements and CFD-DEM simulations and es
tablishes a baseline for interpreting the quantitative results presented in 
the following sections. The focus is on assessing qualitative agreement 
between the experiment and simulation and identifying the dominant 
hydrodynamic mechanisms governing bubble formation and rise under 
non-vibrated and vibrated conditions.

Fig. 3 presents representative time series of instantaneous snapshots 
of the local solids volume fraction in the central 10 mm slice of the bed at 
a superficial gas velocity of Uf,in = 2 Umf, with snapshots shown at 36 ms 
intervals. The top rows correspond to MRI measurements, where gray
scale intensity reflects signal intensity, while the bottom rows show 
CFD-DEM simulation results, where grayscale values represent the local 
solids volume fraction.

For the non-vibrated case (Fig. 3a), the complete life cycle of a 
bubble can be observed in both MRI and CFD-DEM results. Bubbles 
nucleate in the lower bed region, grow as they ascend, and ultimately 
burst at the bed surface. Bubble growth is partially driven by coales
cence of smaller bubbles, which is particularly evident between 108 and 
190 ms in the MRI time series and between 36 and 108 ms in the cor
responding CFD-DEM time series. Overall, both approaches reproduce 
bubble shape, growth, and rise behavior qualitatively, indicating strong 
agreement between the experiment and simulation. This agreement is 
not limited to the selected time series but is consistently observed across 
longer-duration recordings for all investigated operating conditions.

Representative snapshots from a vibrated case (f = 20 Hz, A = 0.5 
mm peak-to-peak) are shown in Fig. 3b. A direct qualitative comparison 
with the non-vibrated case reveals similar bubble formation, growth, 
and rise behavior in both the MRI measurements and the CFD-DEM 
simulations. Within the investigated vibration amplitude and fre
quency range, no pronounced qualitative changes in bubble morphology 
or rise behavior are observed. The observed qualitative similarity be
tween vibrated and non-vibrated cases can be interpreted in the context 
of the investigated operating regime. The vibration intensity Γ ranges 
from approximately 0.1–0.9 for the present conditions, indicating that 
the imposed vibration acceleration remains comparable to or smaller 
than gravity. In addition, the relative contribution of vibration-induced 
motion compared to gas-driven motion can be assessed by comparing 
the characteristic velocities associated with vibration and gas flow. This 
yields the dimensionless ratio 

(2πfA)2
U2

f,in
, (12) 

which represents the ratio of vibration-related to gas-related kinetic 
energy per unit mass. For the present operating conditions, this ratio 
remains in the order of 10− 4–10− 2, indicating that gas-driven hydro
dynamics dominate the bed behavior under the investigated conditions. 
Previous experimental and numerical studies on vibrated fluidized beds 

of Geldart Group D particles have demonstrated that mechanical vi
bration can influence bed hydrodynamics even at comparatively low 
vibration intensities. Reported effects include reductions in minimum 
fluidization and minimum bubbling velocities [3,51], modifications of 
solids circulation patterns [23], changes in bed expansion behavior 
[51], and enhanced gas-solids mixing [22]. In several of these studies, 
the magnitude of the observed effects increased with vibration intensity. 
Moreover, a significant portion of the reported results corresponds to 
operating conditions in the vicinity of minimum fluidization, where gas- 
driven momentum is comparatively low and vibration-induced motion 
can contribute more strongly to particle dynamics. In contrast, the 
present study examines fully developed bubbling at superficial gas ve
locities well above the minimum fluidization velocity. Under these 
conditions, the combination of relatively low vibration intensity and 
operation in a gas-dominated regime causes bubble formation, growth, 
and rise to be primarily governed by gas-driven hydrodynamics. The 
additional motion induced by the applied vibration amplitude and fre
quency therefore remains small relative to gas-induced particle circu
lation and is further attenuated by inertial damping within the dense 
Geldart Group D particle bed. As a result, no pronounced qualitative 
changes in instantaneous bubble morphology or rise behavior are 
observed for the investigated vibration conditions.

The following sections build on these qualitative observations by 
providing a quantitative comparison of bed height, bubble diameter, 
bubble count, and bubble rise velocity, with particular emphasis on the 
differences between slice-based and full three-dimensional analyses.

4.2. Bed height

The bed heights for the MRI measurements, the three-dimensional 
CFD-DEM data, and the central slice extracted from the simulations 
were determined as described in Section 2.2. Fig. 4 shows the time- 
averaged bed heights for vibration frequencies of 0, 10, 20, and 30 Hz 
at superficial gas velocities of Uf,in = 2, 3, and 4 Umf. The reported mean 
values represent averages over the full 9 s sampling duration and three 
independent repetitions. The observed trends were consistent across 
repetitions, and no systematic temporal drift was detected within the 
recorded time window.

Fig. 4. Comparison of experimentally measured and simulated (slice and 3D 
method) averaged bed height at a flow of Uf,in = 2 Umf, Uf,in = 3 Umf, and Uf,in 
= 4 Umf and vibration frequencies of 0 Hz, 10 Hz, 20 Hz, and 30 Hz.
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For the non-vibrated case, the average bed height increases with 
increasing superficial gas velocity, as expected for bubbling fluidization 
due to increased gas holdup and bubble volume fraction. The CFD-DEM 
slice results show very close agreement with the MRI measurements at 2 
Umf. At 3 and 4 Umf, the slice-based simulation results are moderately 
higher than the MRI data, with an average deviation of approximately 
7.7%. Despite this deviation, the slice-based approach reproduces the 
velocity-dependent increase in bed height consistently. By comparison, 
the bed heights obtained from the full three-dimensional CFD-DEM data 
are consistently higher than both the MRI and slice-based results, with 
the deviation becoming more pronounced at 3 and 4 Umf. This system
atic difference between slice-based and full three-dimensional evalua
tion arises from the bed-height definition. In the three-dimensional data, 
the highest particle-containing point across the entire bed cross-section 
is considered, whereas the MRI and CFD-DEM slice-based methods only 
capture fluctuations within the central 10 mm region. Because bubble 
eruptions and local surface fluctuations occur throughout the bed cross- 
section, the absolute maximum bed height is not necessarily located 
within the central slice. As a result, slice-based measurements system
atically underestimate the global bed expansion compared to full three- 
dimensional evaluation.

When comparing vibrated and non-vibrated cases, no systematic 
change in average bed height beyond experimental and numerical un
certainties is observed for the investigated frequencies and gas veloc
ities. The trends established for the non-vibrated case are preserved: 
slice-based CFD-DEM results remain in close agreement with MRI 
measurements, while full three-dimensional results consistently yield 
higher absolute bed heights. The limited influence of vibration on 
average bed height can be interpreted in light of the operating regime 
discussed in Section 4.1. Under the investigated conditions, the time- 
averaged bed expansion is governed by gas-driven bubble formation 
and eruption. While vibration introduces an additional oscillatory ac
celeration, no measurable change in the mean bed height is observed. 
This indicates that any direct displacement induced by vibration, as well 
as any potential vibration-induced modification of bubbling behavior, 
remain small relative to the gas-driven contribution to bed expansion 
within the investigated parameter range.

4.3. Bubble diameter

Fig. 5 compares the bubble diameters measured from MRI data, CFD- 
DEM simulations (slice and 3D analysis), and established correlations 
from Kato & Wen [52], Werther [53], and Darton et al. [54] as a function 
of distance from the distributor for superficial gas velocities of Uf,in = 2, 
3, and 4 Umf.

At lower bed heights, good agreement is observed between all 
methods and the established correlations, indicating that initial bubble 
growth is reasonably described by classical scaling relationships. How
ever, at greater heights and at gas velocities of 3 and 4 Umf, both 
experimental and numerical results deviate from the approximately 
linear bubble growth predicted by the correlations. Instead, bubble 
growth is reduced, and in some cases, a decrease in bubble diameter is 
observed. Several mechanisms contribute to this behavior. First, large 
bubbles approaching the surface erupt, limiting further vertical growth, 
while smaller bubbles are still able to exist without being in contact with 
the surface. Second, bubble growth is constrained by the finite bed 
diameter of 96 mm. At higher bed heights, the average bubble diameters 
reach approximately 0.5–0.7 times the bed diameter, indicating signif
icant lateral confinement. Individual bubbles occasionally exhibit area- 
equivalent diameters exceeding the bed diameter due to their elongated 
shapes. Under such conditions, bubble coalescence and expansion are 
increasingly restricted by wall effects, and the system approaches the 
onset of slugging behavior. These confinement effects are not accounted 
for in the classical correlations, which are primarily derived for larger or 
effectively unconfined beds, and therefore tend to overpredict bubble 
growth in the present geometry.

Fig. 5. Comparison of experimentally measured, simulated (slice and 3D 
method) bubble diameter, and correlations for bubble diameter by Kato & Wen 
[52], Werther [53], and Darton et al. [54] as a function of distance from the 
distributor. From top to bottom diagrams show flow of Uf,in = 2 Umf, Uf,in = 3 
Umf, and Uf,in = 4 Umf.
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Regarding the comparison between analysis methods, the CFD-DEM 
slice method tends to overpredict bubble diameters relative to MRI 
measurements at higher bed heights, while the full three-dimensional 
analysis consistently yields lower values than the slice-based analysis. 
This difference arises from sampling effects: the slice method primarily 
captures centrally located, larger bubbles, whereas the three- 
dimensional evaluation includes smaller off-center bubbles that are 
not always intersected by the central slice. As not all bubbles coalesce 
during their ascent and bubble splitting events generate additional 
smaller bubbles, their inclusion in the three-dimensional analysis lowers 
the overall average diameter.

Fig. 6 presents the corresponding bubble diameter data for vibration 
frequencies of 10, 20, and 30 Hz (0.5 mm peak-to-peak amplitude). 

Within the investigated vibration intensity range (Γ < 1), no systematic 
change in bubble growth behavior is observed compared to the non- 
vibrated cases. The same confinement-induced deviation from classical 
correlations and the same methodological differences between slice- 
based and three-dimensional analyses persist across all vibration fre
quencies. This indicates that, under the present gas-dominated bubbling 
conditions, vibration does not substantially modify the bubble growth 
characteristics.

4.4. Number of bubbles

Fig. 7 compares the number of bubbles per frame as a function of 
distance from the distributor for the MRI measurements and CFD-DEM 

Fig. 6. Comparison of experimentally measured and simulated (slice and 3D method) bubble diameter as a function of distance from the distributor. From left to 
right columns show flow of Uf,in = 2 Umf, Uf,in = 3 Umf, and Uf,in = 4 Umf and rows top to bottom give vibration frequencies of 10 Hz, 20 Hz, and 30 Hz.
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simulations (slice and 3D method) at superficial gas velocities of Uf,in =

2, 3, and 4 Umf.
All methods show a consistent decrease in bubble count with 

increasing bed height, reflecting progressive bubble coalescence during 
ascent. This trend agrees with previous observations for bubbling beds of 
Geldart Group D particles [16]. The highest bubble numbers occur near 
the distributor, where bubble nucleation dominates. At low bed heights, 
the CFD-DEM simulations show an increase in bubble count with 
increasing superficial gas velocity, consistent with enhanced gas 
throughput and nucleation frequency. The MRI measurements do not 
exhibit this trend. Several factors may contribute to this discrepancy. 
First, the spatial resolution and threshold-based segmentation of the 
MRI data limit the reliable detection of very small bubbles near the 
distributor, particularly under more dilute conditions at higher gas ve
locities, where gas-solid interfaces become less sharply defined. Second, 
the numerical representation of the distributor as a uniform velocity 
inlet neglects possible local non-uniformities in gas injection that may 
influence initial bubble formation. In experimental systems, small-scale 
maldistribution or preferential gas pathways can affect the number and 
size of incipient bubbles. Third, the assumption of spherical particles in 
the DEM model, despite a measured sphericity of 0.87, may influence 
local packing structure, contact mechanics, and gas percolation path
ways in the dense region close to the distributor. Although the DEM 
parameters are calibrated to reproduce bulk properties such as angle of 
repose, bulk friction, cohesion, and density, this calibration ensures 
agreement primarily at the macroscopic level. Local microstructural 
arrangements near the distributor may still differ between real and 
modeled particles, potentially affecting bubble initiation and stability. 
Overall, these considerations indicate that discrepancies near the 
distributor likely result from the combined influence of measurement 
limitations and modeling assumptions. In contrast to the findings of 
Penn et al. [16], who reported an increase in bubble count with 
increasing superficial gas velocity at higher vertical positions in a 190 
mm diameter bed, neither the MRI measurements nor the CFD-DEM 
simulations in the present study show a comparable trend. This differ
ence is likely related to the smaller bed diameter (96 mm) used here, 
which enhances lateral confinement and promotes earlier coalescence, 
particularly at higher gas velocities, where bubble diameters approach a 
significant fraction of the bed diameter. The resulting proximity to 
slugging conditions limits the persistence of multiple discrete bubbles at 
higher positions in the bed.

At greater bed heights, bubble counts from all methods converge 
toward similarly low values due to extensive coalescence. In this region, 
methodological differences between slice-based and three-dimensional 
analyses become less pronounced because large, centrally located bub
bles dominate the bed cross-section. At lower bed heights, clearer dif
ferences between analysis methods are observed. Consistent with the 
bubble diameter results, the full three-dimensional analysis yields 
higher bubble counts than the slice-based method, as it captures smaller 
off-center bubbles that are not always intersected by the central slice. 
Conversely, the slice-based method may underrepresent the total bubble 
population due to its limited spatial sampling.

Fig. 8 shows the number of bubbles per frame for vibration fre
quencies of 10, 20, and 30 Hz (0.5 mm peak-to-peak amplitude). Across 
all frequencies, the overall bubble count distributions closely resemble 
the non-vibrated results. The height-dependent decrease due to coales
cence and the differences between slice-based and three-dimensional 
analyses persist under vibrated conditions, indicating that vibration 
does not measurably alter bubble nucleation or coalescence dynamics 
within the investigated parameter range.

4.5. Bubble rise velocity

Fig. 9 compares the bubble rise velocities obtained from MRI mea
surements, CFD-DEM simulations (slice and 3D analysis), and estab
lished correlations from Hilligardt & Werther [55], Werther [53], and 

Fig. 7. Comparison of experimentally measured and simulated (slice and 3D 
method) number of bubbles per frame as a function of distance from the 
distributor. From top to bottom diagrams show flow of Uf,in = 2 Umf, Uf,in = 3 
Umf, and Uf,in = 4 Umf.
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Donsi et al. [56] as a function of bubble diameter for superficial gas 
velocities of Uf,in = 2, 3, and 4 Umf.

All methods show the expected increase in rise velocity with 
increasing bubble diameter, consistent with buoyancy-driven bubble 
motion in bubbling fluidized beds. At 2 Umf, good agreement is observed 
between measurements, simulations, and correlations across the full 
bubble diameter range, although the Donsi et al. [56] correlation pre
dicts slightly lower bubble rise velocities for larger diameters. Since the 
Werther [53] and Donsi et al. [56] correlations do not include superficial 
gas velocity explicitly, they predict identical bubble rise velocities for 2, 
3, and 4 Umf. In contrast, the Hilligardt & Werther [55] correlation ac
counts for superficial gas velocity and therefore predicts increasing 
bubble rise velocities with increasing gas throughput. For smaller 

bubble diameters, the MRI measurements and both CFD-DEM methods 
show only minor dependence of rise velocity on superficial gas velocity, 
indicating that small-bubble motion is primarily governed by local 
buoyancy and surrounding solids dynamics rather than bulk gas 
throughput. For larger diameters, a clearer velocity dependence is 
observed. The MRI data show an increase in bubble rise velocity from 2 
to 3 Umf, followed by a slight reduction at 4 Umf. However, the signifi
cance of this trend is uncertain due to the larger standard deviations at 
elevated gas velocities and the reduced number of large bubbles 
contributing to the averages. The CFD-DEM simulations, particularly the 
slice-based method, exhibit a more pronounced increase in bubble rise 
velocity with increasing gas velocity for larger diameters, in closer 
agreement with the Hilligardt & Werther [55] correlation.

Fig. 8. Comparison of experimentally measured and simulated (slice and 3D method) number of bubbles as a function of distance from the distributor. From left to 
right columns show flow of Uf,in = 2 Umf, Uf,in = 3 Umf, and Uf,in = 4 Umf and rows top to bottom give vibration frequencies of 10 Hz, 20 Hz, and 30 Hz.
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Fig. 10 presents the corresponding results for vibration frequencies 
of 10, 20, and 30 Hz (0.5 mm peak-to-peak amplitude). Across all fre
quencies, the relationship between bubble diameter and rise velocity 
remains consistent with the non-vibrated results. The dependence of rise 
velocity on bubble size and gas velocity is preserved, and the quantita
tive agreement between MRI and CFD-DEM simulations remains un
changed. These findings indicate that, within the investigated parameter 
range, vibration does not measurably modify the buoyancy-driven rise 
dynamics of bubbles in the fully developed bubbling regime.

4.6. Interpretation of vibration effects and methodological implications

The quantitative results presented in Sections 4.2–4.5 allow a 
consolidated interpretation of the role of vibration under the investi
gated operating conditions for Geldart Group D particles. Across all 
examined quantities, including bed height, bubble diameter, bubble 
count, and bubble rise velocity, no systematic modification of bubbling 
behavior was observed for vibration intensities Γ < 1 at superficial gas 
velocities of 2–4 Umf. Sections 4.3–4.5 demonstrate that vibration does 
not measurably alter bubble growth, coalescence behavior, bubble 
population density, or the relationship between bubble diameter and 
rise velocity. Since time-averaged bed height in the bubbling regime is 
governed by the spatial distribution and dynamics of gas bubbles, the 
absence of significant changes at the bubble scale directly explains the 
unchanged average bed heights reported in Section 4.2. The bed-height 
results are therefore consistent with, and supported by, the bubble-scale 
analysis rather than representing an independent observation. These 
findings indicate that, for Geldart Group D particles operating well 
above minimum fluidization and at Γ < 1, bed hydrodynamics are 
governed primarily by gas-driven bubbling, with vibration acting only 
as a secondary perturbation that does not introduce measurable changes 
to the macroscopic flow behavior.

In addition, the comparison between slice-based and full three- 
dimensional analyses provides insight into measurement representa
tiveness. While slice-based evaluation reproduces the main hydrody
namic trends observed experimentally, the full three-dimensional 
analysis reveals systematic differences in absolute values, particularly 
for bed height and small-bubble statistics. These findings indicate that 
central-slice measurements are suitable for capturing trend behavior but 
may underestimate global extrema or off-center bubble populations in 
cylindrical beds. This has implications beyond the present study. Many 
MRI and related tomographic investigations rely on limited spatial 
sampling. The present results highlight the importance of considering 
sampling geometry when interpreting absolute hydrodynamic quanti
ties. The combined use of MRI and three-dimensional CFD-DEM there
fore provides complementary insight and strengthens confidence in the 
interpretation of hydrodynamic behavior.

5. Conclusion

This study investigated the hydrodynamics and gas bubble properties 
of non-vibrated and vibrated fluidized beds of small Geldart Group D 
particles using real-time MRI measurements and CFD-DEM simulations. 
The investigation covered superficial gas velocities of Uf,in = 2, 3, and 4 
Umf with vibration frequencies of 10, 20, and 30 Hz at a peak-to-peak 
amplitude of 0.5 mm. Two different analysis methods were employed 
for the simulation data: evaluation of the central 10 mm slice of the 
fluidized bed to directly mimic the MRI measurement approach and 
enable accurate comparison, and evaluation of the entire three- 
dimensional simulation domain to assess whether slice-based results 
are transferable to the full three-dimensional system.

For the non-vibrated fluidized beds, MRI measurements and CFD- 
DEM simulations showed strong agreement across bubble behavior 
and all investigated hydrodynamic properties. The CFD-DEM slice 
method successfully reproduced the trends observed in MRI measure
ments for bed height, bubble diameter evolution with height, bubble 

Fig. 9. Comparison of experimentally measured, simulated (slice and 3D 
method) bubble rise velocity, and correlations for bubble rise velocity by 
Hilligardt & Werther [55], Werther [53], and Donsi et al. [56] as a function of 
bubble diameter. From top to bottom diagrams show flow of Uf,in = 2 Umf, Uf,in 
= 3 Umf, and Uf,in = 4 Umf.
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count distribution over height, and bubble rise velocity as a function of 
bubble diameter across all tested superficial gas velocities. Nonetheless, 
some small but systematic deviations were observed: at lower superficial 
gas velocities, bubble diameters at higher bed heights were slightly 
overpredicted and the number of bubbles near the distributor was 
underpredicted, while at higher gas velocities, bed heights were 
moderately overestimated compared to MRI data. Both experimental 
and simulation results also showed good agreement with established 
correlations for bubble diameter (Kato & Wen [52], Werther [53], and 
Darton et al. [54]) and with bubble rise velocity correlations (Hilligardt 
& Werther [55], Werther [53], and Donsi et al. [56]) across the inves
tigated operating range.

For vibrated conditions, no systematic modification of bubbling 

behavior was observed for Γ < 1 within the investigated gas velocity 
range. These results indicate that, for Geldart Group D particles oper
ating well above minimum fluidization, low-to-moderate vibration in
tensities do not substantially alter macroscopic bubbling characteristics. 
The influence of vibration is therefore likely confined to operating re
gimes closer to minimum fluidization, higher vibration intensities, or 
particle systems with different material properties.

The full three-dimensional analysis of the simulation data revealed 
systematic differences in absolute quantities compared to the slice-based 
analysis. The three-dimensional analysis consistently showed higher bed 
heights, particularly at elevated gas velocities, due to its ability to cap
ture bubble eruptions and surface fluctuations occurring across the 
entire bed cross-section rather than only in the central region. For 

Fig. 10. Comparison of experimentally measured and simulated (slice and 3D method) bubble rise velocity as a function of bubble diameter. From left to right 
columns show flow of Uf,in = 2 Umf, Uf,in = 3 Umf, and Uf,in = 4 Umf and rows top to bottom give vibration frequencies of 10 Hz, 20 Hz, and 30 Hz.
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bubble diameter analysis, the three-dimensional method generally 
yielded lower average values than the slice method at higher bed 
heights, as it detected smaller bubbles distributed throughout the bed 
that were not intersected by the central slice. Conversely, for bubble 
count, the three-dimensional method consistently detected more bub
bles, especially near the distributor. These systematic differences 
demonstrate that while central-slice analysis captures overall hydrody
namic trends, it may not fully represent global three-dimensional 
quantities, particularly bed height and small-bubble statistics. This 
highlights the importance of considering spatial sampling limitations 
when interpreting tomographic measurements.

The present validation focuses primarily on bubble-scale observ
ables, namely bed height, bubble diameter, bubble count, and bubble 
rise velocity, which represent central descriptors of bubbling hydrody
namics and are directly accessible from real-time MRI measurements. 
These quantities capture key aspects of macroscopic bed behavior; 
however, relying exclusively on bubble-scale metrics does not fully 
assess all features of gas-solid interaction dynamics. The good agree
ment at the bubble scale supports the CFD-DEM model's ability to 
reproduce dominant hydrodynamic structures, yet additional validation 
at the level of pressure dynamics and solids kinematics would further 
strengthen confidence in its general predictive capability. Future work 
should therefore extend model assessment to such additional hydrody
namic metrics and explore a broader range of vibration intensities, 
particle classes, and bed geometries to further delineate the parameter 
space in which vibration effects become significant.
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