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In many industrial applications one aims for the design of efficient chemical reactions. This is often done using ex-
perimental analysis of the reactors in combination with numerical twins. However, the simultaneous modeling of flow,
mixing and chemical reaction remains a complicated task because the computational costs are still significant and of-
tentimes prohibitive. Here, we model and analyze mixing processes of chemical substances by a transfer operator
method using the Lagrangian trajectories of passive particles. In practice, we represent the spatial distributions of the
chemical species concentrations by density vectors. These are evolved by means of a stochastic transition matrix, which
is obtained as a numerical approximation of a transfer operator. In a further step, we model the reaction of the fluids
by specific update rules of the density vectors. The method is applicable for closed and open example systems and
different chemical processes such as competitive consecutive reactions. We demonstrate that the dynamic processes
are reflected well by this method. Furthermore, we evaluate the interdependence of the reaction fronts with Lagrangian
coherent structures which we define using set-oriented methods that also work well on three dimensional data.

chemical reactions.

In many industrial applications one aims for efficient chem-
ical reactions and their optimization is a central component of
research and development work in modern chemistry and pro-
cess engineering. The aim is to use resources more efficiently,
minimize waste and side products, and maximize the yield of
the desired product. For process engineers the question arises
as to the extent to which the transport and mixing processes
in a chemical reactor affect the efficiency of the reaction. Re-
search in this area focuses on theoretical modeling and anal-
ysis as well as on optimizing the underlying flow processes.
A key objective is to understand and identify different flow
regimes, for example in order to specifically improve mixing
and reaction yield in industrial devices such as stirred tank
reactors (STR) or microfluidic systems!'™.

The outcome of a chemical reaction depends on the mix-
ing pattern within the reactor. Van de Vusse® demonstrated
in a theoretical work that, for a complex reaction scheme, the
ideal reactor design that maximizes production of the desired
product is not obvious. He examined a competitive consec-
utive reaction and found that a non-mixing plug-flow reactor
(PFR) favors the production of the desired product but also
produces the waste product, whereas a perfectly mixing con-
tinuous stirred tank reactor (CSTR) reduces the production of
the waste product but also decreases the production of the de-
sired product. He compared the two ideal reactor types to de-
termine which is preferable under which conditions. Various
studies show that sometimes different reactors (semi-batch
reactor’ and PFR with a recycle stream®”) or a periodic in-
flow of the reactant into a CSTR'®!! have a positive effect
on the production of a desired product. The Van de Vusse
reaction scheme is just one example of a chemical reaction
that is very time-consuming and costly to investigate in prac-
tice. New methods and techniques allow for more efficient
and cost-effective investigations to increase the efficiency of

Our goal is to improve our understanding of the efficiency
of chemical reactions by analyzing the distribution of the
desired product within the reactor using a model-based ap-
proach. One significant advantage of model-based techniques
is their efficiency in terms of time and materials'?. Model-
based optimization of chemical reactions uses computer mod-
els to identify the optimal combination of experimental con-
ditions to achieve the desired results. These models can
range from data-driven approaches such as machine learning
to metaheuristic algorithms inspired by natural phenomena'3
to guide experiments and reduce the time and cost of tradi-
tional trial-and-error methods.

Here we develop a computational method to approximate
the chemical reactions dynamics in a reactor based on the tra-
jectory data of flow following, passive particles deployed in
the liquid. This new method allows us to study the yield and
selectivity for different pairings of reaction paths and reactor
designs at moderate computational costs. To mimic reactions
of chemical fluids in a reactor we use a set-oriented numeri-
cal approach and investigate the dynamics under the influence
of complex flow structures to understand how flow and diffu-
sion affect production levels. Set-oriented numerical methods
provide a computational framework for the global analysis of
classical dynamical systems!*!3 In this context, transfer op-
erator (or Perron-Frobenius operator) approaches'®!7 play a
major role. A transfer operator is a linear infinite-dimensional
operator that describes the evolution of densities under the ac-
tion of the nonlinear dynamical systems'8. Finite-rank ap-
proximations of such operators have been frequently used for
studying transport and mixing in fluid flows!®=2!.

In this work, we extend the transfer operator based transport
and mixing studies by including reaction processes of chem-
ical substances. The focus lies on coupling passive transport
through a time-dependent flow field with local chemical reac-
tions inside a reactor. Our analysis shows the intricate interac-
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tion between transport and reactions. To evaluate the perfor-
mance of our method, we consider three different underlying
flows fields that describe the motion of passive tracers in flu-
ids: the popular two-dimensional Double Gyre (DG)??, the
three-dimensional Arnold—Beltrami—Childress (ABC) flow??,
and a lab-scale STR model with simulated trajectory data from
Weiland et al.*.

We discretize the domains of the example flows into small
boxes and use Ulam’s method?* to construct a finite-rank ap-
proximation of the Perron-Frobenius operator. The transition
probabilities between boxes are calculated from the trajec-
tories of sample points per box, using the software package
GAIO (Global Analysis of Invariant Objects)!>. The resulting
numerical transfer operator describes the evolution of densi-
ties and can be interpreted as a transition matrix of a Markov
chain with transition probabilities between boxes as entries.

The Markov chain-based approach is then used to model
and analyze mixing and simultaneous chemical reactions. We
consider closed and open example systems and study different
chemical processes such as a competitive consecutive reac-
tion. The open system includes inflow and outflow dynamics,
while the closed system conserves total mass. In each time
step, densities are first transported and subsequently react. In
practice, we represent the spatial distributions of the chemical
species concentrations by density vectors, which are evolved
by means of the stochastic transition matrix>'. This approach
is similar in spirit to the mapping method?®, where a distribu-
tion matrix maps the concentration distribution from the inlet
to the outlet of a micromixer. In a further step, we model the
reactions by specific update rules of the density vectors, based
on the corresponding reaction kinetics.

The progress of reactions under the influence of chaotic or
turbulent flow and corresponding mass transport has been a
matter of study in different disciplines . The ratio of the flow
and the reaction time scales, the dimensionless Damkohler
number Da = 7y /7, has been found to play a crucial role
in the progression of liquid reactions’®?°. Oftentimes, this
dependence is only implicitly investigated’® by the evalua-
tion of a segregation measure that reflects the homogeneity
of the reactant distributions and has been found to depend on
the micromixing timescale®'. Whenever the mixing process
has one or more typical timescales, the mass transport and the
mixing can be analyzed on this specific timescale by the con-
cept of Lagrangian coherent structures (LCS). LCS determine
transport and mixing in fluid flows. Attracting and repelling
material lines and surfaces form the boundaries of LCS3233,
similar to unstable and stable manifolds of hyperbolic objects
in classical dynamical systems. Over the past almost three
decades, various Lagrangian methods have been proposed to
identify these structures (see references 34, 35 and 36 for an
overview and comparison). All LCS definitions, however, re-
quire the selection of an integration time-scale for the evalua-
tion of the mixing that can be freely adjusted to derive specific
information, e.g. it can be matched to the reaction time. This
can be used to understand the relationship between mixing and
reaction rates, which is a topic of current research interest®’.
In this work, we also want to investigate how the underlying
flow structures influence the reaction progress and yield and

take advantage of LCS for this purpose.

Pratt et al.>® demonstrated the importance of LCS, heuris-
tically identified by means of ridges in finite-time Lyapunov
(FTLE) fields, in bringing together reactive scalar filaments.
They showed that LCS act as underlying patterns that deter-
mine where reaction zones form. They also found that coher-
ent structures in fluid flows can substantially increase reaction
rates over intermediate time scales, sometimes by several or-
ders of magnitude, exceeding the steady-state rate. More re-
cent experimental results also report the same observation”.
This effect is caused by the continued stretching imposed by
an attracting LCS, which pulls the scalars into thin filaments,
resulting in high concentration gradients and segregation mea-
sures that increase the reaction rate. Gowen and Solomon*’
investigated the usefulness of FTLE fields as a tool for analyz-
ing the propagation of reaction fronts in advection-reaction-
diffusion systems. Using theories on burning invariant mani-
folds (BIM)*!, they explain reaction front patterns. They cal-
culated the burning FTLE field based on a three-dimensional
system of ordinary differential equations for reaction fronts
and found a clear correlation between the structures in the
burning FTLE sections and the BIM intersections.

In the context of set-oriented numerical methods, an
entropy-based approach has been proposed as an alternative to
FTLE to measure a stretching quantity*?: Finite-time entropy
(FTE) fields are a simple and flexible construction that can
be directly obtained from a numerical transfer operator. We
will use this approach in our present work. Similarly to the
results of the FTLE-based studies®®*°, we hypothesize that
reactions occur preferentially along attracting coherent struc-
tures, corresponding to regions with high FTE values in back-
ward time (b-FTE). We will test this hypothesis by comparing
b-FTE fields and reaction fronts in all example systems.

Our work aims to investigate the interaction between mix-
ing and reaction in chemical reactors to understand how mix-
ing influences the desired reaction yield. Our results should be
seen as a first step towards aiding to optimize reaction yields
through targeted mixing in the future.

The remainder of this work is organized as follows: Sec-
tion 2 introduces the set-oriented description of transport and
reactions, first reviewing the transfer operator based transport
of densities and then discussing selected chemical reactions
as example systems. Section 3 introduces the three flow fields
that will serve as reactor models, namely the DG, ABC, and
STR flows. Section 4 presents the numerical studies of the
selected chemical reactions for the different reactor models.
We conclude the article with an outlook in section 5. The ap-
pendix contains numerical results for the DG reactor modeled
with an advection-diffusion-reaction equation.

Il. SET-ORIENTED DESCRIPTION OF TRANSPORT
AND REACTIONS

In our set-oriented approach, we combine fluid mixing and
local chemical reactions inside different reactor models to an-
alyze transport and reactions of fluid particles. First, we will
review the set-oriented framework for the description of trans-
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port and mixing in fluid flows. In a second step, we will link
this with chemical reaction kinetics.

A. Transport of densities

We assume that fluid particles (tracers) move passively ac-
cording to

(1) = w(x(1),1), (1)

with trajectories (1) € R? (d =2 ord =3). Let ®: M — M be
the flow map that maps a tracer ¢y = (o) to its new position
®(xy) = x(tp + T) over the time span [fo,? + 7]. Note that
x(t) is a solution of the differential equation (1) for the initial
value x¢ = x(1o).

In practice, we represent fluids by density vectors, which
are evolved by means of a numerical transfer operator and are
subsequently updated according to an underlying chemical re-
action scheme. We model a chemical reactor as a compact
domain M C R (d =2 or d = 3) discretized into n disjoint,
connected sets (boxes) B;, i =1, ..n'%. Here M corresponds to
the respective domain of the underlying fluid flow. Each box
B; contains N uniformly distributed sample points of chemi-
cal substances x67k, k=1,...N. We use Ulam’s method?* for
a finite-rank approximation of an infinite-dimensional Perron-
Frobenius operator as a matrix P € R™" as follows:

#{k: ®(x),) € B}
ij = N )
i.e. the entry P; is estimated as the proportion of the fluid
particles that gets mapped from box B; to box B; under the
action of ®. We can interpret the row-stochastic matrix P as
the transition matrix of a Markov chain on a finite state space,

where the boxes B; represent the states. Without chemical
reaction, a fluid density vector V; € R" evolves according to

2

Viie= VP,

Note that in nonautonomous systems P depends explicitly on
time, i.e. P = P! but we drop the indices in the following
for convenience.

To simulate a diffusion process into neighboring boxes,
we construct a diffusion matrix D by choosing K test points
Xix € Bj, k=1,...K, in each box B; and representing the dif-
fusion over an &-ball centered at x;x!”. A ball of radius &
is approximated as a square or cube with a side length of 2¢.
Therefore, we choose another grid of points y; 4y, kX' =1,..K’
uniformly spread over Be(x; ;) to estimate the diffusion ma-

trix!”
#yikw €Bj}
Di="kgr )
and obtain the diffused transition matrix
P,=PD. “4)

Finite-time entropy (FTE) has been proposed as a nonlin-
ear stretching measure that is comparable to the FTLE, but

that can be directly computed from the numerical transfer
operator*?. For this, let u be a probability measure assign-
ing mass to the partition elements B;, i = 1,...,n. The entropy
of u is defined by

n

H(u)=—Y u(B;)logu(B:), (5)

i=1

which reduces to
n
H(p)=—Y  pilogp (6)
i=1

when writing p; = u(B;). The pushforward of u under the
flow map @ is given by @, = o d~!. In the discrete set-
ting, @, 1(B;) is approximated by Y7, p;P;j = (pP)j, where
P denotes the numerical transition matrix. Throughout, the
elements of the partition {Bj, ..., B, } have equal volume.

Let e; denote the n-vector with a single nonzero entry 1 at
position i. The FTE associated with partition element B; is
defined as*?

FTE(B.T) = —H(ePT)) = — 1 zn: P 1ogP". (1)

) ‘T‘ i ‘T|j:1 ij o’

where P7) is the discretized transfer operator correspond-
ing to ®7. As we are interested in attracting flow structures,
we will have to consider FTE fields computed in backward
time (b-FTE). To obtain a suitable backward-time transition
matrix without explicitly constructing a discretization of ®~!,
one may exploit the following simple relation: if the initial
and final domains coincide, then an appropriate backward-
time matrix, P, is obtained by transposing P and normal-
izing the rows to ensure unit row sums. For autonomous
(time-independent) systems with respect to P we denote
the backward time FTE by FTE(-,T).

For nonautonomous (time-dependent) systems, let P() (1)
denote the composite operator that captures the flow over the
full finite-time horizont 7;,, where P7»)(z) is obtained by the
composition of Ny, successive transition matrices, such that

Ty, = Nyept. For P (1), we define®?

FTE(B;,1,T,) = ﬁH(e,-P(T")(t)) (8)
1 n

= —|T| ZP(T”)(t)ijlogP(T”)(t)ij. 9)
nl j=1

With respect to PT(r),
FTEy(-,t,Ty).

To approximate the transfer operator, we use GAIO': By
successively bisecting M C R into smaller rectangles (d = 2)
or cuboids (d = 3) and using a binary tree for storage, the
partition elements B; are obtained. In each time step 7, we
move the fluids based on the transition matrix P (or Pp) and
then update the change in concentrations due to the chemical
reaction kinetics.

Let Cs, € R" represent a chemical substance S at time 7. In
what follows we denote by

Cs, :=Cs, P (10)

we denote the b-FTE by
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the time-evolved concentration vector for a chemical sub-
stance S on the time span [t,7 + 7]. We obtain C,, . from Cfs,
by a simulation of the chemical reaction as outlined below.

B. Example reaction systems

Now that we have described fluid transport, we will explain
how we calculate the local concentration density in each box
B; based on the underlying chemical reaction rule. Our ex-
ample systems include a simple chemical reaction in closed
reactor models and van de Vusse’s competitive consecutive
reaction® as an example of a complex chemical reaction in an
open reactor model.

1. Simple chemical reaction

For the simple chemical reaction, we consider a closed sys-
tem as a reactor model that is filled with reactants in selected
boxes at time #p. We consider the elementary chemical reac-
tion involving reactants A and B that form product C depend-
ing on the reaction rate constant, k, [L mol ™! s7!1. 1mol of A
and 1 mol of B form 1 mol of C. If A and B are in box B;, they
react with each other.

A+BLC

The rate constant k. depends on temperature and reaction
conditions. The reaction proceeds quickly if k, is large. If
k, is small, the reaction proceeds slowly. The reaction rate
rs describes how quickly the concentrations of substance S
change®:

—ra = —rp=rc =k-cacp

The concentrations change over time. A and B decrease at the
same rate (because they react 1:1):

a4 = —krcacp

cg = —kycacp.

C increases at exactly the same rate as A (or B) decreases, be-
cause 1 mol of each reactant produce 1 mol of product. Since
product C is formed, the rate of change in the concentration
of C is positive.

cc = +kycacp

The total amount [mol] therefore does not remain the same in
this example. The change in concentrations is always given
by the stoichiometric ratio, in this case: 1:1:1.

Assuming we have plenty of A and only a little B, the max-
imum concentration of B that can react is consumed at a 1:1
ratio. In this case, B is the limiting reactant. The limiting re-
actant determines when the reaction stops. The reaction in a
box automatically stops as soon as the concentration of one of
the reactants in that box B; reaches 0 mol.

The Euler method is used to simulate the reaction process
over the (rather) short time intervals of length 7. Therefore,

this simple numerical approach provides an efficient approxi-
mation of the differential equations of the reaction kinetics.

Using the time-evolved concentration vectors from (10) the
vectorized Euler scheme for the reaction process is then given
as

= C’A, —herA'At Oé’)};r
CBz+h = OB, —hkréA, OC'B, (11D
= éc, —l—herA, OCB,

Here o denotes the Hadamard product (element-wise multipli-
cation of the vector entries) and 7 = Nih, Nj, € N the internal
time step of the Euler scheme. We iterate N, steps and finally
set

CSt+r = CSt+‘E’

which is the concentration vector for the chemical substance
S € {A,B,C} at time ¢ + 7 after advection and reaction. The
reaction is simulated using k, = 0.1Lmol~!s~! for the reac-
tion rate constant.

2. Competitive consecutive reaction

For the competitive consecutive reaction in an open reactor
model, we continuously feed the reactant into selected input
area boxes and collect the chemical products from selected
output area boxes. Van de Vusse® examined the competitive
consecutive reaction

ALy R
24 By p

with constant reaction rates

ki [s™'] (first order reaction),
ky [s~!] (first order reaction) and

k3 [Lmol 's™!] (second order reaction).

to maximize the production of the desired product B.

This reaction can be described as competitive, in that on the
one hand, the reactant A becomes the desired product B, and
on the other hand, 2A becomes the waste product D. Further-
more, it can be characterized as consecutive, in that after A
becomes B, B becomes the waste product C.

For each time step, we calculate the current reaction rates
per box B;, where

—ra1 =11 = kica,
—rpy = k2CB and

2

—rA3 = k3CA7

and get the reaction rates for each fluid in that box:

2

—ra = —ra1—ra3 = kica JrkgCA

rg=rp1+rp = kica —kacp
rc=—rpg = kacp

1
p = §k3c§
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We simulate Van de Vusse’s competitive consecutive reaction
in an open reactor model. The constant feed concentration c,,
of pure A is continuously fed into the input area boxes Bijput
of the open reactor (volume V per box, flow rate vp) and the
concentrations of all products are pumped out of the output
area boxes Boygput. We assume that the inflow and outflow ve-
locities are identical. The calculation of concentrations varies
depending on the location of the box B; in the open reactor
model. For each box B; ¢ Binpur U Bourpur, the change of con-
centrations evolve according to

Cy = —kch—k3c%
cp = kica—kacp
cc = kocp

1
. 2
cp = *k3C .

2 A

In each box B; € Bjypu, the change of concentrations c, is
calculated differently by
. Vo
€A =370~ kica —kac,

whereas for each box B; € Bougut, the changes in concentra-
tions are given by

V
cp = —fOCA—kch—k3Ci
|4
Y
cp = —VOCB—i-kch—kch
. Vo
cc = ——cc+ke
C v C 2CB
. Yo 1 2
cp — —VCD—FE]CSCA.

Let I € R" denote an indicator vector of the inflow boxes
where I; = 1 if B; € Bigpue and 0 otherwise, and similarly
O < R" the indicator vector for the outflow boxes Boygpue. In
accordance with the approach proposed for the simple reac-
tion (see sect. II B 1), the vectorized Euler scheme for the re-
action of the substances based on the time-evolved concentra-
tion vectors from (10) is defined as

CAx+h = éAt—Fh(%CAoI—%éA,OO

—k1Cy, —k3Cy, 0 C'A,)

~ VO A N A
CBz+h = CBt—‘y-h(—VOCB[OO—I—leA,—szBt)

Ce., = CA’CtJrh(f“}/—OCA'C,oOJrszA'Bt) (12)
A N Vo A l A N
CDt+h = CD,Jrh *VCD,OOﬂLE]QCA,OCA, .

The concentration vector for each chemical substance S €
{A,B,C,D} at time ¢ + 7 after advection and reaction is again
obtained as Cs,, , := C’S, +- When iterating the Euler scheme
for N time steps of length 4 = £.

The competitive consecutive reaction in an open reactor

model is simulated using reaction rate constants k; = %s’l,

ky = %s’l and k3 = ﬁLmol_1 s~!. The example reaction
systems are simulated and analyzed in the reactor models de-
scribed below.

Ill. REACTOR MODELS

We examine three reactor models: a two-dimensional
DG flow??, a three-dimensional ABC flow?3, and a three-
dimensional STR*. These models demonstrate the effects
of fluid particle transport within a reactor on the production
of the desired product. The chemical reactor corresponds to
the domain of the flow M, where M C R? is a rectangle and
M C R3 is a cube or cylinder. We distinguish between closed
and open reactor models. In the closed system, M is invari-
ant. This means no particles starting in M can leave M and
no particles starting in RY \ M (d = 2 or d = 3) can enter M.
In some cases, a real reaction vessel functions more like a
semi-batch reactor than a batch reactor (closed STR), as the
chemical reaction already takes place during the filling phase.
In our closed reactor models, we do not represent a filling
process and start a reaction process with the assumed initial
distribution of the chemical substances. In a closed system,
the initial distribution of fluid particles changes due to mixing
and reactions.

In the open system, we implement inflow and outflow dy-
namics in defined inflow and outflow areas of the reactor.
There, particles enter and leave M as in a CSTR. We use the
explicit Euler method to approximate continuous inflow and
outflow, as described in sect. II B 2. In an open system, only a
neutral substance required for mixing is initially present in the
reactor, not any reacting tracers. Due to the continuous inflow
of the reactants, the concentrations of the resulting products
initially increase. The three reactor models are explained be-
low, starting with the two-dimensional DG reactor model.

A. DG reactor model

The DG flow is simple enough mathematically to be eas-
ily handled analytically and numerically. However, it is also
complex enough dynamically to simulate realistic phenom-
ena, such as chaotic mixing, transport barriers, and LCS. The
DG mixes the fluids over the domain [0,2] x [0, 1] with the
velocity field u defined by*?

x = —0.5msin(mf(x,t))cos(my)
y = O.Sncos(nf(x,t))sin(ny)%(x,t), where
flx,t) = 8sin(2mt)x* + (128 sin(27r))x. (13)

We differentiate between an autonomous (6 = 0) and a time-
dependent system with 6 = 0.1 or 6 = 0.5 (see fig. 1). For
better comparison with physically scaled reactor models, the
nondimensional DG was dimensionalized by assigning one
spatial unit to 0.1m and one time unit to 1s. Consequently,
the computational domain corresponds to 0.2m x 0.1m. For
the autonomous system, the average flow velocity is Uy ~
0.105ms™", which implies a flow time scale 7y, ~ 57920 ~
1.9s. For the time-dependent systems, the average flow veloc-
ities are Up | ~ 0.105ms~! and Uy s ~ 0.102ms~!, implying
the flow time scales 77, ~ 1.9s and 7y, ; ~ 2.0s.
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FIG. 1: Flow velocity field of the DG in an autonomous
system with 6 = 0 (a) and in a time-dependent system with
0 =0.1(b)and 6 =0.5(c) atr = 0.25s.

B. ABC flow reactor model

The ABC flow is a three-dimensional steady flow that is
exact solution of Euler’s equation?3. It involves three real pa-
rameters a, b and c¢. The Eulerian flow is 27-periodic in x, y,
and z, relative to rectangular Cartesian coordinates (see fig. 5),
and has velocity u = (%,y,2), where

X = asinz+ccosy,
y = bsinx+acosz,

Z = csiny+bcosx.

The map x(0) — x(¢) defines a conservative dynamical sys-
tem. M =T isa periodic cube (torus) and its coordinates are
defined modulo 27:

0<x<2m,0<y<2m0<z<2m

Early numerical experiments by Hénon** have proven chaos
in the special case a = ﬁ, b=+2and c = 1, which we
will consider in our numerical study. For better comparison
with physically scaled reactor models, the nondimensional
ABC flow was dimensionalized by assigning one spatial unit
to 0.1m and one time unit to 1s. Consequently, the com-
putational domain corresponds to 0.27xm X 0.2zm x 0.27m.
The average flow velocity of our ABC flow reactor model
is U ~ 0.233ms~!. This implies the flow time scale T =
027rm 2.7s.

1 ~

0.233ms

C. STR model

The final reactor model we consider is an STR, which pro-
vides a realistic representation of fluid mixing and reaction
processes. Here, rather than employing a velocity field de-
scription, we utilize given trajectory data obtained from a Lat-
tice—Boltzmann simulation of a 2.8 L lab-scale vessel by Wei-
land et al.*. The reactor is cylindrical, with a base radius of
r = 0.0655m and a height of / = 0.24m (see fig. 8). The ro-
tational speed of the mixer is 252 rotations per minute. The
dataset comprises approximately 355,000 particle trajectories
spanning about 2.4 s, resolved into 239 frames. The average
flow velocity of the STR model is U ~ 0.062ms~!. This im-
plies the flow time scale 7y = % =~ 3.9s. We distin-
guish between a closed and an open STR model representing
a CSTR with input and output dynamics (see fig. 13).

a)
0.1 B
S 005 Aand B
0 J
0 0.05 0.1 015 02 f§a
x/m
b) c) d)
0.1 0.1 0.1
] ] ]
EOFOSW >0>05m lo.osi
0 0 0
[ 005 01 015 02 [ 005 01 015 02 0 005 01 015 02
x/m x/m x/m
e) f) 2
0.

yim

0.1 1 0.1
govosﬁ go.osﬁ » 0.05_
0 0

0
0 005 01 015 02 0 005 01 015 02 0 005 01 015 02
x/m x/m x/m

FIG. 2: Initial distribution (a) and product distribution at
t = 1s after mixing (no reaction) for the DG without diffusion
(b-d) and with diffusion (e-g) for = 0 (b,e), 6 = 0.1 (c,f)
and 6 = 0.5 (d,g).

IV. COMPUTATIONAL STUDIES

In this study, we simulate both non-reactive mixing and
a simple chemical reaction within the DG, ABC flow, and
closed STR reactor models, as well as a competitive consec-
utive reaction in an open STR model. We evolve reactants A
and B both with and without additional diffusion in the dif-
ferent closed reactor models and compare the product distri-
butions. Furthermore, we examine the correlation between
backward-time FTE fields and the spatial distribution of the
reaction front. Finally, for the open STR model, we analyze
the total yield and the internal distribution of the desired prod-
uct.

A. Mixing and reaction in a DG reactor model

We discretize the DG reactor model into 2! boxes. Each
box B is a square with a side length of d = 7.8 x 10~*m and
contains 100 test points on a uniform inner grid. The initial
distribution at time 7y = Os is ¢4 = 1mol L ™! per box in the up-
per half of the reactor and cz = ImolL~! per box in the lower
half (see fig. 2). We simulate diffusion by approximating an
e-ball for each test point with radius € = 0.002m by 25 grid
points, so that € ~ 5r, with a radius r = %d =39%x10"*m
per box B;. For the DG, we calculate the transition matrix P
(or Pp) for T =0.1s. For the periodic systems with 6 = 0.1
and 0 = 0.5, we thus calculate ten transition matrices, i.e. on
[0,0.1]s,[0.1,0.2]s,...[0.9,1]s.

When we mix substance A for each time step 7 = 0.1s
with substance B and compare the product distribution at time
t = Is, we see a pronounced difference in mixing without and
with diffusion (see fig. 2). Without diffusion, at t = 1s, there
are predominantly boxes containing only A or only B. With
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FIG. 3: Total concentrations C¢c [molL~!] for the DG.

diffusion, there are predominantly boxes that contain both A
and B.

We simulate the simple chemical reaction in the DG reactor
model with an initial distribution of fluid A in the upper half of
the reactor (see fig. 2) and fluid B in the lower half, with each
box B; containing ImolL~! of the substance present there.
For each time step T = 0.1s, the particles are transported and
then react using the Euler scheme (11) with 2 =0.01s.

If we compare the reaction for the DG without and with
diffusion, we see that the reaction with diffusion initially
occurs faster (see fig. 3). For reaction rate constant k, =
0.1Lmol~'s~! and the maximum initial concentrations Cay =
cBy, = ImolL~!, this implies the reaction time scale 7, =

1 _ : ~
O Tomor T s T Tl — 10s. For the flow time scales 77, =~ 1.9s

(6 =0), 75, ~ 1.95 (6 = 0.1) and 77, ~ 2.0s (8 = 0.5), the

Damkohler numbers are Day = o 11'—3: ~ 0.19, similarly

Day1 ==~ 0.19 and Dag 5 =~ 0.20. For the DG reactor model,
Day ~ Day | =~ Day s < 1 indicate that advection is faster than
the chemical reaction.

At the beginning of the reaction process, the reaction front
and the concentration distribution of C are nearly identical for
the DG. Therefore, for t = 4s, we only show the concentration
distributions of C (see fig. 4). These compare nicely to the
corresponding concentration distributions from the numerical
solution of the respective advection-diffusion-reaction partial
differential equation (see fig. 14 in the appendix). The re-
action process is completed most quickly overall in the au-
tonomous system with diffusion followed by the autonomous
system without diffusion (see fig. 3). In the time-dependent
systems, the reaction is completed most quickly for § = 0.1
with diffusion followed by 6 = 0.5 with diffusion. If we con-
sider the systems with and without diffusion separately, the
reaction requires more time overall for a larger delta.

Depending on § and diffusion, the backward-time FTE dif-

fer for the DG, where higher values are observed in systems
with diffusion (see fig. 4). The higher the b-FTE, the more
tracers collide. If these are the two reactants, A and B, they
will react with each other. Of course, the initial distribution of
the reactants affects where they collide and react. The ques-
tion now is whether there is an increased reaction in boxes
with high b-FTE. To demonstrate that there are matches be-
tween high reactions and high b-FTE, we will consider the
5,000 highest reaction values and the 10,000 highest FTE
in backward time values (see fig. 4). Without diffusion, the
strongest reactions occur primarily in boxes with high back-
ward FTE and outside or at the edge of the nearly invariant
sets in the vortex center area. At time ¢t = 4s, the concentra-
tion of C in the DG reactor model with diffusion is compara-
tively low around x = 0.1m. Although there are high b-FTE
values in this area, there are also low reaction rates, consistent
with the low concentration level. The red boxes indicate the
correspondence between high reaction and high b-FTE values
for all systems. The agreement of high b-FTE values and high
reactions emphasizes the importance of the FTE field in re-
actor design. However, depending on the initial distribution
reactions also occur in regions with low b-FTE values.

B. Mixing and reaction in an ABC flow reactor model

We discretize the ABC flow reactor domain, which has an
edge length of 0.27rm, into 2'® boxes (see fig. 5). Each box
B; is a cube with a side length of d = 0.00982m and contains
125 test points on a uniform inner grid. At time 7o = Os, the
initial distribution is ¢4 = ImolL~! per box in the upper half
of the reactor and ¢z = ImolL~! per box in the lower half
(see fig. 5). We simulate diffusion by approximating an £-ball
for each test point with radius € = 0.025m by 125 grid points,
so that € ~ 5r, with a radius r = %d = 0.00491m per box. We
calculate the transition matrix P (or Pp) for the ABC flow for
T=1ls.

When we mix substance A for each time step 7 = 1s with
substance B and compare the product distribution at time ¢ =
2s, again mixing is enhanced by diffusion (see fig. 5).

We simulate the simple chemical reaction in the ABC flow
reactor model with an initial distribution of fluid A in the up-
per half of the reactor and fluid B in the lower half, with each
box B; containing 1mol L ™! of the substance present there (see
fig. 5). For each time step T = 1.0s, the particles are trans-
ported and then react using the Euler discretization (11) with
time-stepping & = 0.01s.

If we compare the reaction without and with diffusion, we
see that the reaction with diffusion initially occurs faster and
is completed most quickly (see fig. 6). For reaction rate con-
stant k, = 0.1Lmol~'s~! and the maximum initial concen-
tration ¢4, = cp, = ImolL~!, this implies the reaction time
scale 7, = TR slfl‘lmolL*l = 10s. For the flow time scale
Ty ~ 2.7s, the Damkohler number is thus Da =~ 0.27, indicat-
ing that advection is faster than the chemical reaction. Be-
cause the ABC flow is three-dimensional and chaotic, the re-
action front between A and B becomes severely stretched and
folded. Da ~ 0.27 indicates that the chemical reaction oc-
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(a-c,g-1,m-0) and with diffusion (d-f,j-1,p-r) for § = 0 (column 1), § = 0.1 (column 2) and 6 = 0.5 (column 3). The highest
reaction front (blue and red) is shown at ¢ = 4s, where the red boxes represent the matching of both high reactions and b-FTE

FIG. 5: Initial distribution (a) and product distribution after
mixing (no reaction) for the ABC flow without diffusion (b)
and with diffusion (c) at r = 2s.

(m-1).

curs during this complex deformation, resulting in a broad,
dispersed reaction zone (see fig. 7). Because the Damkohler
number is only slightly larger for the ABC flow reactor model
than for the DG reactor model, both systems exhibit a similar
increase in total concentrations Cc [molL™!] (see fig. 6).

The distribution of different concentrations (see fig. 7) sug-
gests that higher concentrations are present in certain boxes B;
with high b-FTE values, i.e., in the ridges of the b-FTE field.
At the beginning of the reaction process, the reaction front
and the concentration distribution of C are nearly identical.
Therefore, we only show the concentration distribution.

The backward time FTE fields highlight attracting coherent
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reactions and b-FTE.

structures (see fig. 7). The b-FTE fields differ for the ABC
flow depending on whether diffusion is applied or not, where
higher values are observed for the diffusive case. Although the
range of FTE}(-,2) is greater compared to the FTEp(-,5) as
shown in figure 11 in reference 42, the same coherent struc-
tures are identified. The attractive coherent structures in the
b-FTE fields correspond to the hyperbolic repelling LCS in
the ABC flow, as shown in figure 4 in references 45 and fig-
ure 6 in 46. To demonstrate that there are matches between
high reactions and high backward time FTE, we will consider
the 75,000 highest b-FTE values and we differentiate between
the 25,000 highest reaction values without diffusion and the
75,000 highest reaction values with diffusion. We found both

a) b) c)

0.1

0.0! 0.13

0 0
01005 0 007 041 005 0
x/m z/m x/m

0.13
0.07

0
Zim x/"O‘J 005 0

z/m

FIG. 8: Initial distribution (a) and longitudinal section of
reactant distribution after mixing (no reaction) in the STR
without diffusion (b) and with diffusion (c) at
t =19+ 0.95238s (four rotations).

the highest b-FTE and the highest reactions near the center
of the diffusive ABC flow reactor model, which is not visi-
ble from the outside. Therefore, we consider 75,000 instead
of 25,000 highest reaction values for the diffusive system to
make the correlation visible from the outside of the ABC flow
reactor model (see fig. 7). The red boxes indicate the corre-
spondence between high reaction and high b-FTE values for
both systems. The agreement of high b-FTE values and high
reactions emphasizes the importance of the b-FTE field in re-
actor design. However, depending on the initial distribution,
reactions may also occur in regions with low backward FTE,
which corresponds to elliptic regions with longer residence
time.

C. Mixing and reaction in a STR model

We model the STR by discretizing a cuboid with height
[, width 2r, and depth 2r into 216 phoxes. Each box B;is a
cuboid with side lengths dy = 0.004m, d, = 0.0038m and
d, = 0.004m. We then remove boxes that do not contain tra-
jectories and obtain a STR with 49,983 boxes whose union
approximate the desired cylindrical shape (see fig. 8). Ini-
tially, the median is 77 test points in each box B; from which
trajectories start. In the closed STR model, the initial distri-
bution at time g is ¢4 = 10molL~! per box in a sphere with a
radius of 0.02m, located in the center of the upper half of the
reactor, and ¢z = 10mol L =" per box in a sphere with a radius
of 0.02m, located in the center of the lower half (see fig. 8).

We simulate diffusion by approximating an €-ball for each
test point with radius € = 0.0l m by 125 grid points, so that
€~ 5r, with aradius r = 0.002m (r, = 0.002m, r, = 0.0019m
and r, = 0.002m) per box. We calculate the transition matrix
P (or Pp) for one rotation, i.e. T = % ~ 0.2381s.

When we mix substance A for each time step 7 = 0.2381s
(one rotation) with substance B and compare the distribution
of A and B at time r = ) +0.95238s, we again observe the
mixing-enhancing effect of diffusion (see fig. 8). The boxes
containing A and B after mixing correlate with those with high
b-FTE values, particularly in the diffusion-free scenario (see
fig. 10).

We simulate the simple chemical reaction in the STR model
with the same initial distribution of fluids A and B (see fig. 8).
For each time step T = 0.2381s (one rotation), the particles
are transported and then react using the Euler scheme (11)
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with step size h = %‘C.

Due to the initial spatial separation of the reactants, no re-
action can occur initially. In this case, the reaction is mixture-
limited. For this reason, we use an average initial reactant
concentration of 0.1068molL~! per box in the STR model
to calculate the Damkohler number. For reaction rate con-
stant k, = 0.1Lmol~'s™1!, this implies the reaction time scale
T = e s’ll~0.1068molL*1 ~ 93.6s. For the flow time scale
Ty = 3.9s, the Damkohler number is Da ~ 0.04, indicating
again that advection is much faster than the chemical reaction.
Compared to the DG and the ABC flow reactor models, trans-
port dominates the reaction even more strongly in the STR
model. This is the reason for the increase in product concen-
tration that can still be observed even after 1,000s (see fig. 9).

The first reactions and the formation of product C also oc-
cur in boxes with high b-FTE values (see fig. 10). Compar-
ing the reaction in our STR model without and with diffusion
shows that the absence of diffusion leads to a marginally faster
reaction (see fig. 9). However, at the beginning of the reaction
process up to t =ty + 19.2857s (81 rotations), higher desired
concentrations are generated in the system with diffusion, as
in the models considered previously.

Depending on diffusion, the b-FTE fields differ for the STR
model, where higher values are observed with diffusion (see
fig. 10). The b-FTE without diffusion at time t =79 +0.2381s
(one rotation) can be compared with the b-FTLE at time ¢t =
to+0.16s shown in figure 7 in reference 4, which exhibits the
same structures.

To demonstrate that there are matches between high reac-
tions and high b-FTE values, we will consider the 2,000 high-
est reaction values and the 5,000 highest b-FTE values. The
red boxes indicate the correspondence between high reaction
and FTE values. Because the two systems have nearly iden-
tical matching boxes, diffusion in the STR model has little
impact. This is confirmed by the nearly identical total con-
centrations Cc in the STR (see fig. 9). This is probably due
to the unresolved small scales in the Lattice Boltzmann sim-
ulation that already have a similar effect on the dynamics as
additional diffusion. The distribution of different concentra-
tions and reaction levels suggests that higher concentrations
are present in certain boxes B; due to entropy and stronger re-
actions occurring there (see fig. 10 and 11). At the beginning
of a reaction process, the strongest reactions initially occur in
regions with high b-FTE values (see fig. 10). Subsequently,
most of the strongest reactions occur between these regions
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(see fig. 10 and 11). Att =1y +2.3810s, both reactants react
in the central boxes and the reaction front continues to spread
through the middle of the reactor (see fig. 11). After A and B
react in the center of the reactor to form C, C could act at a
y-height of approx. 0.1 m, i.e. in the upper region with high
b-FTE values, as a barrier, preventing further high reactions
between A and B (see fig. 10 and 11). Weiland et al.* identi-
fied five coherent regions, three in the upper, one in the lower
area of the STR and one at a y-height of approximately 0.15m.
Due to the initial distribution, after mixing, A is located in
one or more upper coherent regions and B is located in the
lower coherent region. Consequently, the strongest reactions
can only occur between these coherent regions. This strongest
reaction area is precisely located between the highest b-FTE
regions (see fig. 10 and 11). In the long term, reactions occur
throughout the reactor, but they are minor because the reaction
process is almost complete.

D. Competitive consecutive reaction in a CSTR model

The open STR model represents a CSTR with input and
output dynamics. It contains only a neutral liquid at time
to. Reactant A is introduced into the input area at a con-
centration of ¢y, = 10molL~! per box and a flow rate of
vo = 1 x 107*Ls~!, where each box has a volume of V =
dydyd; = 6.08 x 107°L (see fig. 13). All substances in the
output area are released at the same rate. To ensure that the
input and output area contain the same number of boxes (here
1,000), these boxes are determined using the Euclidean dis-
tance function with the desired number of boxes, so that the
input boxes are close to (max(x),max(y),max(z)) and the out-
put boxes are close to (0,0,0) (see fig. 13).

We simulate diffusion by approximating an €-ball for each
test point with radius € = 0.0l m by 125 grid points, so that
€~ 5r, with aradius r = 0.002m (7, = 0.002m, r, = 0.0019m
and r, = 0.002m) per box. We calculate the transition matrix
P (or Pp) for one rotation, i.e. T= % ~ 0.2381s. For each
time step T = 0.2381s (one rotation), the particles are trans-
ported and then react based on the Euler scheme (12) with
time step h = %T.

Since the CSTR contains no chemical species at the start
of the reaction process, with concentrations subsequently in-
creasing, we use the concentration c4, = 10molL~! to cal-
culate the Damkohler number Dajz. For the reaction rate
constants k| = %s’l and k3 = ﬁLmol_l s~1, this implies
the Damkd&hler numbers Da; = ki - 7p = %25’1 -3.95s = 0.05
for the first-order main reaction and Da3z = k3 - ca, - Tf =
;@Lmolfl s~!1-10molL~"-3.9s ~ 0.11 for the second-order
side reaction. Because Da; < 1 and Das < 1, transport in
the CSTR model is much faster than the chemical reactions.
The concentration of A increases very rapidly in the reactor,
and the fluid leaves the reactor before a significant portion of
A can react to B or D (see fig. 12). Furthermore, the output
concentrations of B and D reflect Da; < Das, since transport
dominates the reaction to B more than the reaction to D.

If we compare the competitive consecutive reaction in our
CSTR model without and with diffusion, we get higher out-
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diffusion (c) at t =15+ 20s.

put concentrations Cp with diffusion as expected (see fig. 12).
Because B is initially located in a coherent region in the upper
half of the reactor, its distribution in the CSTR model is slow,
and only very low concentrations reach the output area (see
fig. 13). Only very low concentrations of B reach a y-height
of the reactor of less than 0.1 m, meaning that only a small
amount of B passes beyond the upper region with high b-FTE
values, which B passes through in the direction of the output
area (see fig. 10). This suggests that high b-FTE values may
also pose a barrier in a CSTR.

V. CONCLUSION AND OUTLOOK

Our numerical studies using DG, ABC flow, and STR reac-
tor models link mixing with chemical reactions via the trans-
fer operator. These simulations provide insight into the reactor
models to help us understand where high concentrations and
reaction fronts are present. A comparison of the backward
time FTE fields with reaction fronts has shown that, across all
models, high product concentrations are present in boxes with
high FTEs. However, depending on the initial distribution re-
actions may also occur in regions with low b-FTE values.

Different product yields are achieved depending on the re-
actor model because the mixing process influences the distri-
bution and interaction of the reactants within the reactor. For
the simple chemical reaction, the Damkohler numbers con-
firmed that transport is faster than the reaction—across all re-
actor models considered. Transport dominates the reaction
most strongly in the STR model. The results reflect the sim-
ulated total concentrations of the target product in the respec-
tive reactor models. Therefore, the duration of a reaction pro-
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cess also depends on the underlying flow field of the respec-
tive reactor. In the CSTR model, the low Damkohler num-
bers could explain the different concentrations of the target-
and byproducts. We also found that, in all models, the reac-
tion process occurs faster with diffusion and leads to higher
desired concentrations, except for the closed STR, where the
reaction overall is slightly faster without diffusion.

The transfer operator framework can be used as a time-
and cost-effective tool for investigating chemical reaction pro-
cesses. This includes open systems and complex reactions,
such as van de Vusse’s competitive consecutive reaction in a
CSTR, can be simulated and investigated using the transfer
operator method. Selecting specific input and output areas al-
lows one to view and trace the distribution or flow of a product
within the reactor. We found that high b-FTE values could re-
duce the effectiveness of a CSTR. Shifting inflow and outflow
regions demonstrate the most effective method for maximiz-
ing the desired product. The transfer operator method can be
used to quickly and easily adjust the mixing parameters and
initial distribution to ensure optimal settings before a real re-
action process. The method can be used to conduct in silico
reaction experiments, testing for example different initial dis-
tributions and provides a simple model basis for optimization.

Additional effects, such as the presence of catalysts, could
be taken into account in the proposed framework. In future
work, we aim to compare our simulations with experimen-
tal data. Further, we plan to use a network-based method
to model chemical reactions. That framework is grid-free
and has been applied to model advective-diffusive transport
of scalar quantities*’. Thus it will be applicable to complex
reactor geometries and cases where only sparse Lagrangian
tracer trajectories are available.
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Appendix

To demonstrate the validity of our approach, we consider
the numerical solution of the two-dimensional advection-
diffusion-reaction equation for the simple reaction A + B —
C in the double gyre flow. Let ca(x,?), cp(X,?), and cc(X,1)
denote the concentrations of species A, B, and C, respectively.

Their transport and reaction is governed by the following sys-
tem of partial differential equations

aCA

W—f—u-Vc‘A = KVch—kcAcB7
aCB 2
W—f—chB =KkVcg—kcacp,
d

%—FILVCC: K‘V2CC+/€CACB,

where K > 0 is the (common) diffusion coefficient and k > O is
the reaction rate constant (here k = 0.1). The advecting veloc-
ity field u = (x,y) " is that of the double gyre flow (equation
(13)). We choose the same initial conditions on the domain
[0,2] x [0,1] as described in section IV A, i.e.

1 x<1,
0 x>1,’

0 x<1,

CB<x7y70) = 1 x> 1 )

CA(X,y,O) =

and c¢(x,y,0) = 0. Zero-flux (Neumann) boundary conditions
are applied to all species on every wall. The system is numer-
ically solved by a high-order finite-volume scheme, the code
will be published alongside the manuscript. The resulting con-
centrations of C at t = 4s are shown in fig. 14.
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