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To my father





Abstract

Dynamical models of heating systems are derived taking into account the
multiplication of temperature difference and flow rate, arising from the
heat power balances. Multilinear time-invariant (MTI) models in tensor
representation are shown to be adequate for heating systems. Tensor
decomposition techniques are applied for rank reduction. A method to
derive multilinear approximations of nonlinear models is presented. The
multilinear property is used for the controller design. Further model-
based controller designs for different heating system examples using non-
linear and switched affine models are discussed and evaluated.

Dynamische Modelle von Heizungsanlagen werden erstellt, wobei die
Multiplikation von Temperaturdifferenz und Volumenstrom, die in den
Wärmeleistungsbilanzen auftritt, berücksichtigt wird. Heizungsanlagen
können als multilineare zeitinvariante (MTI) Modelle in Tensordarstel-
lung modelliert werden, für die Methoden der Tensordekomposition zur
Reduzierung des Ranges anwendbar sind. Eine Methode um multi-
lineare Approximationen von nichtlinearen Modellen zu erstellen wird
vorgestellt. Die multilineare Eigenschaft wird für den Reglerentwurf
verwendet. Weitere modellbasierte Reglerentwürfe für nichtlineare und
stückweise affine Modelle unterschiedlicher Heizungsanlagen werden dis-
kutiert und bewertet.
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1 Introduction

This introduction starts with the statement of the amount of consumed
energy for heat supply of the buildings in Germany. Followed by some
basics of heatings systems. The research question is stated, an overview
of the current state of the art is given and the structure of the work is
presented.

1.1 Energy

In Germany in 2012 about 34 % of the final energy was used for room heat
and warm water supply, [1]. The use of modern boilers with condensing
burners may reduce the required amount of energy to supply the building
with heat by up to 20 %, [2]. Poorly tuned controllers waste 5 % to 30 %
of the energy that could be used for heat supply. Thus, assuming the
worst case for all controllers, up to 918 PJ of energy are wasted in the
process of supplying buildings with heat.

1.2 Basics of heating systems

The main purpose of heating systems is the generation of heat, which
can be done using different heat generation units. For example a boiler
with an attached burner can heat up water by burning gas or oil in the
burner. The boiler contains the water which is heated. Other examples
are combined heat and power stations, where the gas is used for the
generation of electrical power and the waste heat is used for heat supply
of a building or solar collectors, which use solar radiation to heat up a
carrier medium. Also widely used is district heating. Power plants use
the waste heat to supply the surrounding buildings with heat. The heat
is generally transferred with heat exchangers to hydraulically decouple
the heating system of the building and the power plant. The heated
water is then pumped through pipes to supply radiators or thermo-active
building systems with heat, which in turn supply the building with heat.
Thermo-active building systems are constructed by implementing pipes
in the concrete structure of a building, having the advantage that lower
temperatures can be used in comparison with radiators.
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For all heating systems under investigation in this work, the carrier
medium in the pipes is assumed to be water. This is without loss of gen-
erality, since just the density and specific heat coefficients would change
with different carrier mediums.

The temperature of the water coming out of the heat generation unit
will be called the supply temperature and denoted by Ts. The temper-
ature of the water returning to the heat generation unit is called return
temperature Tr. The consumer consists of all pipes, radiators, etc. in
the building. If for the model of the heating system also a building
model is used, this is also integrated in the consumer. If a three-way
valve is implemented in front of the consumer, the supply temperature
is not necessarily the consumer’s supply temperature, which is the tem-
perature of the water entering the consumer. The three-way valve can
be used to cool down the supply temperature by adding water coming
out of the consumer to the water going into the consumer. This can
be used to supply the consumer with water of a specific temperature.
Admixing pumps can be used to heat up the water going into the heat
generation unit. Here the consumer’s return temperature is increased by
adding water from the heat generation output to the water going back
into the heat generation unit. This can be beneficial when the boilers
need a specified minimal return temperature. Pumps are used to gener-
ate a flow rate V̇ in the pipes, such that the water circulates. Figure 1.1
illustrates these definitions. The difference between supply and return
temperature will be denoted by temperature difference or temperature
spread.

Heat
generation

unit
ConsumerAdmixing-

pump

Pump

Pump

3-way
valve

Supply temperature Consumer’s supply temperature

Consumer’s return temperatureReturn temperature

Figure 1.1: Scheme of a heating system
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1.3 Research question

On the one hand, it has already been established, that improving the
operation of heating systems can save a large amount of energy. The
use of model-based controllers is widely used, therefore the investigation
of these controller design methods for heating systems seems straight
forward. On the other hand models of heating systems are quite chal-
lenging. First, multiplications of the states will occur and second also
switching is part of the model. Thus, models of heating systems are of-
ten hybrid models, having continuous-valued and discrete-valued states.
Since the continuous-valued dynamics are not linear, switched affine sys-
tems can not directly be used to model heating systems. The class
of tensor systems is able to model these aspects.

The research question which was investigated in this work is:

What are the benefits of controllers synthesized using models of
heating systems compared to existing controllers?

It is obvious, that not all advantages and disadvantages of the use of mod-
els can be stated. Nevertheless, the question is left somewhat imprecise
because for different controller designs different aspects are regarded.
For all designs a cost function is defined to specify the aspects that are
under investigation. The model of the heating system was either used
to design the controller, but no longer needed when the controller was
designed or in the controller itself, such that the model was used during
the control of the heating system. Different controller design methods
were used for different buildings. In the design procedures different as-
pects were under investigation. Whereas the comfort always had to be
met, the different buildings had different problems. For example in one
building the switching rates of the boilers were too high or in another
building the control of a hot water storage tank was suboptimal. For
all models the abstraction level is similar and all models are created on
the basis of heat power balances. Only the thermal part of the heating
systems is investigated, no cooling systems are regarded and also no ven-
tilation or air conditioning systems are investigated. The models take
into account the multiplication of temperature difference and flow rate,
arising from the heat power balances. This term prevents the use of lin-
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earized models, since the operating regions, for which the linear model
is valid is only very small.

1.4 State of the art

The basis of model-based controller design is the model. Therefore it
is of interest to look at models of buildings and their heating systems.
Approaches to building and heating system models are numerous, see
e.g. [3, 4]. In most of those models a white box model of the building
is generated, where floor plans, window areas etc. are measured. This
leads to quite complex models, which are able to capture even smaller
effects of the building operation, but are too extensive to be used on
model-based control schemes like model predictive control.

Regarding the control of heating systems the most widely spread ap-
proach is entirely heuristic or even not set at all. Most of heating system
components come with their own controllers, e.g. pumps which can be
set to produce a constant pressure difference. Central building control
systems are used to steer boilers such that some reference supply tem-
peratures are tracked. The reference temperatures are generally adapted
in dependence of the ambient temperature. More complex decisions e.g.
the question when to charge or discharge a hot water storage tank are
answered in a heuristic fashion or are a product of the plant operation.

For the control of heating systems several patents have been filed. Some
of those patents will be described in the following. The German patent
DE3410316A1 describes a possible control strategy for a heating system
with several boilers. All but one boiler are hereby operated in a energy
efficient way and only one boiler is switched on and off. In this patent
no model of the heating system is used, but the energy efficiency of the
entire system is not investigated. The European patent EP0445310A1
describes the use of a mixing equation to calculate the supply temper-
ature of a multi boiler heating system depending on the boiler supply
temperatures without having to measure it. The model of the admixing
pump is a static model, where the incoming heat flow needs to be equal
to the outgoing heat flow. The patent EP0874200A1 suggests the use of
temperature sensors in a hydraulic separator to minimize the flow rate
therein. If this flow is minimized the produced and consumed heat are
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approximately the same which will enable an energy efficient operation
of condensing boilers. In these patents static models are used, but the
benefit of dynamic models is not exploited 1.

This thesis is dedicated to show the use of dynamic models of heating
systems for the controller design. The controllers itself might incorporate
a model of the heating system in the case of model predictive control.
The models are grey-box models where the basic physical relationships
are modeled and the parameters are estimated by measurement data.
The abstraction level is way above the static models which where used
e.g. in the patents described above but below the detailed models used
in [4]. This abstraction level was found to be adequate, because the main
effects of the heating system operation were captured but the models are
not too complex for the controller design.

The abstract models of heating systems are characterized by belonging
to the class of multilinear hybrid models. This property is used for the
controller design. The findings in the domain of multilinear systems are
not restricted to heating system, but can easily be extended to other
domains, e.g. bio reactors where the reaction can be modeled as multi-
linear, [5].

In the scientific control engineering community, controller design for the
energy efficient operation of heating systems is an active field of research.
The IFAC world congress 2014 in Capetown offered an invited session to
the topic Control of Energy Efficient Buildings: Novel Control Strategies
and Experimental Evaluations, where e.g. the use of linear models of
heating systems versus the computational effort of nonlinear models in
model predictive controllers is discussed, [6]. The nonlinear properties of
heating systems also were investigated in [7], where also ventilation and
cooling is considered. None of the above publications use the multilinear
property of heating systems, which will be in the center of this work.

1The literature survey on patents was performed by Timo Spengler
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1.5 Outline

For heating systems several components are modeled which can be used
to build models of heating systems. The model structures are investi-
gated and hybrid multilinear discrete-time systems (HMDTS) can gen-
erally describe heating systems. Work is done in the area of multilin-
earization for this model class. The models are used for controller design
using the Multi-Parametric Toolbox, nonlinear model predictive control,
regions of attraction and feedback linearization. This is illustrated in
figure 1.2.

Heating
system

HMDTS

Multi-
linearization

Multi-
parametric

Toolbox

Region
of

attractionFeedback
linearization

Nonlinear
model

predictive
control

Heat
exchanger

Consumer

Building

Tank

Heat
generation

Application
example

Theory
(work in progress)

Figure 1.2: Structure of the work

Chapter 2 introduces the model classes investigated in this work. Start-
ing from general nonlinear state space models, hybrid models are pre-
sented. The special class of tensor models concludes this chapter, which
is followed by the description of models of heating systems in chapter 3.
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The models are given first in the general nonlinear form, then as a hybrid
model, given in piecewise affine form and finally the heating system is
given as a tensor model. The following chapter 4 describes the different
approaches to the controller design problem. First Boolean controllers
are designed using a relaxation of algebraic normal forms. Nonlinear
model predictive control is described and followed by model predictive
control for a piecewise affine model of a heating system. Stabilizing con-
trollers are designed guaranteeing ellipsoidal domains of attractions for
multilinear systems and finally an approach for feedback linearization is
presented. In the final chapter 5 a summary is given, conclusions are
drawn and an outlook on possible future work is provided.

As usual there is more than one way through this work. The reader inter-
ested in nonlinear models of heating systems and their benefits is advised
to jump from section 2.1 to section 3.1. Boolean controller design is then
described in section 4.1 and model predictive control in section 4.2. The
second line concerned with hybrid systems is started with section 2.2.
Piecewise affine models are presented in section 3.2 and the use of these
models in a predictive control scheme is presented in section 4.3. Multi-
linear models and tensor models are presented in 2.3. A heating system
is modeled as a tensor model in section 3.3, where also a method of mul-
tilinearization and benefits of tensor models are described. Multilinear
models are used in section 4.4, where stabilizing controllers are designed.
Also tensor models are the basis of the investigations described in sec-
tion 4.5.
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2 Model classes

In this chapter the system classes under investigation in this work will
be presented, starting with the most general, the nonlinear state space
models. Subsequent the hybrid model class will be inspected by having
a closer look at three different methods of modeling hybrid system. The
chapter closes by introducing tensor models, which are also hybrid mod-
els and were found to be the most suitable models to represent heating
systems having the property of being multilinear and hybrid.

2.1 Nonlinear state space models

Models of real systems have a great benefit for various reasons, e.g. tests
of new concepts, safety, analysis, controller synthesis and many more.
Let a system, as depicted in figure 2.1, have the inputs u ∈ Dm and the
outputs y ∈ Dl. Furthermore let the states x ∈ Dn describe the current
state of the system. The domain D is not fixed jet. It can stand for
some continuous, discrete or even hybrid domain. The real domain will
be denoted with R, the Boolean domain with B and the hybrid domain
with H = R× B.

State x
Input u Output y

Figure 2.1: System with input u, output y and state x

To describe the evolution of the state, differential equations in continuous
time and difference equations in discrete time can be used. State space
representations have been proven to be adequate for the description of
the system given in figure 2.1. The general nonlinear continuous-time
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state space model is given by

ẋ(t) = f(x(t),u(t)) (2.1)

y(t) = g(x(t),u(t)) (2.2)

x(0) = x0, (2.3)

where t denotes the time and x0 is the initial state. The discrete-time
version is given by

x(k + 1) = f(x(k),u(k)) (2.4)

y(k) = g(x(k),u(k)) (2.5)

x(0) = x0, (2.6)

where k = 0, 1, 2, . . . is the time index and x0 is the initial state. The
information about the development of the state is contained in the func-
tion f and the output is given by the function g. In the continuous-time
case (2.1) will be called state equation, in the discrete-time case (2.4)
will be called next state equation and in both cases (2.2) and (2.5) will
be called output equation. The operator Φ (x) will be used to denote the
time derivative ẋ(t) of x(t) in continuous time and the next state x(k+1)
in discrete time.

2.2 Hybrid models

In most engineering tasks, models have to include not only continuous-
valued signals, but also discrete-valued signals, e.g. switches. These
models are called hybrid models. Several different modeling frameworks
exist, which include continuous- and discrete-valued signals. Without
loss of generality the discrete-valued signals will be assumed to be en-
coded Boolean. Therefore the terms Boolean and discrete will be used
as synonyms. Switched systems introduce the idea of switching between
different continuous-valued dynamics. Restricting the continuous-valued
dynamics to be affine and assuming the discrete-valued dynamics to be
very simple, describes the class of piecewise affine models. More gen-
eral modeling frameworks are given with discrete hybrid automata and
mixed logical dynamical systems. Both have the ability to represent
discrete dynamics. The section will be concluded with a discussion of
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equivalences of these hybrid models. Assumptions for the equivalences
are given.

2.2.1 Switched systems

One approach to deal with hybrid systems is to investigate the continu-
ous dynamics and not to emphasize the discrete dynamics. The hybrid
system is then represented as several continuous-valued systems. The
discrete-valued part is represented by switching between those systems.
Often the switching is not represented in detail but e.g. stability is in-
vestigated for arbitrary switching, [8].

The continuous-valued dynamics can be represented by state space mod-
els given as

ẋ = fi(x). (2.7)

To emphasize that several continuous-valued systems are investigated,
the index i ∈ N is introduced. If the dynamics are linear, the set of
systems can be given as

ẋ = Aix. (2.8)

The switching between the systems can be thought of as state dependent
or time dependent. For state dependent switching figure 2.2 shows a two
dimensional state space with switching surfaces and resulting operating
regions. For each operating region one continuous-valued system is de-
fined. By adding a reset map, jumps of the state can be represented. If
the state trajectory (thin line) hits on a switching surface (thick line),
the reset map defines the new location of the state (dashed line). From
there the system evolves according to the active dynamics. For time-
dependent switching the index i in (2.7) or (2.8), respectively becomes
a time-dependent function, e.g. figure 2.3 which depicts the selection of
the active dynamics. A further distinction in the switching may be made
between autonomous and controlled switching. In the above examples
switching was autonomous and determined by either the state or the
time. It is also possible to regard the switching as a control input. In
this case the switching is controlled and may be adjusted during the
evolution of the state to reach a certain performance.

11



x1

x2

Figure 2.2: Spate space with switching surfaces (thick line) and an ex-
ample state trajectory (thin line) with state jumps (dashed line).

t

i(t)

t1 t2

1

2

Figure 2.3: Time dependent switching function.

Switched systems may suffer from occurrences of Zeno behavior, i.e. there
will be an infinite number of switching in a finite amount of time, if the
state of a system converges to a switching surface.

2.2.2 Piecewise affine systems

Piecewise affine systems are a special form of switched systems, [9]. They
arise when the continuous-valued states of an affine system are influenced
by discrete states, which are assumed to be relatively simple. Polyhedral
sets in the state-input space define the active continuous-valued dynam-
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ics, i.e. switching is assumed to be state and input dependent. Discrete-
time piecewise affine models will be presented such that specifics like
Zeno behavior do not arise. The discrete-time system equations can be
given as

x(k + 1) = Aix(k) + Biu(k) + fi
y(k) = Cix(k) + Diu(k) + gi

for

(
x(k)
u(k)

)
∈ Xi, (2.9)

where x ∈ Rn is the state, u ∈ Rm is the input and y ∈ Rk is the
output. The system matrices Ai, Bi, Ci, Di and the offset vectors fi
and gi have appropriate dimensions and define the systems behavior as
long as the input and the state are in the input-state space partitions Xi
for i = 1, . . . , s. The polyhedral partitions can be defined using so called
guards, i.e. the inequalities

Hi
xx + Hi

uu ≤ Ki. (2.10)

Those inequalities have to hold for partition i to become active. Thus
the sets Xi are defined as

Xi =

{(
x
u

)
∈ Rn × Rm

∣∣∣∣Hi
xx + Hi

uu ≤ Ki

}
(2.11)

for i = 1, . . . , s. For a piecewise affine system to be well posed, the output
and the next state need to be uniquely defined, i.e. Xi ∩ Xj = ∅,∀i 6= j
and ∪si=1Xi = Rn+m, [10]. Piecewise affine models can not be used to
model state jumps as defined by reset maps for switched systems, [8].

2.2.3 Discrete hybrid automata

A more general description of a hybrid system can be given with the
framework of a (time-) discrete hybrid (-valued) automaton. A discrete
hybrid automaton arises when a switched affine system is connected with
a finite state machine, [11]. For the connection an event generator and
a mode selector are needed. Figure 2.4 shows the structure of a discrete
hybrid automaton. To distinguish between discrete-valued signals and
continuous-valued signals, underbars are used for discrete-valued signals
and overtildes are used for continuous-valued signals. Depending on the
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Finite state
machine

Event
generator

Mode
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ũ(k)

i(k)
x̃(k)

u(k)

x(k)

δe(k)

Figure 2.4: Structure of a discrete hybrid automaton.

continuous-valued states x̃(k) of the switched affine system and the ex-
ternal continuous-valued inputs ũ(k), discrete-valued events δe(k) are
generated in the event generator. The discrete-valued next states x(k)
of the finite state machine are determined by its discrete-valued states,
the discrete-valued events δe(k) and other external discrete-valued in-
puts u(k). The mode selector chooses the active dynamics i(k) of the
switched affine system in dependence of the discrete-valued states x(k),
external discrete-valued inputs u(k) and the discrete-valued events δe(k).
The continuous-valued states x̃(k) then evolve according to the active
dynamics of the switched affine system. Formally the discrete hybrid
automaton can be described by a switched affine system, an event gen-
erator, a finite state machine and a mode selector. The switched affine
system is given by

x̃(k + 1) = Ai(k)x̃(k) + Bi(k)ũ(k) + f̃i(k)

ỹ(k) = Ci(k)x̃(k) + Di(k)ũ(k) + g̃i(k)
(2.12)

where x̃ ∈ Rñ are the continuous-valued states, ũ ∈ Rm̃ are the continu-

ous-valued inputs and ỹ ∈ Rl̃ are the continuous-valued outputs. Note
that with a slight violation of the notation, overtildes and underbars are
also used for the dimensions of continuous-valued and discrete-valued
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signals, respectively. The matrices Ai(k), Bi(k), Ci(k), and Di(k) are real
and have appropriate dimensions. The event generator is given as

δe(k) = fe(x̃(k), ũ(k), k), (2.13)

where the function fe : Rñ×Rm̃×Z≥0 → Bo defines the events and Z≥0

being the non-negative integers. The finite state machine is given by

x(k + 1) = fa(x(k),u(k), δe(k)) (2.14)

where x ∈ Bn are the discrete-valued states, u ∈ Bm are the discrete-
valued inputs and δe ∈ Bo are the discrete-valued events. By the
discrete-valued function fa : Bn × Bm × Bo → Bn, the next states of
the automaton are defined. Finally the mode selector, which is also
called injector, takes the form

i(k) = fm(x(k),u(k), δe(k)) (2.15)

where the function fm : Bn × Bm × Bo → B defines the active dynamics
of the switched affine system. The injector could be thought of as the
output function of the finite state machine.

2.2.4 Mixed logical dynamical systems

The modeling framework introduced in [12] uses so called mixed logical
dynamical systems to describe hybrid models. The model is represented
by linear equations, which are solved subject to linear constraints, which
include not only continuous-valued but also discrete-valued variables. A
mixed logical dynamical system is described by

x(k + 1) = Ax(k) + B1u(k) + B2δ(k) + B3z̃(k) (2.16)

y(k) = Cx(k) + D1u(k) + D2δ(k) + D3z̃(k) (2.17)

E2δ(k) + E3z̃(k) ≤ E1u(k) + E4x(k) + E5, (2.18)

where the state x ∈ Rñ×Bn, input u ∈ Rm̃×Bm and output y ∈ Rl̃×Bl
are hybrid and A, B1, B2, B3, C, D1, D2, D3, E1, E2, E3, E4, and E5

are matrices with appropriate dimensions. The discrete-valued auxiliary
variable δ ∈ Bo and the continuous-valued auxiliary variable z̃ ∈ Rp̃ are
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introduced to take the role of the event generator, here called quantizer.
Note that a certain structure is imposed on the matrices defining the next
state and the output, such that both are hybrid [13, 14]. This means
that, e.g. matrix A needs to have a lower left zero block. The injector
or mode selector is defined implicitly by assuming that the logical true
corresponds to the real 1 and the logical false to the real 0.

To give conditions for a mixed logical dynamical system to be well-posed
the following sets need to be defined, [12].

Definition 2.1 Let I be the set of indices i for which at least one of
the ith columns of B2 or D2 is nonzero and let J be the set of indices j
for which at least one of the jth columns of B3 or D3 is nonzero.

In other words the set I contains the columns of B2 or D2 which have
an impact on the next state and the set J contains the columns of B3

or D3 which have an impact on the output.

Let the discrete-valued part of the next state be denoted by x(k+ 1). A
mixed logical dynamical system is well-posed, if for all k = 0, 1, . . . and
some δ(k), z̃(k), and x(k + 1),

• there exist x(k) and u(k) such that (2.18) is satisfied and

• for all i ∈ I there exists a mapping ∆ : Rñ × Bn × Rm̃ × Bm → B
such that the ith component of δi(k) = ∆(x(k),u(k)) and

• for all j ∈ J there exists a mapping Z : Rñ × Bn × Rm̃ × Bm → R
such that the jth component of z̃j(k) = Z(x(k),u(k)).

In other words, a mixed logical dynamical system is well-posed, if for
fixed x(k) and u(k) the next state x(k + 1) and the output y(k) are
uniquely defined.

A mixed logical dynamical system is completely well-posed, if it is well-
posed and the sets I and J are I = {1, . . . , o} and J = {1, . . . , p̃}. In
this case, all auxiliary variables are uniquely defined. See [12] for further
details.
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2.2.5 Equivalences of hybrid model classes

Relationships exist between the above described classes of hybrid mod-
els. A hybrid system, modeled as a well-posed piecewise affine system,
can also be modeled as a well-posed discrete hybrid automaton, see
Lemma 1 in [11]. The switched affine system of the discrete hybrid
automaton (2.12) and the continuous-valued dynamics of the piecewise
affine system (2.9) are equivalent. To establish the equivalence of the
discrete hybrid automaton and the piecewise affine system, the mode
selector of the discrete hybrid automaton needs to select the active dy-
namics according to the present position of state and input. Without
discrete-valued states and inputs, the mode selector (2.15) becomes

i(k) = fm(δe). (2.19)

Since the event generator δe(k)(x̃(k), ũ(k)) is a function of the continuous-
valued state and input, it can divide the input-state space into polyhedral
partitions. This results in the same behavior as piecewise affine systems.

Mixed logical dynamical systems are equivalent to discrete hybrid au-
tomata under the assumption, that both are well-posed, see Lemma 2
in [11]. Again the continuous dynamics in (2.12) and (2.16)-(2.17) are
the same. Now the state automaton can be represented by the discrete
part in (2.16)-(2.17). The auxiliary variables in (2.18) take the role of
the event generator and the mode selector.

2.3 Tensor models

A survey of tensor models, which were introduced in [15], will be given
in this section. Hybrid tensor models are also a framework to represent
hybrid systems. The continuous-valued part of the system is in contrast
to the ones introduced in the previous sections extended to include mul-
tiplications of states and inputs. All multilinear systems are included in
the class of polynomial systems and include all bilinear and linear sys-
tem, see figure 2.5. Note that the term multilinear is not unique. Here
multilinear means that if all but one variable are fixed the function is
linear. In other words multiplications of variables are allowed but no
square terms are admissible.
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Figure 2.5: Linear, bilinear, multilinear and polynomial systems

After introducing some basics of tensor calculus, first Boolean (discrete-
valued) state space models and then multilinear continuous-valued state
space models are introduced. These models are combined to be multi-
linear hybrid models, i.e. tensor models. The section is concluded with
a discussion on connecting tensor models.

2.3.1 Tensor calculus

The following standard definitions can be found, for example, in [16, 17].
They are given here to provide a self contained work.

Definition 2.2 A tensor X of order n is an n-way array

X ∈ DI1×I2×···×In . (2.20)

The elements of X are xi1,i2,...,in ∈ D, where the indices are ij ∈ {1, . . . , Ij}
for j = 1, . . . , n.

For a third order tensor this can be illustrated as a three dimensional
construct as given in the following example, which is taken from [18].
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Example 2.1 The elements of a tensor X ∈ R2×3×2 can be arranged
as

X =

x211 x221 x231

x
111

x
121

x
131

x
212

x
222

x
232

x
112

x
122

x
132

.

Tensor decompositions can be used to represent this tensor. The canon-
ical polyadic (CP) decomposed form of tensors will be used later, there-
fore its definition is given.

Definition 2.3 A tensor in CP decomposed form is given as

K = [X1,X2, . . . ,Xn] · λ ∈ Dr1×r2×···×rn . (2.21)

The elements of this tensor are given by the sums of the outer products
of the columns of the so-called factor matrices Xi ∈ Dri×r, weighted by
the elements of the so-called weighting or parameter vector λ

K =

r∑
i=1

λi (X1)i ◦ (X2)i ◦ · · · ◦ (Xn)i,

where (X1)i is the ith column of the matrix X1. The symbol ◦ denotes
the outer product2. An element of the multidimensional tensor K is given
by

Kjk...p =

r∑
i=1

λi (X1)ji (X2)ki . . . (Xn)pi,

where (X1)ji is the element in the jth row and ith column of the ma-
trix X1 and r is the rank of the tensor. When omitted, the parameter
vector is assumed to be a vector of ones, i.e. λ = (1 1 . . . 1)

T
.

To multiply tensors the contracted tensor product is introduced.

2The definition is given in appendix A
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Definition 2.4 The contracted product of two tensors X and Y
with X ∈ DI1×...×In×In+1×...×In+m and Y ∈ DI1×...×In is a tensor of
dimension In+1 × . . .× In+m given as

〈X |Y 〉 (k1, . . . , km) =

I1∑
i1

· · ·
In∑
in

xi1,...,in,k1,...,kmyi1,...,in . (2.22)

To illustrate this product a third order example is given, which also is
taken from [18].

Example 2.2 Consider a tensor X ∈ D2×2×3 and a tensor Y ∈ D2×2.
To calculate the contracted product Z = 〈X |Y 〉 ∈ D3, the matching
dimensions have to be multiplied elementwise, as highlighted in red in
the following illustrations.

=

z
1

z2

z
3x

211
x

221

x
111

x
121

x
212

x
222

x
112

x
122

x
213

x
223

x
113

x
123

y21 y22

y
11

y
12
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z
1

z
2

z
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=
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z
2

z
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x
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x
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y
21

y
22

y11 y12
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2.3.2 Boolean state space models

Boolean systems can be given in state space form as (2.4) - (2.6) with the
domain of input, state and output being Boolean, i.e. u ∈ Bm, x ∈ Bn,
and y ∈ Bl. The Boolean system is given as

x(k + 1) =f(x(k)u(k)), (2.23)

y(k) =f(x(k)u(k)), (2.24)

x(0) =x0, (2.25)

where the next state function f : Bn × Bm → Bn and the output func-
tion g : Bn × Bm → Bl are Boolean functions, which could be repre-
sented by truth tables. Every Boolean function of n variables is deter-
mined, if for each combination of all variables the function value is given.
Therefore there is a finite number of different Boolean functions. For n
variables there exist 22n different functions. All these functions can be
represented, e.g. using the Boolean grammar And, Or, and Not.

Another way to represent Boolean functions is by Zhegalkin polynomi-
als, [19]. Define the logic True as 1 and the logic False als 0. Then,
every Boolean function can be given as a square free polynomial by re-
placing the the Boolean grammar by the algebraic operations as given
in table 2.1.

Boolean function algebraic function

Not x1 1− x1

x1 And x2 x1x2

x1 Or x2 x1 + x2 − x1x2

Table 2.1: Boolean and corresponding algebraic function
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Example 2.3 The Boolean exclusive or function for the Boolean vari-
ables b1 and b2 is given with the truth table

b1 b2 Xor(b1, b2)
0 0 0
0 1 1
1 0 1
1 1 0

This function can be represented by the algebraic function

f
b
(b1, b2) = b1 + b2 − 2b1b2. (2.26)

The symbol 〈 | 〉+ indicates that every Boolean True is converted to a
real 1 and every Boolean False is converted to a real 0. Restating the
discrete-valued state space model (2.23) - (2.25) in form of contracted
tensor products gives

x(k + 1) = 〈F |M(x(k),u(k)) 〉+ , (2.27)

y(k) = 〈G |M(x(k),u(k)) 〉+ , (2.28)

where M(x(k),u(k)) is the monomial CP tensor

M(x(k),u(k)) =

[(
1

um(k)

)
, . . . ,

(
1

u1(k)

)
,

(
1

xn(k)

)
, . . . ,

(
1

x1(k)

)]
,

(2.29)

see, [15].

2.3.3 Multilinear continuous-valued models

The continuous-valued part of the tensor model includes all combinations
of states and inputs. It is called multilinear because if all variables but
one are fixed, the system is linear, due to the fact, that no square terms
are allowed. All possible combinations of states and inputs, in vector
form are given with the following definition.
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Definition 2.1 The monomial vector is defined as

m̃(x̃, ũ)=

(
1
ũm̃

)
⊗ · · · ⊗

(
1
ũ1

)
⊗
(

1
x̃ñ

)
⊗ · · · ⊗

(
1
x̃1

)
(2.30)

where x̃ ∈ Rñ is the state vector and ũ ∈ Rm̃ is the input vector.

The symbol ⊗ is used to denote the Kronecker product, see appendix A
for its definition.

Example 2.4 For a model with one input and two states the mono-
mial vector becomes

m̃(x̃, ũ) =



1
x̃1

x̃2

x̃1x̃2

ũ
ũx̃1

ũx̃2

ũx̃1x̃2


(2.31)

A multilinear model in matrix representation is then given as

x̃(k + 1) =F̃m̃(x̃(k), ũ(k)) (2.32)

ỹ(k) =G̃m̃(x̃(k), ũ(k)), (2.33)

where the state is x̃ ∈ Rñ, the input is ũ ∈ Rm̃ and the output is ỹ ∈ Rl̃.
The next state matrix is F̃ ∈ Rn×2n and the output matrix is G̃ ∈ Rl×2n .

Example 2.5 Again a model with one input and two states, as intro-
duced in example 2.4 is considered. The next state vector for this model
is assumed to be(

f̃11+f̃12x̃1+f̃15ũ+f̃16ũx̃1

f̃22x̃1+f̃23x̃2+f̃24x̃1x̃2+f̃26ũx̃1+f̃27ũx̃2+f̃28ũx̃1x̃2

)
. (2.34)
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This model can be rewritten using the monomial vector as(
x̃1(k + 1)
x̃2(k + 1)

)
=

(
f̃11 f̃12 0 0 f̃15 f̃16 0 0

0 f̃22 f̃23 f̃24 0 f̃26 f̃27 f̃28

)


1
x̃1(k)
x̃2(k)

x̃1(k)x̃2(k)
ũ(k)

ũ(k)x̃1(k)
ũ(k)x̃2(k)

ũ(k)x̃1(k)x̃2(k)


.

(2.35)

Linear transformations allow a numerical preconditioning of models.
This can be used, for example, to bring the operating range of the states
to the interval [0 1].

Lemma 2.1 For multilinear models (2.32), linear state and input
variable transformations

˜̃xi =
x̃i − b̃i
ãi

∀i = 1, . . . , ñ (2.36)

˜̃ui =
ũi − b̃ñ+i

ãñ+i
∀i = 1, . . . , m̃ (2.37)

are computable in closed form [18]. The transformed state transition
matrix is given by

˜̃
F = diag

i=1,...,ñ

(
1

ãi

)(
F̃T̃−

(
b̃ 0ñ×2(ñ+m̃)−1

))
(2.38)

where diag denotes the diagonal matrix with elements 1
ãi

,

T̃ =

(
1 0

b̃ñ+m̃ ãñ+m̃

)
⊗ · · · ⊗

(
1 0

b̃1 ã1

)
(2.39)

is a transformation matrix, b̃ is a column vector containing the b̃i’s
and 0ñ×2ñ+m̃−1 denotes a zero matrix with dimension (ñ× 2ñ+m̃ − 1).
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Proof: The proof follows from inserting (2.36) and (2.37) into (2.32).

2

To represent multilinear systems in tensor form the continuous-valued
monomial CP tensor

M̃(x̃(k), ũ(k)) =

[(
1

ũm̃(k)

)
, . . . ,

(
1

ũ1(k)

)
,

(
1

x̃ñ(k)

)
, . . . ,

(
1

x̃1(k)

)]
(2.40)

is introduced. Using the contracted product, the next state equation (2.32)
and the output equation (2.33) can be given as

x̃(k + 1) =
〈
F̃
∣∣∣ M̃(x̃(k), ũ(k))

〉
(2.41)

ỹ(k) =
〈
G̃
∣∣∣ M̃(x̃(k), ũ(k))

〉
, (2.42)

where all parameters of the model are contained in the transition ten-

sor F̃ ∈ R×(n+m)2×n and the output tensor G̃ ∈ R×(n+m)2×l, [15]. Here a
simple notation for tensor spaces is introduced

R×
(n+m)2 := R

n+m︷ ︸︸ ︷
2×...×2

. (2.43)

Once again continuing with the examples 2.4 and 2.5 a tensor model is
shown to be equivalent to the multilinear system (2.35).

Example 2.6 Using the state transition tensor in CP decomposed
form

F̃ =
[
F̃ũ, F̃x̃2

, F̃x̃1
, F̃Φ

]
· λ̃ (2.44)
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with the factor matrices

F̃x̃1
=

(
1 0 1 0 0 1 0 0 1 0
0 1 0 1 1 0 1 1 0 1

)
, (2.45)

F̃x̃2
=

(
1 1 1 1 1 0 0 1 0 0
0 0 0 0 0 1 1 0 1 1

)
, (2.46)

F̃ũ =

(
1 1 0 0 1 1 1 0 0 0
0 0 1 1 0 0 0 1 1 1

)
, (2.47)

F̃Φ =

(
1 1 1 1 0 0 0 0 0 0
0 0 0 0 1 1 1 1 1 1

)
(2.48)

and the continuous-valued parameter vector

λ̃ =
(
f̃11 f̃12 f̃15 f̃16 f̃22 f̃23 f̃24 f̃26 f̃27 f̃28

)T
(2.49)

it is straight forward to calculate the next state as the contracted prod-
uct of two tensors in CP decomposed form. This product can easily be
calculated as

x̃(k + 1) =
〈
F̃
∣∣∣ M̃(x̃(k), ũ(k))

〉
(2.50)

= F̃Φ

(
λ̃~

(
F̃
T

ũ

(
1
ũ

))
~

(
F̃
T

x̃2

(
1
x̃2

))
~

(
F̃
T

x̃1

(
1
x̃1

)))
(2.51)

=

(
f̃11+f̃12x̃1+f̃15ũ+f̃16ũx̃1

f̃22x̃1+f̃23x̃2+f̃24x̃1x̃2+f̃26ũx̃1+f̃27ũx̃2+f̃28ũx̃1x̃2

)
.

(2.52)

The sysmbol ~ denotes the Hadamard product (element-wise product).
The definition is given in appendix A.

The procedure to construct the factor matrices and the parameter vector

is as follows: set the columns of the factor matrices to

(
0
1

)
, if the sum-

mand contains the corresponding state or input and to

(
1
0

)
otherwise.

The product of states and inputs is weighted by a constant given in the
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parameter vector. The factor matrix F̃Φ indicates to which next state
element the summand is added.

This is shown exemplarily for the first summand of the Example. All

first columns of the factor matrices are

(
1
0

)
, i.e. the first summand of

the first next state does not depend on any current state or input but is
equal to the first entry f11 of the parameter vector. Since the first four
elements in the first row of F̃Φ are 1 and all other elements in this row
are 0, the first four summands construct the first next state x̃1(k+1) and
the remaining six summands construct the second next state x̃2(k + 1).

2.3.4 Multilinear hybrid models

A multilinear hybrid model is constructed by connecting a Boolean state
space model with a continuous-valued multilinear model. Figure 2.6
shows this structure, which is quite similar to the structure of a discrete
hybrid automaton. Since the continuous-valued multilinear system and
the Boolean system both allow a direct feed-through of state and input,
there are strong similarities of discrete hybrid automata and hybrid ten-
sor model. The feedthrough terms can be used to model the external
inputs of the quantizer and the injector.

Obviously the blocks injector and quantizer need further definitions,
which are given in the following and are taken from [15].

Definition 2.5 The function α : HI1×···×IN → RI1×···×IN is called
standard injector, which is given with index vector i ∈ NN for all ele-
ments by

(α(x))i =

 1 ∈ R if xi = True ,
0 ∈ R if xi = False ,
xi if xi ∈ R .

(2.53)

In case the input of the function α is a vector, the index vector i becomes
a scalar.

Definition 2.6 The function β : RI1×···×IN → BI1×···×IN is called
standard quantizer and is given for all elements with index vector i ∈ NN
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Multilinear model

Φ (x̃) = 〈 F̃ | M̃ 〉

ỹ = 〈 G̃ | M̃ 〉

Boolean model

Φ (x) = 〈F |M 〉
y = 〈G |M 〉

Quantizer

β

Injector

α

ũ ỹ

uy

x̃

x

Figure 2.6: Structure of a multilinear hybrid model.

by

(β(x))i = σ(xi −
1

2
) , (2.54)

where the Heaviside function is given as

σ(x) =

{
1 if x ≥ 0 ,
0 otherwise .

(2.55)

To state the tensor model in a compact form one further definition is
needed, which will define a hybrid contracted tensor product which in-
cludes the injector and the quantizer, see [15].

Definition 2.7 The notation 〈 · | · 〉� is used for the hybrid contracted
tensor product. This product maps all values to the correct domains,
which are given by the domains of the tensor on the left side of the con-
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tracted product using the standard quantizer β and the injector α〈
F
∣∣∣ M̃(x)

〉�
=
〈
F
∣∣∣ M̃(β(x))

〉
(2.56)〈

F̃ |M(x)
〉�

=
〈
F̃ |α(M(x))

〉
(2.57)〈

F̃
∣∣∣ M̃(x)

〉�
=
〈
F̃
∣∣∣ M̃(x)

〉
(2.58)

〈F |M(x) 〉� = 〈F |M(x) 〉 . (2.59)

If the tensor on the left hand side of the contracted product is hybrid
valued, the operations are applied to the subtensors. With this definition
the hybrid tensor system can be given by

Φ (x) = 〈F |M(x,u) 〉� . (2.60)

y = 〈G |M(x,u) 〉� , (2.61)

where the hybrid state is x =

(
x̃
x

)
∈ Rñ × Bn = Hn, the hybrid input

is u =

(
ũ
u

)
∈ Hm and the hybrid output is y =

(
ỹ
y

)
∈ Hl, [15].

2.3.5 Connecting tensor models

Series connection

Consider the series connection of hybrid tensor models, as given in fig-
ure 2.7.

Φ (x1) = 〈F1 |M(x1,u1) 〉�

y1 = 〈G1 |M(x1,u1) 〉�
Φ (x2) = 〈F2 |M(x2,y1) 〉�

y2 = 〈G2 |M(x2,y1) 〉�
u1 y2y1

Figure 2.7: Series connection of two tensor systems.
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Lemma 2.2 For two hybrid SISO tensor models, the series connec-
tion still gives a tensor model.

Proof: The output of the first system can only contain multilinear
combinations of input and the states of the first system y = g1m(x1,u1).
If this output is scalar and the above connection is used, i.e. the output
of the first system is used as input of the second system, multilinear
terms of the second systems states and the output of the first system
occur Φ (x2) = F2m(x2,gm(x1,u1)) = . . .m(x2,x1,u1). I.e. only mul-
tilinear terms of the first systems input, the first systems state and the
second systems state are possible and no square or higher order terms
can be constructed. 2

The following example illustrates the series connection of two discrete-
time continuously valued SISO tensor models.

Example 2.7 Assume the models connected in series are

x1(k + 1) =

(
x1(k + 1)
x2(k + 1)

)
=

(
f11x1(k) + f12x1(k)x2(k)

f13u(k) + f14u(k)x1(k)x2(k)

)
(2.62)

y1(k) = g11x1(k) + g12x1(k)x2(k) (2.63)

and

x2(k + 1) =

(
x3(k + 1)
x4(k + 1)

)
=

(
f21x3(k) + f22y1(k)
f23x3(k)x4(k)

)
(2.64)

y2(k) = g21x4(k). (2.65)

The series connection is
x1(k + 1)
x2(k + 1)
x3(k + 1)
x4(k + 1)

 =


f11x1(k) + f12x1(k)x2(k)

f13u(k) + f14u(k)x1(k)x2(k)
f21x3(k) + f22g11x1(k) + f22g12x1(k)x2(k)

f23x3(k)x4(k)

 (2.66)

y2(k) = g21x4(k). (2.67)

This still contains only multilinear terms and therefore can be rewritten
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as 
x1(k + 1)
x2(k + 1)
x3(k + 1)
x4(k + 1)

 =

〈
F

∣∣∣∣∣∣∣∣M


x1(k)
x2(k)
x3(k)
x4(k)

 ,u1


〉�

(2.68)

with F = [Fx1
,Fx2

,Fx3
,Fx4

,FΦ] ·λf , G = [Gx1
,Gx1

,Gx1
,Gx1

,GΦ] ·λg
and the factor matrices and parameter vectors

Fx1
=

(
0 0 1 0 1 0 0 1
1 1 0 1 0 1 1 0

)
, Gx1

=

(
1
0

)
,

Fx2
=

(
1 0 1 0 1 1 0 1
0 1 0 1 0 0 1 0

)
, Gx2

=

(
1
0

)
,

Fx3 =

(
1 1 1 1 0 1 1 0
0 0 0 0 1 0 0 1

)
, Gx3 =

(
1
0

)
, (2.69)

Fx4
=

(
1 1 1 1 1 1 1 0
0 0 0 0 0 0 0 1

)
, Gx4

=

(
0
1

)
,

FΦ =


1 1 0 0 0 0 0 0
0 0 1 1 0 0 0 0
0 0 0 0 1 1 1 0
0 0 0 0 0 0 0 1

 , GΦ = 1,

λf =
(
f11 f12 f13 f14 f21 f22g11 f22g12 f23

)T
, λg = g21.

which is a CP tensor model.

The series connection of two MIMO tensor models is not necessarily a
tensor model. If the first system has multiple outputs, one way to avoid
multiplications, that are not possible in tensor systems, is to ensure, that
for the construction of the outputs states and inputs can be used only
once. Otherwise it is possible that the inputs of the second system are
multiplied with each other. If two inputs of the second system contain,
for example, the first state of the first system, a square term would occur,
if these inputs are multiplied with each other in the second system. This
means, that in CP decomposed form, per factor matrix only one column
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is allowed to be

(
0
1

)
. If at least one state is used in two different

outputs, the series connection might no longer be a tensor model, but a
polynomial system as illustrated in the following example.

Lemma 2.3 The series connection of two MIMO tensor models is a
tensor model, if the input and states of the first system are present only
once in the outputs of the first system.

Proof: It is easy to see, that if the inputs of the second system only
contain different inputs and states of the first system, their multilinear
combinations are still multilinear, since no squares or higher oder terms
can be constructed. 2

This is similar to the SISO case where just one multilinear combination
of first input and first state enter the second system.

Example 2.8 Consider the systems

x1(k + 1) = x1(k + 1) = f11x1(k) + f12x1(k)u1(k) (2.70)

y1(k) =

(
y1(k)
y2(k)

)
=

(
g11x1(k)

g12x1(k)u1(k)

)
(2.71)

and

x2(k + 1) = x2(k + 1) = f21x2(k) + f22y1(k)y2(k) (2.72)

y2(k) = g21x2(k). (2.73)

Connecting them in series gives(
x1(k + 1)
x2(k + 1)

)
=

(
f11x1(k) + f12x1(k)u1(k)

f21x2(k) + f22g11g12x
2
1(k)u1(k)

)
(2.74)

y2(k) = g21x2(k). (2.75)

This is no longer a tensor system because term f22g11g12x
2
1(k)u1(k) con-

tains the square of x1, which can not be modeled directly in this frame-
work. One possible way to still model this system as a tensor model could
be to augment the system state and model the first state twice. If both
x1 have the same initial condition, it would be possible to model them as
a tensor model.
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Parallel connection For the parallel connection of two tensor systems
no restrictions are needed. The parallel connection is given in figure 2.8.

Φ (x1) = 〈F1 |M(x1,u) 〉�

y1 = 〈G1 |M(x1,u) 〉�

Φ (x2) = 〈F2 |M(x2,u) 〉�

y2 = 〈G2 |M(x2,u) 〉�

+

+

u y = y1 + y2

Figure 2.8: Parallel connection of two tensor systems

Lemma 2.4 The parallel connection of two MIMO tensor models is
a tensor model.

Proof: The state equations are combined by appending them to each
other. The output is constructed by adding the output of the first and
the second system. In each component of the output terms are added
due to the plus sign but no multiplications can occur. This still gives a
tensor model. 2

Feedback connection For the feedback connection of two tensor sys-
tems the restrictions are even more strict. The feedback structure is
given in figure 2.9.

First an example where the feedback connected system can no longer be
represented as a tensor model is given to point out the problem.
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Φ (x1) = 〈F1 |M(x1,y2) 〉�

y1 = 〈G1 |M(x1,y2) 〉�

Φ (x2) = 〈F2 |M(x2,y1) 〉�

y2 = 〈G2 |M(x2,y1) 〉�

y2 y1

Figure 2.9: Feedback connection of two tensor systems

Example 2.9 Consider the systems

x1(k + 1) =

(
x1(k + 1)
x2(k + 1)

)
=

(
f11x1(k) + f12x1(k)x2(k)

f13y2(k) + f14y2(k)x1(k)x2(k)

)
(2.76)

y1(k) = y1(k) = g12x1(k)y2(k) (2.77)

and

x2(k + 1) =

(
x3(k + 1)
x4(k + 1)

)
=

(
f21x3(k) + f22x4(k)
f23y1(k)x3(k)x4(k)

)
(2.78)

y2(k) = y2(k) = g21x4(k). (2.79)

The closed loop system then becomes
x1(k + 1)
x2(k + 1)
x3(k + 1)
x4(k + 1)

 =


f11x1(k) + f12x1(k)x2(k)

f13g21x4(k) + f14g21x1(k)x2(k)x4(k)
f21x3(k) + f22x4(k)

f23g12g21x1(k)x3(k)x2
4(k)

 (2.80)

This can not be modeled as a tensor model without cloning the states
because of the term f23g12g21x1(k)x3(k)x2

4(k).

If in addition to the restriction on the outputs given for series connec-
tions, the systems are input affine, i.e. there are no multiplications of
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inputs or of input and state, this problem can no longer occur. Another
possibility is to look at systems with no direct feed-through, i.e. with
an output function, that does not depend on the input. Using such an
output function also no polynomial terms can occur and therefore the
feedback system can be represented as a tensor model.

In the following we will use input affine multilinear systems which are
therefore introduced.

Definition 2.8 Input affine multilinear systems in matrix represen-
tation can be given as

Φ (x) = Fm(x)� + Bu� (2.81)

y = Gm(x)� + Du�, (2.82)

where � indicates that the the standard quantizer and injector are used
to map discrete and continuous valued states and inputs to the correct
domain defined by the corresponding domain of the state or output.

Lemma 2.5 The feedback connection of two tensor models is a tensor
model if

• the inputs and states are present only once in the outputs of the
systems

and one of the following conditions holds

• the systems are input affine or

• the systems have no direct feed-through.

Proof: The first part follows directly from lemma 2.3. Looking at
the feedback connection of input affine systems, the outputs contain
multilinear terms of the states and linear terms of the inputs. Since the
output of one system acts as input of the other system no multilinear
terms of the outputs occur. Therefore no square or higher order terms
are possible. Looking at systems with no direct-feedthrough, the inputs
are multilinear combinations of the states of the other system. Taking
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multilinear combinations with the states of the system still gives only
multilinear terms. 2

Starting from example 2.9 first the systems are altered to be input affine
and then without direct feed-through.

Example 2.10 Consider the input affine systems

x1(k + 1) =

(
x1(k + 1)
x2(k + 1)

)
=

(
f11x1(k) + f12x1(k)x2(k)
f13y2(k) + f14x1(k)x2(k)

)
(2.83)

y1(k) = y1(k) = g12y2(k) (2.84)

and

x2(k + 1) =

(
x3(k + 1)
x4(k + 1)

)
=

(
f21x3(k) + f22x4(k)

f23y1(k)

)
(2.85)

y2(k) = y2(k) = g21x4(k). (2.86)

The closed loop can be given as
x1(k + 1)
x2(k + 1)
x3(k + 1)
x4(k + 1)

 =


f11x1(k) + f12x1(k)x2(k)

f13g21x4(k) + f14x1(k)x2(k)
f21x3(k) + f22x4(k)
f23g12g21x4(k)

 , (2.87)

which contains only multilinear terms and can therefore be modeled as a
tensor model.

Example 2.11 Now, consider a systems, which is not input affine,
but without direct feed-through given as

x1(k + 1) =

x1(k + 1)
x2(k + 1)
x3(k + 1)

 =

 f11x1(k) + f12x1(k)x2(k)
f13y2(k) + f14y2(k)x1(k)x2(k)

y2(k)

 (2.88)

y1(k) = y1(k) = g12x1(k)x3(k) (2.89)

and

x2(k + 1) =

(
x4(k + 1)
x5(k + 1)

)
=

(
f21x4(k) + f22x5(k)
f23y1(k)x4(k)x5(k)

)
(2.90)

y2(k) = y2(k) = g21x5(k). (2.91)
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The closed loop system then becomes
x1(k + 1)
x2(k + 1)
x3(k + 1)
x4(k + 1)
x5(k + 1)

 =


f11x1(k) + f12x1(k)x2(k)

f13g21x5(k) + f14y2(k)x1(k)x2(k)
g21x5(k)

f21x4(k) + f22x5(k)
f23g12x1(k)x3(k)x4(k)x5(k)

 , (2.92)

which can be represented with tensor models. In comparison to the model
in example 2.9 the term y2 in the output y1 is delayed by one sample by
adding another state.
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3 Modeling heating systems using thermal
balances

Thermal balances will be used in this chapter to describe models of
heating system components. Starting with first principle equations, grey
box models for various components of heating systems are derived. First
these models are given as general nonlinear state space models. Then,
some components are given as switched affine models and finally they
are rewritten as tensor models.

The basis of the following models is the law of conservation of energy,
which states that no energy can be generated or lost but it can change
its form. The heating system components supply other components with
heat (the burner supplies the boiler, the boiler supplies the radiators,
the radiators supply the building and the building looses heat to the
ambiance). Therefore only thermal energy will be of interest and all
other forms of energy like potential or kinetic energy are assumed to
have negligible effects.

The thermal energy, i.e. the heat, stored in a system, e.g. the system
depicted in figure 3.1, can be given as

Q(t) = ρ c V (t)T (t), (3.1)

where ρ is the density, c the specific heat coefficient, V (t) the volume
and T (t) the temperature of the medium in the system.

V̇ , Tin V̇ , ToutV , T

P

Figure 3.1: Component of a heating system
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Taking the derivative of the heat gives the heat flow

Q̇(t) = ρc(V̇ (t)T (t) + V (t)Ṫ (t)), (3.2)

which is a power. If the volume of the system does not change, which is
true for almost all heating system components, the heat flow reduces to

Q̇(t) = ρcV Ṫ (t). (3.3)

If there is a flow V̇ (t) with the temperature Tin(t) into the system, energy
is transported into the system. In the time interval ∆t the amount of en-
ergy being transported is equal to ∆Qin = ρc∆V Tin, assuming the tem-

perature is constant in the short time interval and ∆V =
∫ t+∆t

t
V̇ (τ)dτ .

If the time interval is reduced to be infinitesimal, the energy transported
into the system is also infinitesimal. This is in contrast to the heat
flow Q̇in(t), which is derived by taking the limit of the difference quo-
tient for ∆t→ 0, given as

Q̇in(t) = lim
∆t→0

∆Qin(t)

∆t
= (3.4)

lim
∆t→0

(
ρc∆V (t)

∆Tin(t)

∆t
+ ρc

∆V (t)

∆t
Tin(t)

)
= ρcV̇ (t)Tin(t).

The first part of the chain rule in equation (3.4) is neglected, because the
temperature Tin(t) is assumed to be constant during the infinitesimal
time interval i.e. Ṫin(t) = 0, also the volume ∆V (t) is infinitesimal.
Similarly, if there is a flow out of the system, energy is transported out
of the system, thus for the heat and the heat flow out of the system the
equations ∆Qout(t) = ρc∆V (t)Tout(t) and Q̇out(t) = ρcV̇ (t)Tout(t) are
obtained.

To model the dynamical process heat flow balances are used. For the
components all heat flows into the system are accumulated; heat flows
out of the system are counted negative. The sum of heat flows augments
or decreases the amount of energy stored in the device, i.e. it equals
the change of stored energy. The heat flow balance for the component
depicted in figure 3.1 is

Q̇(t) = Q̇in(t)− Q̇out(t) + P (t) (3.5)

ρcV (t)Ṫ (t) = ρcV̇ (t)Tin(t)− ρcV̇ (t)Tout(t) + P (t), (3.6)
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where P (t) is an additional thermal power brought into the system e.g. by
a burner. In general a last assumption will be made, which is to assume
that the medium in the component is stirred immediately. This means
that the temperature of the component T (t) equals the temperature of
the flow out of the component Tout(t) = T (t). With this assumption a
differential equation for the temperature Tout out of the component can
be given, for the above example as

Ṫout(t) =
1

V
V̇ (t)Tin(t)− 1

V
V̇ (t)Tout(t) +

1

ρcV
P (t). (3.7)

To obtain a difference equation for a time-discrete application, the first
order Euler forward method is used, resulting in

Tout(k + 1) = Tout(k)(1− dt

V
V̇ )

dt

V
V̇ Tin(k) +

dt

ρcV
P (k), (3.8)

where dt is the sampling period and k = 1, 2, . . . are the sampling in-
stances. Since in general the systems under investigation are slow, i.e. a
sampling time of one minute is sufficient, this method was found to give
tolerable results.

3.1 Nonlinear models of heating system components

In this section nonlinear models of heating system components are given.
Starting with heat generation followed by a storage unit and a consumer
model. Finally, an entire heating system will be modeled.

3.1.1 Heat generation unit

The investigated heat generation unit is a burner which is attached to
a boiler. Note that the presented equations are easily extendable for
combined heat and power plants, since only the thermal processes are
investigated.

In figure 3.2 a boiler and a burner are illustrated. The heat flow consists
of three parts. Water with a flow rate of V̇ (t) and the return temper-
ature Tr(t) enters the boiler and water with the same flow rate and
the supply temperature Ts(t) leaves the boiler. The burner supplies the
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Boiler

Burner

Ts, V̇

Tr, V̇Pin

Vb

Figure 3.2: Boiler and burner of a heating system

boiler with a heat flow denoted as Pin(t). With the volume Vb of the
boiler and the assumption that the water is stirred immediately, the heat
flow balance can be given as

ρcVbṪs(t) = ρcV̇ (t)Tr(t)− ρcV̇ (t)Ts(t) + Pin(t). (3.9)

The differential equation for the supply temperature is therefore

Ṫs(t) =
1

Vb
V̇ (t)Tr(t)−

1

Vb
V̇ (t)Ts(t) +

1

ρcVb
Pin(t). (3.10)

3.1.2 Heat exchanger

Power plants often use the waste heat to supply buildings, which are close
by, with heat. To decouple the power plants pipeline network from the
pipes in the building, heat exchanger are used. They are also used within
a heating system, if the heating substance needs to be separated (e.g.
the water in solar panels is usually mixed with substances which avoid
congelation or the water, used in the radiators, needs to be separated
from hot tap water).

The basic principle of a heat exchanger is depicted in figure 3.3. The
model of the heat exchanger is based on [20, 21, 22] and references
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T1,out

T1,in

T2,in

T2,out

Figure 3.3: Scheme of a heat exchanger

therein. The water from the primary side (subscript 1) is used to heat
up the water on the secondary side (subscript 2). Here a counter flow
heat exchanger is modeled. I.e. the water on the primary side flows in
the opposite direction as the water on the secondary side. This has the
advantage, that the water entering the heat exchanger from the primary
side with temperature T1,in will heat up the already heated water exiting
the heat exchanger on the secondary side with temperature T2,out. But
the cooled down water with temperature T1,out exiting the primary side
will still be able to heat up the cold water, with temperature T2,in en-
tering the heat exchanger on the secondary side. In between the inputs
and outputs the water is heated analogously.

The thermal processes can be summarized as follows. First, heat is
transferred from the water on the primary side to the wall separating
primary and secondary side. Then the heat is transferred through the
wall and third the heat is transferred from the wall to the water on the
secondary side. These three steps can be given in form of the equations

Q̇1 = α1A (T1 − Tw,1) , (3.11)

Q̇2 = λ
A

d
(Tw,1 − Tw,2) , (3.12)

Q̇3 = α2A (Tw,2 − T2) , (3.13)

where Tw,i, i = 1, 2 are the temperatures of the wall on the primary and
secondary side. Combining these equations gives

Q̇ = kA(T1 − T2) with (3.14)

1

k
=

1

α1
+
d

λ
+

1

α2
. (3.15)
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In the above equations A is the area of the wall under investigation
(assumed to be equal for the three steps), αi are the heat transfer co-
efficients on the primary (subscript 1) and secondary (subscript 2) side.
The thermal conductivity and the thickness of the wall are denoted by λ
and d. Note, that k is assumed to be constant, where in reality it is flow
dependent, leading to a model valid in a certain operating area.

Constructing heat flow balances for the primary and the secondary side
gives

ρcV̇1 (T1,in − T1,out)− kA∆Tm = ρcV1Ṫ1,out, (3.16)

ρcV̇2 (T2,in − T2,out) + kA∆Tm = ρcV2Ṫ2,out, (3.17)

where kA∆Tm is the heat transferred from the primary to the secondary
side over the whole length of the heat exchanger. Here, the mean tem-
perature difference

∆Tm =
(T2,out − T2,in)− (T1,in − T1,out)

ln
(
T1,out−T2,in

T1,in−T2,out

) , (3.18)

is used, where the temperature drop in the heat exchanger is assumed to
depend linearly on the position and not on the time, see [20] for details.

Heat exchangers suffer from fouling, i.e. the deposit of pollutant from
the water on the walls. This will lead to a decrease of the heat transfer
from one side to the other. The thickness of the pollutant will stop
increasing after some time, when the deposit of new pollutant and the
detachment of old pollutant, due to the flow, will be balanced. The heat
exchanger model integrates fouling by having a time-dependent heat
transfer coefficient

k(t) =
(
Rf +Rf∞

(
1− eβt

))−1
, (3.19)

where Rf is the thermal resistivity, Rf∞ the final thermal resistivity
for t → ∞ and β > 0 the fouling coefficient. This will only be valid for
turbulent flows.
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The differential equations for the supply temperatures read

Ṫ1,out =
1

V1
V̇1 (T1,in − T1,out)−

k(t)A

ρcV1
∆Tm, (3.20)

Ṫ2,out =
1

V2
V̇2 (T2,in − T2,out) +

k(t)A

ρcV2
∆Tm. (3.21)

3.1.3 Tank model

Several heating systems include hot water storage tanks. These tanks
are used to ease the operation. Switching of the boiler is avoided since
the tanks can be charged before switching off a boiler and they can be
discharged before the boiler needs to be switched on again. Unfortu-
nately, tanks are generally not controlled efficiently but are charged and
discharged according to the plant operation.

The model of the hot water storage tank was developed in [23] which in
turn is based on the tank model developed in [24]. It is parametrizable
in the number of identical tanks connected, number of layers per tank,
in which the temperature is assumed constant, i.e. the water in the layer
is assumed to be perfectly stirred, the position of in- and outflow and
the position of temperature sensors.

The model includes the pipes as shown in figure 3.4, such that hot water
from the heat generation unit flows into the series of tanks with tem-
perature T1,in and flow rate V̇1 and flows back to the heat generation

unit with temperature T1,out and flow rate V̇1. On the consumer side

water with temperature T2,out and flow rate V̇2 comes out of the tank
series and goes back in with the same flow rate but temperature T2,in. In
this way, the flow rates to other components have a fixed direction and
only within the model the flow rate - and therefore the causal direction
- changes.

This described the outer setting of the tank series. In the following one
single tank is under investigation. Hot water is injected at the top of a
tank, cold water is taken from the bottom. If the temperature difference
between top and bottom is high, the tank can work efficiently. Due to
the difference in the density, hot water will stay at the top and cold
water at the bottom. Each tank consists of n layers, each having its own
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Figure 3.4: Series of tanks (red arrows: charging mode, blue arrows:
discharging mode)

temperature Ti. The temperature in a layer is assumed constant, such
that a trade off between accuracy and number of layers (which increases
the number of states and therefore the complexity) occurs. The tank is
assumed to be cylindrical with diameter Dt, and having a height of Ht.
The sensor temperatures are denoted by Ts,i.

n
n− 1

...

i+ 1
i
i− 1

...
2
1

H

...

Ti+1

Ti

Ti−1

...

Ht

Dt

V̇, Tin

V̇, Tout

Ts,1

Ts,2

Figure 3.5: Single tank (in charging mode)

To create a nonlinear state space model of the tank series, heat flow
balances are established for the layers, which consist of three parts. The
major influence is given by the flow through the layers. Assuming the
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flow rate through the tank is V̇t and the tank is charged this gives

Q̇f = ρcV̇t (Ti−1 − Ti) . (3.22)

Since two layers have a contact surface At = π
(
Dt
2

)2
there is a heat

transfer between these layers (from layer i to layer i+ 1), giving

Q̇t = λlAt
Ti − Ti+1

H
. (3.23)

And finally there are heat losses to the ambiance which can be given as

Q̇l = UAd (Ti − Ta) , (3.24)

where U is the heat transfer coefficient, Ad = πDtH is the contact area
to the ambiance and Ta is the ambient temperature.

Combining all three heat transfer mechanisms, a differential equation for
the temperature of the layers can be given as

ρcViṪi =ρcV̇t (Ti−1 − Ti)− UAd (Ti − Ta) + (3.25)

+
λlAt
H

(Ti−1 − Ti)−
λlAt
H

(Ti − Ti+1) ,

where Vi is the volume of layer i. This balance is depicted in figure 3.6.
Equation (3.25) holds true for layers that do not have an input or out-

ρcViṪi

ρcV̇t (Ti−1 − Ti) λlAt
H (Ti−1 − Ti)

λlAt
H (Ti − Ti+1)

UAd (Ti − Ta)

Figure 3.6: Heat power balance of layer i (in charging mode)
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put and are located between the input and output. For the layers having
an input or an output the heat power balance changes accordingly. For
layers above the upper pipe connection and below the lower pipe con-
nection a mixing algorithm is implemented. This algorithm models the
effect that the water is mixed, if the water in the lower layers has a higher
temperature than the water in the upper layers. The mixing algorithm
is simple. The mean value of hot lower layer and the upper connecting
layers is taken. The number of layer which are mixed is dependent on
the temperature. The algorithm will use as many layers such that the
mean temperature is lower or at least the same as the next connecting
layer. Figure 3.7 illustrates the mixing algorithm step by step. Here
three layers are needed such that the mixing is complete.

75◦C

35◦C

40◦C

55◦C

70◦C

Temperature inversion

55◦C

55◦C

40◦C

55◦C

70◦C

Two layer mixing

50◦C

50◦C

50◦C

55◦C

70◦C

Three layer mixing

Figure 3.7: Mixing algorithm

3.1.4 Consumer model

Radiators are widely used to supply buildings with heat. Nowadays
thermo-active building systems are more and more used. They are build
by installing the pipes within the concrete structure of the building. This
leads to quite large delay-times, which often pose problems with the
installed controllers. The consumer model, will be validated with data
from a building with radiators. The extension of the model to represent
thermo-active building systems would lead to time delays which will not
be investigated in this work.

The consumer model described in this section is not usable for diag-
nostics within the building but sufficient to evaluate controller designs.
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The model was developed in [18] and is based on a one zone model with
simple wall models, which corresponds to an RC-circuit in an electric
analog. The extension to multi-zone building models, see [4] is straight
forward, but will not be discussed since the resulting model would lead
to an undesired complexity.

The consumer model consists of two parts. The first one are the radia-
tors. All radiators will be combined to one. Let the flow rate through
this fictive radiator be V̇ , the temperature entering the consumer Ts and
the temperature leaving the consumer Tr. Denoting the heat demand
by Q̇d a heat power balance can be given as

ρcVcṪr = ρcV̇ Ts − ρcV̇ Tr − Q̇d, (3.26)

where Vc is the volume of the consumer. This heat power balance is
depicted in figure 3.8.

Q̇d

Vc
V̇, Ts

V̇, Tr

Figure 3.8: Consumer model

In the second part, a building model is used to determine the heat de-
mand. Therefore the entire building is modeled as one room with tem-
perature Tb. The radiator is assumed to have the temperature Tr. This
corresponds to the previously used assumption that the water in the ra-
diator is stirred. The building has the temperature Tb and outside the
building there is a temperature Ta. The heat power balance can be given
as

cbṪb = kr,b (Tr − Tb)− kb,a (Tb − Ta) , (3.27)
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where cb is the thermal capacity of the building, kr,b is the heat transfer
coefficient from the radiator to the building and kb,a is the heat transfer
coefficient from the building to the ambiance. The heat power balance
is depicted in figure 3.9.

Outside: Ta

Building: Tb

Radiator: Tr

Figure 3.9: One zone building model

The heat demand Q̇d is equal to the heat power taken from the radiator,
i.e.

Q̇d = kr,b (Tr − Tb) . (3.28)

The consumer model has two states Tr and Tb, three inputs V̇ , Ts
and Ta and one output Tr. As shown in [18] good simulation results
were achieved using the building model, which justifies the use of just
one zone and simple wall models for the building under consideration.
The simulation results are given in section 3.1.7.

The state equations of the nonlinear state space model read

Ṫr =
1

Vc
V̇ Ts −

1

Vc
V̇ Tr −

kr,b
ρcVc

(Tr − Tb) , (3.29)

Ṫb =
kr,b
cb

(Tr − Tb)−
kb,a
cb

(Tb − Ta) . (3.30)

3.1.5 Flow rate collector

Consider nodes, where multiple pipes come together, see figure 3.10.
The resulting flow rate will obviously be the sum of all flow rates coming
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together,

V̇ =

n∑
i=1

V̇i. (3.31)

V̇, T

V̇1, T1

V̇2, T2

V̇n, Tn

...

Figure 3.10: Node with several pipe connections

Using the notation of figure 3.10, the resulting temperature can be given
by summing up the heat flows. Since no volume is to be considered,
the sum of the heat flows is zero. Arriving heat flows will be counted
positive, leaving heat flows negative. The heat flow balance is

0 = ρc

n∑
i=1

(
V̇iTi

)
− ρcV̇ T (3.32)

and therefore the outflow temperature becomes

T =

∑n
i=1

(
V̇iTi

)
V̇

. (3.33)

3.1.6 Hydraulics

In the operation of heating systems lots of problems are related to hy-
draulics. Parts of the building may not be supplied with heat sufficiently
only because of bad hydronic balances in the heating system. This topic
is quite omnipresent in existing buildings as well as in the design of new
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buildings. Nevertheless for the optimization of the control of heating sys-
tems it is necessary to deal with buildings that are already hydraulically
balanced. For the case of a building with adequate hydronic balance,
a simple model for the hydraulic system could be found, see [18]. The
rough representation of the hydraulics uses the fact, that in the mea-
surement data an upper and a lower limit of the flow rate could be
identified. Using the building model and thus the fictitious room tem-
perature a linear dependence between the building temperature and the
flow rate could be found. The structure of this connection is depicted in
figure 3.11.

Tb − Tbr

V̇

−∆Tb ∆Tb

V̇m

}
V̇a

V̇a

{

Figure 3.11: Flow rate over control error of the room temperature.

The hydraulic dependency is modeled in a component named pump. The
pump has the fictitious room temperature as input and the flow rate

V̇ (t) =


− V̇a

∆Tb
Tb(t) + V̇a

∆Tb
Tbr + V̇m |Tb(t)− Tbr| < ∆Tb,

V̇m + V̇a for Tb(t) ≤ Tbr −∆Tb,

V̇m − V̇a Tb(t) ≥ Tbr + ∆Tb,

(3.34)

as output. The buildings reference temperature is denoted as Tbr, the
linear temperature amplitude is given as ∆Tb, the mean flow rate V̇m is
and the flow rate amplitude is V̇a, see figure 3.11 for illustration.
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3.1.7 Heating system model

Using the previously established models of heating system components,
a discrete-time hybrid-valued model of a heating system is constructed,
see [18]. The discrete-valued signals are introduced to model the modes
of the flow rate. Since the slow processes in the heating system allow
the use of a simple method for the temporal discretization, the Euler
forward method is chosen.

The building model parameters and the hydraulic model parameters
are identified using measurement data from the building of the District
Council in Düsseldorf. For heat generation a boiler is used. A scheme of
the heating system is given in figure 3.12.

Ta

Pin

Boiler

Burner

Building/

Consumer

Pump

Figure 3.12: Scheme of a heating system

The inputs to the model are the ambient temperature Ta and the ther-
mal power Pin to be generated by the boiler. The states of the model
are the supply temperature Ts, the return temperature Tr, the building
temperature Tb and two discrete states Xl and Xu, used to model the
hydraulics.

The difference equations for the used components will be stated in the
following, starting with the pump. The discrete-valued states are defined
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as

Xl =

{
1 if Tb > Tbr −∆Tb,
0 else,

(3.35)

Xu =

{
1 if Tb > Tbr + ∆Tb,
0 else.

(3.36)

The flow rate can be given in dependence of the states (3.35), (3.36) and
the building temperature Tb as

V̇ = V̇m + V̇a +

(
TbrV̇a
∆Tb

− V̇a

)
Xl −

(
TbrV̇a
∆Tb

+ V̇a

)
Xu−

− V̇a
∆Tb

TbXl +
V̇a

∆Tb
TbXu . (3.37)

The next state equation for the boiler, using equation (3.37) reads

Φ (Ts) = Ts

(
1− ts(V̇a + V̇m)

Vb

)
+ Tr

ts(V̇a + V̇m)

Vb
+

+ TsXl
V̇ats(∆Tb − Tbr)

∆TbVb
− TrXl

V̇ats(∆Tb − Tbr)
∆TbVb

+

+ TbTsXl
V̇ats

∆TbVb
− TbTrXl

V̇ats
∆TbVb

+

+ TsXu
V̇ats(∆Tb + Tbr)

∆TbVb
− TrXu

V̇ats(∆Tb + Tbr)

∆TbVb
−

− TbTsXu
V̇ats

∆TbVb
+ TbTrXu

V̇ats
∆TbVb

+ Pin
ts
Vbcρ

. (3.38)
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The next state equation for the consumer is

Φ (Tr) = Ts
ts(V̇a + V̇m)

Vc
+ Tr

(
1− ts(kr,b + cV̇aρ+ cV̇mρ)

Vccρ

)
+

+ Tb
kr,bts
Vccρ

− TsXl
V̇ats(∆Tb − Tbr)

∆TbVc
+ TrXl

V̇ats(∆Tb − Tbr)
∆TbVc

−

− TbTsXl
V̇ats

∆TbVc
+ TbTrXl

V̇ats
∆TbVc

− TsXu
V̇ats(∆Tb + Tbr)

∆TbVc
+

+ TrXu
V̇ats(∆Tb + Tbr)

∆TbVc
+ TbTsXu

V̇ats
∆TbVc

− TbTrXu
V̇ats

∆TbVc
.

(3.39)

And finally the next state equation for the building temperature reads

Φ (Tb) = Tb

(
1− ts(kr,b + kb,a)

cb

)
+ Tr

tskr,b
cb

+ Ta
tskb,a
cb

. (3.40)

The model parameters of the heating system components are given in
table 3.1. In addition to these parameters, table 3.2 lists the material
constants of water.

With this model the behaviour over one day as well as the behaviour
over the whole year are captured. The following figures validate the
building model and justify the use of the simple hydraulic model. First
the flow rate is given for an entire year. One can see that the trend
over the year is captured by the model, see figure 3.13. But also the
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] Measurement: Simulation:

Figure 3.13: Flow rate of one year.
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Component Parameter Symbol Value

Boiler
Volume boiler Vb 1.05 m3

Nominal power
Pn 1.1 MW

of the boiler

Consumer

Volume consumer Vc 5 m3

Thermal capacity
cb 1× 1010 W s

Kof the building
Total heat transfer

kr,b 2.5× 104 W
K

coefficient
(radiator building)
Total heat transfer

kb,a 4.7338× 104 W
K

coefficient
(building ambiance)

Pump

Mean flow rate V̇m 4.75× 10−3 m3

s

Flow rate amplitude V̇a 3.25× 10−3 m3

s
Linear temperature

∆Tb 4 Kamplitude of
the thermostat

Building reference
Tbr 21 ◦C

temperature

Table 3.1: Parameters of the heating model.

Density of water ρ 1000 kg

m3

Specific heat
c 4182 W s

kg Kcapacity of water

Table 3.2: Material constants of water.

behaviour of one day is captured, see figure 3.14. Supply and return
temperatures from measurements and from the simulation are given in
figure 3.15. The slight mismatch in the return temperature probably
results from a bypass, which was not taken into account in the model
and was later removed from the system. And finally the supply and
return temperatures for two days are given in figure 3.16. In addition
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Figure 3.14: Flow rate of two days.
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Figure 3.15: Supply and return temperatures for one year.

to these qualitative validations of the model table 3.3 gives the root
mean square error as well as the standard deviation for the differences
in supply, return and building temperature of measurement data and
simulation. The accuracy of the model was assumed to be sufficient to
evaluate the controller design methods.
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Figure 3.16: Supply and return temperatures for two days.

Temperature Root mean square error Standard deviation

Supply temperature 4.13 ◦C 3.93 ◦C
Return temperature 7.58 ◦C 2.79 ◦C

Flow rate 9.54× 10−4 m3

h 6.54× 10−4 m3

h

Table 3.3: Root mean square error and standard deviation of the simu-
lation error

3.2 Piecewise affine models of heating system com-
ponents

In this section a component of a heating system will be modeled as a
piecewise affine system, followed by the description of a model of an
entire heating system.

3.2.1 Model of a heating system component

Hybrid systems can be represented using piecewise affine models, as long
as the continuous-valued dynamics of the affine models are linear. If the
continuous-valued dynamics include the multiplication of two inputs,
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input and state, or two states, multiple affine systems have to be given
to model this effect.

We shall have a closer look at a boiler. The inputs to the boiler are the
return temperature Tr, the heat power to be produced by the boiler Pin
and the flow rate V̇ . The state and output is the supply temperature Ts.

In discrete time the state equation can be given as

Ts(k + 1) = Ts(k)− ∆t

Vb
V̇ (k)Ts(k) +

∆t

Vb
V̇ (k)Tr(k) +

∆t

ρcVb
Pin(k).

(3.41)

Problems arise from the second and the third addend where a multiplica-
tion of input and state or input and input has to be calculated. To cope
with this problem, the flow rate is discretized using a step size of ∆V̇ .
For each interval of the flow rate a new affine model is given. The guard
function then selects the active dynamics depending on the input V̇ .

The piecewise affine model (a piecewise linear model in this case) can be
given as

Ts(k + 1) =

(
1− ∆t

Vb
V̇i

)
Ts(k) +

[
∆t
Vb
V̇i

∆t
ρcVb

0
] Tr(k)

Pin(k)

V̇ (k)

 (3.42)

or using x = Ts and u =
[
Tr Pin V̇

]T
as

x(k + 1) =

(
1− ∆t

Vb
V̇i

)
︸ ︷︷ ︸

Ai

x(k) +
[

∆t
Vb
V̇i

∆t
ρcVb

0
]

︸ ︷︷ ︸
Bi

u(k), (3.43)

where the constant V̇i is different for each model and equals the mean
value of the flow rate V̇ for which this model is active. The guard
function [

0
0

]
︸︷︷︸
Gx

x(k) +

[
0 0 1
0 0 −1

]
︸ ︷︷ ︸

Gu

u(k) ≤

[
V̇i + ∆V̇

2

−V̇i + ∆V̇
2

]
︸ ︷︷ ︸

Gci

(3.44)
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selects the model to be active. Depending on the discretization size and
the upper and lower bound on the flow rate, more or less models have
to be defined. The fewer models are defined, the bigger the discretiza-
tion error of the flow rate will be. Here the classical trade-off between
accuracy and complexity has to be made.

Using this procedure, other component models given in section 2.1 could
be rewritten as switched affine models. This modeling framework can
also be used to model heating systems that include switching dynamics.
An example is given in the following section.

3.2.2 Model of a heating system

In this section a piecewise affine model of the heating system of the state
office building for nature, environment and consumerism in Düsseldorf is
described. The model was developed in [25]. Figure 3.17 shows a scheme
of the heating system consisting of three boilers in parallel, a pump and
a consumer. The consumer represents all radiators and pipes of all three
buildings that are connected to the heating system. The power to be
produced by the boilers can be set and in case of no produced power
a lid in the pipe to the boiler can be closed or opened. If the boiler is
producing heat, the lid needs to be opened. The inputs of the model are
the power to be produced by the boilers and the decision which boiler
has to be switched on, subject to some constraints given in the following.

The main goal of this model is to investigate the operation mode, i.e.
which boiler is switched on. Therefore, no sophisticated consumer model
is needed. The heat power demand Q̇d and the flow rate V̇ are dis-
turbance inputs to the model, which is justified as long as the supply
temperature and its reference are close to each other. In this case, the
signals produced by the consumer model will match the measurement
data very closely. The reference is calculated in dependence on the am-
bient temperature Ta, which is also a disturbance input to the system.
The dependence of ambient and reference supply temperature is depicted
in figure 3.18.

The supply temperature of the heating system is composed of the supply
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Pump V̇ , Ts
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Ts1, V̇1

Ts2, V̇2

Ts3, V̇3

Vb1

Vb2

Vb3

Vc

Figure 3.17: Scheme of the heating system.

Ta

Ts,r
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85 ◦C

60 ◦C

Figure 3.18: Reference supply temperature in dependence on the ambient
temperature.

temperatures of the three boilers and the flow rates through the boilers

Ts =
V̇1Ts1 + V̇2Ts2 + V̇3Ts3

V̇
. (3.45)

The decision which lid is opened in dependence on the flow rate is reached
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by an underlying controller. Possible settings of the lids are given in
table 3.4. As one can see, there are intervals of the flow rate where
two different lid settings are feasible. In this case the limits are used as
limits of a hysteresis function. Only when the upper limit of the interval
is crossed, the higher lid setting is used and only if the flow rate is below
the lower limit, the lower lid setting is used. The higher and lower lid
setting are the lid settings corresponding to the higher and lower flow
rates, respectively. The limits on the flow rate are based on hydraulically

L V̇1

V̇
V̇2

V̇
V̇3

V̇
V̇min

[
1
L

]
V̇max

[
1
L

]
1 1 0 0 0 3.1
2 0 1 0 2.2 6.4
3 0.33 0.67 0 5.3 9.4
4 0.2 0.4 0.4 8.1 ∞

Table 3.4: Distribution of the flow rate depending on the opened lids
with the corresponding lid setting L.

considerations3.

To control the lids a control strategy is chosen, which tries to avoid
switching, i.e. as long as the flow rate is in the corresponding admissible
range the lid configuration is not changed. The control law is given as

L(k) =



1, if V̇ (k) ≤ 2.2 ,

or 2.2 < V̇ (k) ≤ 3.1 ∧ L(k − 1) = 1 .

2, if 2.2 < V̇ (k) ≤ 3.1 ∧ L(k − 1) 6= 1 ,

or 3.1 < V̇ (k) ≤ 5.3 ,

or 5.3 < V̇ (k) ≤ 6.4 ∧ L(k − 1) ∈ {1, 2} .
3, if 5.3 < V̇ (k) ≤ 6.4 ∧ L(k − 1) /∈ {1, 2} ,

or 6.4 < V̇ (k) ≤ 8.1 ,

or 8.1 < V̇ (k) ≤ 9.4 ∧ L(k − 1) 6= 4 .

4, if 8.1 < V̇ (k) ≤ 9.4 ∧ L(k − 1) = 4 ,

or 9.4 < V̇ (k) .

(3.46)

3The numerical values have been found by our project partners from Plenum
Ingenieurgesellschaft für Planung, Energie, Umwelt mbH
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Within the lid settings different boiler configurations are possible, i.e.
different combinations of the boilers can be switched on. Table 3.5 lists
all boiler configurations with the corresponding coding B. If bi = 1 the
boiler i is switched on, if bi = 0 the boiler i is switched off.

B b1 b2 b3
1 1 0 0
1.5 0 0 0
2 0 1 0
2.5 1 1 0
3 1 1 1

Table 3.5: Boiler configuration and corresponding boilers.

Now, the decision which boiler has to be switched on (which is an in-
put to the heating system) can be given in terms of the different boiler
configurations.

This model will be used in an online model predictive control with short
time horizons, see section 4.3. Since the flow rate and the heat power
demand are changing slowly they can be assumed to be constant for the
horizons. This has the advantage, that no discretization of the flow rate
is needed and therefore no additional system matrices have to be defined.
In each time instant a different switched affine system may be used for
the controller design. The lid setting is determined by the current flow
rate and therefore all feasible boiler configurations, i.e. which boiler is
switched on. For each feasible boiler configuration a system and its guard
function is defined.

The state equations in continuous time are

Ṫsi(t) =
1

Vbi
V̇iTr(t)−

1

Vbi
V̇iTsi(t) +

1

ρcVbi
P (t) , i = 1, 2, 3 (3.47)

Ṫr(t) = c
1

Vc
V̇ Ts(t)−

1

Vc
V̇ Tr(t)−

1

ρcVc
Q̇d. (3.48)
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Rewriting the state equations in state space form gives
Ṫ1

Ṫ2

Ṫ3

Ṫrl

 = (3.49)


− v1V̇
VK1

0 0 v1V̇
VK1

0 − v2V̇
VK2

0 v2V̇
VK2

0 0 − v3V̇
VK3

v3V̇
VK3

v1V̇
VV

v2V̇
VV

v3V̇
VV

− V̇
VV



T1

T2

T3

Trl

+


0

b1Pn,1
cρVK1

0
b2Pn,2
cρVK2

0
b3Pn,3
cρVK3

0 0


[
B
P

]
+


0
0
0

− Q̇ab
cρVV

 .

Introducing x =
[
Ts1 Ts2 Ts3 Tr

]T
and u =

[
B P

]T
, this can be

rewritten in a short notation as

ẋ(t) = Ax(t) + Bu(t) + f (3.50)

Using the zero-order-hold method for temporal discretization leads to
the following system matrices in discrete time

x(k + 1) = Adx(k) + Bdu(k) + fd. (3.51)

Adding the two previous boiler configurations to the state vector, such
that during the design of the controller, switching of the boilers can be
part of the cost function, gives

xf (k + 1) =

 x(k + 1)
x5(k + 1)
x6(k + 1)

 =

Ad 0 0
0 0 0
0 1 0

 x(k)
x5(k)
x6(k)

+

 Bd

1 0
0 0

u(k) +

fd
0
0

 ,
(3.52)

where 0 is a vector or a matrix with all entries 0 and appropriate dimen-
sions.

Finally the guard function[
0 0 0 0 0 0
0 0 0 0 0 0

]
xf (k) +

[
1 0
−1 0

]
u(k) ≤

[
B
−B

]
(3.53)

selects the active dynamics. This model will be used in section 4.3 in
model predictive controller.
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3.3 Tensor models of heating system components

In the thermal heat power balances of the nonlinear state-space models
introduced in section 3.1, the nonlinearities arise mainly from the mul-
tiplication of two states or a state and an input. These multiplications
can be represented exactly by a tensor model. For this reason, tensor
models of the components introduced in section 3.1 will be derived in
the following. Note that the factor matrices are denoted with the same
symbols, in the following subsections, even though they are not the same
for the different components.

3.3.1 Heat generation units

The heat power balance for a boiler with attached burner (3.10) leads
to the next state equation for the supply temperature given as

Ts(k + 1) = Ts(k)− ts
Vb
V̇ (k)Ts(k) +

ts
Vb
V̇ (k)Tr(k) +

ts
ρcVb

Pin(k),

(3.54)

using the Euler-forward method for temporal discretization.

For this model the inputs are the return temperature Tr, the flow rate V̇
and the input heat power Pin. The state is the supply temperature Ts.
Therefore the monomial tensor in CP decomposed form can be given as

Mb(Ts, Tr, V̇, Pin) =

[(
1
Pin

)
,

(
1

V̇

)
,

(
1
Tr

)
,

(
1
Ts

)]
. (3.55)

In order to express equation (3.54) with the help of a contracted tensor
product, the factor matrices are stated. In CP decomposed form this
becomes

Fb = [FPin ,FV̇ ,FTr ,FTs ,FΦ] · λb, (3.56)
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where

FTs =

(
0 0 1 1
1 1 0 0

)
, (3.57)

FTr =

(
1 1 0 1
0 0 1 0

)
, (3.58)

FV̇ =

(
1 0 0 1
0 1 1 0

)
, (3.59)

FPin =

(
1 1 1 0
0 0 0 1

)
, (3.60)

FΦ =
(
1 1 1 1

)
, (3.61)

λb =
(
1 − ts

Vb
ts
Vb

ts
ρcVb

)T
. (3.62)

Thus the next state equation is given by

Φ (Ts) =
〈
Fb

∣∣∣Mb(Ts, Tr, V̇, Pin)
〉
. (3.63)

3.3.2 Heat exchanger

From the equations (3.20) and (3.21) the difference equations

T1,out(k + 1) = T1,out(k) +
ts
V1
V̇1(k) (T1,in(k)− T1,out(k))− kAts

ρcV1
∆Tm(k),

(3.64)

T2,out(k + 1) = T2,out(k) +
ts
V2
V̇2(k) (T2,in(k)− T2,out(k)) +

kAts
ρcV2

∆Tm(k),

(3.65)

are derived using the Euler forward method and assuming that k(t) is
constant. To establish the tensor model, the term ∆Tm(k) needs further
investigation. Recalling

∆Tm =
(T2,out − T2,in)− (T1,in − T1,out)

ln
(
T1,out−T2,in

T1,in−T2,out

) (3.66)
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and that multilinearity is needed for tensor models, it is obvious that a
multilinear approximation for this term needs to be found. Substituting

x1 =
T1,out − T2,in

T1,in − T2,out
(3.67)

x2 = T1,in − T2,out (3.68)

gives

∆Tm(k) =
x1x2 − x2

ln (x1)
. (3.69)

The choice of the variables x1 and x2 represents the temperature differ-
ence at the input of the primary side and the ratio of the temperature
differences at the connection points. With the linear assumed temper-
atures over the length of the heat exchanger the four variables can be
reduced to two on a power level. Using the approximation method,
which will be introduced in section 3.3.6, a multilinear approximation
of equation (3.69) could be found for the intervals x1 ∈ [0.004 . . . 0.04]
and x2 ∈ [30 K . . . 45 K], i.e.

∆T̂m = a1 + a2 (T1,in − T2,out) + a3 (T1,out − T2,in) , (3.70)

with a1 ≈ −1.6692 K, a2 ≈ 0.1847 and a3 ≈ 3.0351. This function
is in fact linear in the original variables but has a multilinear term in
the transformed variables x1 and x2. Simulation results of the heat ex-
changer model with the nonlinear original function and the approxima-
tion are given in figure 3.19. Inserting equation (3.70) in (3.64) and (3.65)
gives

T1,out(k + 1) = T1,out(k) +
ts
V1
V̇1(k) (T1,in(k)− T1,out(k))−

− kAts
ρcV1

(a1 + a2 (T1,in(k)− T2,out(k)) + a3 (T1,out(k)− T2,in(k))) ,

(3.71)

T2,out(k + 1) = T2,out(k) +
ts
V2
V̇2(k) (T2,in(k)− T2,out(k)) +

+
kAts
ρcV2

(a1 + a2 (T1,in(k)− T2,out(k)) + a3 (T1,out(k)− T2,in(k))) .

(3.72)
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Figure 3.19: Original and approximation of the temperature defining the
heat exchange.

The inputs for this model are the intake temperatures on the primary
and secondary side of the heat exchanger T1,in and T2,in and the flow

rates on the primary and secondary side V̇1 and V̇2. The states are the
outflow temperatures of both sides T1,out and T2,out. Thus the monomial
tensor in CP decomposition can be given as

Me(T1,out, T2,out, T1,in, T2,in, V̇1, V̇2) =[(
1

V̇2

)
,

(
1

V̇1

)
,

(
1

T2,in

)
,

(
1

T1,in

)
,

(
1

T2,out

)
,

(
1

T1,out

)]
. (3.73)

With the factor matrices

FT1,out =

(
1 0 0 1 1 1 1 1 0 1 1 1 1 1
0 1 1 0 0 0 0 0 1 0 0 0 0 0

)
, (3.74)

FT2,out
=

(
1 1 1 0 1 1 1 1 1 0 0 1 1 1
0 0 0 1 0 0 0 0 0 1 1 0 0 0

)
, (3.75)

FT1,in
=

(
1 1 1 1 0 0 1 1 1 1 1 0 1 1
0 0 0 0 1 1 0 0 0 0 0 1 0 0

)
, (3.76)
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FT2,in
=

(
1 1 1 1 1 1 0 1 1 1 1 1 0 0
0 0 0 0 0 0 1 0 0 0 0 0 1 1

)
, (3.77)

FV̇1
=

(
1 1 0 1 1 0 1 1 1 1 1 1 1 1
0 0 1 0 0 1 0 0 0 0 0 0 0 0

)
, (3.78)

FV̇2
=

(
1 1 1 1 1 1 1 1 1 1 0 1 1 0
0 0 0 0 0 0 0 0 0 0 1 0 0 1

)
, (3.79)

FΦ =

(
1 1 1 1 1 1 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 1 1 1 1 1 1

)
, (3.80)

and the parameter vector

λe =

(
−a1

kAts
ρcV1

, 1−a3
kAts
ρcV1

, − ts
V1

, a2
kAts
ρcV1

,

−a1
kAts
ρcV1

,
ts
V1

, a3
kAts
ρcV1

, a1
kAts
ρcV2

, a3
kAts
ρcV2

,

1−a2
kAts
ρcV2

, −ts
V2
, a2

kAts
ρcV2

, −a3
kAts
ρcV2

,
ts
V2

)T
, (3.81)

the next state tensor is given as

Fe =
[
FV̇2

,FV̇1
,FT2,in

,FT1,in
,FT2,out

,FT1,out
,FΦ

]
· λe. (3.82)

Thus, the next state equation is given by

Φ

((
T1,out

T2,out

))
=
〈
Fe

∣∣∣Me(T1,out, T2,out, T1,in, T2,in, V̇1, V̇2)
〉
. (3.83)

3.3.3 Tank model

Recalling equation (3.25) and rearranging gives

Ṫi =
1

Vi
V̇tTi−1 −

1

Vi
V̇tTi +

UAd
ρcVi

Ta +
λlAt
ρcViH

Ti−1−

−
(

2
λlAt
ρcViH

+
UAd
ρcVi

)
Ti +

λlAt
ρcViH

Ti+1, (3.84)

with the temperatures Tj for the layers j = i − 1, i, i + t, the ambient

temperature Ta and the flow rate through the tank V̇t. The constants
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in this equation are the volume Vi of the layer i, the heat transfer coef-
ficient U , the exterior surface Ad of each layer, the contact area of the
layers At, the height of the tank H and the heat transfer coefficient λl
between the layers.

In discrete time this reads

Φ (Ti) =
ts
Vi
V̇tTi−1 −

ts
Vi
V̇tTi +

tsUAd
ρcVi

Ta +
tsλlAt
ρcViH

Ti−1+

+

(
1− 2

tsλlAt
ρcViH

− tsUAd
ρcVi

)
Ti +

tsλlAt
ρcViH

Ti+1. (3.85)

These are the next state equations for layers between the layers with a
pipe connection. In layers above or below the pipe connection the next
state equation becomes

Φ (Ti) =
tsUAd
ρcVi

Ta +
tsλlAt
ρcViH

Ti−1+

+

(
1− 2

tsλlAt
ρcViH

− tsUAd
ρcVi

)
Ti +

tsλlAt
ρcViH

Ti+1. (3.86)

For the top layer the second term and for the bottom layer the last term
vanishes from equation (3.86). Using the notation for the temperatures
given in figure 3.5, for the charging and the discharging mode, the fol-
lowing two equations can be stated. The next state equation for the
temperature in the upper layer with pipe connection in charging mode
is

Φ (Ti) =
ts
Vi
V̇tTin −

ts
Vi
V̇tTi +

tsUAd
ρcVi

Ta +
tsλlAt
ρcViH

Ti−1+

+

(
1− 2

tsλlAt
ρcViH

− tsUAd
ρcVi

)
Ti +

tsλlAt
ρcViH

Ti+1. (3.87)

The next state equation for the temperature in the lower layer with pipe
connection in discharging mode is

Φ (Ti) =
ts
Vi
V̇tTi+1 −

ts
Vi
V̇tTout +

tsUAd
ρcVi

Ta +
tsλlAt
ρcViH

Ti−1+

+

(
1− 2

tsλlAt
ρcViH

− tsUAd
ρcVi

)
Ti +

tsλlAt
ρcViH

Ti+1. (3.88)
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To switch between these modes a discrete state c is introduced. This
state is 1 in charging mode and 0 otherwise

Φ (c) =

{
1 if V̇t > 0,
0 otherwise.

(3.89)

To model the mixing due to temperature inversion discrete states are
introduced

di =

{
1 if Ti+1 > Ti.
0 otherwise,

∀i = 1, . . . , n− 1. (3.90)

The next state equations with mixing then become

Φ
(
T̂i

)
=Φ (Ti)

(
1 +

1

2
di−1 −

1

2
di +

1

3
di−1di

)
+ (3.91)

+ Φ (Ti−1)

(
1

2
di−1 −

1

6
di−1di

)
+ Φ (Ti+1)

(
1

2
di −

1

6
di−1di

)
,

where T̂i is introduced as symbol for the temperature with mixing.

Finally the three-way valves at the top and at the bottom need to be
modeled. The function of these valves changes in dependence on the
mode. If the tank is charged the upper acts as a distribution valve (two
outflows, one inflow) and the lower valve acts as a collector (two inflows,
one outflow). In discharging mode this is inverted.

The temperatures T2,out and T1,out can be given as

T2,out =T1,inv1 + Tt (v1 − 1) (1− c) + T1,inc (3.92)

T1,out =T2,inv2 + Tt (1− v2) c+ T2,in (1− c) , (3.93)

with the ratios v1 = V̇1

V̇2
and v2 = V̇ 2

V̇ 1
and Tt being the temperature

that comes out of the tank either at the top (in discharging mode) or
at the bottom (in charging mode). These temperatures can be given
as an output function of the tensor system, which so far was not used.
See [15] for details. The tank model is not used in an approach using
tensor models, therefore no factor matrices are given.

71



3.3.4 Consumer model

The input of the consumer model is the supply temperature. The out-
puts are the return temperature and the flow rate, which depends on
the building temperature and the discrete states Xu and Xl indicating
the building temperature above an upper or below a lower limit as given
in equations (3.35) and (3.36). This relation is depicted in figure 3.11.
The continuous-valued states are the return temperature and the build-
ing temperature the discrete-valued states are Xu and Xl. For better
readability the discrete-time next state equations are restated here. The
next state of the return temperature (3.39) is

Φ (Tr) = Ts
ts(V̇a + V̇m)

Vc
+ Tr

(
1− ts(kr,b + cV̇aρ+ cV̇mρ)

Vccρ

)
+

+ Tb
kr,bts
Vccρ

− TsXl
V̇ats(∆Tb − Tbr)

∆TbVc
+ TrXl

V̇ats(∆Tb − Tbr)
∆TbVc

−

− TbTsXl
V̇ats

∆TbVc
+ TbTrXl

V̇ats
∆TbVc

− TsXu
V̇ats(∆Tb + Tbr)

∆TbVc
+

+ TrXu
V̇ats(∆Tb + Tbr)

∆TbVc
+ TbTsXu

V̇ats
∆TbVc

− TbTrXu
V̇ats

∆TbVc
(3.94)

and the next state of the building temperature (3.40) is

Φ (Tb) = Tb

(
1− ts(kr,b + kb,a)

cb

)
+ Tr

tskr,b
cb

+ Ta
tskb,a
cb

. (3.95)

The equations contain multilinear terms, but no other nonlinearities.
The conversion to a tensor model is therefore straight forward.

The monomial tensor is

Mc(Tr, Tb, Xu, Xl, Ts, Ta) =

[(
1
Ta

)
,

(
1
Ts

)
,

(
1
Xl

)
,

(
1
Xu

)
,

(
1
Tb

)
,

(
1
Tr

)]
.

(3.96)

With the factor matrices and the parameter vector
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FTr =

(
1 0 1 1 0 1 0 1 0 1 0 1 0 1 1 1 1 1
0 1 0 0 1 0 1 0 1 0 1 0 1 0 0 0 0 0

)
,

(3.97)

FTb =

(
1 1 0 1 1 0 0 1 1 0 0 0 1 1 1 0 1 0
0 0 1 0 0 1 1 0 0 1 1 1 0 0 0 1 0 1

)
,

(3.98)

FXu =

(
1 1 1 1 1 1 1 0 0 0 0 1 1 1 1 1 1 1
0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0

)
,

(3.99)

FXl =

(
1 1 1 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1
0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0

)
,

(3.100)

FTs =

(
0 1 1 0 1 0 1 0 1 0 1 1 1 1 1 1 1 1
1 0 0 1 0 1 0 1 0 1 0 0 0 0 0 0 0 0

)
,

(3.101)

FTa =

(
1 1 1 1 1 1 1 1 1 1 1 1 1 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0

)
,

(3.102)

FΦ =


1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1

 ,

(3.103)

λc =

(
ts(V̇a + V̇m)

Vc
, 1− ts(kr,b + cV̇aρ+ cV̇mρ)

Vccρ
,

kr,bts
Vccρ

,

−V̇ats(∆Tb − Tbr)
∆TbVc

,
V̇ats(∆Tb − Tbr)

∆TbVc
, − V̇ats

∆TbVc
,

V̇ats
∆TbVc

,

−V̇ats(∆Tb + Tbr)

∆TbVc
,

V̇ats(∆Tb + Tbr)

∆TbVc
,

V̇ats
∆TbVc

, − V̇ats
∆TbVc

,

1− ts(kr,b + kb,a)

cb
,

tskr,b
cb

,
tskb,a
cb

, 1, −Tbr+∆Tb+0.5,

1, −Tbr−∆Tb+0.5)T , (3.104)
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the next state tensor in CP decomposed form

Fc = [FTa ,FTs ,FXl ,FXu ,FTb ,FTr ,FΦ] · λc (3.105)

can be created. Using this tensor, the next state equations for the return and
the building temperature as well as for the discrete states Xu and Xl can be
given by the hybrid contracted tensor product

Φ



Tr
Tb
Xu
Xl


 = 〈Fc |Mc(Tr, Tb, Xu, Xl, Ts) 〉� . (3.106)

3.3.5 Heating system model

The heating system described in section 3.1.7 will be translated into a tensor
model. The heating system is extended to include a controller and a signal
generator for the ambient temperature. Both components are held simple.
The controller will switch on the boiler if a lower threshold of the supply
temperature is underrun and it will switch off the boiler if an upper limit
of the supply temperature is exceeded. The signal generator of the ambient
temperature is an oscillator with two frequencies. One for the temperature
oscillation over the days and one for the oscillations over a year. This model
was published in [18, 26] and is depicted in figure 3.20.

The continuous-valued states of the system are the supply temperature Ts,
which is the state of the boiler, the return temperature Tr and the build-
ing temperature Tb, which are the states of the consumer model. The signal
generator models the day oscillation and the year oscillation of the ambient
temperature with four continuous-valued states Ta1, . . . , Ta4, two for each os-
cillation. Two Boolean states Xl and Xu of the consumer determine whether
or not the building temperature is in the interval where the thermostatic valve
acts linear or are in the lower or upper saturation. The controller has three
further Boolean states. The states Hl and Hu determine, if the supply temper-
ature is above an upper limit or below a lower limit and the Boolean state B
states, if the boiler is running or not. The state vector is given by

x = [Ts Tr Tb Ta1 Ta2 Ta3 Ta4 Xl Xu Hl Hu B]T ∈ R7 × B5 . (3.107)

The flow rate is not a state in this model since the dependence of flow rate on
building temperature and the discrete states Xl and Xu (3.37) is assumed.
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Figure 3.20: Scheme of a heating system with controller and signal gen-
erator.

The signal generator is defined as


˙Ta1

˙Ta2

˙Ta3

˙Ta4

 =


0 1 0 0
−ω2

d 0 0 0
0 0 0 1
0 0 −ω2

y 0



Ta1

Ta2

Ta3

Ta4

 , (3.108)

where ωd =
(

2π
86400

)
rad
s

and ωy =
(

2π
31536000

)
rad
s

. The continuous-time state
update function is temporally discretized using the Matlab command c2d

with the zero-order hold method. Here the first order Euler forward method
gave unsatisfactory results when simulation for an entire year. The ambient
temperature can then be calculated as

Ta =
(
1 0 1 0

)
Ta1

Ta2

Ta3

Ta4

+ Ta,m. (3.109)

Note that for a tensor system no coordinate transformation is needed but the
constant term Ta,m = 12.5 ◦C can be modeled.
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To describe the controller the discrete states Hl and Hu need to be defined as

Φ (Hl) =

{
1 if Ts > 75 ◦C
0 else

(3.110)

Φ (Hu) =

{
1 if Ts > 95 ◦C
0 else.

(3.111)

With these definitions the next state of B (boiler is running or not) is deter-
mined by

Φ (B) =


B if Hl(1−Hu) = 1
1 if (1−Hl)(1−Hu) = 1
0 if HlHu = 1

. (3.112)

It is straight forward to translate the next state equations for the supply tem-
perature (3.38) and the return temperature (3.39) into factor matrices and pa-
rameter vectors. By inserting equation (3.109) in the next state equation of the
building temperature (3.40), this equation is only dependent on the states mak-
ing the conversion to factor matrices and parameter vector possible. The same
conversion is done for the next state equations of the signal generator (3.108)
as well as for the discrete next state equations (3.35), (3.36), (3.110), (3.111)
and (3.112). This leads to an overall tensor model

Φ (x) = 〈F |M(x) 〉� (3.113)

with 12 factor matrices of dimension B2×46, one factor matrix of dimen-
sion B46×12 and a parameter vector with 46 real entries, given in the ap-
pendix B. The initial state vector is

x(0) =

(
253 323 294 0 − 5π

86400
− 12.5 0 1 0 0 0 1

)T
.(3.114)

3.3.6 Multilinearization

In this section a method to generate a tensor model from a nonlinear state
space model is presented, [5, 27]. The method is a numerical one, i.e. the next
states or the derivatives of the states need to be computed. Here the state
space model is assumed to be given as a Simulink model, such that Simulink
can be used to do these calculations, but the method could be extended, such
that it could use measurement data from a real system to estimate a tensor
model. First an approximation method for nonlinear functions is presented.
This is then extended to nonlinear systems.
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A multilinear function can be given in terms of the contracted tensor product
as

h(x)=〈F |M(x) 〉=
2n∑
i=1

ϕiiµii(x) = (3.115)

ϕi1·1+ϕi2·x1+ϕi3·x2+ϕi4·x1x2+. . .+ϕi2n·x1x2. . .xn,

which is a function in the variables x ∈ Rn. The tensor F ∈ R×
(n)2 contains

the factor matrices and the parameter vector. The scalar elements of a tensor

of dimension R×
(n)2 are indexed by a subscript vector i =

(
i1 · · · in

)
. Since

every element of i can take 2 values, i.e. 1 or 2, there are 2n different index
vectors possible, denoted by ii, i= 1, . . . , 2n. Thus the elements of M(x) are
given by µii(x) and the elements of F are given by ϕii .

Approximation problem The goal is to find a multilinear function h(x),
which is the best approximation of the nonlinear function f(x). Obviously
the term best needs further definition. The approximation will be valid in a
domain D ⊂ Rn, which is bounded by the intervals of the variables

xi ∈ [xi,l, xi,u] , i = 1, . . . , n.

The best multilinear approximation h(x) of a nonlinear function f(x) min-
imizes the distance between approximation and original function. For this
measure the norm

‖f(x)‖w :=
√
〈f(x), f(x)〉w (3.116)

is introduced, where the inner product of f1(x) ∈ N and f2(x) ∈ N is given
as

〈f1(x), f2(x)〉w :=

∫
D

f1(x)f2(x)w(x) dx, w(x) > 0. (3.117)

Here N denotes the inner product space of the nonlinear functions and w(x) is
a weighting function used to increase the importance of a good approximation
in a subset of the domain D. All multilinear functions are in the inner product
space N of nonlinear functions and therefore define a subset M ⊂ N . The
approximation problem can be formulated as a minimization problem

min
h(x)∈M

‖h(x)− f(x)‖w . (3.118)
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The uniqueness of the solution to the minimization problem is given, since N is
an inner product space and therefore strict convex, [28]. The polynomial h(x)
is the solution to (3.118), if and only if the orthogonality condition〈

ĥ(x), h(x)− f(x)
〉
w

= 0, ∀ĥ(x) ∈M (3.119)

is fulfilled, [29]. The base {µi1(x), . . . , µi2n (x)} ofM is given by the elements
of the monomial tensor M(x) and is called monomial base in the following.
The function ĥ(x) can be given as

ĥ(x) =
〈

F̂ |M(x)
〉

=

2n∑
k=1

ϕ̂ikµik (x), (3.120)

with F̂ ∈ R×
(n)2. Inserting (3.120) in (3.119) gives〈

2n∑
k=1

ϕ̂ikµik (x) , h(x)− f(x)

〉
w

= 0 (3.121)

and leads to a system of linear equations

〈µik (x), h(x)− f(x)〉w = 0, k = 1, . . . , 2n. (3.122)

The unknowns of these equations are the coefficients ϕii of the function h(x).
Inserting (3.115) in (3.122) and rearranging gives

2n∑
i=1

ϕii〈µik (x),µii(x)〉w=〈µik (x),f(x)〉w, k=1, . . . , 2n. (3.123)

Rewriting (3.123) as matrix equation gives 〈µi1(x), µi1(x)〉w · · · 〈µi1(x), µi2n (x)〉
w

...
. . .

...
〈µi2n (x), µi1(x)〉

w
· · · 〈µi2n (x), µi2n (x)〉

w


 ϕi1

...
ϕi2n

 =

 〈f(x), µi1(x)〉w
...

〈f(x), µi2n (x)〉
w

 . (3.124)

It is difficult to solve (3.124) reliably, since the matrix on the left hand side
is ill conditioned. By choosing an appropriate base of M this problem can be
overcome.
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Orthonormalization An orthonormal monomial base is constructed, us-
ing the orthogonalization algorithm of Gram-Schmidt, [30]. The base is con-
structed iteratively with

µi1
(x) =

µi1(x)

‖µi1(x)‖w
,

µik
(x) =

µik (x)−
k−1∑
i=1

〈
µik (x), µii

(x)
〉
w
µii

(x)∥∥∥∥µik (x)−
k−1∑
i=1

〈
µik (x), µii

(x)
〉
w
µii

(x)

∥∥∥∥
w

, k = 2, . . . , 2n. (3.125)

The orthonormal base {µi1
(x), . . . , µi2n

(x)} of M has the property

〈
µii

(x), µij
(x)
〉
w

=

{
0 for i 6= j

1 for i = j
∀i, j = 1, . . . , 2n. (3.126)

Using this property, it is easy to see that all off-diagonal elements of the left
hand side matrix in (3.124) are zero and the diagonal elements are equal to
one. Therefore the matrix equation reads

I2n

 ϕi1
...

ϕi2n

 =


〈
f(x), µi1

(x)
〉
w

...〈
f(x), µi2n

(x)
〉
w

 , (3.127)

where I2n denotes a 2n× 2n identity matrix. Solving this system of equations
results in the approximation

h(x) =

2n∑
i=1

ϕii
µii

(x) =
〈

F
∣∣M(x)

〉
, (3.128)

where the tensor M(x) ∈ R×
(n)2 has the same structure as M(x) but the or-

thonormal base elements µii
(x), i = 1, . . . , 2n instead of the original ones.

The approximation was created with the orthogonal projection of the non-
linear function f(x) on the orthonormal base polynomials, [29]. Since the
orthonormal and the monomial base span the same space M, all elements of
the orthonormal base can be expressed by a linear combination of the mono-
mial base elements µi1

(x)
...

µi2n
(x)

 =

 ϑ1,1 · · · ϑ1,2n

...
. . .

...
ϑ2n,1 · · · ϑ2n,2n


 µi1(x)

...
µi2n (x)

 . (3.129)

79



Inserting (3.129) in (3.128) leads to the function

h(x) =

2n∑
i=1

ϕiiµii(x) = 〈F |M(x) 〉 , (3.130)

which is the approximation expressed with respect to the monomial base,
which minimizes (3.118).

Extension to nonlinear systems The approximation method for non-
linear functions is used in this section to find a multilinear approximation

ẋ = 〈F |M(x,u) 〉 =
(
h1(x,u) · · · hn(x,u)

)T
(3.131)

of a given nonlinear system

ẋ = f(x,u) =
(
f1(x,u) · · · fn(x,u)

)T
(3.132)

with n states x and m inputs u. The best approximation of the nonlinear
system for the domain D, bounded by the intervals of the operating range of
the variables

xi ∈ [xi,l, xi,u] , i = 1, . . . , n, (3.133)

uj ∈ [uj,l, uj,u] , j = 1, . . . ,m, (3.134)

is to be found. The interval boundaries xi,l < xi,u and uj,l < uj,u of the op-
eration range are usually given by the engineering application. Because of
the n + m variables of the function f(x,u), the tensor M(x,u) has dimen-

sion M ∈ R×
(n+m)2 and therefore there exist 2n+m index vectors. The ap-

proximation method is applied to each of the functions fj(x,u), j = 1, . . . , n
in (3.132) and the approximations hj(x,u) are computed elementwise

hj(x,u)=〈F |M(x,u) 〉(j)=
2n+m∑
i=1

ϕii,jµii(x,u), ∀j=1, . . . , n, (3.135)

with the state transition tensor F ∈ R×
(n+m)2×n with elements ϕii,j . The state

transition tensor has a further dimension, since the factor matrix FΦ assigning
the factors to the elements of the state vector is taken into account. For each
function fj(x,u), j = 1, . . . , n the approximation is computed by solving the
minimization problem

min
hj(x,u)∈M

‖hj(x,u)− fj(x,u)‖w , ∀j = 1, . . . , n . (3.136)
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The tensor system

ẋ = 〈F |M(x,u) 〉 =
〈

F
∣∣M(x,u)

〉
, (3.137)

with the orthonormal base
{
µii

(x,u)
}

minimizes (3.136), if the scalar elements

of F are equal to

ϕii,j
=
〈
fj(x,u), µii

(x,u)
〉
w
, ∀i=1,. . .,2n+m,∀j=1,. . .,n. (3.138)

Using (3.129) the elements ϕii,j of F can be computed, which define the tensor
system, which is the best approximation of the nonlinear system (3.132), with
respect to the norm (3.116). In general F can be a full tensor. For real systems
in many cases lower rank approximations might be found.

Numerical implementation The analytic multilinearization might not
be suitable, if e.g. the system for which a tensor model should be created
already exists in Simulink. Therefore it will be shown, how the introduced
approximation method can be implemented numerically.

The Matlab Simulink model needs to be evaluated for each of the vari-
ables x1, . . . , xn and u1, . . . , um in a sufficiently large number of points in
the intervals, defining the operation range. This gives the dataset

(xi,uj , f(xi,uj)), ∀i = 1, . . . , Nn, ∀j = 1, . . . , Nm, (3.139)

where each xi and uj stands for a vector containing all states and inputs,
respectively. Since the nonlinear model is only known in the sampling points,
numerical integration has to be used to compute the inner product (3.117),
e.g. by using the trapezoidal rule, [31].

Because of the inaccuracies introduced by numerical integration the calculation
of the parameters ϕii,j will contain some errors. These errors gain influence,
if arbitrary large intervals are used for the variables x and u. Another source
of errors are large offsets in the intervals (3.133) and (3.134), e.g. if the states
or inputs represent temperatures in Kelvin. To avoid such numerical problems
it is necessary to scale the variables to fixed intervals resulting in the scaled
data set

(x̃i, ũj , f(x̃i, ũj)), ∀i = 1, . . . , Nn, ∀j = 1, . . . , Nm, (3.140)

using lemma 2.1. Computing the multilinear approximation of the system in

the scaled variables x̃ and ũ gives the tensor system ˙̃x =
〈

F̃ |M(x̃, ũ)
〉

. Using

the inverse transformation gives the system 〈F |M(x,u) 〉 with variables x
and u in the desired intervals (3.133) and (3.134).
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Problems due to the exponentially growing number of parameters to be identi-
fied, if the number of states and input increases can be softened be restricting
the maximal number of states and inputs to be multiplied with each other,
called multilinear order.

Definition 3.1 The multilinear order describes the number of variables that
are multiplied in a multilinear monomial.

Example 3.1 The term x1 · x2 · . . . · xk has the multilinear order k.

A function with maximal multilinear order k has monomials with an order
lower or equal to k. Bounding the maximal multilinear order for the approx-
imation leads to less parameters to be identified. The parameters concerning
the higher order terms are set to 0.

To find the best approximation of a nonlinear system given as a Simulink
model perform the following steps:

Algorithm 3.1 Multilinearization

• Choose a maximal multilinear order,

• Specify the operation range D of the system,

• Choose the number N of sampling points for x and u

• Evaluate the Simulink model in the sampling points to get the dataset
(3.139),

• Orthonormalize the monomial base of chosen order

• Scale the determined data to the interval [−1, 1],

• Calculate the parameters of the best multilinear approximation ˙̃x =〈
F̃ |M(x̃, ũ)

〉
of the scaled system

• Rescale the tensor F̃ to get the tensor F and thus the best multilinear
approximation (3.131) of the nonlinear model in the desired operating
range D.

Discrete-time tensor model If a discrete-time tensor model

x(k + 1) = 〈Fd |M(x(k),u(k)) 〉 (3.141)

is to be identified, the above method can be used, [27]. In case of the nu-
merical integration, a time discrete dataset is used for the identification of the
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continuous-time tensor model. To avoid high offsets in the states, it is advis-
able to work with differences between states in the discrete-time case instead
of the absolute values of the states

1

ts
(x(k + 1)− x(k)) . (3.142)

The resulting dataset contains the same information as in the continuous-time
case, therefore a continuous-time tensor model Fc can be identified, which then
is discretized using

1

ts
(x(k + 1)− x(k)) = 〈Fc |M(x,u) 〉 . (3.143)

The result is a discrete-time tensor model

x(k + 1) = 〈Fd |M(x(k),u(k)) 〉 , (3.144)

where Fd = tsFc + Θ and

Θ(i) =

{
1 if ij = 2 ∧ ik = 1, ∀k 6= j
0 otherwise

∀j = 1, . . . , n, (3.145)

assuming that i = i1, . . . , in is the index vector of the tensor Θ.

Application to a model of a heating system The approximation
method will be applied to a Simulink model of the heating system described
in section 3.1.7. Contrary to the described system, continuous-time equations
will be used, the ambient temperature will be generated by an oscillator and
the dependency of room temperature to flow rate will be governed by

V̇ (t) = V̇m + κ1 arctan

(
Tb − Tbr
κ2

)
, (3.146)

where κ1 = −2.325× 10−3 m3

s
and κ2 = 2.2 K. This application example is

taken from [27]. The dependency of the flow rate on the building temperature
is depicted in figure 3.21.

The ambient temperature will be modeled by(
Ṫa1

Ṫa2

)
=

(
0 1
−ω2

d 0

)(
Ta1

Ta2

)
(3.147)

Ta =
(
1 0

)(Ta1

Ta2

)
, (3.148)
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Figure 3.21: Dependency of room temperature and flow rate.

where ωd = 7.27× 10−5 1
s
. The states of the model are

x =
(
Tb Tr Ts Ta1 Ta2

)T
(3.149)

The domain of the input and states for which a good approximation is needed
are chosen to be

Tb = [288 K, 298 K] , Tr = [323 K, 333 K] , Ts = [353 K, 368 K] ,

(3.150)

Ta1 = [−2.5 K, 2.5 K] , Ta2 =

[
−1.818× 10−4 K

s
, 1.818× 10−4 K

s

]
, (3.151)

Pin = [0.5Pn, Pn] . (3.152)

Using a multilinear order of 2, a weighting function w(x) = 1 and N = 10
values per variable a tensor model

ẋ =
〈

F̂ |M(x, u)
〉

(3.153)

could be approximated. Simulation results of the supply temperature, the
return temperature and the building temperature of the original nonlinear
and the approximated multilinear systems are given in figure 3.22. These
simulation results show a good fit of the temperatures of the nonlinear and
the multilinear model. The approximation of the dependency of the flow rate
on the building temperature can be approximated with a multilinear function.
Note that contrary to the tensor model of the heating system described in the
last subsection no discrete-valued signals are used.
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Figure 3.22: Simulation results of the original nonlinear and the approx-
imated multilinear system.

The multilinearization procedure is obviously not restricted to heating systems.
The multilinear representation is also interesting for other fields. In [5] the
benefits of multilinear modeling were shown for a chemical reaction with very
promising results.

3.3.7 Tensor decomposition

In this section standard tensor decomposition techniques, see [16], are applied
to the next state tensor F of the tensor model (3.113), to find an approximation
with smaller factor matrices, i.e. a lower tensor rank. The following example
illustrates the meaning of a tensor rank.
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Example 3.2 A third-order tensor K ∈ Rr1×r2×r3 can be approximated by
a rank 1 CP tensor K ≈ [x1,x2,x3] · λ with xi ∈ Rri , i = 1, 2, 3. Graphically
this can be illustrated as

K ≈
x1

x2

x3

where the block stands for the full tensor and the entries are approximated
by multiplying the corresponding entries in the vectors x1, x2 and x3. The
approximation might be improved by adding another set of vectors as given
in K ≈ [X1,X2,X3] · λ with xi ∈ Rri×2, i = 1, 2, 3. Illustrating the rank 2
approximation graphically gives

K ≈ +
(X1):1

(X2):1

(X3):1

(X1):2

(X2):2

(X3):2

where (Xn):i is used to denote the ith column of the matrix Xn, n = 1, 2, 3.
The rank can be further increased to find a better approximation. For a rank R
CP tensor this gives K ≈ [X1,X2,X3] · λ with xi ∈ Rri×r, i = 1, 2, 3, and
graphically

K ≈≈ +
(X1):1

(X2):1

(X3):1

(X1):2

(X2):2

(X3):2

+ . . . +
(X1):r

(X2):r

(X3):r

Tensors might have structurally a specific rank, in this case increasing the rank
would not give a better approximation.

The next state tensor F of the tensor model (3.113) was constructed to have
a tensor rank of 46, [18]. Using the Tensor Toolbox, [32] and the com-
mand cp als, the rank of the system tensor is reduced to 23, which has a
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fit of over 99%, i.e. the sum of the differences in the corresponding entries is
very small. This leads to a lower rank approximation tensor model

Φ (x) = 〈Fa |M(x) 〉� . (3.154)

For comparison with the originally constructed factor matrices, see appendix B,
the first five entries of the first two factor matrices of Fa are given as

F1 =

(
−0.999 0.999 1.000 1.000 1.000 . . .
0.045 −0.054 0.009 0.007 0.000 . . .

)
(3.155)

F2 =

(
0.988 0.984 0.999 1.000 1.000 . . .
−0.152 −0.179 0.040 0.031 0.000 . . .

)
. (3.156)

The corresponding entries in the parameter vector are

λ =
(
10.443 6.967 4.322 2.598 2.587 . . .

)T
. (3.157)

As opposed to the originally constructed entries, the entries of the new factor
matrices contain also values different to 0 and 1. The good fit and the simu-
lation results (see figure 3.23) suggest that there are dependencies in the next
state tensor, which were not used in the construction of the factor matrices
but lead to a lower rank next state tensor.

Figure 3.23 shows the simulation results of the tensor model (3.113) and its
lower rank approximation (3.154). The main system dynamics are captured
with both systems. The supply temperature drops to 75 ◦C if 95 ◦C is reached
and rises again. Also the building and the return temperature show similar
behavior for both state transition functions.

As discussed in the previous section, the value of the states has a big im-
pact on the results. For this reason a state transformation was performed
using lemma 2.1 such that all states of the transformed system are in the
interval [0 0.5]. Since a 12th order system is under investigation and the mul-
tiplication of all 12 states is possible in a tensor model, a very small factor for
this multiplication of all states can give a next state many orders of magnitude
away from the original next state – in the original system the maximal multi-
linear order was 3. This effect can be reduced significantly by normalizing the
states to the interval [0 0.5]. The following example illustrates this issue.

Example 3.3 Assume Ts = Tr = Tb = 300 and that for the next state of
Ts the multiplication of all three temperatures Φ (Ts) = . . .+ 0 · TsTrTb + . . .
is not used. Assume also that a CP decompostion is performed and the factor
for the multiplication of the three temperatures is found to be 0.001. The fit for
the tensor is still very good, but the next state of Ts is 3003 · 0.001 = 27 · 103
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Figure 3.23: Original and decomposed system.

different to that of the original system. Now consider a transformed system.
The states are assumed to be in the interval [280 300] and therefore trans-
formed with ~̃x = ~x−280

40
leading to Ts = Tr = Tb = 0.5. To compare the sen-

sitivity to small errors assume, that the factor for the multiplication of all
three states is again 0.001. Calculating the error of the next state in this case
gives 0.53 · 0.001 = 125 · 10−6 transforming this error back to the original
coordinates gives an error of 5 · 10−3 in the temperature.
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4 Model-based controller design

In this section five different controller design methods for heating systems are
presented. All methods have in common, that models of the heating systems
are needed. For the predictive controllers these models are used in the con-
troller, i.e. during the control of the system. In the other controller design
procedures, the model of the heating system is used in the process of design-
ing the controller. In the controller itself, no model of the heating system is
needed.

The section is organized as follows. Starting with two design methods for
nonlinear models, the class of investigated models is restricted to switched
affine models and finally to tensor models. The controller design methods for
nonlinear systems are Boolean controller design and nonlinear model predictive
control. A design method for a switched affine model of a heating system is
given, then a design method for a multilinear system is presented. Finally, an
approach for feedback linearization of nonlinear systems is used to linearize a
multilinear system.

4.1 Boolean controller design by algebraic relaxation

In this section an approach for the design of a Boolean controller via algebraic
relaxation of a Boolean optimization problem is given, [33]. The relaxation
gives a continuous-valued optimization problem, which is easier to solve.

In every complex heating system with more than one heat generation unit,
the decision at which time which unit contributes to the heat generation has
to be reached. This decision can be expressed as a Boolean signal. If this
decision is made in dependence of quantized measurements, e.g. thresholds on
temperatures or flows, a Boolean controller is needed. Nowadays, most of these
controllers are designed heuristically, which leads to suboptimal performance,
i.e. in the application example a high switching rate.

For quantized systems a similar controller design problem was described for
linear systems already in [34] and for linear hybrid systems, described as mixed
logical dynamical (MLD) systems in [35]. For discrete event systems alterna-
tive approaches are given e.g. in [36]. The basic idea of the Boolean controller
design approach is similar to linear program relaxation in [37], where the
Boolean problem is assumed to be linear. None of these approaches is able to
solve the Boolean controller design problem for the class of heating systems
characterized as hybrid multilinear systems.
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In the case of gene dynamics modelling, the use of algebraic normal forms
of Boolean functions has been proven to be beneficial, see [38]. The use of
Zhegalkin polynomials as algebraic normal forms for controller design was
already proposed in [39], but was only linking a special subclass of problems
to pole placement methods of linear systems.

4.1.1 Model of the heating system

The heating system under investigation in this section is supplying the building
of the state office for nature, environment and consumerism, a large admin-
istration building in Düsseldorf, Germany with heat. The nonlinear model
of this building, [33], is constructed using thermal balances as given in sec-
tion 3.1. In addition to the basic equations given there, the model constructed
here includes a variety of nonlinear phenomena of the real plant as emergency
shutdowns of the boilers, if an upper temperature limit is surpassed or down-
time after switching a boiler off, due to the necessity of flushing. The heating
system can be divided into a heat generation unit and a consumer which is
divided into six circuits. The heat generation unit consists of three boilers
with burners which supply a multistory building (two circuits), two three-
story buildings and a shop building (three circuits) as well as the warm tap
water (one circuit) with heat, see figure 4.1.

Boiler 3 Boiler 2 Boiler 1

Figure 4.1: Scheme of the heating system
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For the three boilers the decision which boiler is switched on has to be made.
The boilers 1 and 2 are able to produce a fraction of their nominal power in a
specified range (see table 4.1).

Technology Nominal Minimal
Heating Power Modulation

Boiler 1 cendensing Pn,1 = 370 kW ca. 44%
Boiler 2 cendensing Pn,2 = 720 kW ca. 15%
Boiler 3 low temperature Pn,3 = 780 kW no modulation

Table 4.1: Parameters of the Boilers

The boilers are steered by the modulation signals ϕi(k) ∈ [0, 1], i = 1, 2, 3
and k = 0, 1, . . . , T , i.e. a power of P (k) = ϕi(k)Pn,i, i = 1, 2, 3 has to be
generated, if possible.

An example of the operation of the heating system before altering the controller
is given in figure 4.2. The measurements of the supply temperature Ts from
July 4th, 2010 are given together with the switching signal of boiler 2. The
heating system is running with a very small heat demand coming from the
warm water supply unit in this time of the year.

Between 12 am and 2:15 pm boiler 2 is switched on and off ten times. Desired
are 8-10 switchings per day, i.e. the switching rate is too high. This results
in the goal to reduce the number of switchings while maintaining the comfort
requirements. To state this as an optimization problem define the cost function

J =
3∑
i=1

T∑
k=2

xor(ϕ̄i(k − 1), ϕ̄i(k)), (4.1)

where xor stands for the logical operator ”exclusive or” and

ϕ̄i(k) =

{
1 if ϕi(k) > 0
0 else .

The Boolean controller design problem at hand has the following properties:

• the controller computes a Boolean output signal indicating the heat
sources which are ’on’,

• heating system behaviors in general are nonlinear,

• the implemented controller has fixed sampling time,
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Figure 4.2: Supply temperature and boiler switching signal.

• the goal is to ensure the long term performance with different power
demands depending on seasons, weekdays and time during the day.

4.1.2 Algebraic normal forms

A Boolean function b of n variables is defined as a mapping b : Bn → B,
formally. As discussed in section 2.3 a commonly used possibility to represent
Boolean functions is to provide its truth table, e.g. table 4.2.

If the order of the variables in the 2n rows of the truth table are fixed, here
the rows are given in lexicographical order, it suffices to give the n-element
Boolean vector

b = (b00···00, b00···01, . . . , b11···11) (4.2)

to represent the Boolean function b. This vector is called truth vector, will be
assumed to be a row vector in the following and is denoted as b ∈ B2n .

The number of entries in a truth vector and the number of rows in a truth
table increase with 2n, thus it becomes cumbersome to deal with truth ta-
bles and truth vectors. Therefore more compact representations of Boolean
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xn ... xi ... x3 x2 x1 b(x1, ..., xn)
0 ... 0 ... 0 0 0 b00···00

0 ... 0 ... 0 0 1 b00···01

0 ... 0 ... 0 1 0 b00···10

0 ... 0 ... 0 1 1 b00···11

...
...

...
...

...
...

1 ... 1 ... 1 1 1 b11···11

Table 4.2: Truth table of the Boolean function b

functions are used, such as logical expressions, or ternary vector lists, see [40].
Another possibility, known since the beginning of the last century, are alge-
braic representations of Boolean functions, [19], which are introduced in the
following.

Definition 4.1 Define the vector of literals, [41]

L(x) =

(
x̄n
xn

)
⊗ · · · ⊗

(
x̄1

x1

)
∈ R2n (4.3)

for all x ∈ Rn, given by the Kronecker product of the literals

l(x) :=

(
x̄
x

)
∈ R2 (4.4)

where x̄ = 1− x,∀x ∈ R.

For Boolean values (x ∈ B) x̄ gives their negation. The vector of literals can
be used to represent a Boolean function as a Zhegalkin polynomial.

Definition 4.2 A Zhegalkin polynomial ([19])

f(x) = bL(x) (4.5)

of order n is a polynomial of all combinations of the entries in x but without
square and higher order terms. The polynomial is given by the scalar product
of a Boolean truth vector b ∈ B2n and a vector of literals L(x) ∈ R2n . Zhe-
galkin Polynomoials are sometimes also referred to as Reed-Muller Forms or
Algebraic Normal Forms (ANF).
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In the following example of order n = 2, taken from [33], a Boolean function
is given as a Zhegalkin polynomial.

Example 4.1 The Boolean function b = ¬(x1 ∧ x2) with truth table

x2 x1 b

0 0 1
0 1 1
1 0 1
1 1 0

can be given as a Zhegalkin polynomial by

f(x) = bL(x) =
(
1 1 1 0

)
x̄2x̄1

x̄2x1

x2x̄1

x2x1


= (1− x1)(1− x2) + x1(1− x2) + (1− x1)x2

= 1− x1x2 .

It is straight forward to check, that inserting Boolean values for x1 and x2

results in the Boolean values given in the truth table with truth vector b.

The connection of the truth vector with the Zhegalkin polynomial is true for
all Boolean functions as given in the following proposition.

Proposition 4.1 ([39]) The Zhegalkin polynomial f(x) = bL(x) : Rn → R
gives the same results as the Boolean function represented by the truth vec-
tor b, if x ∈ Bn is Boolean. But it is a continuous differentiable func-
tion f ∈ C∞ : x→ f(x) for x ∈ Rn.

4.1.3 Boolean controller design problem

To state the Boolean controller design problem, first the system is introduced
for which the controller is to be designed. The system is assumed to be repre-
sented as a hybrid deterministic discrete-time state space model for k = 0, 1, . . .
given as

x(k + 1) = f(x(k),u(k)) (4.6)

y(k) = g(x(k)) (4.7)

x(0) = x0, (4.8)
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with the hybrid state vector x(k) ∈ Rñ × Bn, the hybrid input vector

u(k) =

(
ũ(k)
u(k)

)
, (4.9)

where ũ(k) ∈ Rm̃ is a continuous disturbance input, u(k) ∈ Bm is a Boolean
control input and y(k) ∈ Bl is the Boolean output vector. The initial state is
denoted as x0 and assumed to be fixed in the following. The transition func-
tion f : R(ñ+m̃) × Bn+m → Rñ × Bn and the output function g : Rñ × Bn → Bl
hold all information about the dynamics.

To evaluate a controller, a cost function has to be defined. This is done in
dependence of a hybrid input vector sequence

U = (u(0), . . . ,u(T−1)) (4.10)

and the corresponding hybrid state sequence

X = (x(1), . . . ,x(T )) , (4.11)

as well as the Boolean output sequence

Y = (y(1), . . . ,y(T )) (4.12)

computed with (4.6)-(4.8). These input and state vector sequences are used
to define the cost function Jx(X,U) given as

Jx : R(ñ+m̃)×T × B(n+m)×T → R (4.13)

according to the goals of plant operation. Since for heating systems the cost
function often depends on non quadratic terms like the number of switching,
this function is used and no quadratic cost function is defined.

An automaton with state xa(k) ∈ Bna , k = 0, . . . , T will be used as con-
troller, which maps the Boolean output y to the Boolean control input u. The
controller design problem can be formulated as the search for the transition
function fa : Bl+na → Bna of an automaton

xa(k + 1) = fa(xa(k),y(k)) , (4.14)

u(k) = g
a
(xa(k),y(k)) , (4.15)

xa(0) = xa,0 . (4.16)

such that the cost function (4.13) is minimized. For simplicity the output
function g

a
is assumed to be fixed, as given in the application example.
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The number of states na of the automaton can be chosen as a design parameter.
The closed loop can be given by the state space model

[
x(k + 1)
xa(k + 1)

]
=

f

(
x(k),

[
ũ(k)

g
a
(xa(k),g(x(k)))

])
fa(xa(k),g(x(k)))

 . (4.17)

Here the transition function fa and the output function g
a

are Boolean vector

functions which could be represented by Boolean matrices Fa ∈ B
na×2l+na

and Ga ∈ B
m×2l+na . These matrices contain the truth vectors for the transi-

tion function and output function for each state and output respectively one
per row.

Using the truth matrix Fa, the controller design problem can be formulated
as a Boolean optimization problem

min
Fa∈B

na×2l+na

Jx(X,U) with (4.17) . (4.18)

This optimization problem is hard to solve, since it is a discrete problem and
therefore gradients do not exist because the decision variables are Boolean.
With the number of inputs l and states na of the automaton the number of

possible solutions is 2(na2l+na ), which means that the search space is growing

with cardinality 2(na2l+na ). And since the hybrid dynamics of (4.6)-(4.8) lead
to a cost function without any structure that is exploitable for optimization the
computation of the cost function requires a simulation of the state trajectory.
This is expensive in computation time.

Thus, in practice, approximations of the solution for high dimensional prob-
lems (4.18) by relaxations have to be found. In the following, we will give a
relaxation which is based on the algebraic representation of Boolean functions
by Zhegalkin Polynomials.

4.1.4 Relaxed algebraic problem

A requirement for this controller design approach is, that for the system given
in (4.6)-(4.8) a relaxed transition function can be defined

x(k + 1) = f̃˜(x(k), ũ˜(k)) (4.19)

96



with an input vector ũ˜(k) =

[
ũ(k)
u˜(k)

]
∈ Rm̃ × Um demanding

f̃˜(x(k), ũ˜(k)) =f(x(k),u(k)) (4.20)

∀ x(k) ∈ Rñ × Bn, ũ˜(k) ∈ Rm̃ × Bm, k = 0, . . . , T .

This means, that the relaxed transition function describes the same dynamics
as the original transition function, as long as the input is Boolean. Never-
theless the relaxed transition function will also compute the next state, if the
input is continuous from the unit interval. It will be shown in the applica-
tion example in the next section that for heating systems the definition of a
relaxed transition function (4.19) is often straight forward. For example con-
sider a system where the burners can be switched on or off and then produce
their nominal power. The relaxed transition function models the burners as if
they were able to produce a fraction of their nominal power. Formally, in the
modelling, the Boolean functions are replaced by Zhegalkin polynomials. So
in the modelling process there is practically no consequence.

The transition function (4.14) and the output function (4.15) of the controller
can be written in algebraic normal form

xa(k + 1) = FaL(xa(k),y(k)) , (4.21)

u(k) = GaL(xa(k),y(k)). (4.22)

If the Boolean matrix Fa is extended to the real unit hypercube resulting

in F˜a ∈ Una×2l+na and x˜a(k) ∈ Una for k = 1, 2, . . . , T , the transition and
output function read

x˜a(k + 1) = F˜aL(x˜a(k), z(k)) , (4.23)

u˜(k) = GaL(x˜a(k),y(k))), (4.24)

which still have the Boolean limits, i.e. if F˜a ∈ Bna×2l+na then the state
vector x˜a(k) ∈ Bna is Boolean for all k if x˜a(0) ∈ Bna and has the same
values as xa(k) computed from (4.21). Note that the output u˜(k) of the
automaton in (4.24) is no longer restricted to be Boolean since the state of the
automaton x˜a(k) can take values from the unit interval.

The closed loop (4.17) with the extended transition equation (4.19) and the
relaxed automaton (4.23)-(4.24) reads[

x(k + 1)
x˜a(k + 1)

]
=

f̃˜
(

x(k),

[
ũ(k)

GaL(x˜a(k),g(x(k)))

])
F˜aL(x˜a(k),g(x(k)))

 , (4.25)
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which generates for the subset F˜a ∈ Bna×2l+na ⊂ Una×2l+na and x˜a(0) ∈ Bna ,
the same trajectories as (4.17) . The cost function (4.13) leads to the relaxed
problem

min
F˜a∈Una×2l+na

Jx(X,U˜ ) with (4.25) , (4.26)

where U˜ = (u˜(0), . . . ,u˜(T )) is the sequence of given continuous disturbance
inputs.

This problem is a continuous optimization problem with constraints and a total
number of na2r+na decision variables in the unit interval, which can be solved
by continuous solvers. Even if it is not possible or too extensive to analytically
define gradients and Hessian matrices, they do exist. If nothing is known about
the solution, the optimization problem can be initialized using a vector of 0.5,
which will prevent the algorithm to be started in a certain direction. On
the other hand, if one of the variables is most likely 1, this variable could be
initialized using a value higher than 0.5. The result of continuous optimization

will in general be a matrix F˜a ∈ Una×2l+na showing no Boolean entries. Since a
Boolean controller is to be designed, a penalty on non Boolean values is added
to the cost function to enforce the optimization to end up at the Boolean
boundary.

Given a weighting factor pb, we define a penalty for non Boolean values of n
decision variables by

Jb(U˜ ) = pb(1−
4

n

n∑
i=1

(ui − 0.5)2) . (4.27)

0
0.5

1

0

0.5

1
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1

u
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u
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J b

Figure 4.3: Penalty function for non-Boolean values (n=2)
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Adding this term to the cost function (4.13) yields the penalized cost function

Jx,b(X,U˜ ) = Jx(X,U˜ ) + Jb(U˜ ) . (4.28)

Figure 4.3 shows the normalized penalty for two decision variables and pb = 1.

4.1.5 Application example

In this section first the heating system introduced, then the controller structure
as well as its output function is given. Finally results are discussed.

Heating System A Matlab Simulink model of the heating system of the
state office building was constructed using thermal balances, see section 3.1.
The model simulates the supply and return temperatures, Ts(k) and Tr(k)
for a given flow rate V̇ (k) and heat demand Q̇s(k). The assumption that the
flow V̇ (k) can be taken from measurement data is justified as long as the sim-
ulated temperatures are close to the measured ones. The assumption can be
held since the main interest is to control which the heat generation units con-
tributes heat to the pipeline network and the cumulative supply temperature
is not changed. An additional input is the ambient temperature Ta(k) which is
used to adapt the reference supply temperature Ts,r(k). The main complaint
were the switching rates of the boilers, which were alarmingly high as shown
in Figure 4.2. The pipes to the three boilers are equipped with controllable
lids, such that the flow V̇ is divided in up to three parts. This happens with
a ratio of 1 : 2 : 2, when all lids are opened, and with a ratio of 1 : 2 : 0, when
only the lids of boiler 1 and 2 are opened. Other admissible lid settings are
that only the lid ob boiler 1 or 2 are opened in which case no distribution of
the flow takes place. The lids can either be opened or closed, but not partly
opened. Only in case a boilers lid is opened, the boiler can be switched on. A
detailed description of the Matlab Simulink Model is given in appendix C.

Important for the controller is, that the outputs of the system are quantized
signals of the flow rate. The output function g of the system defines six
signals y

i

y
i
(k) =

{
1 if V̇ (k) > V̇i
0 else

for i = 1, . . . , 6 . (4.29)

where the thresholds V̇i are given in table 4.3.
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V̇i[
m3

h ] 8 11 19 23 29 34
i 1 2 3 4 5 6

Table 4.3: Thresholds for quantization

Controller The controller structure is given in form of an automaton, as
given in (4.14) - (4.16) and will be used to control the steering of the lids. For
computational reasons an automaton with one state is chosen. The hydraulics
in the heating systems give some constraints, which are depicted in figure 4.4
using the thresholds from table 4.3. The constraints define which lid of which

V̇ [m
3

h ]V̇2 V̇4 V̇6V̇1 V̇3 V̇5

Boiler
1,2&3

Boiler
1 & 2

Boiler 2

Boiler 1

Figure 4.4: Operation range of the boilers

boiler has to be opened in dependence on the flow rate. Within the inter-
vals where two different lid settings are possible the controller decides which
configuration to choose.

As mentioned above the output equation g
a

of the automaton is fixed. The
controller steers the lids of the boilers given in table 4.4 to be opened, depend-
ing on the state of the automaton xa and the flow rate interval to which the
flow rate currently belongs.

xa(k) = 0 xa(k) = 1

0 ≤ V̇ (k) < V̇2 boiler 1 boiler 2

V̇2 ≤ V̇ (k) < V̇4 boiler 2 boiler 1 and 2

V̇4 ≤ V̇ (k) < V̇6 boiler 1 and 2 boiler 1,2 and 3

V̇ (k) ≥ V̇6 boiler 1,2 and 3 boiler 1,2 and 3

Table 4.4: Output Function

During the relaxation the state x˜a(k) can take values from the unit interval.
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In this case the ratio of the flow V̇ (k) is changed accordingly. Even though
partly opened lids are not possible in the system in static operation, they are
possible in the model. If a lid is half opened, the flow rate is assumed to be
reduced by half, as illustrated in the next example.

Example 4.2 Let V̇ (k) = 9 m3

h
and let k denote the present time. For this

flow, two configurations are possible. Either the lids of boiler 1 and 2 are opened
or just the lid of boiler 1 is opened. The resulting flow rates through the boilers 1
and 2, V̇b1(k) and V̇b2(k) are given in Table 4.5. Now assume x˜a(k) = 0.25

ratio V̇b1(k) V̇b2(k)

xa(k) = 1 1 : 2 : 0 V̇b1,1(k) = 3 m
3

h V̇b2,1(k) = 6 m
3

h

xa(k) = 0 1 : 0 : 0 V̇b1,0(k) = 9 m
3

h V̇b2,0(k) = 0 m
3

h

Table 4.5: Flow rates through the boilers

then the flows can be calculated as

V̇b1(k) = (1− 0.25)V̇b1,0(k) + 0.25V̇b1,1(k) = 7.5
m3

h

V̇b2(k) = (1− 0.25)V̇b2,0(k) + 0.25V̇b2,1(k) = 1.5
m3

h
.

The input signals y(k) to the automaton are preprocessed such that only three
signals have to be taken into account for the state transition function of the
automaton, to be still able to test all Boolean controllers. Define the intervals

of the flow in
[
m3

h

]
I1 = [0 11[, I2 = [11 23[, I3 = [23 34[, I4 = [34 ∞[

Ib1 = [8 11], Ib2 = [19 23], Ib3 = [29 34]

then the three signals can be given as

y
p1

(k) =

{
1 if V̇ (k − 1) ∈ Ii ∧ V̇ (k) /∈ Ii, i = 1, 2, 3 ∨ 4
0 else

y
p2

(k) =

{
1 if V̇ (k − 1) < V̇ (k)
0 else

y
p3

(k) =

{
1 if V̇ (k) ∈ Ibi, i = 1, 2 ∨ 3
0 else

.
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The signal y
p1

(k) identifies flow rate crossings of the thresholds V̇2, V̇4 or V̇6,

the signal y
p2

(k) distinguishes between rising or falling flow rates and the

signal y
p3

(k) detects flow rates with undetermined admissible configurations.

A controller with three inputs and one state is given by the values of the next
state for all 24 = 16 combinations of inputs and state, i.e. a controller

x˜a(k + 1) = f˜aL(x˜a(k), y
p1

(k), y
p2

(k), y
p3

(k)) (4.30)

is defined by a vector f˜a of length 16. For this application example, it is still
possible to evaluate all possible, 216 = 65536 controllers.

Cost Function and Results The cost function has to take into account
not only the number of switchings, as done in (4.1) but also the following
criteria.

• Emergency shutdowns should be avoided,

• differences of reference and supply temperature should be small and

• flow rates that violate the constraints are forbidden.

All criteria have been quantified and added to the cost function (4.28).

Since the lids can only be opened or closed enitrely, non-Boolean values in the
state x˜a have to be penalized (see equation (4.27)). To state the other terms
of the cost function define the signal detecting switchings as

ns,i(k) =

{
ui(k) if ϕi(k − 1) = 0 and ϕi(k) 6= 0

0 else
(4.31)

with the steering signal ϕ1, ϕ2 and ϕ3 of the three boilers. Adding the three
signals gives

ns(k) =
3∑
i=1

ns,i(k) . (4.32)

To avoid violating flow rate constraints define

V̇v(k) =


V̇1 −min(V̇ (k), V̇1) V̇b1(k) = 0

V̇3 −min(V̇ (k), V̇3) if V̇b1(k), V̇b2(k) 6= 0

and V̇b3(k) = 0

V̇5 −min(V̇ (k), V̇5) V̇b3(k) 6= 0
0 else .

(4.33)
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The emergency shutdown temperature of all three boilers is Te = 95 ◦C. The
entire cost function can now be given as

J(X,U, f˜a) =p1

T∑
k=2

3∑
i=1

(ns(k))2 + p2

T∑
k=2

3∑
i=1

(max(Te, Tbi(k))− Te)+

+ p3

T∑
k=1

(Ts(k)− Tref )2 + p4

T∑
k=1

(V̇v(k))2+

+ pb(1−
1

4

16∑
l=1

(f˜a − 0.5)2), (4.34)

where f˜a are the elements of the vector f˜a and the parameters pi, i = 1, . . . , 4, b
are given in table 4.6. The parameters are chosen by looking at the terms of
the cost function values for the Boolean possibilities individually.

p1 p2 p3 p4 pb

1.5 · 10−3 2.14 8.8 · 10−5 0.86 1

Table 4.6: Parameter of the cost function

Evaluating the 65536 possible state transition functions gives the cost function
values, depicted in blue in figure 4.5, where the horizontal axis gives the enu-
meration number of the controller. Using the approach of relaxing the Boolean
problem to get a continuous optimization problem and the genetic algorithm
Matlab ga to solve the continuous optimization problem, controllers with
cost function values depicted in red were found. The results of the continu-
ous optimization have been rounded to Boolean values. Comparing the best
Boolean controllers with the best controllers found with ga shows that the
relaxed problem gives similar results as the original problem. A comparison of
the number of switchings for the first three month after implementation of the
controller is given in table 4.7. Measurement data of the supply temperature
and the switching signal for July 5th, 2011 is displayed in figure 4.6. This fig-
ure shows measurement data of an entire day, where only 10 switchings occur.
This is the same number as shown in figure 4.2 but there measurement data
of just two hours is given.

4.1.6 Evaluation of the approach

This method was shown to give good results, for the case of a controller with
one state, where the results could be compared to those generated by evalu-
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Figure 4.5: Cost function values of all evaluated controllers

Number of switchings
burner 1 burner 2 burner 3

July 2010 1 2449 0
July 2011 228 291 9

August 2010 1 3103 2
August 2011 77 321 1

September 2010 8 3025 17
September 2011 130 224 2

Table 4.7: Number of switchings in 2010 and 2011

ating all Boolean controller. For a system with an additional input (resulting
in ≈ 4.3 · 109 possibilities) or state (resulting in ≈ 18.4 · 1018 possibilities), the
simulation of all possible controllers could no longer be done. On the other
hand the continuous optimization is still able to find at least a local minimum.
A problem, that will occur is the selection of the cost function parameters.
This was done here on the basis of the cost function values for the Boolean
possibilities. The best controller was implemented in the real heating system
in the summer of 2011, see [2, 42]. The plant operation has been improved

104



00:00 06:00 12:00 18:00 00:00

60

70

80

S
up

pl
y

T
em

pe
ra

tu
re

 [°
C

]

00:00 06:00 12:00 18:00 00:00
0

0.5

1

time [h:mm]

B
oi

le
r 

2,
 o

n/
of

f

Figure 4.6: Supply Temperature and Boiler Switching Sequence

significantly and so far no problems occurred in the long term performance of
the controller.

Interesting results are expected by combining this approach with the multilin-
earization method presented in section 3.3.6. It should be possible to extend
the multilinearization method to be able to identify hybrid models, by replac-
ing the Boolean functions by Zhegalkin polynomials and relaxing the discrete
states to the unit interval. Since the model is assumed to be a Simulink model,
it is obvious to assume, that this relaxation can be made.
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4.2 Nonlinear model predictive control

Model predictive control is a control scheme with a structure as given in fig-
ure 4.7. The general idea will be explained in the following.

Predictive
controller

System

Reference
Measurements

Figure 4.7: Structure of model predictive control

In each sampling instant the optimal input sequence is computed, which mini-
mizes a cost function, using a model of the system in the controller. If the cost
function is designed for good reference tracking and minimal control effort, the
controller will look for the input sequence, that minimizes the tracking error
while changing the input as little as possible. Here the control effort is defined
as the change in the input signal. The control will just change within a time
called control horizon (Hu) while the tracking error is computed for the time
called prediction horizon (Hp), see figure 4.8. The prediction horizon will be
larger or equal to the control horizon, Hp ≥ Hu.

The hat symbol will be used to denote predicted signals, e.g. ŷ(t) as the pre-
dicted output, which are generated in the predictive controller. Given the
past output and input of the plant y(k) and u(k) respectively, at the sam-
pling instances k ≤ 0 as well as the reference r(k), k = 1, . . . , Hp, the task
is to find the sequence of input changes ∆u(k), k = 1, . . . , Hu such that the

sum
∑Hp
k=1 (r(k)− ŷ(k)) of the differences between reference r(k) and predicted

output ŷ(k), k = 1, . . . , Hp within the prediction horizon and the control effort
in the control horizon

∑Hu
k=1 ∆u(k) are minimal. These objectives are gener-

ally opposed such that a trade off is done by specifying weights in the cost
function.

The computation of the future outputs can be done by matrix computations
when the plant is linear and the cost function is quadratic, [43]. This is no
longer possible when the plant is nonlinear, [44]. In the nonlinear case the time
response of the plant needs to be simulated, e.g. by using a Matlab Simulink
model, to be able to compute the cost function value. This optimization is
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Figure 4.8: Prediction and control horizon

then no longer a quadratic program for which the convergence to a global
optimum is guaranteed as in the linear case and therefore only local minima
might be found, [45].

The nonlinear model predictive control scheme used in this approach can be
categorized as economic model predictive control, see [46], because the cost
function is used in the controller directly to evaluate the dynamic behaviour.
This is in contrast to a two layer approach where a first layer determines ref-
erence trajectories, which are then tracked in the second layer by a model
predictive controller. The advantage of the economic model predictive ap-
proach is, that the transients are also evaluated in terms of the cost function,
whereas in the two layer approach only the steady state is optimized in terms
of the cost function.

The nonlinear model predictive control is presented as follows. First the gen-
eral optimization problem is given to compute the optimal input in a sampling
instant for a given cost function. Then a nonlinear model of the heating system
of a school building in Hamburg, Germany is derived, which will be used as
application example. The goal is to operate the heating system in an energy
efficient manner, while maintaining the comfort constraints. To achieve the
desired plant operation a cost function function is defined in the following.
Finally, simulation results are presented and conclusions are drawn.

108



4.2.1 Optimization problem

The search for an optimal control input can be formulated in terms of an
optimization problem with constraints, [44]. The considered system is assumed
to be represented by a nonlinear state space model, as given in (2.1) - (2.3)

ẋ(t) = f(x(t),u(t)) (4.35)

y(t) = g(x(t),u(t)) (4.36)

x(0) = x0. (4.37)

The inputs and states underlie constraints given as

u(t) ∈ U , ∀t ≥ 0 (4.38)

x(t) ∈ X , ∀t ≥ 0 . (4.39)

In case these constraints are constant intervals for each state and input, the
sets can be stated as

U = {u ∈ Rm | umin ≤ u ≤ umax} , (4.40)

X = {x ∈ Rn | xmin ≤ x ≤ xmax}, (4.41)

where the inequalities are interpreted element wise. The optimal input is
computed by solving the optimization problem

min
û(·)

J(x(t), û(·)), (4.42)

with

J(x(t), û(·)) =

∫ t+Hp

t

Y (x̂(τ), û(τ))dτ (4.43)

subject to the constraints

˙̂x(τ) = f(x̂(τ), û(τ)), x̂(t) = x(t), ∀τ ∈ [t, t+Hp], (4.44)

û(τ) ∈ U , ∀τ ∈ [t, t+Hu], (4.45)

û(τ) = û(t+Hu), ∀τ ∈ [t+Hu, t+Hp], (4.46)

x̂(τ) ∈ X , ∀τ ∈ [t, t+Hp]. (4.47)

To convert the infinite search space to a finite one, the input sequence is quan-
tized and assumed to be piecewise constant during the sampling instances.
The cost function J is in general nonlinear and not necessarily convex, thus
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no global optimum might be found. To find a minimum the Matlab func-
tion fmincon is used. Also the computation time poses a problem because no
guarantee on the upper limit of the computation time needed can be given.
Online model predictive control is considered, since the offline computation
for all possible system states and inputs might not be possible for systems
with several states and inputs. Also, short horizons might be preferable for
short computation times. On the other hand, short horizons are known to
possibly cause problems in the plant operation even with no system model
mismatch, [44]. For an implementation in the system, fall back control signals
would be needed for the case, that no (local) optimal input is found within
the sampling time.

4.2.2 Heating system model of the school building Mendels-
sohnstraße

The model of the school building’s heating system is derived in [23] and will be
described in this section. The heating system is build up of a heat generation
unit, consisting of two boilers and a consumer, which has four circuits. Each
circuit units all pipes and radiators. Furthermore, four hot water storage tanks
are installed, which are connected in series. The inputs of the heating system
are the produced heat in the boilers and flow rate generated by the pumps of
the heat generation unit. The controller has access to all states. The outputs
are the temperatures of the tank layers. The measurements used to identify the
model parameters, are given with a sampling time of 60 s. Since some of the
signals change up to 20 % between two sampling instances, it was challenging
to identify good parameters. Figure 4.9 shows the simplified scheme of the
heating system, where the pump of the consumer stands for the resulting flow
rate of the four consumer circuits. The boilers are modeled as given in (3.10)
but with the extension to include heat losses to the ambiance. These losses can
be given in dependence of the boilers heat loss coefficient kl,i and the ambient
temperature Ta as

Q̇l,i = kl,i(Tb,i − Ta), (4.48)

for i = 1, 2. The input power Pin,i is given in percent of the nominal power as

Pin,i(t) = ϕi(t)Pn,i, (4.49)

with ϕi ∈ {0, [ϕmin, ϕmax]}. The boilers can be switched off but if they
are running a minimal power, e.g. ϕ = 0.2, is produced. In the inter-
val [ϕmin, ϕmax] a continuous control of the produced heat is possible. The
boiler model parameters are given in table 4.8.
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Figure 4.9: Scheme of the school building’s heating system

Parameter Value

Minimal power ratio ϕmin 25 %
Maximal power ratio ϕmax 100 %

Nominal power, boiler 1 Pn,1 275.287 kW
Nominal power, boiler 2 Pn,2 275.287 kW

Volume, boiler 1 Vb,1 0.605 m3

Volume, boiler 2 Vb,2 0.605 m3

Heat loss coefficient, boiler 1 kl,1 0.352 kW
K

Heat loss coefficient, boiler 2 kl,2 0.352 kW
K

Table 4.8: Boiler model parameters

Each pump of the boilers generates a flow rate V̇b,1 and V̇b,2 respectively, and
is assumed to be controlled, such that arbitrary flow rates V̇s = V̇b,1 + V̇b,2
can be reached. The flows coming out of the boilers have the temperature Tb,1
and Tb,2. Using equation (3.33), the supply temperature of the generation

Ts,g =
Tb,1V̇b,1 + Tb,2V̇b,2

V̇g
(4.50)

can be calculated.

Depending on the flow rate from the heat generation unit V̇g and the flow
rate V̇c the consumer is demanding, the flow rate V̇t through the tank can be
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positive (V̇g > V̇c), then the tank is in charging mode or negative (V̇g < V̇c),
which means the tank is in discharging mode. The 3-way valves, on the sup-
ply and the return side of the tank, change their role depending on whether
the tank is charged or discharged. In charging mode, the supply side valve
distributes the flow V̇g and the flows V̇t and V̇c are flowing together in the
return side valve. In discharging mode, in the supply side valve the flows V̇t
and V̇g are merged and the return side valve distributes the flow rate V̇c. The
temperatures of the flow rates coming out of the tank are determined by the
temperatures in the tank. In charging mode, the flow V̇t coming out of the
tank has the temperature Tt,b of the tank layer at the bottom connection, in
discharging mode the flow rate coming out of the tank has temperature Tt,t
of the tanks layer at the top connection.

The tank model is given in section 3.1.3; the model parameters are given in
table 4.9

Parameter Value

Ambient temperature Ta 20 ◦C
Number of layers n 25
Number of tanks k 4

Tank volume Vt 0.634 m3

Tank height Ht 1.697 m
Position of upper connection Hin 1.418 m
Position of lower connection Hout 0.494 m

Heat transfer coefficient to ambiance U 4.388 W
m2 K

Heat transfer coefficient between layers λl 10.710 W
m K

Upper sensor position h1 1.521 m
Lower sensor position h2 0.599 m

Table 4.9: Tank model parameters

The consumer model uses the hydraulic structure of the heating system to
avoid modeling the hydraulics in detail. The heat demand is assumed to
be known for the future. The extension to include a building model, see
section 3.1.4, in the consumer model is possible but omitted here for the sake of
simplicity of the model. Also a mismatch between the predicted heat demand
and the actual one due to inaccuracies in the ambient temperature are not
considered. The flow rate V̇c going into the consumer has temperature Ts,c
and is generated by the pumps in the consumer circuits. The heat is used to
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supply the heat demand. Therefore the temperature is cooled down and the
consumer returns the flow V̇c with temperature Tr,c.

The four consumer circuits of the system are supplied with the same sup-
ply temperature. Each circuit has its own pump, bypass and 3-way valve.
The 3-way valves are controlled, such that the supply temperatures in the cir-
cuits track their references, which are calculated in dependence of the ambient
temperature. These four circuits are combined in the model leading to the
overall flow rate of the consumer V̇c.

To avoid modeling the dependence of heat demand and ambient temperature,
solar influences etc. the heat demand is taken from measurements. Since the
consumer circuits are hydraulically decoupled, see figure 4.10, there is no need
to know how the heat demand will be divided into temperature spread and
flow rate in the consumer circuits.

Ts,c

Tr,i, V̇c,i

Ts,i

Consumer

Tr,i, V̇ikv,i

Figure 4.10: Scheme of the consumer circuits

The flow rate in the consumer circuits is taken from measurement. An I-
controller is used to control the 3-way valve such that the supply tempera-
tures Ts,i, i = 1, . . . , 4 of the circuits match their references Ts,i,r, i = 1, . . . , 4.
This is achieved by mixing the colder circuits return temperatures Tr,i, which
also are taken from measurements to the supply temperature Ts,c. Depend-
ing on the mixing ratio kv,i ∈ [0, 1] the flows V̇c,i are determined. For the
same heat demand sequence, different settings of the tank and heat genera-
tion can be simulated, which result in different supply temperatures Ts,c. The
flows and temperatures in the consumer circuits will be still the same, as long
as the supply temperature of the consumer Ts,c is greater than the reference
temperatures of the circuits. Another assumption is, that the 3-way valve
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controller regulates the system quickly such that no significant tracking error
occurs.

The supply temperatures of the circuits Ts,i can be given, in dependence of
the state of the valve kv as

Ts,i = kv,iTs,c + (1− kv,i)Tr,i (4.51)

V̇c,i = kv,iV̇i. (4.52)

Thus, for all Ts,c ≥ Tr,i, the return temperatures Tr,i and the flow rate V̇i are
valid and not depending on the heat generation. An increase of the supply
temperature Ts,c would lead to a decrease of the flow rate V̇c.

The assumption that the 3-way valve acts linear, meaning a half opened valve
lets half of the flow rate pass, is probably not true, but since a controller is used
to track the desired flow rate, the influence is minimal. The controller could
compensate the tracking error even if the dependence would be nonlinear.

The combination of I-controller and valve position is modeled as a series con-
nection of an integrator with saturation, [47] and first order system. The
first order system is used to model the inertia of the valve. A time constant
of τ = 120 s was identified. The integrator with saturation is given as

k̇i =


0 if k̃v,i > 1 and u > 0,

0 if k̃v,i < 0 and u < 0,

u else,

(4.53)

with u = Ki(Tr,i − Ts,i) and Ki = 10−4 for all circuits. The valve position is
given as

kv,i + τ k̇v,i = ki. (4.54)

The return temperature of the consumer Tr,c is then calculated in dependence
of the return temperatures of the four circuits and the flow rate V̇c as

Tr,c =

4∑
i=1

kv,iV̇iTr,i

V̇c
, (4.55)

where

V̇c =

4∑
i=1

kv,iV̇i. (4.56)
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The input of the consumer model is the supply temperature Ts,c, disturbance
inputs are the measurements of the reference temperatures of the circuits, the
return temperatures Tr,i and the flow rates V̇i, i = 1, . . . , 4 of the circuits and
the outputs are the flow rate V̇c and the return temperature Tr,c.

4.2.3 Cost function

To define the optimization problem a cost function needs to be defined for the
heating system example. A cumulative cost function will be used, see [23],
which poses the problem how to choose the weightings. This is done here
heuristically with the drawback of a quite high time consumption, since each
try is associated with a not negligible simulation time of up to one minute for
the search of the optimal input sequence in one time instance. The usual trade
off between accuracy and control effort is not sufficient for this system, since
e.g. switching of the boilers is undesirable and therefore should be penalized
in the cost function.

The cost function can be given as

J(x(k), û(k) (4.57)

for a given prediction horizonHp. Contrary to the cost function (4.43) in (4.42)
this cost function is evaluated only at the sampling instances. Therefore the
integral turns into a sum.

The model is evaluated at time t with the initial state x(t) and the piece
wise constant input sequence û. The result is for each sampling instant a
vector ŷ ≥ 0 containing the terms, which give the cost function, when they
are summed up with the weights w ≥ 0. This is not a quadratic cost function
but the summation of different terms corresponding to the different aspects
which have to be considered in the plant operation. In the construction of
the terms negative values are prevented. This cost function is then used in an
economic model predictive control scheme. Thus the cost function is

J(x(k), û(k) =

Hp−1∑
k=0

wT ŷ. (4.58)

All aspects of the cost function are:

ŷ1 tracking of the reference temperatures in the consumer circuits,

ŷ2,3 maximal temperature in the boilers,
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ŷ4 heat losses of the hot water storage tank series,

ŷ5,6 efficiency of the boilers,

ŷ7,8 switching of the boilers,

ŷ9,...,12 changes in the control signals of the pumps and the boilers.

The mathematical definition is given in appendix D.

4.2.4 Simulation results

Two nonlinear model predictive controllers were designed in [23]. The results
will be presented in this section. The two controller were synthesized using
different prediction horizons.

Predictive control with a prediction horizon of Hp = 10

The first controller was designed with a prediction horizon of Hp = 10 min
and a control horizon of Hu = 10 min. Since the sampling time is 1 min this
corresponds to horizons of 10 samples. The input signals (the steering signals
of the boilers and the flow rate produced by the pumps of the heat generation)
were constraint to be within the intervals given as

umin =


0 %
0 %

0 m3

h

0 m3

h

 and umax =


100 %
100 %

8 m3

h

8 m3

h

 . (4.59)

The disturbance signals [Ts,i,r Trl,i V̇i]
T , i = 1, . . . , 4 used in the consumer

model are generated using measurement data. Since the prediction horizon is
relatively short, instead of using predicted disturbance signals, they are held
constant. For the temperature signals this assumption yields no problem, since
the temperature dynamics are slow, but for the flow rate this assumption will
lead to inaccuracies, since the flow rate can change significantly within 10 min.
Nevertheless, the reference tracking of the supply temperature is very good, see
figure 4.11. Note that due to the initial input u0 = umin a lot of computation
time is needed to find a good steering signal in the first sampling instances.

The minimal and maximal temperatures are depicted in blue. The minimal
temperature is chosen in dependence on the ambient temperature such that
the comfort constraints in the rooms of the building can be held. The supply
temperature of the existing controlscheme (black line) is often colder than the
minimal temperature. This is caused by both boilers switched off, and a quick
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Figure 4.11: Supply temperatures of the NMPC and the existing con-
troller with minimal and maximal temperatures starting at midnight.

discharge of the tank series. The nonlinear model predictive controller on the
other hand holds the constraints of the supply temperature. To ensure a good
efficiency of the boilers the predictive controller tries to reduce the supply
temperature as far as possible. Therefore the supply temperature tracks the
minimal temperature.

The eight sensor temperatures of the tank series - each tank has two sensors,
one at the top and on at the bottom - are depicted in figure 4.12 for this run.

The model predictive controller starts discharging the tank at the beginning
of the simulation. Since a charged tank has heat losses, it is preferable not to
charge the tank. During the night, the tank is charged, since the cost caused
by the heat looses is smaller than the cost that would be caused by switching
off the boilers. At night, the boilers are running with minimal power but still
produce more heat than is consumed by the system. To avoid switching off a
boiler the excess heat is stored in the tank and used during the following day.

This predictive controller performs reasonably, but since the prediction horizon
is short, the controller can not plan ahead very far. Also the total amount of
heat losses in the tank during the night would justify switching off a boiler,
but this is not true for the heat losses of the next ten minutes, therefore no
switching occurs.

Predictive control with a prediction horizon of Hp = 60

The second model predictive controller was designed with a larger prediction
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Figure 4.12: Tank temperatures of the NMPC and the existing control
starting at midnight.

horizon of Hp = 60 min and a control horizon of Hu = 30 min. The goal is to
use only one of the boilers. In this case the tank series needs to be used to
supply the system with heat in case of a high heat demand. Therefore, the
tank needs to be charged, if a high heat demand is expected, but since the
charged tank has heat losses it should just be charged, if the energy is needed.
To reduce the computational effort, the control horizon was set to Hu = 30 min
and the number of simulation executions was set to 5000.

The prediction horizon is now too long to hold the disturbance signals constant,
such that predictions are necessary. To avoid modeling a consumer, which
could predict the required signals, measurement data is used. This means
that the model has access to the future signals.

The inputs are restricted to be within the intervals

umin =


0 %
0 %

0 m3

h

0 m3

h

 and umax =


24 %
100 %

8 m3

h

8 m3

h

 . (4.60)

The upper limit on the first input will prevent the first boiler to switch on,
see table 4.8. The initial input value is the maximal steering signal for the
second boiler. Figure 4.13 shows the supply temperatures of the first two
consumer circuits generated with the predictive controller with a prediction
horizon of Hp = 60 min and their references. The consumer circuits three and
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Figure 4.13: Reference and supply temperatures of the consumer circuits
starting at midnight.

four show very similar dynamics as the second because they have the same
reference and are therefore omitted.

To maintain the comfort constraints the reference temperatures need to track
their references. As shown in figure 4.13 the control error is small. Compared
to the predictive controller with shorter prediction horizon the valves in the
consumer circuits need to act more often, since the supply temperature to
the consumer is higher than required, when the tank is charged. In the time
intervals with low heat demand, e.g. 22 h to 30 h, the supply temperature to
the consumer oscillates between the upper and lower limit to supply the con-
sumer with heat and charge the tank series. Since the valves of the consumer
circuits act slow, these oscillations are forwarded to the supply temperatures
of the consumer circuits. The control errors of the consumer circuits sup-
ply temperatures have a standard deviation of σ < 1.5 ◦C and a mean value
of µH < 0.9 ◦C. The cumulative control error, corresponding to the difference
in heat demand and produced heat over the two days of the simulation are
nearly balanced. The deviation of the supply temperatures at t ≈ 6 h is due to
a jump in the heat demand. The boiler is prevented to overheat by taking an
increased control error into account. Note that this control error occurs also
with the existing controller and is even worse.

The sensor temperatures of the tank series are depicted in figure 4.14.

The tank series is charged at the beginning of the simulation up to t ≈ 2 h,
also the charged tank generates heat losses, probably to avoid overheating of
the boiler. During the simulation the tank is kept discharged most of the time.
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Figure 4.14: Tank temperatures of the nonlinear model predictive control
(Hp = 60 min) and the existing control starting at midnight.

The tank is charged to avoid switching and to be able to provide energy in
time intervals with a high heat demand. Note that the predictive controller
uses mainly the top of the tank. Leading to a mean temperature of the tank
being low, i.e. heat losses are low, but the heat stored in the tank can be used
to supply demand peaks, which have to be known in advance.

4.2.5 Evaluation of the approach

The nonlinear model predictive control shows very promising results. Opposed
to the existing control, where charging and discharging of the tank series is
steered indirectly by the plant operation the model predictive controller lets
you choose how to operate the heating system. By adjusting the weights in
the cost function, the use of only one boiler could be enforced. If the weights
are chosen in a way given by the trade off between effectiveness and financial
cost, one could easily adjust the controller to changes, e.g. the cost of gas.
The problems for this controller to be implemented apart from the hardware
implementation pose the steering signal of the pumps and the consumer model.
This steering signal was assumed to be accessible and adjustable, while in
reality this is not the case. To avoid loosing the warranty of the producer of
the boilers, the control of the pumps which is included in the boilers, can not
be changed. The use of a consumer model instead of using the measured heat
demand brings in additional inaccuracies, which need further investigation.
Another problem is, that the controller can not give a guarantee, that an
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optimum is found within a sampling instant. Therefore a backup control,
which acts if no steering signal was produced in a minute, is needed. This is a
standard technique in NMPC and also an active field of research, see e.g. [48].
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4.3 Controller design using the Multi - Parametric
Toolbox

In this section the heating system of the state office building for nature, en-
vironment and consumerism in Düsseldorf, introduced in section 4.1 is again
under investigation. For the controller, designed in section 4.1, no guarantees
of stability or optimality can be given. This is also true for the predictive con-
troller designed in section 4.2 for the heating system of the schools building.
In this section, a predictive controller will be designed for the heating system
of the state office building in Düsseldorf, guaranteeing optimality with respect
to a cost function.

4.3.1 Constraint finite-time optimal control problem

The Multi-Parametric Toolbox (MPT), [49] can be used to design model pre-
dictive controllers for piecewise affine systems, which were introduced in sec-
tion 2.2.2. For each affine system given for a polyhedron in the state-input
space, a state affine function is calculated by the toolbox which will control
the system. The inputs can be calculated offline, i.e. before the system has to
be controlled, in which case during the control, the state of the system defines
the current active controller. This is called explicit model predictive control.
The inputs can also be calculated online, i.e. during the control of the sys-
tem, in which case between two sampling instances the optimal input needs to
be found. The controller is designed by solving a multi-parametric program,
which will lead to a linear or quadratic optimization problem depending on
the chosen norm in the cost function.

The MPT computes the optimal explicit feedback controller for the system
given in piecewise affine form as

x(k + 1) =Aix(k) + Biu(k) + fi (4.61)

Lix(k) + Eiu(k) ≤Wi, i ∈ I (4.62)

if
[
xT (k) uT (k)

]T
∈ Di, (4.63)

see [50] for further details. This definition of a piecewise affine system in-
cludes the constraint (4.62). Depending on state and input located in do-
main Di, i = 1, . . . , d the active dynamics and constraints are selected. The
dynamics are not required to be continuous valued. The controller is designed
by solving the constrained finite-time optimal control problem, see [35, 51, 52],
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given as

J∗N (x(0)) = min
u0,...,uN−1

||QfxN ||l +

N−1∑
k=0

(||Ruk||l + ||Qxk||l) (4.64)

subject to Lixk + Eiuk ≤Wi, if
[
xTk uTk

]T
∈ Di, i ∈ I,∀k ∈ {0, . . . , N−1},

(4.65)

xN ∈ Xset, (4.66)

xk+1 = Aixk + Biuk + fi, x0 = x(0), ∀k ∈ {0, . . . , N−1}, (4.67){
Q = QT � 0,Qf = QT

f � 0,R = RT � 0, if l = 2,
rank(Q) = n, rank(R) = m, if l ∈ {1,∞}

(4.68)

where Xset can be used to guarantee stability and Q, Qf and R are weighting
matrices.

4.3.2 Controller

The control loop used to control the heating system is depicted in figure 4.15.
Recall that the lid setting is determined by an underlying controller designed
by expert knowledge of the hydraulics. The steering signal ϕ for the boilers

Predictive
controller

Heating
system

Ts,r V̇ , L, ϕ, B, Ts,i, Trϕ, B

Figure 4.15: Control loop of the model predictive controller

as well as the boiler setting B are determined by the controller in a predictive
fashion.

4.3.3 Application example

The results of the controller design problem described in this section were gen-
erated in [25]. The MPT will be used to generate model predictive controllers
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for the model of the heating system of the state office building for nature,
environment and consumerism in Düsseldorf, described in section 3.2.2, in an
online procedure. Note that instead of the input power of the boilers P = ϕPn,
the steering signal ϕ is used. Here Pn denotes the nominal power.

Since an online MPC is used to control the heating system, in each sampling
instant a model of the system is used to find the optimal input. Recall, that
e.g. the flow rate is assumed constant in the model. This constant can be
updated in each sampling instant. To find the optimal control a cost function
needs to be defined, leading to the minimization problem

min
u

{
‖PN (x(N)− xr)‖p +

N−1∑
k=0

‖Q (x(k)− xr)‖p

}

= min
u



N∑
k=0

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

 q1v1 q1v2 q1v3 0 0 0

0 0 0 0 q2 −q2







Ts,1(k)

Ts,2(k)

Ts,3(k)

.

.

.

u1(k − 1)

u1(k − 2)



−



Ts,r(k)

Ts,r(k)

Ts,r(k)

0

0

0





∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥
p



= min
u


N∑
k=0

∥∥∥∥∥
[
q1 (Ts(k)− Ts,r(k))

q2 (u1(k − 1)− u1(k − 2))

]∥∥∥∥∥
p

 ,

with PN = Q and 0 being a vector with all entries 0 and appropriate
dimension. The reference values xr for the supply temperatures are
calculated using a heating curve which is dependent on the ambient
temperature, all other entries are zero. All reference values are kept
constant. The factors q1 and q2 are the tuning knobs of the controller
design. Increasing q1 will lead to better tracking of the reference whereas
increasing q2 will lead to less boiler switching. The infinity norm (p =∞)
will be used, since the absolute control error in the supply temperature
is weighted up against the cost of switching. Inserting the cost function
into the MPT is done using the options P N, Q and xref.

To reduce the computational effort the state space of the initial state x0
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can be bounded in dependence of the actual state x. Define

1 0 · · ·

−1 0

0 1 · · ·

0 −1

...
. . .


︸ ︷︷ ︸

H

x0 ≤



x1(k) + xtol

− (x1(k)− xtol)

x2(k) + xtol

− (x2(k)− xtol)
...


︸ ︷︷ ︸

K

for a given tolerance xtol to look for feasible initial states in the given
polytope, which can be done using the option Pbnd of the MPT.

The tuning knobs of the controller design are the horizon N , the norm p
and the weightings q1 and q2. Using the MPT function mpt control the
controller evaluated in the next section was synthesized.

4.3.4 Simulation results

Three controllers generated with the MPT will be presented, [25]. First
a controller was constructed using a time horizon of only one sam-
pling N = 1, choosing the weightings as q1

q2
= 10 and the maximum

norm p =∞. The computation time for the controller is quite short. All
controllers constructed during the simulation were generated within one
second. For the second controller, the weightings were chosen as q1

q2
= 7.

This increases the importance of a good reference tracking of the sup-
ply temperature. Finally a controller with a time horizon of N = 2 is
synthesized. This leads to an increased computation time of up to 6
seconds.

Measurements taken on the same six days already used for the applica-
tion example in section 4.1 were used to simulate the system. The supply
temperature, the boiler setting and the steering signal for the boilers are
shown in figure 4.16 for measurements taken on November 10, 2009. The
simulation shows that the reference supply temperature is reached with a
small exception after about 300 min. At that point the steering signal is
at 100 % but the difference in the supply temperature and the reference
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Figure 4.16: Simulation results using measurements from November 10,
2009

yields a smaller cost function value than would be caused by switching.
Note that the simulation results are shown only for less than 2 h. During
the rest of the simulation the reference is tracked satisfactory.

Using the measurements from July 1, 2010 the simulation results given in
figure 4.17. The heat demand is very small in this time of the year such
that even one boiler produces to much heat and needs to be switched on
and off a lot. One can see that if the boiler is switched on, the steering
signal of the boiler is increased up to 50 %. It would be better for this
signal to stay at its minimal value, but for this the time horizon is not
sufficiently large.

Decreasing the ratio of the weightings to q2/q1 = 7 leads to switch-
ing when smaller deviations of supply temperature and reference are
present. In case of the simulation results with the measurements from
November 11, 2009 (depicted in figure 4.16 for the ratio of q2/q1 = 10
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Figure 4.17: Simulation results using measurements from July 1, 2010

leading to a control error of 5 K) a difference of 3.5 K is sufficient for the
controller to switch on the next boiler. This decrease in the control error
is paid by an increase of the number of switchings of the boilers.

Finally the horizon is doubled to N = 2. Apart from some shifting of
the importance of the weights, the interesting point is the computation
time of up to 6 s. This does not pose a problem because between two
samples 60 s are available. However, the advantage of two seconds over
one second in the time horizon is very minimal.

4.3.5 Evaluation of the approach

The model of the heating system is constructed in a very abstract way.
The basic equations are used, but special effects like the flushing of the
boilers or the boilers emergency switching off are not modeled. This
makes it questionable if the presented approach can be implemented in
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a real system. Also the benefit of the approach is inexistent compared
to general nonlinear model predictive control. Since the model, that is
used here, is simplified, a guarantee of stability can not be provided. The
optimal trade off between the number of switchings and the control error
is found but this trade off reduces to a maximal tolerated deviation of the
supply temperature from its reference. This is because of the very short
time horizon. One switching of a boiler would lead to good tracking, but
before this switching occurs first the reference tracking needs to create a
cost function value that is bigger, than the one created be the switching.
This lead to a deviation of the reference before each switching. The
choice of the maximum norm is also responsible for this simple trade off,
since just the higher weighed criterion is taken into account. The desired
effect to switch the boiler on or off immediately, if switching can not be
avoided and not at all, if a justifiable control error is present, would be
possible with the 2-norm and a control horizon of at least 10 min. But a
horizon of such a length is not possible for this system due to the curse
of dimensionality, which all methods of multi-parametric programming
suffer from, [50]. In conclusion, this approach is able to deal with systems
which show hybrid dynamics, like heating systems, but the complexity of
a heating system is too high, such that the implementation of a control
using the MPT does not seem to be possible yet.
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4.4 Controller design for multilinear input affine sys-
tems guaranteeing ellipsoidal domains of attrac-
tion

In section 3.3.5 the possibility to model a heating system as a tensor
model was presented, see (2.60) - (2.61). This motivates the investigation
of the model class. Here a method to design a controller guaranteeing
the local stability of an operating point and its domain of attraction is
given, where the multilinear properties of the tensor model are used. The
model class under investigation in this section includes the continuous-
valued part of a tensor model and does not include the discrete-valued
part, i.e. the Boolean system.

An asymptotically stable operating point of a nonlinear system is char-
acterized by being an equilibrium point and by having a domain of at-
traction, i.e. all state trajectories starting from any point in the region
of attraction will end up in the equilibrium point, [53]. The equilib-
rium point is, without loss of generality, assumed to be the origin. The
definitions for stability will be given in the next section.

The proposed controller design method was developed in [54] and works
as follows. For a given system and its equilibrium point a desired re-
gion of attraction is defined, which is assumed to be known from the
application at hand. The controller, if it can be found, then ensures
the attractiveness within this region, i.e. the state trajectories will end
up in the origin. The controller is designed using the Lyapunov theory,
where a Lyapunov function is constructed, having the property of a neg-
ative time derivative in the domain of attraction. If such a function can
be found the existence of the domain of attraction is guaranteed. The
computation of the exact region of attraction is very difficult. There
has been extensive research in this area, see e.g. [55]. To simplify this
search, one can restrict the region of attraction to be ellipsoidal. In
this case the scaling of certain directions in the state space can still be
accounted for [56]. In this approach an ellipsoidal region of attraction
is used, therefore the region defined from the application is assumed to
be an ellipsoid as well. The controller consists of two parts. A linear
one, which is designed using well known controller design methods for
linear systems using a linear approximation of the system in the origin
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ensuring local stability of the origin and a multilinear one, which will
ensure the domain of attraction.

Estimating a subset of the region of attraction for the class of polynomial
systems is done by [57], where the theorem of [58] and the extension
of [59] are used to estimate the maximal value of the Lyapunov function
derivative L̇(x)4 on the surface of an ellipsoid. The ellipsoid is defined
by the Lyapunov function. Thus the closest approximation is achieved
by maximizing the radius of the ellipsoid.

After the definition of stability and the definition of the controller design
problem, the Lyapunov function estimate is given followed by the con-
troller design procedure. As an application example, given a region of
attraction, a controller is designed for the heating system (3.113), which
is first adapted to the assumption to include only continuous-valued
states.

4.4.1 Stability

First the definition of stability needs to be given, as it can be found in
numerous publications, e.g. [53]. Assuming an autonomous system

ẋ = f(x), (4.69)

with f : Dn ⊆ Rn → Rn is Lipschitz over the domain D and has an
equilibrium point at the origin, then the following definitions can be
given.

Definition 4.3 The equilibrium point of (4.69) is

• locally stable if for each ε > 0 there is a δ > 0 such that

‖x(0)‖ < δ → ‖x(t)‖ < ε∀t ≥ 0,

• unstable if it is not stable,

4To avoid confusions with the flow rate, L is used instead of the usual V as
Lyapunov function symbol.
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• locally asymptotically stable if it is locally stable and δ can be
chosen such that

‖x(0)‖ < δ → lim
t→∞

x(t) = 0,

• globally asymptotically stable if the equilibrium point is stable for
all initial values of x(0) ∈ Rn.

4.4.2 Controller design problem

For the discrete-time case, multilinear systems in matrix representation
were introduced in (2.32)-(2.33). The systems under investigation in this
section are continuous-time, input affine systems given as

ẋ = FX + Bu, (4.70)

where x(t) ∈ Rn is the state vector with elements xi, i = 1, . . . , n
and u(t) ∈ Rm is the input vector with elements ui, i = 1, . . . ,m.
Furthermore, the matrix F ∈ Rn×2n−1 is called system matrix and the
matrix B ∈ Rn×m input matrix. The restriction that the system is input
affine is used to ensure, that the closed loop still is multilinear, see
section 2.3.5.

The vector X(t) ∈ R2n−1 is defined as

X =
[
xT XT

2 XT
3 . . . XT

n

]T
, (4.71)

with the vectors Xi ∈ Rσi containing all possible combinations of i
different states from the set of n different state variables. The dimension
of the vectors Xi is given as

σi =
n!

i!(n− i)!
. (4.72)

To illustrate these definitions, the vectors Xi, i = 1, 2, n are given

X2 =
[
x1x2 x1x3 . . . x1xn x2x3 . . . xn−1xn

]T
,

X3 =
[
x1x2x3 x1x2x4 . . . x2x3x4 . . . xn−2xn−1xn

]T
,

...
Xn = x1x2 · · ·xn−1xn.

(4.73)
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The controller which will be used, is a state feedback controller given as

u = K(x), (4.74)

where K : Rn → Rm is a multilinear function. This controller will be
used to ensure a given domain of attraction of the origin. The domain
of attraction is given as an ellipsoid as

L(x) = xTPx ≤ c, c > 0 (4.75)

by defining the symmetric, positive definite matrix P and the constant c.
The function L(x) will be used as the Lyapunov function. As long as
the time derivative of this function

L̇(x) = 2xTPẋ (4.76)

is negative within the domain
{
x | xTPx ≤ c,x 6= 0

}
, i.e. the domain

of attraction, the origin is called asymptotically stable, [53]. In this
equation the closed-loop dynamics are associated with ẋ.

The controller design will be done in two steps. First a linear con-
troller Kl is designed to ensure stability of the origin, then a multilinear
controller Km is designed to ensure the domain of attraction. The con-
troller consisting of the linear and the multilinear part is a state feedback
controller and the closed loop can be given as

ẋ = FX + BKX = (F + BK)X, (4.77)

where K =
[
Kl Km

]
∈ Rm×2n−1.

To design the linear controller Kl the system (4.70) is linearized around
the origin, which gives the linear system matrix

A =
∂FX

∂x

∣∣∣∣
x=0

(4.78)

and the closed loop

ẋ = Ax + BKlx. (4.79)

To design this controller, standard techniques can be applied, e.g. opti-
mal control by minimizing the cost function

J =

∫ ∞
0

xTQlx + uTRu dt, R > 0, Ql ≥ 0. (4.80)
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The linear controller is used to ensure stability of the closed loop of
the linearized system. Therefore, the origin of the closed loop of the
multilinear system (4.77) will be stable.

The multilinear part of the controller Km has to ensure the domain of
attraction defined by (4.75). Formally this can by stated as an optimiza-
tion problem given as

min
km

kTmQkm s.t. xTPx ≤ c, (4.81)

2xTPẋ < 0 for x 6= 0

where the matrix Km has been converted to a vector km ∈ Rm·(2
n−1−n)

and the weighting matrix is Q ∈ Rm·(2n−1−m)×m·(2n−1−m) ≥ 0.

To simplify the constraints in (4.81) an upper bound on the temporal
derivative of the Lyapunov function on the surface of the ellipsoid is
used.

4.4.3 Upper and lower bounds on polynomials

For the estimation of a maximum on the temporal derivative of a Lya-
punov function L̇(x) the following definitions and theorems will be used.

Definition 4.4 A real algebraic polynomial of order m is given as

p(x) =

m∑
i=0

aix
i (4.82)

with the coefficients ai ∈ R and x ∈ R, [60].

Definition 4.5 Let ‖·‖∞ denote the maximum norm and let J = [a, b]
be a nonempty compact interval, where J ⊂ R. The set of Chebyshev
points for an algebraic polynomial is given as

x(N, J) :=
a+ b

2
+
b− a

2
cos

(
(2ν − 1)π

2N

)
, ν = 1, . . . , N (4.83)

for N > 0, [60].
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Theorem 4.1 An upper bound on the maximum of a polynomial p
in the interval J of one variable with degree p ≤ m is given with the
inequality

‖p‖J∞ ≤ C · ‖p‖x(N,J)
∞ (4.84)

where ‖p‖x(N,J)
∞ is the maximal value of the polynomial p evaluated in

the N > m Chebyshev points and

C :=
1

cos
(
m
2N π

) . (4.85)

Proof: The proof is given in [58]. 2

Definition 4.6 A real trigonometric polynomial of order m is given
as

p(θ) =

m∑
k=0

k∑
i=0

aki sini θ cosk−i θ =

m∑
k=0

{ak cos (kθ) + bk sin (kθ)} (4.86)

with the coefficients aki, ak, ai ∈ R and θ ∈ [0, 2π], [60].

Definition 4.7 The set of Chebyshev points for a trigonometric poly-
nomial within the interval J is given by [60]

x(N, J) := a+
ν − 1

N
(b− a), ν = 1, . . . , N. (4.87)

Theorem 4.2 The upper bound on the maximum of the trigonometric
polynomial is given with (4.84) where N > 2m and

C :=
1

cos
(
m
N π
) . (4.88)

Proof: The proof is given in [58]. 2
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Corollary 4.1 Using (4.84), the following upper and lower bounds
could be established

pJmin =
1

2

(
(C + 1) p

x(N,J)
min − (C − 1) px(N,J)

max

)
, (4.89)

pJmax =
1

2

(
(C + 1) px(N,J)

max − (C − 1) p
x(N,J)
min

)
(4.90)

where pJmin is the minimal and pJmax is the maximal value of the poly-

nomial p in the interval J , p
x(N,J)
min is the minimal and p

x(N,J)
max is the

maximal value of the polynomial p evaluated at the N Chebyshev points
in the interval J .

Proof: The proof is given in [59]. 2

These inequalities are extended to hold true for several variables. The
multivariable interval is constructed from the cartesian products of the
individual intervals

Ĵ = [a1, b1]× [a2, b2]× . . .× [an, bn] (4.91)

and the set of Chebyshev points is therefore

x(N̂, Ĵ) := x(N1, J1)× x(N2, J2)× . . .× x(Nn, Jn). (4.92)

Corollary 4.2 The upper and lower bounds for n variables are given
as

pĴmin =
1

2

((
Ĉ + 1

)
p
x(N̂,Ĵ)
min −

(
Ĉ − 1

)
px(N̂,Ĵ)
max

)
, (4.93)

pĴmax =
1

2

((
Ĉ + 1

)
px(N̂,Ĵ)
max −

(
Ĉ − 1

)
p
x(N̂,Ĵ)
min

)
(4.94)

where

Ĉ =

n∏
i=1

Ci . (4.95)

Proof: The proof is given in [59]. 2

The multipliers Ci are depending on the number of Chebyshev points Ni
and the degree mi of the variable xi of the polynomial.
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4.4.4 Replacing the constraint in the controller design prob-
lem

For preconditioning, two coordinate transformations will be performed,
to eventually solve the optimization problem. First use the Cholesky
decomposition P = CTC to rewrite the Lyapunov function in the new
coordinates x̂ = Cx as

L(x) = xTPx = x̂T x̂ = L̂(x̂), (4.96)

see [57]. In the Cholesky decomposition the matrix C is an upper tri-
angular matrix, which is unique since the matrix P is positive definite,
see e.g. [60]. This transformation converts the ellipsoid into an n-sphere,
graphically speaking. The second transformation converts the coordi-
nates x̂ into n-dimensional polar coordinates given as

x̂1 = r cosϕ sin θ1 sin θ2 · · · sin θn−3 sin θn−2,
x̂2 = r sinϕ sin θ1 sin θ2 · · · sin θn−3 sin θn−2,
x̂3 = r cos θ1 sin θ2 · · · sin θn−3 sin θn−2,

...
x̂n−1 = r cos θn−3 sin θn−2,
x̂n = r cos θn−2,

(4.97)

where the radius is r ∈ [ 0,∞ ) and the angles are ϕ ∈ [0, 2π] as well
as θi ∈ [0, π] , i = 1, . . . , n− 2. These coordinates allow a simple descrip-
tion of an ellipsoid.

Let p(x) = L̇(x) be the temporal derivative of the Lyapunov function.
The inverse transformation of x̂ = Cx is used to obtain the original
polynomial in polar coordinates depending on the radius and the an-
gles p̂(r, ϕ, θ1, . . . , θn−2). Using (4.94) and Chebyshev points for the an-
gles ϕ and θi, i = 1, . . . , n− 2 an upper bound on the maximum of V̇ (x)
on the boundary of the ellipsoid is found. The radius r =

√
c is kept

constant.

To reduce the computational effort, the following conjecture is used, [54].
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Conjecture 4.1 It is conjectured that for autonomous, multilinear
systems

ẋ = FX (4.98)

and a given matrix P ∈ Rn×n with the properties P = PT ,P > 0, the
following statement holds true

∀c ≥ c∗ : ∃x ∈
{

x ∈ Rn | xTPx = c, L̇(x) > 0
}

(4.99)

where

c∗ = min
x6=0

xTPx s.t. L̇(x) > 0 (4.100)

This assumption was not yet falsified by any counterexample, but tested
for numerous multilinear systems. For polynomial systems this assump-
tion is not true. A counter example is given in [54].

Using conjecture 4.1, the optimization problem (4.81) reduces to

min
km

kTmQkm s.t. pĴmax < 0, (4.101)

where pĴmax given by (4.94). Stability guarantees, offered by a controller
synthesized based on the above conjecture are analyzed in an a posteriori
validation by additionally generating Chebyshev points for the radius.
Therefore the entire content of the ellipsoid is checked.

The number of computations in each step is proportional to
∏n−1
i=1 Ni,

where Ni is the number of Chebyshev points in each variable. The
conjecture reduces the computational effort by a factor Nn. This means,
if the conjecture turns out to be false, the optimization problem can still
be solved, but an additional computational effort of factor Nn (i.e. the
number of Chebyshev points for the radius) is needed.

4.4.5 Application examples

First a stabilizing controller for a fictitious multilinear system is de-
signed, then a heating system is modeled as a multilinear system and a
controller for this system is designed. Both examples are taken from [54].
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Two states example

Given a fictitious multilinear system with two states and one input in
matrix representation(

ẋ1

ẋ2

)
=

(
−1 1 11
2 −2 9

) x1

x2

x1x2

+

(
0
1

)
u (4.102)

and a fictitious desired region of attraction(
x1 x2

)( 8 −2
−2 1

)(
x1

x2

)
≤ 9.3, (4.103)

which is assumed to be known from the application, a stabilizing con-
troller could be designed. The control law is given by

u =
(
−3.1223 −10.2574 1.5088

) x1

x2

x1x2

 , (4.104)

where the first two entries are given by standard linear controller de-
sign techniques and the last entry is given by solving the minimization
problem (4.101). Since the constraint in (4.101) is met, this controller
guarantees the attractiveness of the region of attraction. It is therefore
shown, that multilinear systems exist, for which the optimization prob-
lem (4.101) can be solved and stabilizing controllers can be synthesized.

Heating system example

For the heating system described in section 3.1.7, a controller is to be
designed, which guarantees a domain of attraction. The model of the
heating system is altered such that no discrete-valued signals and states
are used. Therefor the model is not valid for the entire operating region
of the plant. But by restricting the room temperature to be in a small
interval the validity of the model for the restricted operating region is
given.

Only the supply temperature Ts, the return temperature Tr and the
building temperature Tb are used as states. The ambient temperature is
assumed to be constant, Ta = 15 ◦C.

The dependency of the flow rate on the building temperature is adapted
and therefore only valid in the interval Tb ∈ [Tbr − ∆Tb, Tbr + ∆Tb].
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This assumption is required to avoid discrete signals arising from the
saturation. Since the room temperature is assumed in an interval such
that the flow rate is not in saturation, no inaccuracies arise here. The
dependence of the flow rate on the building temperature is depicted in
figure 4.18, where the dashed line is the actual flow rate, the solid line
the modeled one and Tbr is the building reference temperature.

Tb − Tbr

V̇

-∆Tb ∆Tb

V̇m

V̇a

V̇a

Figure 4.18: Real (dashed line) and modeled (solid line) dependence of
the flow rate on the building temperature

The flow rate V̇ can be given as

V̇ = V̇m +
TbrV̇a
∆Tb

− V̇a
∆Tb

Tb. (4.105)

By inserting the equation of the flow rate (4.105) into the heat power bal-
ances for the supply temperature (3.10), the return temperature (3.29)
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and the building temperature (3.30), the multilinear state space model

ẋ =

ṪsṪb
Ṫr

 =

f11 0 f13 f14 0 f16 0
0 f22 f23 0 0 0 0
f31 f32 f33 f34 0 f36 0




Ts
Tb
Tr
TsTb
TsTr
TbTr
TsTbTr


+

+

 Pn
Vbρc

0
0

u+

 0
kb,a
cb
0

Ta, (4.106)

is obtained. The elements of F are given as

f11 = −f13 = −∆TbV̇m + TbrV̇a
∆TbVb

, (4.107)

f14 = −f16 =
V̇a

Vb∆Tb
, (4.108)

f22 = −kr,b + kb,a
cb

, (4.109)

f23 =
kr,b
cb
, (4.110)

f31 =
∆TbV̇m + TbrV̇a

∆TbVc
, (4.111)

f32 =
kr,b
Vcρc

, (4.112)

f33 = −f31 − f32, (4.113)

f34 = −f36 = − V̇a
Vc∆Tb

(4.114)

and the produced heat of the burner is Pin(t) = Pnu(t), with u(t) = [0, 1].

To design the controller, the model needs to be transformed such that the
origin is an equilibrium point, which can be done using the coordinate
transformation

x = x− xss, u = u− uss (4.115)
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where xss, uss denotes an equilibrium point (see e.g. [53]).

For the example at hand, and in order to obtain an equilibrium point,
the building temperature needs to equal its reference, i.e. Tb = Tbr.
This leads to a linear system of equations whose solution yields the
transformation

xss =


kb,a(Tbr−Ta)

V̇mρc
+

(kb,a+kr,b)Tbr−kb,aTa
kr,b

Tbr
(kb,a+kr,b)Tbr−kb,aTa

kr,b

 , (4.116)

uss =
kb,a
Pn

(Tbr − Ta). (4.117)

The parameters are given in table 3.1 and table 3.2. To define the
ellipsoid the values of the transformed variables are investigated. The
temperature T s goes up to 50 ◦C, where T r reaches about 30 ◦C. The
building temperature is not supposed to fall below Tbr − Tb = −2 ◦C.
Thus, the ellipsoid is chosen as

L(x) = xT

 1 1 −1.3
1 110 1
−1.3 1 2.2

x ≤ 700. (4.118)

The poles of the linearized model are heuristically set by pole placement
to be

p1 = (−6.139 + 6.007i)× 10−4, (4.119)

p2 = (−6.139− 6.007i)× 10−4, (4.120)

p3 = −1.29× 10−5. (4.121)

Using the above procedure the controller K =
[
Kl Km

]
could be syn-

thesized, where

Kl =
[
21700 −55500 −29400

]
× 10−6, (4.122)

Km =
[
−3764 6.426 3793 −22.56

]
× 10−6. (4.123)

During the design of the multilinear part a small constraint violation
occurred. The temporal derivative of the Lyapunov function V̇ (x) is
depicted in figure 4.19.
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Figure 4.19: Ellipsoid L(x) ≤ c and temporal derivative of the Lyapunov
function L̇(x).

4.4.6 Evaluation of the approach

It was shown, that there exist multilinear systems for which the con-
troller design method works. The separation of designing the linear part
and multilinear part of the controller is beneficial, because the number of
variables in Km was reduced, such that less computation time is needed.
For the heating system example, the constraint in the optimization prob-
lem was violated. Looking at the Lyapunov function and its derivative
in figure 4.19 one can see, that the temporal derivative is indeed negative
in the region of attraction. Further investigation yields, that in this area
the building temperature is above its reference. Since the heating system
- and the intervals on the supply and the return temperature - is not de-
signed for cooling down the building, the controller can not ensure, that
the building reference temperature is reached. In practice this will not
be a concern, because the building temperature will equal the ambient
temperature after the decay of the transient behaviour. The controller
is not able the steer the building temperature back to its reference, but
the temperature will be reduce with the time constant of the building.
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4.5 Feedback linearization of discrete-time nonlinear
state space systems using lattice theory

Linearizing nonlinear systems using nonlinear static state feedback in
continuous time has been researched in the early 1980’s. A differen-
tial geometric method is used to linearize continuous-time systems, see
e.g. [61]. The discrete-time case did not get so much attention. Never-
theless some results were presented, e.g. [62, 63].

The discrete-time representation is used here because modeling discrete-
valued signals in discrete time is much easier. In a new approach the
feedback linearization problem was readdressed using algebra of func-
tions, [64]. The advantage is, that in this approach also non-smooth
functions can be considered.

The attempt was to adapt the approach to linearize tensor models. Un-
fortunately, up to now this could not be completed. Therefore this chap-
ter presents work in progress.

First, algebra of functions and necessary operators are introduced, fol-
lowed by the linearization procedure, proposed in [64]. A short applica-
tion example is given, in which a multilinear model of a heating system
is linearized. Eventually, the approach is evaluated.

4.5.1 Algebra of functions

Let SX be the set of vector functions whose domain X ⊆ Rn is the state
space. The relation of partial preorder denoted by ≤ is given with the
following definition, [64].

Definition 4.8 For α, β ∈ SX and a function γ

α ≤ β, iff ∃γ : β(x) = γ(α(x)),∀x ∈ X. (4.124)

Note that the case where α � β and β � α can occur. In this case α
and β are incomparable. In case α ≤ β and β ≤ α the functions are
called equivalent, which will be denoted by α ∼= β. Since equivalent
functions can be in the set SX , the term partial preorder instead of
partial order is used.
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For the relation of partial preorder α ≤ β in [65] a rank condition is
given for smooth functions as, α ≤ β iff

rank
(
∂α
∂x

)
= rank

((
∂α
∂x

)T (
∂β
∂x

)T)T
. (4.125)

A reduction in the rank can occur, if the rows or columns are functionally
dependent. Rows being the same for a point in the state space, do not
reduce the rank of the function.

The binary operations × and ⊕ are defined as, [64]

Definition 4.9

α× β = inf (α, β) (4.126)

α⊕ β = sup (α, β). (4.127)

Example 4.3 Assume a function δ has the properties

δ ≤ α, (4.128)

δ ≤ β. (4.129)

The function δ is equivalent to α× β iff

ε ≤ δ, ∀ε ∈ SX : ε ≤ α, ε ≤ β. (4.130)

In other words α × β = δ is the function with the maximal number
of functionally independent components which can be generated by the
components of α and β. Here generated means, there exists a function,
which applied to α is equivalent to δ and there exists a possibly different
function, which applied to β also gives δ.

Example 4.4 Assume a function δ has the properties

α ≤ δ, (4.131)

β ≤ δ. (4.132)

The function δ is equivalent to α⊕ β iff

δ ≤ ε,∀ε ∈ SX : α ≤ ε, β ≤ ε. (4.133)
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In other words α ⊗ β = δ is the function with the minimal number of
functionally independent components which can generate the function α
as well as β.

The rule to calculate α× β is given as, [64]

(α× β)(x) =
(
αT (x) βT (x)

)T
, (4.134)

where functionally dependent components need to be removed. The
following example is taken from [65].

Example 4.5 Let X = R3 and SX be the set of functions having X
as domain. Define

α =
(
x1 + x2 x3

)T
and (4.135)

β =
(
x1x3 x2x3

)T
. (4.136)

Calculating the function (α× β)(x) gives

(α× β)(x) ∼=
(
x1 + x2 x3 x1x3

)T
. (4.137)

Due to functional dependence the term x2x3 does not occur. The calcu-
lation of the function (α⊕ β)(x) gives

(α⊕ β)(x) ∼=
(
(x1 + x2)x3

)
(4.138)

which can be generated by multiplying the first and second component of α
and by adding the first and second component of β. No other functionally
independent components can be generated from α and β.

For more complex examples, the calculation of the ⊕ operator is no
longer that simple. Using the definition of ⊕ together with the rank
condition of the relation of partial preorder leads to a partial differential
equation. The calculation of⊕ can be reformulated. Find all functionally
independent γj such that

∂α1

∂xi
a1 +

∂α2

∂xi
a2 + . . .

∂αm
∂xi

al =
∂γj
∂xi

(4.139)

∂β1

∂xi
b1 +

∂β2

∂xi
b2 + . . .

∂βm
∂xi

bm =
∂γj
∂xi

(4.140)
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for i = 1 . . . , n and some a1, . . . , al, b1, . . . , bm. Since the rank needs to
be the same

∂γj
∂x needs to be a linear combination of ∂α

∂x , k = 1, . . . , l

and ∂β
∂x , k = 1, . . . ,m.

This reformulation is only valid for smooth functions, since the rank
condition is only true for smooth functions. For an example with two
components in α and three states, this set of equations can be rewritten
by eliminating the ai as(

∂α1

∂x3

∂α2

∂x2
− ∂α1

∂x2

∂α2

∂x3

)
∂γ

∂x1
+(

∂α1

∂x1

∂α2

∂x3
− ∂α1

∂x3

∂α2

∂x1

)
∂γ

∂x2
+(

∂α1

∂x2

∂α2

∂x1
− ∂α1

∂x1

∂α2

∂x2

)
∂γ

∂x3
= 0 (4.141)

To solve this kind of partial differential equations, i.e.

f(x1, x2, x3)
∂γ

∂x1
+ g(x1, x2, x3)

∂γ

∂x2
+ h(x1, x2, x3)

∂γ

∂x3
= 0 (4.142)

the characteristic system

dx1

f(x1, x2, x3)
=

dx2

g(x1, x2, x3)
=

dx3

h(x1, x2, x3)
(4.143)

is used [66]. Let u1(x1, x2, x3) = C1 and u2(x1, x2, x3) = C2 be an
integral basis, i.e. two different functionally independent integrals of the
characteristic system (4.143), then the solution of (4.142) is given by

γ = Φ(u1, u2), (4.144)

where Φ is an arbitrary function.

In the case for two components in α and β and three states, two integral
bases can be found. One for α and one for β. This poses nearly the
same problem as the original one since we look for functions that can be
constructed as well with the arguments found for α as those found for β.

In the following the binary relation ∆ is defined, [64].
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Definition 4.10 Two functions α, β ∈ SX form an ordered pair,
i.e. α, β ∈ ∆, if there exists a function f∗ such that

β(f(x, u)) = f∗(α(x), u), (4.145)

where f(x, u) is a next state function of a nonlinear state space sys-
tem 2.4, x ∈ X is the state and u ∈ U ⊆ R is the input.

Next two operators m and M are defined, [64].

Definition 4.11 Applying operator m to a function α gives a func-
tion m(α) ∈ SX which satisfies the following conditions

(α,m(α)) ∈ ∆ (4.146)

if (α, β) ∈ ∆, then m(α) ≤ β. (4.147)

Definition 4.12 Applying operator M to a function β gives a func-
tion M(β) ∈ SX which satisfies the following conditions

(M(β), β) ∈ ∆ (4.148)

if (α, β) ∈ ∆, then α ≤M(β). (4.149)

The operator m(α) can be computed by calculating

m(α) ∼= ((α× u)⊕ f)
−

(4.150)

where (. . .)− denotes a temporal back-shift, [64].

The operator M(β) can be computed in the special case where β(f(x, u))
can be decomposed in

β(f(x, u)) =

d∑
i=1

ai(x)bi(u) (4.151)

with a1(x), . . . , ad(x) being arbitrary functions and b1(u), . . . , bd(u) be-
ing linearly independent over R as

M(β) := a1 × a2 × . . .× ad, (4.152)

see [64].
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Definition 4.13 The function α is called invariant with respect to the
system dynamics x(k+1) = f(x, u) or f-invariant, if for arbitrary u ∈ U

α(x1) = α(x2)⇒ α(f(x1, u)) = α(f(x2, u)) (4.153)

for x1,x2 ∈ X holds true, [64].

To compute the minimal f-invariant function δ the following algorithm
is introduced in [64].

Algorithm 4.1 The sequence δ1 ≤ δ2 ≤ . . . ≤ δi ≤ . . . of non-
decreasing functions can be computed for a given δ1 by the recursive
formula

δi+1 = δi ⊕m(δi). (4.154)

The algorithm is initialized by using δ0 =
(
x1 x2 . . . xn

)T
and

choosing δ1 as the minimal function, which contains the maximal num-
ber of functionally independent components, giving that the forward
shift δ1(f(x, u)) does not depent on the input u. The algorithm is ter-
minated as soon as δj ∼= δj + l, l ≥ 1 holds true. The minimal f-invariant
function is then δ = δj . In [67] it was shown, that there exist a fi-
nite j ≤ n such that the above conditions hold true and δi � δi + 1
for i < j.

4.5.2 Linearization procedure

If a state transformation ϕ : X→ X exists and in addition a static state
feedback u = ϑ(x, v), with ϑ : X× V→ U exists and has an inverse with
respect to v, such that z = ϕ(x) and

Φ (zi) = zi+1, for i = 1, . . . , n− 1 (4.155)

Φ (zn) = v, (4.156)

then, the system

x(k + 1) = f(x(k), u(k)) (4.157)
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is called static state feedback linearizable, see [64]. The condition for a
system to be static state feedback linearizable is given in [64] with the
theorems 24 and 25 and the proposition 26 therein. These theorems were
combined to result in the following corollary.

Corollary 4.3 The system (4.157) is static state feedback lineariz-
able, iff

δi 6= const for i = 1, . . . , n− 1 and δn = const. (4.158)

Proof: The proof follows directly from the proofs for the theorems 24
and 25 and proposition 26 given in [64]. 2

If a system is state feedback linearizable, the state coordinate transfor-
mation is given by

z1 = δn−1 (4.159)

z2 = M(δn−1) (4.160)

z3 = M(M(δn−1)) (4.161)

... (4.162)

and the system in the new coordinates then reads

Φ (z1) = z2 (4.163)

Φ (z2) = z3 (4.164)

... (4.165)

Φ (zn) = ψ(z, u), (4.166)

with ψ(z, u) = ϕn(f(x, u)) being the static state feedback, [64].

4.5.3 Application example

Using the website [68] the feedback linearization for a heating system
example could be obtained. The heating system under investigation was
introduced in section 3.1.7. Here it was used in the simplified version

151



introduced in section 4.4.5. Since the website works with numerical
values the parameters given in tabel 3.1 and table 3.2 are used. The
state space system can be given as

x1(k + 1) = 1.366u(k) + x2(k) (13.92− 0.04643x3(k))

+ x1(k) (−12.92 + 0.04643x3(k)) (4.167)

x2(k + 1) = x1(k) (2.923− 0.00975x3(k))

+ x2(k) (−1.9947 + 0.00975x3(k)) + 0.07174x3(k) (4.168)

x3(k + 1) = 0.08095 + 0.00015x2(k) + 0.9996x3(k) (4.169)

where the input u is in MW and the states(
x1 x2 x3

)T
=
(
Ts Tr Tb

)T
(4.170)

are in K.

Using the state transformation

z1(k) =x3(k) (4.171)

z2(k) =0.08095 + 0.00015x2(k) + 0.9996x3(k) (4.172)

z3(k) =0.161868 + x1(k)
(
0.00043845− 1.4625 · 10−6x3

)
(4.173)

+ x2(k)
(
−0.000149265 + 1.4625 · 10−6x3

)
+ 0.999211x3(k)

and the feedback

v(k) =
1

−11692 + 39z1(k)
(−944.635 + u(k) (−7.0026+

+z1(k) (0.023358− 0.0000779132z2(k)) + 0.023358z2(k))−
− 348715z2(k) + 1199.38z2

2(k)+

+ z2
1(k) (−617.681 + 2.06034z2(k)) + 162695z3(k)−

− 617.877z2(k)z3(k) + z1(k)
(
174337− 4.25133z2

2(k)−
−581.688z3(k) + z2(k) (656.817 + 2.19102z3(k)))) (4.174)

the system (4.167)-(4.169) can be rewritten as the linear system

z1(k + 1) = z2(k) (4.175)

z2(k + 1) = z3(k) (4.176)

z3(k + 1) = v(k). (4.177)
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4.5.4 Evaluation of the approach

The investigation of this approach was motivated by a small example.
For a multilinear model of a heating system a feedback could be found,
such that the closed loop was linearized. The method succeeded in lin-
earizing the model with a coordinate transformation and a static state
feedback. The approach is appealing because the state update function
does not need to be smooth, which would allow switching in the sys-
tem. The importance of this property especially for heating systems was
already established in this work. Within the procedure a partial dif-
ferential equation was constructed, which can only be done for smooth
functions, the extension on calculating the binary operation ⊗ to non-
smooth functions is very poorly described in the literature. A solution
might be contained in [69], which is in Russian.

So far the use of the multilinear property of the model was not exploited
in the linearization procedure. Especially the temporal back-shift poses
a problem, because the temporal back-shift of a multilinear function
can contain stronger nonlinearities. This is similar to the discussion on
connecting multilinear systems given in section 2.3.5. Future work can
be done in the construction of the binary operators using the multilinear
property.
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4.6 Comparison of the controller design methods

In this chapter five different controller design methods were presented.
The control objectives of the methods were different for all approaches.

The Boolean controller design by algebraic relaxation, see section 4.1,
was used to bring down the amout of switchings in a heating system with
three boilers. This approach was successfully tested in the real plant
and the controller is still running. The method allows to find Boolean
controllers by relaxing the optimization problem to a continuous one.
The relaxation has the advantage, that one does not have to evaluate
all Boolean controllers but can find the optimal by solving a continuous
optimization problem. The requirement to use this method is a general
nonlinear model of the plant and the possibility to evaluate the plant with
non-Boolean input signals. Non-Boolean input signals pose a problem
for Boolean controllers which can often be solved, e.g. if some input can
be on or off, the model might still be able to simulate the time response
for half on .

The nonlinear model predictive control presented in section 4.2 shows
promising results. The control objective in this approach was to min-
imize the use of the second boiler by maintaining the comfort require-
ments. By adapting the weights in the cost function the objective could
easily be changed to minimal energy consumption of to minimal eco-
nomic costs. The requirements for this approach to work is a very effi-
cient model of the plant. The optimal control sequence should be found
in one time step (here one minute). For the real implementation also the
target platform needs to be performant enough such that this calculation
can still be done. Also a backup control needs to be provided because
no guarantee is given that the optimal input sequence is found in one
time step even though this might be true for most cases.

The model predictive control presented in section 4.3 uses the Multi-
Parametric Toolbox to minimize the number of switchings of the boilers
in a multi-boiler heating system and to guarantee the stability of the
predictive control. This is done by using a switched affine model of
the heating system. Therefore a switched affine model of the plant is
the requirement of this approach. This method was shown to be inad-
equate to control a heating system in a predictive way. Not only was
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the switched affine model of the heating system very abstract and could
not capture special system dynamics like emergency shutdowns, also the
time horizons for which solutions could be found were too short to be
able to control this plant in a way where unnecessary switchings could
be avoided.

The stabilizing controller design which was presented in section 4.4 was
used to find stabilizing controllers for multilinear systems. The require-
ment for this approach is, that the system to be controlled can be mod-
eled as a continuous-valued multilinear system. This approach uses the
properties of multilinear systems for the controller design. Also this
approach is very promising and was shown to work on a fictitious mul-
tilinear system, by applying the method to a multilinear model of a
heating system a constraint violation occurred. This was identified to
be related to the incapability of a heating system to cool a building.

The final controller design method, section 4.5 is still work in progress.
The requirements for this approach should be a plant which can be mod-
eled as a tensor model. The author has the opinion, that the properties
of tensor systems could simplify the calculation of the supremum and
infimum operators that are used in the recent approach to feedback lin-
earization. Unfortunately so far this approach is not very extensively
described in the literature.

All five approaches have different aspects of controlling heating systems
in focus. The first approach is already shown to work in reality. The
nonlinear model predictive control is very close to be able to be imple-
mented. The basis for an implementation is given, but a lot of work
will still be needed to be done in the implementation progress. Just to
mention a few: problems in loosing warranty by changing the pump set-
tings in the boilers, backup control, controller platform. The controller
using the Multi-Parametric Toolbox will probably not be used in reality
in the near future. The stabilizing controller on the other hand could
easily be implemented yet, but probably not for a heating system. The
feedback linearization still needs a lot of work until it will eventually be
implemented. But in this approach so far no fatal obstacle has been met.
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5 Conclusions

In this chapter a summary of the conducted research is given and con-
clusions are drawn. In addition a short outlook on possible future work
is given.

5.1 Summary

Models of heating systems have been constructed for controller design.
The models are generally hybrid, i.e. they have discrete-valued and
continuous-valued signals. The continuous-valued subsystem was shown
to have a multilinear structure, which is true for nearly all heating system
components. The multilinearity, i.e. the multiplication of temperature
difference and flow rate, arises from the heat power balances, which are
the core of the models. General nonlinear state space models of heating
system components were described. Also a piecewise affine model of a
heating system was constructed. Finally tensor systems were shown to
be capable to model heating systems. A method to get a multilinear
model, which can easily be transformed into a tensor model from a non-
linear Matlab Simulink file was proposed. Also tensor decomposition
methods were shown to be applicable for rank reduction of tensor sys-
tems. All constructed models were shown to be beneficial for controller
design.

With the help of a model it was possible to find the best Boolean con-
troller, steering the switching of three boilers in a heating system sup-
plying three buildings. This was done using a method where algebraic
normal forms were used to model Boolean functions, which convert the
discrete optimization problem by relaxation into a continuous one. The
controller was implemented in the building and performs well.

Nonlinear model predictive control was used in a heating system with a
hot water storage tank. The proposed controller uses general nonlinear
model predictive control and is able to steer the charging and discharging
of the tank with the benefit, that the building could be supplied with heat
by only one of the two installed boilers. The underlying cost function
also takes heat losses into account such that an energy efficient operation
is possible.
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The above methods do not guarantee stability of the closed loop system.
A predictive controller which can guarantee stability was proposed for
a heating system with three boilers. The model is given as a piecewise
affine model and for the control the Multi-Parametric Toolbox is used.
Unfortunately, this setting suffers from the curse of dimensionality, which
is known for multi-parametric programs, leading to a very abstract model
and very short time horizons.

A further approach to guarantee stability was done for multilinear mod-
els. Using ellipsoidal domains of attraction Lyapunov functions are used
to guarantee the stability in this domain. As an application example a
controller for a heating system is designed.

Finally for an approach of feedback linearization, an application example
is given. The approach uses the algebra of functions, which is briefly
introduced.

Each approach was shown to have its benefits, such that the effort of
building the model was justified. In general, models of heating systems
can be used to ensure the comfort in the building, reduce material fatigue
of the heating system components or save energy.

5.2 Outlook

The most promising fields of future work are on the scientific level the
feedback linearization and on a practical level the implementation of the
nonlinear model predictive controller.

The feedback linearization application example shows that for a small
example the existing approach can be used. For more sophisticated
examples the steps in the approach get more complicated, such that it
would be beneficial to adapt the operations to work with multilinear
systems instead of the general nonlinear case.

The proposed nonlinear predictive controller was not implemented in
the building. This is because on the one hand not all steering signals
are accessible without loss of warranty of the manufacturers and on the
other hand because of missing hardware on-site. The implementation
would bring further insight into the plant operation.
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Around the topic of heating systems a lot of research fields are active.
One might think of model-based fault diagnosis, distributed controller
design, etc.
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Modeling Methodologies, Technologies and Applications. Springer
Cham Heidelberg New York Dordrecht London, 2015.

[27] K. Kruppa. Multilineare Approximation nichtlinearer Zustand-
sraummodelle. Master’s thesis, Hamburg University of Technol-
ogy, Institute of Control Systems, 2013.

[28] R. Schaback and H. Werner. Numerische Mathematik. Springer-
Verlag Berlin Heidelberg, 4. edition, 1992.

[29] D. Kincaid and E. Cheney. Numerical analysis: Mathematics of
scientific computing. Brooks/Cole Publ., 2nd edition, 1996.

[30] D. Ackleh. Classical and modern numerical analysis: theory,
methods and practice. CRC Press, 2010.

[31] G. Phillips and P. Taylor. Theory and Applications of Numerical
Analysis. Academic Press, 2nd edition edition, 1996.

[32] B. Bader and T. Kolda. MATLAB Tensor Toolbox Version 2.5.
Available online, 2012.

162



[33] G. Pangalos and G. Lichtenberg. Approach to Boolean Con-
troller Design by Algebraic Relaxation for Heating Systems. In
4th IFAC Conference on Analysis and Design of Hybrid Systems,
Eindhoven, 2012.

[34] D. Delchamps. Stabilizing a linear systems with quantized state
feedback. IEEE Transactions on Automatic Control, 35(8):916–
924, 1990.

[35] A. Bemporad, F. Borrelli, and M. Morari. Optimal Controllers for
Hybrid Systems: Stability and Piecewise Linear Explicit Form. In
Proceedings of the 39th IEEE Conference on Decision and Con-
trol, 2000.

[36] P.P.H.H. Philips, W.P.M.H. Heemels, H.A. Preisig, and P.P.J.
van den Bosch. Control of Quantised Systems Based on Discrete-
Event Models. International Journal of Control, 76(3):277–294,
2003.

[37] S. Boyd and L. Vandenberghe. Convex Optimization. Cambridge
University Press, 2004.

[38] S. Faisal, G. Lichtenberg, S. Trump, and S. Attinger. Struc-
tural Properties of Continuous Representations of Boolean Func-
tions for Gene Network Modelling. Automatica, 46(12):2047–2052,
2010.

[39] D. Franke. Boolean Controller Design for Discrete Systems via
Eigenvalue Assignment. In 8th International Symposium on Sys-
tem, Modelling, Control, Zakopane, 1995.

[40] D. Bochmann and B. Steinbach. Logikentwurf mit XBOOLE.
Verlag Technik, Berlin, 1991.

[41] G. Lichtenberg and A. Eichler. Multilinear Algebraic Boolean
Modelling with Tensor Decompositions Techniques. In 18th IFAC
World Congress, page TuC01.2, Milano, 2011.

[42] U. Friedrich. Heizsysteme in Bürogebäuden optimal betreiben.
BINE Informationsdienst, 5, 2013.

163



[43] J. Maciejowski. Predictive Control with Constraints. Pearson
Education Limited 2002, 2002.
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[59] U. Gärtel. Fehlerabschätzungen für vektorwertige Randwer-
taufgaben zweiter Ordnung, insbesondere für Probleme aus der
chemischen Reaktions - Diffusions - Theorie. PhD thesis, Univer-
sität zu Köln, 1987.
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and M. Tõnso. Nlcontrol website,
http://www.nlcontrol.ioc.ee/webmathematica/nlcontrol/funcalg
/discrete/linearization.html. Date of usage: 16.7.2014.

[69] A. Zhirabok and A. Shumsky. The Algebraic Methods for Analysis
of Nonlinear Dynamic Systems. Dalnauka, 2008. In Russian.

[70] G. Pangalos. Reglerentwurf für hybride Heizungssysteme mit-
tels algebraischer Relaxierung Boole’scher Optimierungsprob-
leme. Diplomarbeit, Hamburg University of Technology, Institute
of Control Systems, 2011.

166



A Mathematical operations

A.1 Outer product

The definition of the outer product of two tensors is taken from [17].

Definition A.1 Let X ∈ RI1×I2×···×In and Y ∈ RJ1×J2×···×Jm be two
tensors with the given dimensions. The outer product of these tensors is
given as

Z = X ◦ Y ∈ RI1×I2×···×In×J1×J2×···×Jm (A.1)

where Z is a tensor of order n+m. The elements of Z are given as

zi1,i2,...,in,j1,j2,...,jm = xi1,i2,...,inyj1,j2,...,jm . (A.2)

A.2 Kronecker product

Definition A.2 The Kronecker product of two matrices X ∈ Rm×n
and Y ∈ Rp×q with the elements xi,j, i = 1, . . . ,m and j = 1, . . . , n and
yk,l, k = 1, . . . , p and j = 1, . . . , q respectively is

X⊗Y =


x1,1Y x1,2Y . . . x1,nY
x2,1Y x2,2Y . . . x2,nY

...
...

...
...

xm,1Y xm,2Y . . . xm,nY

 ∈ Rmp×nq. (A.3)

A.3 Hadamard product

Definition A.3 The Hadamard product of two matrices X ∈ Rm×n
and Y ∈ Rm×n with the elements xi,j and yi,j, i = 1, . . . ,m and j =
1, . . . , n, respectively is

X ~ Y =


x1,1y1,1 x1,2y1,2 . . . x1,ny1,n

x2,1y2,1 x2,2y2,2 . . . x2,ny2,n

...
...

...
...

xm,1ym,1 xm,2ym,2 . . . xm,nym,n

 ∈ Rm×n. (A.4)
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C Model of the heating system of the state
office building in Düsseldorf

The Matlab Simulink model of the heating system of the state office
building for nature, environment and consumerism in Düsseldorf is de-
scribed in this section, see [70]. The inputs of the model are the steering
signals for the boilers, the outputs are the quantized measurements of
the flow rate. The disturbance inputs are the heat demand, the ambient
temperature and the flow rate. Figure C.1 shows the Simulink model of
the heating system

Figure C.1: Heating system of the state office building.

The heat generation unit consists of the three boilers with burners and
a PI controller, used to calculate the steering signal for the power to be
produced by the boilers, see figure C.2.

Figure C.2: Heat generation unit.
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The PI controller is given by its transfer function as

GPI(s) = 0.1

(
1

10s
+ 1

)
. (C.1)

Additionally the integrator windup is prevented by a standard satura-
tion.

The controller uses the overall supply temperature to control the power
signal for all boiler simultaneously by tracking the reference. Each boiler
is modeled by the thermal balances given in 3.1.1. In addition a flushing
of the boiler is modeled by preventing the boiler to be switched on within
the first 5 minutes after the last switching. The first and second boiler
are identically modeled but with different volumes, nominal power and
minimal powers. The third boiler is modeled as a two step device. It
can be switched off, running with half its nominal power or running with
its full power. This additional constraint is modeled with the device
depicted in figure C.4. The third boiler is switched on with half its
power, if the boilers steering signals are above ϕ = 0.8. If the signal
reaches ϕ = 0.95 the full power is demanded. The lower limits of the
steering signals are ϕ = 0.6 for the boiler to go back to half its power
and ϕ = 0.25 to switch off entirely.

Figure C.3: Boiler 1

Figure C.4: Boiler 3
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The supply temperature Ts is assembled by the three supply tempera-
tures Tb1, Tb2, and Tb3 as given in equation The supply temperature is
used to control the steering signals of the boilers and to calculate the
return temperature in the consumer. The consumer determines the re-
turn temperature Tr in dependence of the supply temperature, the heat
demand and the flow rate, see (3.26).

After the consumer, the flow rate is divided in up to three parts as
illustrated in example 4.2

The heating curve defines the reference supply temperature in depen-
dence of the ambient temperature. In this model the curve is defined as
in given in figure 3.18.

D Cost function for the nonlinear model
predictive control example

The tracking error is given as

ŷ1(k) =


(Ts,c(k)− Tmax)2 if Ts,c(k) > Tmax and V̇c > V̇0

(Ts,max,r(k)− Ts,c(k))2 if Ts,c(k) < Ts,max,r(k) and V̇c > V̇0

0 else,

(D.1)

where Ts,max,r is the maximal reference temperature of the consumer
circuits, and Tmax is the maximal temperature of the system. The cost
term is neglected for very small flow rates V̇0, the water is then assumed
to have stopped moving. The maximal temperatures of the boilers are
penalized with

ŷ1+i(k) =

{
(Tb,i(k)− Tmax)2 if Tb,i(k) > Tmax

0 sonst
(D.2)

for i = 1, 2, with Tmax being again the maximal temperature of the sys-
tem. The heat losses of the tank series are depending on the temperature
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of the tank and the ambiance. In detail all losses are given as

Q̇l = Uπ
D2

4
((T1 − Ta) + (Tn − Ta)) +

n∑
i=1

UπDhi(Ti − Ta), (D.3)

where Ti, i = 1, . . . , n are the temperatures of the layer in the tank, U
is the heat transfer coefficient, D the diameter of the tank and hi the
height of layer i. The first two terms take the heat losses to the top
and bottom into account and the third term the heat losses to the side.
Rearranging and dropping the constant terms gives

ŷ4 =
D

4H
(T1 + Tn)−

(
1 +

D

2H

)
Ta +

1

H

n∑
i=1

hiTi (D.4)

for the fourth cost function term. Operating points can be optimal,
because the boilers are condensing boilers and therefore the efficiency is
depending on the mean temperature Tm,i =

Tb,i+Tr,g
2 and the steering

signal of the boiler ϕi and can be given as

ηi(Tm,i, ϕi) = a0 − a1Tm,i − a2ϕi. (D.5)

The coefficients a0,a1, and a2 are given by

ηmax = η(Tm,min, ϕmin) (D.6)

ηmin = η(Tm,max, ϕmax) (D.7)

∆η = ηmax − η(Tm,max, ϕmin) . (D.8)

with Tm,min = 30 ◦C, Tm,min = 70 ◦C, ϕmin = 0.25, ϕmax = 1
and ∆η = 0.05, for both boilers. The minimal and maximal efficiency
is given by the interval [ηmin ηmax] = [0.98 1.1]. The terms is the cost
function are given by

ŷ4+i(k) =

{
ηmax−η(Tm,i,ϕi)
ηmax−ηmin if ϕi ≥ ϕmin

0 else,
(D.9)

for i = 1, 2. Switching of the boilers is penalized by the term

y6+i(k) =


1 if ϕi(k) < ϕmin and ϕi(k − 1) ≥ ϕmin
1 if ϕi(k) ≥ ϕmin and ϕi(k − 1) < ϕmin

0 else,

(D.10)
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for i = 1, 2. And finally the changes in the steering signals of the boilers
and the pumps are avoided due to the terms

y8+i(k) = (ϕi(k)− ϕi(k − 1))2 (D.11)

for i = 1, 2 and

y10+i(k) = 36002 · (V̇b,i(k)− V̇b,i(k − 1))2, (D.12)

for i = 1, 2.
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