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ABSTRACT  
Peridynamics  (PD),  similarly  to  some  other  nonlocal  continuum  theories,  exhibits  truncated  interaction  horizons
 near  free  surfaces,  cracks,  and  voids  in  bounded  domains.  This  loss  of  neighbors  causes  artificial  surface  effects  and
 inconsistencies  in  the  derivative  and  energy  operators  that  persist  under  discretization  refinement,  limiting  PD  accu-
 racy  and  robustness.  First,  the  analysis  and  numerical  isolation  of  the  effects  of horizon  truncation  on  these  operators
 are  carried  out,  showing  how  it  induces  surface  softening  in  bond-based  and  stiffening/softening  in  state-based  PD
 formulations.  Then,  a  purely  PD-based  surface  correction  is  proposed  to  restore  full-horizon  behavior  while  preserv-
 ing  the  original  horizon  radius  and  bond  topology.  Each  node  is  assigned  a  scalar  influence  weight,  and  every  bond
 is  scaled  by  the  averag  e  of  the  endpoint  weights  to  maintain  symmetry.  The  nodal  influence  weights  are  computed
 in  a  preprocessing  optimization  step  enforcing  agreement  between  truncated-  and  full-horizon  derivative  and  energy
 operators.  Unlike  existing  approaches,  the  proposed  method  does  not  rely  on  ghost  particles,  variable  horizons,  or
 reference  solutions  from  classical  continuum  mechanics  (CCM).  Benchmarks  in  one,  two,  and  three  dimensions,
 including  a  dynamic  brittle  fracture  test,  show  that  the  optimized  nodal  influence  weights  reduce  boundary-induced
 surface  effects,  improve  energy  consistency,  and accelerate  converg  ence  of  PD  solutions.  Analytical  evaluation  of  the
 calibration  targ  ets  over  full-horizons  also  improves  interior  volume  integration  accuracy.  The  proposed  scheme  is  sim-
 ple  to  implement  in  existing  PD  codes,  incurs  only  a  modest  preprocessing  cost,  performs  robustly  for  flat  and  curved
 boundaries  on  both  regular  and  irregular  point  sets,  produces  reliable  crack  paths,  and  applies  to  both  bond-based
 and  ordinary  state-based  PD  formulations.  An  open-  source  Python  implementation,  perifit,  is  provided.

1  |  Introduction
 

In  the  last  two  decades,  computational  methods  based  on  peridynamic  (PD) theory,  a  nonlocal  reformulation  of  clas  -
 sical  continuum  mechanics  (CCM)  based  on  integro-  differential  equations,  have  been  widely  developed  to  overcome
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limitations  of  local  continuum  models  in  the  presence  of  evolving  discontinuities.  In  contrast  to  CCM,  whose  strong-form
 g  overning  equations  rely  on  spatial  derivatives  of  the  displacement  field,  PD  describes  the  motion  of  a  material  point
 through  integral  interactions  with  other  points  located  within  a  finite  neighborhood,  called  horizon.  The  original
 bond-based  (BB)  formulation  introduced  in  [

 

1]  represents  these  interactions  through  pairwise  central-force  bonds,  while
 the  later  state-based  (SB)  formulation  [

 

2,  3]  g  eneralizes  this  concept  by  allowing  the  force  transmitted  through  a  bond
 to  depend  on  the  collective  deformation  state  of  the  whole  family  of  a  material  point.  The  horizon  therefore  defines  the
 rang  e  of  nonlocal  interactions  and  introduces  an  intrinsic  material  length  scale  into  the  model  [

 

4].
 

Since  PD  is  formulated  through  integral  equations  rather  than  spatial  differentiation,  its  g  overning  equations  remain
 meaningful  in  the  presence  of  discontinuous  displacement  fields.  This  feature  makes  PD  particularly  attractive  for  mod-
 eling  crack  nucleation,  propagation,  branching,  coalescence,  and fragmentation  without  special  enrichment  functions,
 remeshing  strategies,  or  additional  crack-  growth  criteria  [

 

1,  5,  6].  BB-PD  remains  attractive  because  of  its  conceptual
 simplicity,  direct  physical  interpretation,  and  computational  efficiency,  especially  for  brittle  fracture  problems.  However,
 the  classical  central-force  BB  formulation  imposes  restrictions  on  the  admissible  Poisson’s  ratio  [

 

1].  This  limitation  has
 motivated  several  pure-PD  extensions  of  BB  theory,  including  formulations  enriched  with  bond-rotation  effects  [

 

7],  con-
 jugated  bond-pair  interactions  [

 

8],  micropolar  or  shear-  deformable  BB  models  [
 

9],  and  g  eneralized  BB  formulations  with
 tension  –  rotation  –  shear  coupling  [

 

10].  These  developments  preserve,  to  different  degrees,  the  simplicity  of  BB  interac-
 tions  while  broadening  the  admissible  elastic  response  and  improving  the  description  of  shear  deformation,  mixed-mode
 fracture,  crack  initiation,  propagation,  and  coalescence  in  brittle  and  quasi-brittle  materials  [

 

11].  SB-PD  provides  another
 g  eneralization  by  allowing  the  force  transmitted  through  a  bond  to  depend  on  the  collective  deformation  state  of  the
 whole  family  of  a  material  point,  thereby  removing  the  classical  Poisson’s  ratio  restriction  and  enabling  a  broader  class
 of  constitutive  models,  including  ordinary  state-based  (OSB)  formulations  such  as  the  linear  peridynamic  solid  [

 

2,  3].
 Accordingly,  PD  has  been  applied  to  impact  [

 

12,  13],  dynamic  fracture  [
 

14  –  19],  fatigue  [
 

20],  thermal  and  diffusion-type
 problems  [

 

21  –  26],  heterog  eneous  materials  [
 

27  –  32],  and  multiphysics  systems  [
 

33  –  38].
 

Despite  these  advantag  es,  the  nonlocal  character  of  PD  also  introduces  difficulties  that are  absent,  or  less  pronounced,
 in  local  continuum  models.  One  difficulty  is  the  increased  computational  cost  associated  with  neighborhood  interac-
 tions  [

 

39,  40].  Another  is  the  treatment  of  boundary  conditions.  In  CCM,  Dirichlet-  and  Neumann-type  conditions  are
 imposed  directly  on  boundary  surfaces.  In  PD,  however,  boundaries  are  nonlocal  objects:  displacement  and  traction  data
 must  be  prescribed  over  volumetric  layers  whose  thickness  is  related  to  the  horizon  [

 

1,  12,  41  –  44].  If  boundary  data
 are  imposed  only  on  the  g  eometric  surface, spurious  oscillations  and  boundary  artifacts  may  occur,  while  the  proper
 volumetric  distribution  of  displacement  or traction  data  is  not  unique  [

 

45,  46].
 

A  second,  and  more  fundamental,  difficulty  is  the  so-  called  surface  effect  caused  by  horizon  truncation.  Material  points
 located  near  free  surfaces,  external  boundaries,  cracks,  voids,  or  pores  do  not  possess  full  neighborhoods.  Their  horizons
 are  cut  by  the  boundary,  and  the  symmetry  of  the  full  interaction  domain  is  lost.  As  a  consequence,  the  discrete  PD  oper-
 ators  near  such  regions  no  long  er  reproduce  the  behavior  for  which  the  bulk  constitutive  parameters  were  calibrated.
 In  BB-PD,  this  defect  is  commonly  observed  as  artificial  surface  softening  and  underestimation  of  strain  energy  den-
 sity  [

 

47  –  50].  In  SB  formulations,  the  same  loss  of  horizon  symmetry  affects  family-level  operator  evaluations  and  may
 produce  more  complex  stiffening,  softening,  or  oscillatory  errors  [

 

45].  Thus,  surface  effect  is  not  merely  a  BB  stiffness
 artifact,  but  a  broader  operator-  consistency  problem  in  nonlocal  discretizations  with  truncated  horizons.
 

This  distinction  is  important  because  the  practical  consequences  of  horizon  truncation  extend  beyond  a  local  stiffness
 error.  Boundary-induced  operator  inconsistencies  can degrade  converg  ence,  distort  stress  and  energy  fields,  alter  wave
 propagation  near  boundaries,  and  influence  crack  initiation  and  propagation  paths.  These  errors  are  particularly  relevant
 in  surface-  dominated  systems,  such  as  thin  structures,  porous  materials,  films,  and  problems  involving  wear,  indenta-
 tion,  or  evolving  fracture  surfaces  [

 

23,  50  –  52].  In  dynamic  fracture  simulations,  uncorrected  surface  effects  may  produce
 artificial  boundary-  driven  cracks  or  suppress  physically  expected  crack  paths,  especially  when  the  horizon-to-  grid  ratio
 is  moderate  and  the  spatial  resolution  is  not  sufficiently  fine  [

 

16,  50,  52].
 

Several  correction  strategies  have  been  proposed  to  mitigate  surface  effects  in  PD.  Geometric  extension  methods  introduce
 fictitious  or  ghost  nodes  outside  the  physical  domain  in  order  to  complete  truncated  neighborhoods  through  mirroring,
 extrapolation,  or  optimized  boundary layers  [

 

44,  46,  53].  These  approaches  can  achieve  high  accuracy  for  smooth  fields,
 but  they  increase  the  number  of  degrees  of  freedom,  may  introduce  artificial  energy  layers,  and  are  difficult  to  apply
 in  problems  with  evolving  cracks  or  complex  moving  boundaries.  Volume  correction  and  force  normalization  methods
 rescale  nodal  volumes,  bond  stiffnesses,  or  pairwise  forces  near  boundaries  to  compensate  for  missing  interactions  [

 

41].

2  of  36  International  Journal  for  Numerical  Methods  in  Engineering,  2026  

 10970207, 2026, 14, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nm

e.70385 by T
echnische U

niversität H
am

burg U
niversitätsbibliothek, W

iley O
nline L

ibrary on [15/07/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



Although  attractive  because  of  their  simplicity,  such corrections  can  be  grid-  sensitive,  may  depend  on  the  loading  mode,
 and g  enerally  do  not  enforce  systematic  consistency  of both  derivative  and  energy  operators  [

 

45].
 

Energy-based  approaches  represent  a more  physically  motivated  class  of  corrections.  Point-  specific  schemes  fit  correc-
 tion  factors  by  matching  local  PD  energy  densities  to  reference  solutions,  often  obtained  from  auxiliary  homog  eneous
 deformation  tests  [

 

51].  Analytical  bond-  specific  methods  assign  direction-  dependent  factors  to  individual  bonds  so  that
 the  PD  strain  energy  agrees  with  the  corresponding  local  continuum  energy  under  affine  deformation  [

 

50].  While  these
 methods  improve  energy  consistency,  they  often  rely  either  on  CCM  reference  quantities,  local  strain  information,
 or  g  eometry-  dependent  ray  –  surface  distance  calculations,  which  can  become  costly  in  larg  e-  scale  three-  dimensional
 (3D)  simulations  with  complex  boundaries.  Variable-horizon  and  adaptive  methods  reduce  or  modify  the  horizon  near
 boundaries  [

 

54  –  57],  but  this  chang  es  the  intrinsic  nonlocal  length  scale  and  may  affect  dispersion,  fracture  energy,  and
 the  physical  interpretation  of  the  model.  Finally,  CCM  –  PD  coupling  methods  employ  local  continuum  models  away
 from  fracture  zones  and  PD  only  where  discontinuities  are  expected  [

 

40,  58  –  62].  Such  approaches  can  reduce  cost
 and  avoid  some  boundary  difficulties,  but  they  introduce  coupling  interfaces  and  related  artifacts,  and  are  not  purely
 PD-based. 

Despite  these  advances,  PD  still  lacks  a  robust,  g  eneralizable,  and  purely  nonlocal  correction  strategy  that  treats  horizon
 truncation  as  an  operator-  consistency  problem.  Many  existing  approaches  depend  on external  CCM  reference  solutions
 or  specific  load  cases,  introduce  additional  degrees  of  freedom  or  iterative  procedures,  alter  the  horizon  and  hence  the
 nonlocal  length  scale,  or  compromise  symmetry  and  reciprocity  in  the  global  stiffness  matrix.  Moreover,  several  correc-
 tions  are  designed  primarily  for  BB  formulations  and  do  not  directly  address  the  different  but  related  inconsistencies  that
 arise  in  SB-PD.  A  correction  strategy  suitable  for  both  settings  should  preserve  the  original  PD  formulation,  remain  inde  -
 pendent  of  loading  and  material  response,  improve  the  consistency  of  the  discrete  nonlocal  operators,  and  be  portable  to
 existing  PD  solvers.
 

The  present  work  addresses  this  gap  by  introducing  a  purely  PD-based  correction  strategy  based  on  optimized  nodal
 influence  weights.  Each  node  is  assigned  a  scalar  weight  .𝑤

 𝑖  ,  and  each  bond  contribution  is  scaled  symmetrically
 by  the  factor  .(𝑤

 𝑗  +  𝑤 𝑖  )∕2 .  This  construction  preserves  pairwise  reciprocity  and  the  symmetry  of  the  global  stiffness
 matrix,  while  leaving  the  horizon  radius,  family  topology,  and  constitutive  model  unchang  ed.  The  weights  are  com-
 puted  once  in  a  g  eometry-  dependent  and  load-independent  preprocessing  step.  For  a  finite  set  of  polynomial  test  func-
 tions,  agreement  is  enforced  between  discrete  truncated-horizon  PD  derivative  and  energy  operators  and  their  analytical
 full-horizon  counterparts.  The  calibration  therefore  uses  PD-to-PD  matching:  the  truncated  operator  is  corrected  toward
 the  corresponding  full-horizon PD  operator  without  invoking  CCM  reference  solutions,  fictitious  nodes,  or  auxiliary
 simulations. 

A  central  contribution  of  the  paper  is  that  the  same  correction  philosophy  is  developed  consistently  for  both  BB-PD  and
 OSB-PD.  In  both  cases,  the  method  is  formulated  through  the  matching  of  derivative  and  energy  operators  rather  than
 through  a  problem-  specific  stiffness  factor  or  a  direct  modification  of  individual  constitutive  quantities.  A  modal  analysis
 is  performed,  showing  that  horizon  truncation  activates  odd  horizon  moments  that vanish  in  the  full-horizon setting.  This
 loss  of  parity  explains  the  systematic  softening  observed  in  BB-PD  and  the  more  complex  stiffening/softening  behavior
 observed  in  OSB-PD.  Although  these  effects  manifest  differently  in  the  two  formulations,  they  originate  from  the  same
 alg  ebraic  source:  the  loss  of  symmetry  of  the  nonlocal  integration  domain.  The  proposed  optimization  therefore  targ  ets
 the  common  operator-level  origin  of  the  error.
 

The  significance  of  the  method  is  broader  than  a  conventional  boundary  correction.  First,  it  provides  a  purely  PD-based
 correction  that  restores  full-horizon  operator  behavior  without  modifying  the  constitutive  law,  changing  the  horizon
 size,  adding  fictitious  or  ghost  nodes,  or  coupling  the  model  to  CCM.  The  original  PD  formulation  is  kept  intact,  which
 makes  the  method  highly  portable  and  straightforward  to  integrate  into  existing  PD  solvers.  Second,  the  same  optimized
 nodal  influence  weights  act  simultaneously  on  several  sources  of  numerical  inconsistency:  they  mitigate  surface-  and
 boundary-induced  errors,  improve  the  accuracy  of  volume  integration  also  in  the  interior  of  the  domain,  and  regularize
 the  converg  ence  behavior  under  spatial  refinement.  Thus,  the  correction  is  not  limited  to  boundary  nodes,  but  consistently
 improves  the  discrete  nonlocal  operators  throughout  the  computational  domain.  Third,  the  symmetric  bond  scaling  pre  -
 serves  pairwise  reciprocity  and  global  stiffness  symmetry,  which  are  essential  for  stable  and  physically  consistent  discrete
 systems.  Finally,  the  computation  of  the  weights  requires  only  a  one-time  preprocessing  step.  The  resulting  system  is
 sparse  and  well  conditioned,  can  be  solved  efficiently  with  standard  iterative  solvers,  and  adds  only  a  modest  computa-
 tional  overhead  compared  with  the  subsequent  PD  simulation.
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Numerical  examples  in  one,  two,  and  three  dimensions  demonstrate  the  performance  of  the  proposed  formulation,
 referred  to  as  the  modified-PD  approach,  on  regular  and  irregular  point  sets,  flat  and  curved  boundaries,  and  dynamic
 fracture  problems.  The  optimized  nodal  influence  weights  reduce  boundary-induced  artifacts,  improve  energy  consis  -
 tency,  produce  more  regular  converg  ence  trends  under  spatial  refinement,  and  suppress  spurious  boundary-  driven  crack
 initiation  while  preserving  physically  meaningful  crack  paths.  Since,  the  analytical  full-horizon  targ  ets  are  evaluated  inde  -
 pendently  of  the  applied  loading,  the  same  weights  can  be  reused  for  different  boundary-value  problems  on  the  same  point
 set  and  horizon.  A  ready-to-use  implementation  of  the  weight-  computation  procedure  is  provided  in  the  open-  source
 Python  packag  e  perifit[

 

63].
 

The  remainder  of  this  paper  is  organized  as  follows.  Section
 

2  reviews  the  BB-PD  and  OSB-PD  formulations  used  in
 this  work,  tog  ether  with  the  adopted  meshfree  discretization  and  boundary  conditions  treatment.  Section

 

3  analyzes
 the  origin  of  horizon-truncation  errors  through  full-horizon  and  truncated-horizon  modal  operators.  Section

 

4  intro  -
 duces  the  optimized  nodal  influence  weight  correction  and  its  application  to  BB-PD  and  OSB-PD  through  derivative-
 and  energy-  operator  matching.  Section

 

5  presents  numerical  examples  assessing  accuracy,  converg  ence,  robustness,  and
 fracture  behavior  of  the  proposed  formulation.  Section

 

6  concludes  the  paper  by  summarizing  the  main  findings.
 

2  |  Overview  of  Peridynamics
 

Consider  a  body  occupying  a  domain  .Ω  ⊂  ℝ  𝑑   with  .𝑑   the  spatial  dimension.  In  PD,  each  material  point  .x  ∈  Ω   interacts
 directly  only  with  other  material  points  located  within  a  finite  neighborhood,  .

 x  ∶=  {x  ′  ∈  Ω  ∶  ||x ′  −  x||  ≤  𝛿  } ,  where  .𝛿  
is  the  PD  horizon  (see  Figure

 

1).  The  reference  bond vector  is  .𝝃  ∶=  x  ′  −  x  ,  while  the  relative  displacement  vector  is  .𝜼  ∶=
 u(x ′  ,  𝑡)  −  u(x,  𝑡)  ,  so  that  .𝜼  +  𝝃   represents  the  deformed  bond.
 

In  its  most  g  eneral  SB  form  [
 

2],  the  PD  equation  of  motion  reads:  

.𝜌(x)  ̈ u(x,  𝑡)  =
 ∫

 
 x

 {
 T[x,  𝑡]⟨𝝃  ⟩  −  T[x  ′  ,  𝑡]⟨−𝝃  ⟩ }  d𝑉

 x  ′  +  b(x,  𝑡),  (1)

 where  .𝜌   is  the  mass  density,  . ̈ u  is  the  acceleration,  .T[x,  𝑡]⟨𝝃  ⟩  is  the  force  vector  state  that  .x  exerts  through  the  bond  .𝝃  ,  and  .b 
is  a  prescribed  body  force  density  field.  In  PD,  the  scalar-valued  influence  function  .𝜔(||𝝃  ||)   is  introduced  to  modulate  the
 bond  strength  within  the  horizon  [

 

64,  65].  Two  common  forms  are  (see  Figure
 

2):  

.𝜔(||𝝃  ||)  ∶=  ⎧ ⎪
 ⎨
 ⎪
 ⎩

 1  (constant,  𝜔
 0  ),

 1  −
 ||𝝃  ||
𝛿

 (conical,  𝜔
 1  ),

 for  ||𝝃  ||  ≤  𝛿  ,  𝜔(||𝝃  ||)  ∶=  0,  for  ||𝝃  ||  >  𝛿  .  (2)

 Unless  otherwise  stated,  the  constant  influence  function  .𝜔  =  𝜔
 0   is  adopted  throughout  this  work.  Specific  constitutive

 models  are  obtained  by  specializing  .T;  two  such  models,  BB  and  OSB  PD,  are  summarized  below.

FIGURE  1  |  Representation  of  a  generic  PD  domain  .Ω  before  and  after  deformation.
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FIGURE  2  |  Constant  (left)  and  conical  (right)  influence  functions  .𝜔 .
 

2.1  |  BB  Peridynamics
 

In  the  BB  formulation  [
 

1],  interactions  are  strictly  pairwise:  the  force  depends  only  on  the  individual  bond  connecting  the
 two  material  points.  The  prototype  microelastic  brittle  (PMB)  material  model  [

 

12,  65]  defines  the  pairwise  force  function  

.f(𝜼,  𝝃  )  =  𝜔(||𝝃  ||)  𝑐  𝑠  𝜼  +  𝝃||𝜼  +  𝝃  ||  ,  (3)

 where  .𝑠  =  (||𝜼  +  𝝃  ||  −  ||𝝃  ||)∕||𝝃  ||   is  the  bond  stretch  and  .𝑐   is  the  micromodulus  constant.  In  the  SB  framework,  the  BB  force
 vector  state  is  .TBB

 ⟨𝝃  ⟩  =  f∕2  ,  and  the  equation  of  motion  (
 

1)  reduces  to  .𝜌  ̈ u  =  ∫
 

 x
 f  d𝑉

 x  ′  +  b  .
 

Because  BB-PD  relies  on  central-force  interactions,  the  Poisson’s  ratio  is  fixed  to  .𝜈  =  1∕4   in  3D  and  2D  plane  strain
 problems,  and  .𝜈  =  1∕3   in  plane  stress  conditions  [

 

1].  Matching  PD  strain  energy  with  classical  linear  elasticity  under
 homog  eneous  deformation  yields  [

 

12,  66,  67]:  

.𝑐  =

 ⎧
 ⎪
 ⎪
 ⎪
 ⎨
 ⎪
 ⎪
 ⎪
 ⎩

 18𝐾
𝜋  𝛿  4

 3D(𝜔  =  𝜔
 0  ),

 9𝐸
𝜋  𝛿  3

 (𝜔  =  𝜔
 0  ),

 36𝐸
𝜋  𝛿  3

 (𝜔  =  𝜔
 1  )  plane  stress,

 48𝐸
5𝜋  𝛿  3

 (𝜔  =  𝜔
 0  ),

 192𝐸
5𝜋  𝛿  3

 (𝜔  =  𝜔
 1  )  plane  strain,

 (4)

 where  .𝐾   is  the  bulk  modulus  and  .𝐸   is  the  Young’s  modulus.
 

In  the  small-  deformation  regime  (  .||𝜼||  ≪  𝛿  ),  the  stretch  linearizes  to  .𝑠  ≈  𝝃  ⋅  𝜼∕||𝝃  ||  2   and  the  bond  direction  reduces  to
 .𝝃  ∕||𝝃  ||  .  The  resulting  linearized  BB  (LBB)  force  vector  state  and  strain  energy  density  are  [

 

1,  68]:  

.TLBB
 [x]⟨𝝃  ⟩  =  1

2
 𝜔(||𝝃  ||)𝑐  𝝃  ⊗  𝝃||𝝃  ||  3  𝜼,  (5)

 

.𝑊  LBB
 (x)  =  𝑐

4  ∫
 

 x

 𝜔(||𝝃  ||)  (𝝃  ⋅  𝜼)  2||𝝃  ||  3  d𝑉  x  ′  .  (6)

 

2.2  |  OSB  Peridynamics
 

In  the  OSB  formulation  [
 

2],  the  force  vector  state  remains  parallel  to  the  deformed  bond  but  its  magnitude  depends  on
 the  collective  deformation  of  the  entire  family,  thereby  removing  the  Poisson’s  ratio  restriction.  The  weighted  volume  at  .x 
is  defined  as:  

.  𝑚̃(x)  ∶=
 ∫

 
 x

 𝜔(||𝝃  ||)||𝝃  ||  2  d𝑉
 x  ′  ,  (7)

 the  nonlocal  dilatation  as:  
.𝜃  (x,  𝑡)  ∶=  𝑑

𝑚̃(x)  ∫
 

 x

 𝜔(||𝝃  ||)𝑒(𝝃  ,  𝑡)||𝝃  ||d𝑉
 x  ′  ,  (8)
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where  .𝑑   is  the  spatial  dimension  and  .𝑒(𝝃  ,  𝑡)  ∶=  ||𝜼  +  𝝃  ||  −  ||𝝃  ||   is  the  bond  extension,  and  the  deviatoric  extension  as:  

.𝑒 d  (𝝃  ,  𝑡)  ∶=  𝑒(𝝃  ,  𝑡)  −
𝜃  ||𝝃  ||
𝑑

 .  (9)

 The  strain  energy  density  takes  the  form  [
 

2,  3]:  

.𝑊  OSB
 (x)  =  𝑎𝜃

 2
 +  𝑏

 ∫
 

 x

 𝜔(||𝝃  ||)  ( 𝑒 d  ) 2  d𝑉
 x  ′  ,  (10)

 where  .𝑎   and  .𝑏  are  constitutive  parameters  determined  by  energy  matching  with  classical  elasticity  [
 

2,  45].  The  force  scalar
 state  and  force  vector  state  are:  

.𝑡[x,  𝑡]⟨𝝃  ⟩  =  2𝑎  𝑑
𝑚̃(x)

 𝜔(||𝝃  ||)  ||𝝃  ||  𝜃  +  2𝑏  𝜔(||𝝃  ||)  𝑒 d  ,  (11)

 

.TOSB
 [x,  𝑡]⟨𝝃  ⟩  =  𝑡⟨𝝃  ⟩  𝜼  +  𝝃||𝜼  +  𝝃  ||  .  (12)

 For  three  dimensions  (  .𝑑  =  3  ),  the  calibration  yields  [
 

2,  45]:  

.𝑎  =  𝐾
2

 ,  𝑏  =  15𝐺
2  𝑚̃

 ,  (13)

 where  .𝐺   is  the  shear  modulus.  For  a  full  horizon  with  .𝜔
 0  ,  the  analytical  weighted  volume  is  .  𝑚̃  =  4𝜋  𝛿  5  ∕5 ;  two-  dimensional

 (2D)  counterparts  follow  with  adapted  parameters  [
 

2,  45].
 

In  the  small-  deformation  regime,  the  bond  extension  linearizes  to  .𝑒  ≈  𝝃  ⋅  𝜼∕||𝝃  ||   and  the  bond  direction  reduces  to  .𝝃  ∕||𝝃  ||  .
 The  resulting  linear  peridynamic  solid  (LPS)  force  vector  state  and  strain  energy  density  in  3D  read  [

 

3]:  

.TLPS
 [x,  𝑡]⟨𝝃  ⟩  =  3𝐾  −  5𝐺

𝑚̃(x)
 𝜔(||𝝃  ||)  𝜃  𝝃  +  15𝐺

𝑚̃(x)
 𝜔(||𝝃  ||)  𝝃  ⊗  𝝃||𝝃  ||  2  𝜼,  (14)

 

.𝑊  LPS
 (x)  =  3𝐾  −  5𝐺

6
𝜃

 2
 +  15𝐺

2  𝑚̃(x)  ∫
 

 x

 𝜔(||𝝃  ||)  (𝝃  ⋅  𝜼)  2||𝝃  ||  2  d𝑉  x  ′  ,  (15)

 with  the  linearized  dilatation  .𝜃  =  (3∕  𝑚̃)  ∫
 

 x
 𝜔(||𝝃  ||)  𝝃  ⋅  𝜼  d𝑉

 x ′  .
 

2.3  |  BB  Fracture  Model
 

In  PD,  fracture  is  incorporated  by  introducing  a  history-  dependent  bond-breakag  e  function  .𝜇  (𝝃  ,  𝑡)   into  the  constitutive
 force  law.  For  the  PMB  material  model,  this  gives:  

.f(𝜼,  𝝃  ,  𝑡)  =  𝜇  (𝝃  ,  𝑡)  𝜔(||𝝃  ||)  𝑐  𝑠  𝜼  +  𝝃||𝜼  +  𝝃  ||  ,  (16)

 where  

.𝜇  (𝝃  ,  𝑡)  =

 {
 1  if  𝑠(𝑡  ′  )  <  𝑠

 0  ∀  0  <  𝑡  ′  <  𝑡,
 0  otherwise.

 (17)

 Once  the  bond  stretch  exceeds  the  critical  stretch  .𝑠
 0  ,  the  bond  breaks  irreversibly  [

 

12].  The  critical  stretch  is  related  to  the
 critical  energy  release  rate  .𝐺

 0   by  [
 

12]:  

.𝑠
 0  =

 ⎧
 ⎪
 ⎪
 ⎪
 ⎨
 ⎪
 ⎪
 ⎪
 ⎩

 √
5𝐺

 0

6𝐸  𝛿
 3D  (𝜔  =  𝜔

 0  ),
 √

4𝜋  𝐺
 0

9𝐸  𝛿
 (𝜔  =  𝜔

 0  ),
 √

5𝜋  𝐺
 0

9𝐸  𝛿
 (𝜔  =  𝜔

 1  )  plane  stress,
 √

5𝜋  𝐺
 0

12𝐸  𝛿
 (𝜔  =  𝜔

 0  ),
 √

25𝜋  𝐺
 0

48𝐸  𝛿
 (𝜔  =  𝜔

 1  )  plane  strain.

 (18)
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The  local  damag  e  is  quantified  by:  

.𝜑(x,  𝑡)  ∶=  1  −
 ∫

 
 x

 𝜇  (𝝃  ,  𝑡)  d𝑉
 x  ′

∫
 

 x
 d𝑉

 x ′
 ,  (19)

 where  .𝜑  =  0   represents  the  undamag  ed  state  of  the  material,  while  .𝜑  =  1   indicates  the  complete  disconnection  of  material
 point  .x  from  its  initial  neighbors  [

 

12].
 

2.4  |  Boundary  Conditions
 

Since  the  variational  formulation  of  the  PD  equation  of  motion  does  not  yield  natural  (Neumann/traction)  boundary
 conditions,  the  treatment  of  boundary  conditions  in  PD  differs  fundamentally  from  that  in  CCM  [

 

1,  41].  Surface  tractions
 are  represented  as  equivalent  body  forces  .b  in  (

 

1),  applied  within  a  volumetric  layer  of  thickness  at  least  .𝛿   beneath  the
 corresponding  surface;  displacement  (Dirichlet)  conditions  are  likewise  prescribed  within  a  layer  of  thickness  at  least
 .𝛿   [

 

41].
 

2.5  |  Meshfree  Discretization
 

The  most  widely  adopted  discretization,  which  is  also  employed  here,  is  the  meshfree  scheme  [
 

12],  commonly  referred
 to  as  standard  scheme  [

 

52,  69].  The  domain  is  partitioned  into  .𝑁   nodes  .x
 𝑖  ,  .𝑖  =  1,  …  ,  𝑁  ,  each  carrying  a  volume  .𝑉

 𝑖  .  For  a
 uniform  grid  with  spacing  .Δ𝑥 ,  the  nodal  volume  is  .𝑉

 𝑖  =  (Δ𝑥)  𝑑  .  No  elements  or  other  g  eometric  links are  introduced  [
 

12].
 The  family  of  node  .x

 𝑖   is  defined  as  .
 𝑖  ∶=  {𝑗  ∶  0  <  ||x 𝑗  −  x  𝑖  ||  ≤  𝛿  } .

 

With  time  discretized  into  instants  .𝑡  0  ,  𝑡  1  ,  …  ,  𝑡  𝑛   at  constant  step  .Δ𝑡  ,  one-point  quadrature  over  each  family  node  yields  the
 semi-  discrete  equation  of  motion  

.𝜌
 𝑖  ̈ u 𝑛

 𝑖
 =

 ∑
 𝑗  ∈

 𝑖

 [
 T𝑛

 𝑖
 ⟨𝝃

 𝑗  ⟩  −  T𝑛

 𝑗
 ⟨−𝝃

 𝑗  ⟩  ]  𝛽  (𝝃  𝑗  )  𝑉  𝑗  +  b 𝑛
 𝑖

 ,  (20)

 where  .𝝃
 𝑗  ∶=  x  𝑗  −  x  𝑖   and  .𝛽  (𝝃  )   is  a  volume  correction  factor  for  partial  cell  –  horizon  intersection,  sugg  ested  in  [

 

70]  for  2D
 cases,  as:  

.𝛽  (𝝃  )  =

 ⎧
 ⎪
 ⎪
 ⎨
 ⎪
 ⎪
 ⎩

 1  ||𝝃  ||  ≤  𝛿  −  Δ𝑥
2

 ,

 𝛿  −  ||𝝃  ||
Δ𝑥

 +  1
2

 𝛿  −  Δ𝑥
2

 <  ||𝝃  ||  <  𝛿  +  Δ𝑥
2

 ,

 0  ||𝝃  ||  ≥  𝛿  +  Δ𝑥
2

 .

 (21)

 As  discussed  in  Section
 

4,  the  surface  correction  proposed  in  this  work  does  not  rely  on  .𝛽  (𝝃  )  ;  the  optimized  nodal  influence
 weights  play  an  analog  ous  corrective  role.
 

Time  integration  is  performed  by  exploiting  the  velocity-Verlet  alg  orithm  [
 

12].  For  numerical  stability,  the  time  step  must
 satisfy  [

 

12]  

.Δ𝑡  <  Δ𝑡
 𝑐  =

 √
2𝜌

𝑐
 ∑

 𝑗  ∈
 𝑖

 𝑉
 𝑗

 ,  (22)

 evaluated  at  the  node  with  the  larg  est  family;  see  [
 

71]  for  further  discussion.
 

3  |  Problem  Description
 

Near  domain  boundaries  and  in  the  vicinity  of  internal  voids  or  pores,  the  accuracy  of  PD  models  deteriorates.  As
 schematically  represented  in  Figure

 

3,  material  points  .x  ∈  Ω   located  within  a  distance  .𝛿   from  .𝜕  Ω   do  not  possess  a  full
 neighborhood:  their  horizon  .

 x   is  truncated  by  the  boundary.  This  truncation  breaks  the  symmetry  that is  naturally
 present  in  the  bulk,  and  the  interior  calibration  of  the  constitutive  parameters  no  long  er  holds.  In  BB-PD,  the  resulting
 defect  manifests  as  a  systematic  softening  (energy  deficit),  while  in  OSB-PD,  the  biased  nonlocal dilatation  introduces
 parity-breaking  terms  that  can  increase  the  modal  energy  relative  to  the  corresponding  full-horizon  response  [

 

45].
 

International  Journal  for  Numerical  Methods  in  Engineering,  2026  7  of  36 

 10970207, 2026, 14, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nm

e.70385 by T
echnische U

niversität H
am

burg U
niversitätsbibliothek, W

iley O
nline L

ibrary on [15/07/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



FIGURE  3  |  Graphical  representation  of  full-  and  truncated-horizons  in  a  generic  domain  .Ω  described  with  a  PD  model.
 

To  expose  the  alg  ebraic  root  of  both  effects,  we  adopt  a  1D  modal  analysis:  a  homog  eneous  bar  with  fixed  horizon  .𝛿  >  0  
is  probed  with  harmonic  test  functions,  and  the  spectral  response  of  the  BB  and  OSB  operators  is  compared  against  the
 CCM  reference. 

For  reference,  the  classical  local  operators  derived  from  CCM  are:  

.  CCM
 [𝑢](𝑥)  ∶=  𝐸  𝑑

 2
 𝑢

𝑑  𝑥 2
 ,

  CCM
 [𝑢](𝑥)  ∶=  𝑑  𝑢

𝑑  𝑥
 ,

   CCM
 [𝑢](𝑥)  ∶=  1

2
 𝐸

 (
 𝑑  𝑢

𝑑  𝑥

 )
 2

 ,  (23)

 where  . ,  . ,  and  .   denote  the  g  overning,  derivative,  and  energy  operators,  respectively.  These  serve  as  the  benchmark
 against  which  the  PD  operators  are  compared.
 

For  the  1D  BB-PD  model  with  constant  influence  function  .𝜔
 0   and  micromodulus  .𝑐  ,  the  full-horizon  (subscript  “FH”)

 operators  are:  

. BB
 FH  [𝑢](𝑥)  ∶=

 ∫
 𝛿

 −𝛿
 𝑐

 𝑢(𝑥  +  𝜉  )  −  𝑢(𝑥)|𝜉  |  𝑑  𝜉  ,
   BB

 FH  [𝑢](𝑥)  ∶=
 ∫

 𝛿

 −𝛿

 𝜉

𝛿  2
 𝑢(𝑥  +  𝜉  )  −  𝑢(𝑥)|𝜉  |  𝑑  𝜉  ,

   BB
 FH  [𝑢](𝑥)  ∶=

 1
4  ∫

 𝛿

 −𝛿
 𝑐

 (𝑢(𝑥  +  𝜉  )  −  𝑢(𝑥))  2|𝜉  |  𝑑  𝜉  .  (24)

 For  the  OSB-PD  model  in  1D,  the  weighted  volume  and  dilatation  (cf.  (
 

7)  and  (
 

8)  with  .𝑑  =  1  ,  .𝜔  =  𝜔
 0  )  are:  

.  𝑚̃  ∶=
 ∫

 𝛿

 −𝛿
 𝜉  2  𝑑  𝜉  =  2𝛿

 3

3
 ,  𝜃  (𝑥)  ∶=  1

𝑚̃  ∫
 𝛿

 −𝛿
 𝜉  [𝑢(𝑥  +  𝜉  )  −  𝑢(𝑥)]  𝑑  𝜉  .  (25)

 In  1D,  there  is  no  shear  deformation,  and  the  OSB  energy  reduces  to  its  volumetric  component  .𝑊  OSB
 =  𝑎  𝜃

 2
 ,  where  .𝑎   is

 the  volumetric  constitutive  parameter  from  (
 

10).  The  dilatation  .𝜃   plays  the  role  of  the  strain  .𝑑  𝑢∕𝑑  𝑥 ,  and  the  full-horizon
 OSB  operators  read:  

. OSB
 FH  [𝑢](𝑥)  ∶=

 2𝑎
𝑚̃  ∫

 𝛿

 −𝛿
 𝜉  [𝜃  (𝑥)  +  𝜃  (𝑥  +  𝜉  )]  𝑑  𝜉  ,

  OSB
 FH  [𝑢](𝑥)  ∶=  𝜃  (𝑥),

   OSB
 FH  [𝑢](𝑥)  ∶=  𝑎  𝜃  (𝑥)

 2
 .  (26)
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A  key  structural  difference  distinguishes  the  two  models:  in  BB-PD,  each  bond  contributes  independently  to  the  energy,
 whereas  in  OSB-PD,  all  bonds  couple  through  the  shared  dilatation,  making  the  energy  a  collective  quantity.
 

The  operators  are  tested  with  the  harmonic  basis  function  

.𝜓  (𝑥)  ∶=  exp(i𝛼  𝑥),  𝛼  ∈  ℝ,  (27)

 since  for  the  linear  operators  .  and  .   the  response  to  a  single  plane  wave  fully  characterizes  their  behavior  across  all
 wavenumbers  .𝛼  .  The  same  mode  is  also  used  to  compare  the  associated  quadratic  energy  response.  For  (

 

27)  we  have:  

.𝜓  (𝑥  +  𝜉  )  =  exp(i𝛼  𝜉  )  𝜓  (𝑥),  𝑑  𝜓
𝑑  𝑥

 =  i𝛼  𝜓  ,  𝑑
 2

 𝜓

𝑑  𝑥 2
 =  −  𝛼  2  𝜓  .  (28)

 The  CCM  modal  forms  are  immediate:  

. CCM
 [𝜓  ](𝑥)  =  −  𝐸  𝛼  2  exp(i𝛼  𝑥),

  CCM
 [𝜓  ](𝑥)  =  i𝛼  exp(i𝛼  𝑥),

   CCM
 [𝜓  ](𝑥)  =  −  1

2
 𝐸  𝛼  2  exp(2i𝛼  𝑥).  (29)

 The  BB  (full-horizon)  modal  forms  are:  

.  BB
 FH  [𝜓  ](𝑥)  =  𝑐

 (
 ∫

 𝛿

 −𝛿

 exp(i𝛼  𝜉  )  −  1|𝜉  |  𝑑  𝜉
 )

 exp(i𝛼  𝑥),

   BB
 FH  [𝜓  ](𝑥)  =

 1
𝛿  2

 (
 ∫

 𝛿

 −𝛿
 𝜉

 exp(i𝛼  𝜉  )  −  1|𝜉  |  𝑑  𝜉
 )

 exp(i𝛼  𝑥),

   BB
 FH  [𝜓  ](𝑥)  =

 𝑐

4

 (
 ∫

 𝛿

 −𝛿

 (exp(i𝛼  𝜉  )  −  1)  2|𝜉  |  𝑑  𝜉
 )

 exp(2i𝛼  𝑥).  (30)

 For  OSB-PD,  substituting  (
 

27)  into  (
 

25)  gives  .𝜃  [𝜓  ](𝑥)  =  ̂ 𝜃  𝜓  (𝑥)  ,  where  

. ̂ 𝜃  ∶=  1
𝑚̃  ∫

 𝛿

 −𝛿
 𝜉  (exp(i𝛼  𝜉  )  −  1)  𝑑  𝜉  (31)

 is  the  spectral  multiplier  of  the  dilatation  operator.  On  a  full  horizon  .∫  𝛿
 −𝛿  𝜉  𝑑  𝜉  =  0  ,  so  the  .𝜃  (𝑥)   term  in  (

 

26)  vanishes  and
 the  OSB  modal  forms  reduce  to  

. OSB
 FH  [𝜓  ](𝑥)  =  2𝑎  ̂ 𝜃

 2
 exp(i𝛼  𝑥),

  OSB
 FH  [𝜓  ](𝑥)  =  ̂ 𝜃  exp(i𝛼  𝑥),

   OSB
 FH  [𝜓  ](𝑥)  =  𝑎  ̂ 𝜃

 2
 exp(2i𝛼  𝑥).  (32)

 For  the  long-wave  limit  (  .𝛼  𝛿  ≪  1  ),  we  employ  the  symmetric  horizon  moments  

.∫
 𝛿

 −𝛿
 |𝜉  |  2𝑚−1

 𝑑  𝜉  =  𝛿
 2𝑚

𝑚
 ,

 ∫
 𝛿

 −𝛿
 𝜉  |𝜉  |  2𝑚−1

 𝑑  𝜉  =  0,  (33)

 with  .𝑚  ≥  1  ,  which  causes  all  odd  powers  of  .𝜉   to  vanish.  The  relevant  Taylor  series  for  the  BB  integrands  are:  

.
exp(i𝛼  𝜉  )  −  1|𝜉  |  =  i𝛼  𝜉|𝜉  |  −  𝛼  22  |𝜉  |  −  i𝛼  36

 𝜉  |𝜉  |  +  𝛼  4
24

 |𝜉  |  3  +  i𝛼  5
120

 𝜉  |𝜉  |  3  −  𝛼  6
720

 |𝜉  |  5  +  𝑂  (|𝜉  |  6  ),
 𝜉

 exp(i𝛼  𝜉  )  −  1|𝜉  |  =  i𝛼  |𝜉  |  −  𝛼  22  𝜉  |𝜉  |  −  i𝛼  36
 |𝜉  |  3  +  𝛼  4

24
 𝜉  |𝜉  |  3  +  i𝛼  5

120
 |𝜉  |  5  −  𝛼  6

720
 𝜉  |𝜉  |  5  +  𝑂  (|𝜉  |  6  ),

 (exp(i𝛼  𝜉  )  −  1)  2|𝜉  |  =  −  𝛼  2  |𝜉  |  −  i𝛼  3  𝜉  |𝜉  |  +  712
 𝛼  4  |𝜉  |  3  +  i𝛼  5

4
 𝜉  |𝜉  |  3  −  31

360
 𝛼  6  |𝜉  |  5  +  𝑂  (|𝜉  |  6  ),  (34)
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while  for  OSB-PD  the  integrand  of  . ̂ 𝜃   expands  as:  

.𝜉  (exp(i𝛼  𝜉  )  −  1)  =  i𝛼  𝜉  2  −  𝛼
 2

2
 𝜉  3  −  i𝛼

 3

6
 𝜉  4  +  𝛼

 4

24
 𝜉  5  +  i𝛼

 5

120
 𝜉  6  +  𝑂  (𝜉  7  ).  (35)

 Inserting  (
 

34)  into  (
 

30)  and  applying  (
 

33)  yields  the  BB  (full-horizon)  modal  expansions:  

. BB
 FH  [𝜓  ](𝑥)  =  𝑐

 (
 −  𝛼

 2
 𝛿  2

2
 +  𝛼

 4
 𝛿  4

48
 −  𝛼

 6
 𝛿  6

2160
 +  ·  ·  ·

 )
 exp(i𝛼  𝑥),

  BB
 FH  [𝜓  ](𝑥)  =  i

 (
 𝛼  −  𝛼

 3
 𝛿  2

12
 +  𝛼

 5
 𝛿  4

360
 −  ·  ·  ·

 )
 exp(i𝛼  𝑥),

   BB
 FH  [𝜓  ](𝑥)  =

 𝑐

4

 (
 −  𝛼  2  𝛿  2  +  7𝛼

 4
 𝛿  4

24
 −  31𝛼  6  𝛿  6

1080
 +  ·  ·  ·

 )
 exp(2i𝛼  𝑥).  (36)

 Similarly,  inserting  (
 

35)  into  (
 

31)  and  noting  that  only  even  powers  of  .𝜉   survive  on  the  symmetric  horizon (i.e.,  .𝜉  3  ,  .𝜉  5  ,
 …  integrate  to  zero),  one  obtains:  

. ̂ 𝜃  =  i𝛼
 (

 1  −  𝛼
 2

 𝛿  2

10
 +  𝛼

 4
 𝛿  4

280
 −  ·  ·  ·

 )
 ,  (37)

 and  the  OSB  (full-horizon) modal  expansions:  

.  OSB
 FH  [𝜓  ](𝑥)  =  2𝑎

 (
 −𝛼  2  +  𝛼

 4
 𝛿  2

5
 −  3𝛼

 6
 𝛿  4

175
 +  ·  ·  ·

 )
 exp(i𝛼  𝑥),

   OSB
 FH  [𝜓  ](𝑥)  =  i

 (
 𝛼  −  𝛼

 3
 𝛿  2

10
 +  𝛼

 5
 𝛿  4

280
 −  ·  ·  ·

 )
 exp(i𝛼  𝑥),

   OSB
 FH  [𝜓  ](𝑥)  =  𝑎

 (
 −𝛼  2  +  𝛼

 4
 𝛿  2

5
 −  3𝛼

 6
 𝛿  4

175
 +  ·  ·  ·

 )
 exp(2i𝛼  𝑥).  (38)

 Taking  the  standard  1D  calibrations  .𝑐  =  2𝐸  ∕𝛿  2   for  BB-PD  and  .𝑎  =  𝐸  ∕2   for  OSB-PD,  and  comparing  (
 

29)  with  (
 

36)  and  (
 

38),
 both  models  recover  the  CCM  limits  as  .𝛼  𝛿  →  0  :  

.  lim
 (𝛼  𝛿  )→0

   BB
 FH  [𝜓  ](𝑥)  =  lim

 (𝛼  𝛿  )→0
  OSB

 FH  [𝜓  ](𝑥)  =    CCM
 [𝜓  ](𝑥),

 lim
 (𝛼  𝛿  )→0

   BB
 FH  [𝜓  ](𝑥)  =  lim

 (𝛼  𝛿  )→0
  OSB

 FH  [𝜓  ](𝑥)  =    CCM
 [𝜓  ](𝑥),

 lim
 (𝛼  𝛿  )→0

   BB
 FH  [𝜓  ](𝑥)  =  lim

 (𝛼  𝛿  )→0
   OSB

 FH  [𝜓  ](𝑥)  =    CCM
 [𝜓  ](𝑥).  (39)

 On  a  full  horizon,  both  PD  formulations  are  therefore  asymptotically  consistent  with  their  CCM  counterparts.
 

The  same  analysis  is  now  carried  out  for  a  boundary  node  at  the  right  end  of  the  bar,  where  the  PD  horizon  is  truncated
 and  all  integrals  are  evaluated  over  .[−𝛿  ,  0]   instead  of  .[−𝛿  ,  𝛿  ]  .  The  half-horizon  moments  are:  

.∫
 0

 −𝛿
 |𝜉  |  2𝑚−1

 𝑑  𝜉  =  𝛿
 2𝑚

2𝑚
 ,

 ∫
 0

 −𝛿
 𝜉  |𝜉  |  2𝑚−1

 𝑑  𝜉  =  −  𝛿
 2𝑚+1

2𝑚  +  1
 ≠  0,  (40)

 with  .𝑚  ≥  1  .  Unlike  the  full-horizon  case  (
 

33),  the  odd  moments  no  long  er  vanish;  consequently  every  power  of  .𝛼   in  the
 Taylor  series  survives  upon  integration,  producing  both  real  and  imaginary  contributions.
 

For  BB-PD,  inserting  (
 

34)  into  (
 

30)  with  integration  over  .[−𝛿  ,  0]   and  applying  (
 

40)  gives:  

. BB
 TH  [𝜓  ](𝑥)  =  𝑐

 (
 −i𝛼  𝛿  −  𝛼

 2
 𝛿  2

4
 +  i𝛼

 3
 𝛿  3

18
 +  𝛼

 4
 𝛿  4

96
 −  ·  ·  ·

 )
 exp(i𝛼  𝑥),

  BB
 TH  [𝜓  ](𝑥)  =

 (
 i𝛼
2

 +  𝛼
 2

 𝛿

6
 −  i𝛼

 3
 𝛿  2

24
 −  𝛼

 4
 𝛿  3

120
 +  ·  ·  ·

 )
 exp(i𝛼  𝑥),

   BB
 TH  [𝜓  ](𝑥)  =

 𝑐

4

 (
 −  𝛼

 2
 𝛿  2

2
 +  i𝛼

 3
 𝛿  3

3
 +  7𝛼

 4
 𝛿  4

48
 −  ·  ·  ·

 )
 exp(2i𝛼  𝑥).  (41)
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For  OSB-PD,  the  truncated  weighted  volume  is  .  𝑚̃
 TH  =  𝛿  3  ∕3 .  Inserting  (

 

35)  into  (
 

31)  with  integration  limits  .[−𝛿  ,  0]   yields:  

. ̂ 𝜃
 TH  =  i𝛼  +

 3𝛼  2  𝛿
8

 −  i𝛼
 3

 𝛿  2

10
 −  𝛼

 4
 𝛿  3

48
 +  i𝛼

 5
 𝛿  4

280
 +  ·  ·  ·  (42)

 Unlike  the  full-horizon  case,  where  .∫  𝛿
 −𝛿  𝜉  𝑑  𝜉  =  0   causes  the  .𝜃  (𝑥)   term  in  the  g  overning  operator  (

 

26)  to  vanish,  on  the
 truncated-horizon  .∫  0

 −𝛿  𝜉  𝑑  𝜉  =  −𝛿
 2

 ∕2  ≠  0  ,  producing  an  additional  first-  order  contribution.  The  OSB  truncated-horizon
 modal  forms  therefore  become:  

. OSB
 TH  [𝜓  ](𝑥)  =  2𝑎

 (
 ̂

 𝜃
 2

 TH  −
 3
𝛿

 ̂
 𝜃

 TH

 )
 exp(i𝛼  𝑥),

   OSB
 TH  [𝜓  ](𝑥)  =  ̂ 𝜃  TH  exp(i𝛼  𝑥),

   OSB
 TH  [𝜓  ](𝑥)  =  𝑎  ̂ 𝜃

 2
 TH  exp(2i𝛼  𝑥).  (43)

 The  OSB  truncated-horizon  expressions  (
 

43)  serve  as  a  local  diagnostic  in  which  the  same  half-horizon  operator  is  applied
 uniformly  to  isolate  the  alg  ebraic  effect  of  horizon  asymmetry;  in  an  actual  boundary  layer,  the  neighbor  dilatation  .𝜃  (𝑥  +  𝜉  )  
may  be  evaluated  on  a  different,  possibly  full, horizon.
 

On  a  symmetric  horizon,  every  full-horizon operator  has  a  definite  parity:  . BB
 FH   and  .  BB

 FH   are  purely  real,  . BB
 FH   and  . ̂ 𝜃

 FH   are
 purely  imaginary.  Truncation  activates  the  odd  moments  in  (

 

40),  injecting  terms  of  opposite  parity  into  every  operator.
 The  resulting  errors  differ  qualitatively  between  the  two  models.
 

For  BB-PD,  the  leading-  order  energy  coefficient  is  halved:  .  BB
 TH  ∼  −(𝑐  ∕4)  𝛼  2  𝛿  2  ∕2  compared  with  .−(𝑐  ∕4)  𝛼  2  𝛿  2   for  the

 full-horizon.  With  .𝑐  =  2𝐸  ∕𝛿  2  ,  this  gives  an  energy  amplitude  .𝐸  𝛼  2  ∕4  instead  of  the  CCM  value  .𝐸  𝛼  2  ∕2  ;  the  derivative
 operator  is  likewise  halved  (  .i𝛼  ∕2   vs.  .i𝛼  ),  confirming  a  systematic  softening  .
 

For  OSB-PD,  the  imaginary  (physical)  part  of  . ̂ 𝜃
 TH   exactly  equals  that  of  . ̂ 𝜃

 FH  ,  but  truncation  introduces  a  spurious  real  part.
 Because  .|  ̂ 𝜃

 TH  |  2  −  |  ̂ 𝜃  FH  |  2  =  9𝛼  4  𝛿  2  ∕64  +  ·  ·  ·  >  0  ,  the  truncated-horizon  energy  exceeds  the  full-horizon  value,  producing  a
 relative  stiffening  .
 

Despite  their  opposite  signs,  both  defects  share  a  common  alg  ebraic  origin:  the  survival  of  odd  horizon  moments  on the
 asymmetric  integration  domain.  The  same  mechanism  extends  naturally  to  2D  and  3D.
 

In  Figure
 

4,  the  foreg  oing  analysis  is  quantified  by  plotting  the  norm  of  the  energy  response  .||  ||   against  the  nondimen-
 sional  wavenumber  .𝛼  𝛿   for  both  BB  and  OSB  models  under  full-horizon  and  truncated-horizon  conditions,  with  .𝐸  =  1   and
 .𝛿  =  1  .  The  CCM  parabola  . 1

2
 𝛼  2   serves  as  reference.  As  .𝛼  𝛿  →  0  ,  all  energy  responses  vanish  with  order  .𝛼  2  ;  however,  only  the

 full-horizon  operators  recover  the  correct  CCM  coefficient,  while  the  truncated-horizon  responses  retain  a  leading-  order

FIGURE  4  |  Norm  of  the  modal  energy  response  .|  |  versus  .𝛼  𝛿   for  .𝐸  =  1 ,  .𝛿  =  1 .  Solid  lines:  full-horizon;  dashed  lines:
 truncated-horizon;  circles:  CCM  reference.  BB-PD  (blue)  exhibits  pronounced  softening  upon  truncation,  with  the  truncated-horizon
 curve  falling  well  below  the  full-horizon  one.  OSB-PD  (red)  shows  the  opposite  trend:  the  truncated-horizon  curve  lies  above  the
 full-horizon  one,  indicating  a  relative  stiffening  induced  by  the  asymmetric  neighborhood.  Both  full-horizon  models  recover  the  CCM
 limit  as  .𝛼  𝛿  →  0 . 
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defect  (cf.  the  discussion  following (
 

43)),  confirming  the  local  limits  in  (
 

39)  for  the  full-horizon  case  only.  As  .𝛼  𝛿   increases,
 two  contrasting  behaviors  emerg  e.  In  the  BB  formulation,  the  full-horizon  response  tracks  the  CCM  reference  over  a
 finite  spectral  band,  whereas  the  truncated-horizon  response  deviates  immediately  and  remains  uniformly  lower,  roughly
 halved  at  .𝛼  𝛿  =  1  ,  reflecting  the  loss  of  half  the  neighborhood  and  the  consequent  energy  under-  counting  identified  in
 (

 

41).  In  the  OSB  formulation,  the  full-horizon  response  nearly  coincides  with CCM  across  the  full  rang  e,  demonstrat-
 ing  the  superior  spectral  accuracy  of  the  SB  model;  however,  the  truncated-horizon  response  lies  above  the  full-horizon
 one,  exhibiting  a  relative  stiffening  caused  by  the  surviving  odd  moment  on  the  asymmetric  domain,  as  predicted  in
 (

 

43).  Thus,  horizon  truncation  produces  opposite  spectral  errors  in  the  two  formulations:  BB-PD  underestimates  while
 OSB-PD  overestimates  the  full-horizon  energy.  Both  defects  originate  from  the  loss  of  symmetry  of  the  integration  domain,
 but  manifest  through  different  mechanisms,  that  is,  missing  bond  contributions  in  BB-PD  versus  a  non-vanishing  first
 moment  in  OSB-PD.
 

4  |  Solution  Strategy
 

Recalling  the  discussion  presented  in  Section
 

3,  the  PD  (truncated-horizon)  modal  expansions  in  (
 

41)  and  (
 

43)  reveal  that
 the  loss  of  horizon  symmetry  activates  odd  horizon  moments,  causing  the  modal  forms  of  the  g  overning,  derivative,  and
 energy  operators  .(,  ,    )   to  no  long  er  converg  e  to  their  PD  (full-horizon)  limits  at  boundary  and  near-boundary  nodes.
 Hereafter,  the  derivation  is  developed  in  a  g  eneral  3D  setting;  specializations  to  2D  and  1D  are  straightforward.
 

To  restore  consistency  between  PD  (truncated-horizon)  and  PD  (full-horizon)  models,  a  global  vector  of  nodal  influence
 weights  .w  is  introduced,  with  entry  .𝑤

 𝑖   assigned  to  node  .x
 𝑖  .  Under  this  framework,  the  BB-PD  g  overning  operator  at  node

 .x
 𝑖   is  discretized  as:  

.L BB
 [u](x

 𝑖  )  ∶=  𝑐
 ∑

 𝑗  ∈
 𝑖

 (
 𝑤

 𝑗  +  𝑤 𝑖
2

 )
 𝝃

 𝑗  ⊗  𝝃  𝑗||𝝃
 𝑗  ||  3  ( u 𝑗  −  u 𝑖  ) 𝑉  𝑗  ,  (44)

 where  .𝝃
 𝑗  ∶=  x  𝑗  −  x  𝑖  .  The  corresponding  discrete  derivative  and  energy  operators  are  then  defined  as  follows:  

. BB
 𝑥

 [𝑢](x
 𝑖  )  ∶=

 ∑
 𝑗  ∈

 𝑖

 (
 𝑤

 𝑗  +  𝑤  𝑖
2

 )
 (𝑥

 𝑗  −  𝑥 𝑖  )||𝝃
 𝑗  ||  3  ( 𝑢 𝑗  −  𝑢 𝑖  ) 𝑉  𝑗  ,

  BB
 𝑦

 [𝑢](x
 𝑖  )  ∶=

 ∑
 𝑗  ∈

 𝑖

 (
 𝑤

 𝑗  +  𝑤  𝑖
2

 )
 (𝑦

 𝑗  −  𝑦  𝑖  )||𝝃
 𝑗  ||  3  ( 𝑢 𝑗  −  𝑢 𝑖  ) 𝑉  𝑗  ,

  BB
 𝑧

 [𝑢](x
 𝑖  )  ∶=

 ∑
 𝑗  ∈

 𝑖

 (
 𝑤

 𝑗  +  𝑤  𝑖
2

 )
 (𝑧

 𝑗  −  𝑧  𝑖  )||𝝃
 𝑗  ||  3  (  𝑢 𝑗  −  𝑢 𝑖  ) 𝑉  𝑗  ,

   BB
 [u](x

 𝑖  )  ∶=
 𝑐

4
 ∑

 𝑗  ∈
 𝑖

 (
 𝑤

 𝑗  +  𝑤  𝑖
2

 )  (
 (u

 𝑗  −  u  𝑖  )  ⋅  𝝃  𝑗
 )

 2

||𝝃
 𝑗  ||  3  𝑉  𝑗  .  (45)

 For  the  OSB-PD  formulation,  the  weighted  discrete  dilatation  at  node  .x
 𝑖   reads:  

.𝜃
 𝑖  ∶=

 3
𝑚̃

 ∑
 𝑗  ∈

 𝑖

 (
 𝑤

 𝑗  +  𝑤  𝑖
2

 )
 𝝃

 𝑗  ⋅
 (

 u
 𝑗  −  u 𝑖

 )
 𝑉

 𝑗  ,  (46)

 where  .  𝑚̃   is  the  analytical  weighted  volume  of  the  full  ball  (cf.  (
 

7))  and  is  not  subject  to  the  influence  weights.  The  discrete
 OSB  derivative  and  energy  operators  are:  

. OSB
 𝑥

 [𝑢](x
 𝑖  )  ∶=

 ∑
 𝑗  ∈

 𝑖

 (
 𝑤

 𝑗  +  𝑤  𝑖
2

 )
 (𝑥

 𝑗  −  𝑥 𝑖  )||𝝃
 𝑗  ||  2  ( 𝑢 𝑗  −  𝑢 𝑖  ) 𝑉  𝑗  ,

  OSB
 𝑦

 [𝑢](x
 𝑖  )  ∶=

 ∑
 𝑗  ∈

 𝑖

 (
 𝑤

 𝑗  +  𝑤  𝑖
2

 )
 (𝑦

 𝑗  −  𝑦  𝑖  )||𝝃
 𝑗  ||  2  ( 𝑢 𝑗  −  𝑢 𝑖  ) 𝑉  𝑗  ,

  OSB
 𝑧

 [𝑢](x
 𝑖  )  ∶=

 ∑
 𝑗  ∈

 𝑖

 (
 𝑤

 𝑗  +  𝑤  𝑖
2

 )
 (𝑧

 𝑗  −  𝑧  𝑖  )||𝝃
 𝑗  ||  2  ( 𝑢 𝑗  −  𝑢 𝑖  ) 𝑉  𝑗  ,

   OSB
 [u](x

 𝑖  )  ∶=  𝑏
 ∑

 𝑗  ∈
 𝑖

 (
 𝑤

 𝑗  +  𝑤  𝑖
2

 )  (
 (u

 𝑗  −  u  𝑖  )  ⋅  𝝃  𝑗
 )

 2

||𝝃
 𝑗  ||  2  𝑉  𝑗  .  (47)
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Here,  .𝑏  is  the  deviatoric  constitutive  parameter  defined  in  (
 

13);  the  volumetric  energy  contribution  .𝑎  𝜃
 2

  is  implicitly
 accounted  for  through  the  weighted  dilatation  (

 

46).  The  OSB  g  overning  operator  follows  from  the  weighted  LPS  force
 state  (

 

14)  with  .(𝑤
 𝑗  +  𝑤 𝑖  )∕2  applied  to  every  term  involving  deformation  differences.

 

In  both  formulations,  averaging  .(𝑤
 𝑗  +  𝑤 𝑖  )∕2  over  each  bond  preserves  pairwise  reciprocity  and  yields  a  symmetric  global

 stiffness  matrix.  The  weights  enter  only  terms  that  involve  deformation;  g  eometric  quantities  such  as  .  𝑚̃   retain  their  ana-
 lytical  full-ball  values  and  are  not  subject  to  the  influence  weights.  The  weights  .w  are  then  determined  so that,  in  a  local
 test  space  within  each  neighborhood,  the  discrete  derivative  and  energy  operators  match  as  closely  as  possible  their  PD
 (full-horizon)  counterparts,  thereby  mitigating  boundary-induced  inconsistencies  while retaining  global symmetry.
 

The  proposed  strategy  begins  by  locally  approximating  the  nodal  influence  weight  function  . ̂ 𝑤(x)   within  the  neighborhood
 .

 𝑖   of  each  node  .x
 𝑖   using  the  following  polynomial  basis  expansion:  

. ̂ 𝑤(x)  =
 𝑛

 𝑝
 ∑

 𝑘=1
 𝑎

 𝑘  𝑝 𝑘  (x)  =  p ⊤  (x)  a,  x  ∈   𝑖  ,  (48)

 where  .𝑛
 𝑝  ∶=  |p|   denotes  the  number  of  polynomial  basis  functions.  The  basis  and  coefficient  vectors  are  given,  respec-

 tively,  by:  

.p(x)  =
 [

 1,  𝑥
𝛿

 ,
 𝑦

𝛿
 ,

 𝑧

𝛿
 ,

 𝑥 2

𝛿  2
 ,

 𝑥𝑦

𝛿  2
 ,

 𝑥𝑧

𝛿  2
 ,

 𝑦 2

𝛿  2
 ,

 𝑦𝑧

𝛿  2
 ,

 𝑧 2

𝛿  2
 ,  …

 ]
 ⊤

 ,  a  =  [  𝑎
 1  ,  𝑎  2  ,  …  ,  𝑎  𝑛

 𝑝
 ]  ⊤  .  (49)

 Here,  the  vector  .a  collects  the  unknown  expansion  coefficients,  which  are  to  be  determined  such  that  the  local  approx-
 imation  reproduces  the  desired  values  of  the  weight  function  at  the  nodal  locations.  To  determine  the  coefficient  vector
 .a  ,  a  local  fitting  problem  is  formulated  to  enforce  the  consistency  of the  reconstructed  influence  function  with  the  nodal
 weights,  as  well  as  with  the  targ  et  derivative  and  energy  operators.  This  leads  to  the  following  least-  squares  minimization:  

.min
 a

 ‖
 ‖ M c  a  −  w   ‖ ‖ 2

 2  +
 ‖
 ‖
 ‖ M    𝑥  a  −  d  ⋆ 𝑥  ‖ ‖ ‖  2

 2
 +  ‖

 ‖
 ‖ M    𝑦  a  −  d  ⋆ 𝑦  ‖ ‖ ‖ 2

 2
 +  ‖

 ‖
 ‖ M    𝑧  a  −  d ⋆ 𝑧  ‖ ‖ ‖ 2

 2
 +  ‖

 ‖ M   a  −  e ⋆  ‖ ‖ 2
 2  .  (50)

 Here,  each  .M   denotes  a  moment  matrix  associated  with  a  specific  matching  condition,  whose  explicit  form  will  be  intro  -
 duced  below.  Specifically,  .M

 c   enforces  the  collocation  of  the  polynomial  expansion  at  the  neighboring  nodes  in  .
 𝑖  ,  with

 the  vector  .w
    collecting  the  weight  values  .𝑤

 𝑗   of  the  family  nodes.  In  addition,  .M
 

 𝑥
 ,  .M

 
 𝑦

 ,  .M
 

 𝑧
 ,  and  .M

    encode  the  con-
 sistency  requirements  for  the  .𝑥 -,  .𝑦 -,  .𝑧 -  derivative  and  energy  operators,  respectively,  with  the  corresponding  right-hand
 side  vectors  .d  ⋆

 𝑥
 ,  .d ⋆

 𝑦
 ,  .d ⋆

 𝑧
 ,  and  .e ⋆   containing  the  targ  et  values  prescribed  by  the  PD  (full-horizon)  operators  on  a  chosen  test

 space.
 

For  each  node  .x
 𝑖  ,  the  collocation  matrix  .M

 c   and  the  associated  data  vector  .w
    are  given,  respectively,  by:  

.M
 c  =

 [
 p ⊤  (𝝃

 𝑗  )
 ]

 𝑗  ∈
 𝑖

 ≡
 ⎡
 ⎢
 ⎢
 ⎢
 ⎢
 ⎢
 ⎣

 p  ⊤  (𝝃
 𝑗

 1
 )

 p  ⊤  (𝝃
 𝑗

 2
 )

 ⋮

 p ⊤  (𝝃
 𝑗

 𝑛
 

 𝑖

 )

 ⎤
 ⎥
 ⎥
 ⎥
 ⎥
 ⎥
 ⎦

 ∈  ℝ  𝑛   𝑖  ×𝑛  𝑝  ,  w
   =

 ⎡
 ⎢
 ⎢
 ⎢
 ⎢
 ⎢
 ⎣

 𝑤
 𝑗

 1

 𝑤
 𝑗

 2

 ⋮

 𝑤
 𝑗

 𝑛
 

 𝑖

 ⎤
 ⎥
 ⎥
 ⎥
 ⎥
 ⎥
 ⎦

 ∈  ℝ  𝑛   𝑖  ,  (51)

 where  .{𝑗
 1  ,  𝑗 2  ,  …  ,  𝑗 𝑛

 
 𝑖

 }  denotes  an  enumeration  of  the  family  .
 𝑖   and  .𝑛

 
 𝑖

 ∶=  |
 𝑖  |   is  the  number  of  family  nodes  of  .x

 𝑖  .
 

To  enforce  the  matching  conditions  for  the  derivative  and  energy  operators,  two  test  sets  are  introduced:  (i)  a
 horizon-  scaled  scalar  polynomial  basis  for  the  derivative  operators,  and  (ii)  its  vector  lift  (via  Cartesian  unit  vectors)  for
 the  energy  operator.  For  the  derivative  operators,  the  scalar  test  basis  is:  

.  (x)  =  {  𝜙
 𝑚  (x)

 }
 𝑛

 𝑇

 𝑚=1  =
 {

 1,  𝑥
𝛿

 ,
 𝑦

𝛿
 ,

 𝑧

𝛿
 ,

 𝑥 2

𝛿  2
 ,

 𝑥𝑦

𝛿  2
 ,

 𝑥𝑧

𝛿  2
 ,

 𝑦 2

𝛿  2
 ,

 𝑦𝑧

𝛿  2
 ,

 𝑧 2

𝛿  2
 ,  …

 }
 ,  (52)

 where  .𝑛
 𝑇  ∶=  |  |   denotes  the  number  of  scalar  tests.  For  the  energy  operator,  the  same  scalars  are  lifted  to  vector  fields

 through  multiplication  by  the  Cartesian  unit  vectors  .e
 𝑙  :  

.
 𝐸  (x)  =

 {
 𝜙

 𝑚  (x)  e  𝑙  |𝜙  𝑚  ∈    ,  𝑙  ∈  {𝑥,  𝑦,  𝑧} }  .  (53)
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Equivalently,  the  first  few  elements  read:  

.

⎧
 ⎪
 ⎨
 ⎪
 ⎩

 ⎡
 ⎢
 ⎢
 ⎢
 ⎣

 1
 0
 0

 ⎤
 ⎥
 ⎥
 ⎥
 ⎦ ,

 ⎡
 ⎢
 ⎢
 ⎢
 ⎣

 0
 1
 0

 ⎤
 ⎥
 ⎥
 ⎥
 ⎦ ,

 ⎡
 ⎢
 ⎢
 ⎢
 ⎣

 0
 0
 1

 ⎤
 ⎥
 ⎥
 ⎥
 ⎦ ,

 𝑥

𝛿

 ⎡
 ⎢
 ⎢
 ⎢
 ⎣

 1
 0
 0

 ⎤
 ⎥
 ⎥
 ⎥
 ⎦ ,

 𝑥

𝛿

 ⎡
 ⎢
 ⎢
 ⎢
 ⎣

 0
 1
 0

 ⎤
 ⎥
 ⎥
 ⎥
 ⎦ ,

 𝑥

𝛿

 ⎡
 ⎢
 ⎢
 ⎢
 ⎣

 0
 0
 1

 ⎤
 ⎥
 ⎥
 ⎥
 ⎦ ,  …

 ⎫
 ⎪
 ⎬
 ⎪
 ⎭ .  

By  construction,  .|
 𝐸  |  =  3  𝑛 𝑇  .  Given  that,  in  principle,  .𝑛

 𝑇   can  be  chosen  up  to  any  polynomial  order,  it  is  here  set  to  .𝑛
 𝑇  =  𝑛 𝑝  

to  match  the  polynomial  basis  used  in  the  weight  approximation  (
 

48).
 

To  assemble  the  operator  blocks  in  (
 

50),  we  introduce  the  kernel  exponent  

.𝑞  ∶=

 {
 3  BB-PD,
 2  OSB-PD,

 (54)

 which  encodes  the  only  structural  difference  between  the  two  formulations  in  the  moment  matrices  that  follow.
 

For  the  .𝑥 -  derivative  operator  block,  we  employ  the  scalar-valued  tests  .  =  {𝜙
 𝑘  }

 𝑛
 𝑇

 𝑘=1  .  The  corresponding  consistency  vector
 entering  (

 

50)  is:  

.M
 

 𝑥
 a  =

 [
  BB∕OSB

 𝑥
 [𝜙

 𝑘  ](𝟎)
 ]

 𝑛
 𝑇

 𝑘=1  ≡
 ⎡
 ⎢
 ⎢
 ⎢
 ⎢
 ⎢
 ⎣

  BB∕OSB
 𝑥  [𝜙

 1  ](𝟎)
  BB∕OSB

 𝑥  [𝜙
 2  ](𝟎)

 ⋮

  BB∕OSB
 𝑥  [𝜙

 𝑛
 𝑇

 ](𝟎)

 ⎤
 ⎥
 ⎥
 ⎥
 ⎥
 ⎥
 ⎦

 ,  (55)

 where  the  superscript  BB/OSB  indicates  that  either  the  BB  operator  (
 

45)  or  the  OSB  operator  (
 

47)  is  employed.  Substituting
 the  local  weight  approximation  (

 

48)  into  the  discrete  derivative  operator,  the  moment  matrix  .M
 

 𝑥
 ∈  ℝ  𝑛  𝑇  ×𝑛  𝑝   is  defined

 row-wise  by:  

.M
 

 𝑥
 ∶=

 [
 ∑

 𝑗  ∈
 𝑖

 p ⊤  (𝝃
 𝑗  )  +  p ⊤  (𝟎)

2
 (𝑥

 𝑗  −  𝑥 𝑖  )||𝝃
 𝑗  ||  𝑞  ( 𝜙  𝑘  (𝝃  𝑗  )  −  𝜙  𝑘  (𝟎)  )  𝑉  𝑗

 ]
 𝑛

 𝑇

 𝑘=1

 .  (56)

 In  complete  analogy,  the  .𝑦 -  and  .𝑧 -  derivative  moment  matrices  .M
 

 𝑦
 ,  M

 
 𝑧

 ∈  ℝ  𝑛  𝑇  ×𝑛  𝑝   are  defined  row-wise  by:  

.M
 

 𝑦
 ∶=

 [
 ∑

 𝑗  ∈
 𝑖

 p ⊤  (𝝃
 𝑗  )  +  p ⊤  (𝟎)

2
 (𝑦

 𝑗  −  𝑦 𝑖  )||𝝃
 𝑗  ||  𝑞  ( 𝜙  𝑘  (𝝃  𝑗  )  −  𝜙  𝑘  (𝟎)  )  𝑉  𝑗

 ]
 𝑛

 𝑇

 𝑘=1

 ,

 M
 

 𝑧
 ∶=

 [
 ∑

 𝑗  ∈
 𝑖

 p ⊤  (𝝃
 𝑗  )  +  p ⊤  (𝟎)

2
 (𝑧

 𝑗  −  𝑧 𝑖  )||𝝃
 𝑗  ||  𝑞  ( 𝜙  𝑘  (𝝃  𝑗  )  −  𝜙  𝑘  (𝟎)  )  𝑉  𝑗

 ]
 𝑛

 𝑇

 𝑘=1

 .  (57)

 For  the  energy  operator,  we  employ  the  vector-valued  tests  .
 𝐸  =  {𝚽  𝑘  }

 3𝑛
 𝑇

 𝑘=1  =  {𝜙  𝑚  e 𝑙  ∶  𝜙  𝑚  ∈    ,  𝑙  ∈  {𝑥,  𝑦,  𝑧}} .  The  corre  -
 sponding  consistency  vector  in  (

 

50)  reads:  

.M
   a  =

 [
   BB∕OSB

 [𝚽
 𝑘  ](𝟎)

 ]
 3𝑛

 𝑇

 𝑘=1  ≡
 ⎡
 ⎢
 ⎢
 ⎢
 ⎢
 ⎢
 ⎣

   BB∕OSB
 [𝚽

 1  ](𝟎)
   BB∕OSB

 [𝚽
 2  ](𝟎)

 ⋮

   BB∕OSB
 [𝚽

 3𝑛
 𝑇

 ](𝟎)

 ⎤
 ⎥
 ⎥
 ⎥
 ⎥
 ⎥
 ⎦

 ,  (58)

 and  the  associated  moment  matrix  .M
   ∈  ℝ  3𝑛  𝑇  ×𝑛  𝑝   is  defined  row-wise  as:  

.M
   ∶=

 [
 ∑

 𝑗  ∈
 𝑖

 p ⊤  (𝝃
 𝑗  )  +  p ⊤  (𝟎)

2

 (
 (𝚽

 𝑘  (𝝃  𝑗  )  −  𝚽  𝑘  (𝟎))  ⋅  𝝃  𝑗
 )

 2

||𝝃
 𝑗  ||  𝑞  𝑉  𝑗

 ]
 3𝑛

 𝑇

 𝑘=1

 .  (59)

 In  both  blocks,  the  factor  .(p  ⊤  (𝝃
 𝑗  )  +  p ⊤  (𝟎))∕2  encodes  the  bond-averag  ed  weight  .(𝑤

 𝑗  +  𝑤 𝑖  )∕2  through  the  polynomial
 approximation  (

 

48).
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Remark  1.  For  the  OSB-PD  formulation,  no  separate  dilatation  constraint  appears  in  the  least-  squares  problem  (
 

50).
 However,  the  computed  weights  are  applied  to  the  discrete  dilatation (

 

46)  during  the  solution  procedure.  Replacing  .  𝑚̃   by
 its  analytical  full-ball  value  removes  the  leading  source  of  volumetric  inconsistency,  and the  derivative  and  energy  blocks,
 which  targ  et  the  deviatoric  kernel  .||𝝃  ||  −2

 ,  provide  sufficient  correction  for  the  deviatoric  force  state;  the  dilatation  then
 benefits  from  the  improved  weights  without  requiring  an  explicit  fitting  constraint.
 

In  order  to  construct  the  targ  et  vectors,  continuous  operators  defined  by  integration  over  the  full  ball  .𝐵
 𝛿   of  radius  .𝛿   are

 introduced.  Given  that  the  considered  test  functions  are  polynomials,  these  integrals  can  be  evaluated  analytically.
 

For  BB-PD,  the  continuous  full-ball derivative  and  energy  operators  read:  

. BB,Ball
 𝑥

 [𝑢](x)  ∶=
 ∫

 𝐵
 𝛿

 𝜉
 𝑥||𝝃  ||  3  (𝑢(x  +  𝝃  )  −  𝑢(x))  𝑑  𝑉  𝝃  ,

  BB,Ball
 𝑦

 [𝑢](x)  ∶=
 ∫

 𝐵
 𝛿

 𝜉
 𝑦||𝝃  ||  3  (𝑢(x  +  𝝃  )  −  𝑢(x))  𝑑  𝑉  𝝃  ,

  BB,Ball
 𝑧

 [𝑢](x)  ∶=
 ∫

 𝐵
 𝛿

 𝜉
 𝑧||𝝃  ||  3  (𝑢(x  +  𝝃  )  −  𝑢(x))  𝑑  𝑉  𝝃  ,

   BB,Ball
 [u](x)  ∶=  𝑐

4  ∫
 𝐵

 𝛿

 ((u(x  +  𝝃  )  −  u(x))  ⋅  𝝃  )  2||𝝃  ||  3  𝑑  𝑉  𝝃  .  (60)

 For  OSB-PD,  the  corresponding  operators  are:  

.  OSB,Ball
 𝑥

 [𝑢](x)  ∶=
 ∫

 𝐵
 𝛿

 𝜉
 𝑥||𝝃  ||  2  (𝑢(x  +  𝝃  )  −  𝑢(x))  𝑑  𝑉  𝝃  ,

   OSB,Ball
 𝑦

 [𝑢](x)  ∶=
 ∫

 𝐵
 𝛿

 𝜉
 𝑦||𝝃  ||  2  (𝑢(x  +  𝝃  )  −  𝑢(x))  𝑑  𝑉  𝝃  ,

   OSB,Ball
 𝑧

 [𝑢](x)  ∶=
 ∫

 𝐵
 𝛿

 𝜉
 𝑧||𝝃  ||  2  (𝑢(x  +  𝝃  )  −  𝑢(x))  𝑑  𝑉  𝝃  ,

   OSB,Ball
 [u](x)  ∶=  𝑏

 ∫
 𝐵

 𝛿

 ((u(x  +  𝝃  )  −  u(x))  ⋅  𝝃  )  2||𝝃  ||  2  𝑑  𝑉  𝝃  .  (61)

 Based  on  the  previously  introduced  operators  and  on  the  test  functions  defined  in  (
 

52)  and  (
 

53),  the  targ  et  vectors  pre  -
 scribed  by  the  PD  (full-horizon)  formulation  are:  

.d  ⋆
 𝑥

 =
 [

  Ball
 𝑥

 [𝜙
 𝑘  ](𝟎)

 ]
 𝑛

 𝑇

 𝑘=1  ,

 d  ⋆
 𝑦

 =
 [

  Ball
 𝑦

 [𝜙
 𝑘  ](𝟎)

 ]
 𝑛

 𝑇

 𝑘=1
 ,

 d  ⋆
 𝑧

 =
 [

  Ball
 𝑧

 [𝜙
 𝑘  ](𝟎)

 ]
 𝑛

 𝑇

 𝑘=1  ,

 e ⋆  =
 [

   Ball
 [𝚽

 𝑘  ](𝟎)
 ]

 3𝑛
 𝑇

 𝑘=1  .  (62)
 

Remark  2.  The  material  parameters  (e.g.,  the  micromodulus  .𝑐   for  the  BB  model,  or  .𝑎   and  .𝑏  for  the  OSB  model)  enter
 both  the  moment  matrices  and  the  targ  et  vectors  as  common  multiplicative  factors;  they  therefore  cancel  after  per-row
 normalization  and  do  not  affect  the  resulting  weights.  Consequently,  the  targ  ets  .d  ⋆

 𝑥
 ,  .d  ⋆

 𝑦
 ,  .d ⋆

 𝑧
 ,  and  .e ⋆   are  purely  g  eometric

 quantities,  each  expressible  in  closed  form  through  the  .𝑑  -  dimensional  ball  moment  

.
 𝑞  (r)  =

 ∫
 ||𝝃  ||≤𝛿

 𝜉
 𝑟

 1
 1  ·  ·  ·  𝜉

 𝑟
 𝑑

 𝑑||𝝃  ||  𝑞  d𝑉  ,  (63)

 which  evaluates  to  a  product  of  Gamma  functions  whenever  all  exponents  .𝑟
 𝑖   are  even,  and  vanishes  otherwise.  The  com-

 plete  set  of  3D  targ  et  vectors  for  the  BB  and  OSB  models  is  implemented  in  the  open-  source  packag  e  perifit  [
 

63].
 

Collecting  all  constraints,  the  local  fitting  problem  at  node  .x
 𝑖   takes  the  compact  form  

.min
 a

 ‖
 ‖ M  a  −  b ⋆  ‖ ‖ 2

 2  +  𝜆  ||a||  2 2  ,  (64)

International  Journal  for  Numerical  Methods  in  Engineering,  2026  15  of  36 

 10970207, 2026, 14, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nm

e.70385 by T
echnische U

niversität H
am

burg U
niversitätsbibliothek, W

iley O
nline L

ibrary on [15/07/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



where  

.M  =

 ⎡
 ⎢
 ⎢
 ⎢
 ⎢
 ⎢
 ⎢
 ⎣

 M
 c

 M
 

 𝑥

 M
 

 𝑦

 M
 

 𝑧

 M
 

 ⎤
 ⎥
 ⎥
 ⎥
 ⎥
 ⎥
 ⎥
 ⎦

 ,  b  ⋆  =

 ⎡
 ⎢
 ⎢
 ⎢
 ⎢
 ⎢
 ⎢
 ⎣

 w
 

 d  ⋆
 𝑥

 d  ⋆
 𝑦

 d  ⋆
 𝑧

 e ⋆

 ⎤
 ⎥
 ⎥
 ⎥
 ⎥
 ⎥
 ⎥
 ⎦

 ,  (65)

 and  .𝜆  ≥  0   is  a  small  Tikhonov  regularization  parameter  that  prevents  ill-  conditioning  when  the  local  moment  matrix  is
 nearly  rank-  deficient  (e.g.,  near  boundaries  or  irregular  point  distributions).  In  practice,  .𝜆  is  chosen  adaptively  as  a  small
 fraction  of  the  larg  est  diag  onal  entry  of  .M  ⊤  M  .
 

Since  the  system  is  g  enerally  overdetermined,  the  regularized  minimizer  is:  

.a  =
 (

 M ⊤  M  +  𝜆  I
 )

 −1
 M ⊤  b ⋆  ,  (66)

 which  reduces  to  the  Moore  –  Penrose  pseudoinverse  .M +  b ⋆   when  .𝜆  =  0  ,  consistent  with  established  meshfree  formula-
 tions  [

 

72  –  76].  Partitioning  the  resulting  g  eneralized  inverse  into  blocks  corresponding  to  each  constraint  group,  

.
(

 M  ⊤  M  +  𝜆  I
 )

 −1
 M  ⊤  =

 [
 N

 𝑐  N 
 𝑥

 N
 

 𝑦
 N

 
 𝑧

 N
 

 ]
 ,  (67)

 the  reconstructed  influence  weight  function  . ̂ 𝑤(x)   within  the  horizon  .
 𝑖   reads:  

. ̂ 𝑤
 𝑖  (𝝃  )  =  p(𝝃  )  ⊤

 (
 N

 𝑐  w   +  N 
 𝑥

 d  ⋆
 𝑥

 +  N
 

 𝑦
 d  ⋆

 𝑦
 +  N

 
 𝑧

 d ⋆
 𝑧

 +  N
   e ⋆

 )
 .  (68)

 For  each  node  .x
 𝑖  ,  this  local  procedure  relates  the  unknown  nodal  weights  of  the  family  .

 𝑖   to  the  targ  et  conditions.  Assem-
 bling  over  all  nodes  .𝑖  =  1,  …  ,  𝑁   yields  the  global  sparse  linear  system  

.K
 𝑤  w  =  F  𝑤  ,  (69)

 where  .K
 𝑤   is  the  global  influence  matrix  assembled  from  the  local  collocation  matrices,  and  .F

 𝑤   collects  the  contributions
 of  the  targ  et  vectors  .d  ⋆

 𝑥
 ,  .d  ⋆

 𝑦
 ,  .d  ⋆

 𝑧
 ,  .e ⋆   across  all  neighborhoods.  The  system  is  sparse  by  construction,  as  each  row  involves

 only  the  weights  of  the  local  family  .
 𝑖  ,  and  is  solved  using  a  standard  sparse  solver.  The  resulting  weight  vector  .w  is  then

 employed  in  the  discrete  PD  operators  (
 

45)  and  (
 

47).
 

Remark  3.  Because  the  targ  et  vectors  .d  ⋆
 𝑥

 ,  .d  ⋆
 𝑦

 ,  .d ⋆
 𝑧

 ,  and  .e  ⋆   are  evaluated  analytically  over  full  balls,  the  calibration  nat-
 urally  corrects  the  effective  volume  integration  at  all  nodes,  that  is,  not  only  those  near  boundaries.  Interior  nodes  with
 full  neighborhoods  also  benefit,  since  the  discrete  quadrature  is  matched  against  exact  full-horizon  values.  The  method
 thus  provides  a  consistent  integration  refinement  throughout  the  entire  domain.
 

Remark  4.  The  operator  matching  is  formulated  on  the  linearized  PD  kernels  (cf.  (
 

45  –  47)),  but  the  resulting  weights
 correct  the  g  eometric  structure  of  the  discrete  integration,  specifically  the  bond-averag  ed  volume  contributions,  rather
 than  the  constitutive  response.  Consequently,  the  same  nodal  weights  .𝑤

 𝑖   remain  valid  when  the  full  nonlinear  force
 law  (e.g.,  the  PMB  model  (

 

16))  is  employed:  the  weights  compensate  for  the  missing  or  imbalanced  bond  contributions
 regardless  of  the  strain  level  or  constitutive  nonlinearity.
 

Remark  5.  Energ  etically  consistent  surface-  correction  methods  assign  direction-  dependent  amplification  factors  to
 individual  bonds  so  that  the  PD  strain  energy  matches  a  local  (affine)  reference  deformation,  even  under  truncated  neigh-
 borhoods  [

 

50].  The  present  approach  differs  in  three  respects:  (i)  it  calibrates  PD  operators  against  their  own  full-horizon
 counterparts  rather  than  against  a  CCM  reference  solution;  (ii)  it  introduces  per-node  scalar  weights  entering  each  bond
 symmetrically  as  .(𝑤

 𝑗  +  𝑤 𝑖  )∕2 ,  preserving  the  symmetry  of  the  global  stiffness  matrix  by  construction;  and  (iii)  it  does  not
 require  boundary  tractions,  ray  –  surface  distance  calculations,  or  fictitious/ghost  layers.
 

Remark  6.  The  global  system  (
 

69)  is  sparse  by  construction:  each  row  involves  only  the  local  family  .
 𝑖  .  Assembly  is

 performed  in  parallel  over  nodes  with  cost  proportional  to  the  total  number  of  bonds.  Standard  iterative  solvers  (e.g.,
 conjugate  gradients  or  GMRES  with  diag  onal  or  incomplete  Cholesky  preconditioning)  converg  e  rapidly.  When  memory
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is  constrained,  a  matrix-free  implementation  applies  the  operator  on  the  fly  from  the  stored  neighborhoods,  avoiding
 explicit  matrix  assembly  while  producing  the  same  solution.
 

Remark  7.  In  the  crack  propagation  test  presented  in  Section
 

5.4,  the  PMB  critical  stretch  .𝑠
 0   from  (

 

18)  is  used  without
 modification.  Since  the  targ  et  vectors  are  evaluated  for  a  full,  symmetric  horizon with  .𝜔  =  𝜔

 0  ,  the  weighted  operators
 are  constructed  to  reproduce  the  same  full-horizon  energ  etics.  Re-  estimating  .𝑠

 0   for  a  truncated-horizon  would  therefore
 double-  count  the  surface  correction. 

Remark  8.  Influence-weight  optimization  shares  conceptual  links  with  accuracy-  enhancement  techniques  for  nonlo  -
 cal  discretizations,  such  as  reproducing-kernel  PD  (RK-PD)  and  asymptotically  compatible  meshfree  quadrature  [

 

77,  78].
 The  present  method,  however,  leaves  the  PD  kinematics  and operators  unchang  ed  and  compensates  horizon  truncation
 solely  through  symmetric  node-wise  scalar  weights,  enforcing  pairwise  reciprocity  by  construction.  Moreover,  the  weights
 are  determined  by  PD-to-PD  operator  matching  against  analytic  full-horizon  values,  rather  than  by  local  CCM-limit  repro  -
 duction  requirements.
 

The  proposed  strategy  integrates  seamlessly  with  existing  PD  codes:  nodal  influence  weights  .w  are  computed  once  in
 a  load-independent  preprocessing  step  and  then  applied  as  symmetric  bond  scalings.  A  ready-to-use  implementation  is
 provided  in  the  open-  source  Python  packag  e  perifit  [

 

63],  which  takes  as  input  the  nodal  coordinates,  the  horizon
 .𝛿  ,  and  the  family  lists  .{

 𝑖  } ,  and  returns  the  weight  vector  .w  along  with  the  coupling  coefficients  needed  for  the  global
 system  (

 

69).  Internally,  the  packag  e  evaluates  full-horizon  targ  ets  via  closed-form  ball  moments  (
 

63),  assembles  per-node
 moment  matrices  with  Tikhonov  regularization,  and  performs  per-row  normalization  so  that  material  parameters  need
 not  be  specified.  The  procedure  is  summarized  below. 

1.  Families:  For  each  node  .x
 𝑖  ,  build  .

 𝑖  =  {  𝑗  ∶  0  <  ||𝝃  𝑗  ||  ≤  𝛿  }  with  .𝝃
 𝑗  ∶=  x  𝑗  −  x  𝑖  .

 

2.  Basis,  tests,  and  targets:  Adopt  the  polynomial  basis  .p(𝝃  )   (
 

49),  the  scalar  test  set  .   ( 52),  and  the  vector  tests  .
 𝐸   (

 

53).
 Evaluate  the  full-horizon  targ  et  vectors  .d  ⋆

 𝑥
 ,  .d  ⋆

 𝑦
 ,  .d  ⋆

 𝑧
 ,  and  .e ⋆   analytically  via  ball  moments  (

 

63)  as  defined  in  (
 

62).
 

3.  Local  moment  matrices:  At  each  node  .x
 𝑖  ,  assemble  .M

 c   (
 

51),  .M
 

 𝑥
  (

 

56),  .M
 

 𝑦
 ,  .M

 
 𝑧

  (
 

57),  and  .M
    (

 

59);  stack  into  .M   (
 

65)
 and  compute  the  regularized  inverse  (

 

66).
 

4.  Row  extraction:  Partition  the  inverse  as  in  (
 

67)  and  evaluate  the  reconstruction  (
 

68)  at  .𝝃  =  𝟎  
to  obtain  the  coupling  coefficients  .𝜸  ⊤

 𝑖
 ∶=  p(𝟎)  ⊤  N

 c   and  the  right-hand  side  contribution  .𝑓
 𝑖  ∶=

 p(𝟎)  ⊤
 (

 N
 

 𝑥
 d  ⋆

 𝑥
 +  N

 
 𝑦

 d  ⋆
 𝑦

 +  N
 

 𝑧
 d  ⋆

 𝑧
 +  N

   e ⋆
 )

 .
 

5.  Assembly:  Insert  the  row  relation  .𝑤
 𝑖  −

 ∑
 𝓁  ∈

 𝑖
𝛾

 𝑖𝓁  𝑤 𝓁  =  𝑓  𝑖   into  the  sparse  global  system  .K
 𝑤  w  =  F 𝑤   (

 

69).
 

6.  Solve:  Solve  (
 

69)  for  .w ;  the  result  is  load-independent.
 

7.  Bond  scaling  :  For  each  bond  .(𝑖,  𝑗  )  ,  replace  the  constitutive  prefactor  by  its  weighted  counterpart,  for  example,  .𝑐
 𝑖𝑗  =

 𝑐  (𝑤
 𝑗  +  𝑤 𝑖  )∕2   for  BB-PD  (

 

44)  and  (
 

45)  or  the  analog  ous  scaling  for  OSB-PD  (
 

46)  and  (
 

47),  and  proceed  with  the  time
 integration  or  static  solve.

 

5  |  Numerical  Examples
 

The  proposed  approach,  hereinafter  referred  to  as  modified-PD,  is  evaluated  on  six  numerical  examples;  the  stan-
 dard  PD  formulation  without  any  surface  correction  is  referred  to  simply  as  PD.  Examples  1  –  4  employ  the  BB-PD
 formulation  exclusively,  while  Examples  5  and  6  include  both  BB-PD  and  OSB-PD.  All  examples  except  Example
 4  are  formulated  in  a  dimensionless  setting;  Example  4  employs  physical  material  parameters  and  includes  failure
 analysis.
 

Examples  1  –  3,  and  5  are  static  problems  with  exact  CCM  solutions  against  which  a  .𝛿  -  converg  ence  study  is  performed.
 Example  4  is  a  dynamic  fracture  problem;  the  modified-PD  solution  is  compared  with  a  high-resolution  standard  PD
 reference  on  a  fine  grid.  Examples  5  and  6  additionally  assess  the  computational  cost  of  the  weight  calibration  and  verify
 that  the  system  (

 

69)  remains  well-  conditioned  under  mesh  refinement.
 

The  weight  calibration  uses  the  open-  source  Python  packag  e  perifit  [
 

63]  (Python  3.10)  with  BiCGSTAB  solver  (toler-
 ance  .10  −10

 ).  Reference  PD simulations  employ  C++  solvers.  The  wall  time  in  Examples  5  and  6  measures  assembly  and
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iterative  solution  of  .K
 𝑤  w  =  F  𝑤  ,  averag  ed  over  three  runs.  All  computations  use  a  single  core  of  an  Intel  Core  i7-8700  at

 3.20  GHz  with  16  GB  RAM. 

In  all  examples,  both  the  interpolation  bases  and  the  test  function  sets  employ  horizon-  scaled  monomials  up  to  the  second
 order.  The  relative  .𝐿  2   displacement  error  is  defined  as:  

.𝑒
 𝑢  ∶=

 ⎛
 ⎜
 ⎜
 ⎜
 ⎝

 ∑
 𝑖

 ‖
 ‖
 ‖ u 𝑖  −  u ref

 𝑖

 ‖
 ‖
 ‖ 2∑

 𝑖

 ‖
 ‖
 ‖  u ref

 𝑖

 ‖
 ‖
 ‖  2

 ⎞
 ⎟
 ⎟
 ⎟
 ⎠

 1∕2

 ,  (70)

 where  the  summation  runs  over  all  nodes  in  the  domain  and  .||  ⋅  ||   denotes  the  Euclidean  norm  of  the  displacement  vector.
 

5.1  |  Example  1:  1D  Bar  Under  Uniaxial  Tension
 

A  unit-length  bar  ( .𝐿  =  1  )  with  Young’s  modulus  .𝐸  =  1   and  exact  reference  displacement  .𝑢  ref
 (𝑥)  =  𝑥  (no  body  force)  is

 considered.  The  left  end  (  .𝑥  =  0  )  is  constrained,  and  a  concentrated  traction  .𝑃  =  1   is  applied  at  the  right  end  (  .𝑥  =  1  );  both
 conditions  are  imposed  at  a  single  node  to  isolate  boundary  effects  (see  Figure

 

5).
 

A  .𝛿  -  converg  ence  study  [
 

66,  69]  is  performed  for  .𝑚
 ratio  =  𝛿  ∕Δ𝑥  ∈  {4,  8,  16} .  The  results,  reported  in  Figure

 

6,  show  that
 the  modified-PD  model  exhibits  strictly  monotonic  error  decay  and  consistently  lower  errors  than  PD  across  all  values
 of  .𝑚

 ratio  .  In  contrast,  PD  does  not  decrease  monotonically  for  .𝑚
 ratio  =  4   and  8,  which  is  attributed  to  the  combined  effect

 of  unmodified  midpoint  quadrature  [
 

52,  69,  79]  and  boundary-induced  softening.  The  modified-PD  approach  regularizes
 this  converg  ence  behavior  by  calibrating  the  nodal  influence  weights  to  satisfy  the  operator-matching  constraints,  thereby
 suppressing  the  discretization  artifacts  that  cause  the  irregular  error  decay  in  PD. 

For  the  representative  case  .Δ𝑥  =  0.005   and  .𝑚
 ratio  =  4  ,  Figure

 

7  (top)  shows  that  the  modified-PD  displacement  follows
 the  exact  solution  more  closely  and  enforces  the  boundary  conditions  at  the  bar  ends  better  than  PD.  Figure

 

7  (bottom)
 reports  the  nodal  influence  weights  .𝑤  for  .𝑚

 ratio  ∈  {4,  8,  16} .  In  all  cases,  the  weights  form  a  boundary  layer:  they
 are  amplified  near  the  bar  ends,  where  horizons  are  truncated,  and  slightly  reduced  just  inside  the  domain.  As  .𝑚

 ratio  

increases,  the  boundary  layer  narrows  and  the  interior  weights  approach  unity,  because  a  larg  er  horizon  encompasses
 more  neighbors  and  the  relative  loss  due  to  truncation  diminishes.  This  behavior  stems  from  the  least-  squares  fit  of  the
 derivative  and  energy  matching  constraints:  At  truncated-horizons  the  system  compensates  for  missing  neighbors  by
 increasing  local  weights,  while  the  finite-  dimensional  fit  distributes  the  residual  smoothly.  The  resulting  pattern  counter-
 acts  boundary-induced  softening  and  improves  boundary-  condition  enforcement.
 

5.2  |  Example  2:  Cantilever  Beam  With  End  Shear
 

A  2D  cantilever  beam  of  length  .𝐿  =  1  ,  height  .𝐻  =  1  ,  unit  thickness,  Young’s  modulus  .𝐸  =  1  ,  and  Poisson’s  ratio  .𝜈  =  1∕3  
(plane  stress)  is  considered  (see  Figure

 

8).  The  top  and  bottom  edg  es  are  traction-free;  the  left  edg  e  (  .𝑥  =  0  )  is  supported
 at  three  discrete  points  (upper,  middle,  lower),  and  the  right  edg  e  (  .𝑥  =  𝐿  )  carries  a  parabolic  end  shear:  

.𝑡
 𝑥  (𝐿,  𝑦)  =  0,  𝑡  𝑦  (𝐿,  𝑦)  =

 6𝑃
𝐻  3

 𝑦  (𝐻  −  𝑦),  (71)

 with  resultant  .𝑃  =  1  .  The  exact  CCM  reference  solution  is:  

.𝑢  ref
 𝑥

 (𝑥,  𝑦)  =  𝑃
6𝐸  𝐼

 𝑏

 (
 𝑦  −  𝐻

2

 )
 [(

 6𝐿𝑥  −  3𝑥 2
 )

 +  (2  +  𝜈  )
 (

 𝑦 2  −  𝐻  𝑦
 )]

 ,  (72)

 

.𝑢  ref
 𝑦

 (𝑥,  𝑦)  =  −  𝑃
6𝐸  𝐼

 𝑏

 [
 (

 3𝐿𝑥 2  −  𝑥 3
 )

 +  3𝜈  (𝐿  −  𝑥)
 (

 𝑦  −  𝐻
2

 )
 2

 +  (4  +  5𝜈  )𝐻
 2

4
 𝑥

 ]
 ,  (73)

FIGURE  5  |  Schematic  representation  of  the  problem  domain  and  boundary  conditions  in  Example  1.
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FIGURE  6  |  .𝛿  -  convergence  study  for  Example  1:  .log(𝑒
 𝑢  )  versus  .log(Δ𝑥)  for  PD  (red,  dashed)  and  modified-PD  (blue,  solid)  with

 .𝑚
 ratio  ∈  {4,  8,  16} .

 

where  .𝐼
 𝑏  =  𝐻  3  ∕12 .

 

A  .𝛿  -  converg  ence  study  is  performed  at  fixed  .𝑚
 ratio  =  4   for  .Δ𝑥  ∈  {0.04,  0.02,  0.01,  0.005} .  Figure

 

9  (top)  shows  that
 modified-PD  attains  substantially  lower  errors  and  a  steeper  decay  rate  than  PD.  Figure

 

9  (bottom)  reports  the  vertical
 displacement  .𝑢

 𝑦   along  the  midline  .𝑦  =  𝐻  ∕2   for  the  representative  case  .Δ𝑥  =  0.01 :  modified-PD  closely  follows  the  exact
 solution,  whereas  PD  exhibits  a  larg  er  deviation.
 

Figure
 

10  displays  the  nodal  influence  weights  .𝑤(𝑥,  𝑦)   for  .Δ𝑥  =  0.01   and  .𝑚
 ratio  =  4  .  The  weights  are  amplified  near  the

 boundaries,  compensating  for  horizon  truncation,  and  slightly  reduced  in  the  interior,  where  the  correction  primarily
 improves  volume  integration  accuracy.
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FIGURE  7  |  Top:  displacement  .𝑢(𝑥)  for  PD  (red,  dashed),  modified-PD  (blue,  solid),  and  the  exact  solution  .𝑢 ref
 (𝑥)  =  𝑥  (black,

 dashed).  Bottom:  nodal  influence  weights  .𝑤  for  .𝑚
 ratio  ∈  {4,  8,  16}  ( .Δ𝑥  =  0.005 ).  As  .𝑚

 ratio   increases,  the  boundary  layer  narrows  and
 interior  weights  tend  toward  unity.
 

FIGURE  8  |  Schematic  representation  of  the  problem  domain  and  boundary  conditions  in  Example  2.
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FIGURE  9  |  Top:  .𝛿  -  convergence  at  fixed  .𝑚
 ratio  =  4 :  .log(𝑒

 𝑢  )  vs.  .log(Δ𝑥)  for  PD  (red,  dashed)  and  modified-PD  (blue,  solid).  Bottom:
 .𝑢

 𝑦   along  the  midline  .𝑦  =  𝐻  ∕2  for  PD  (red,  dashed),  modified-PD  (blue,  solid),  and  the  exact  solution  (
 

73)  (black  circles)  with  .Δ𝑥  =  0.01 .
 

FIGURE  10  |  Nodal  influence  weights  .𝑤(𝑥,  𝑦)  for  Example  2  with  .Δ𝑥  =  0.01  and  .𝑚
 ratio  =  4 . 

To  verify  that  the  weight  optimization  also  improves  interior  quadrature  accuracy  (cf.  Remark
 

3),  the  cantilever  beam  test
 is  repeated  on  deliberately  irregular  node  distributions.  Starting  from  each  uniform  grid,  all  interior  node  coordinates  are
 randomly  perturbed  by  offsets  on  the  order  of  .40%   of  the  nominal  spacing  .Δ𝑥 ,  while  boundary  nodes  and  loading  remain
 unchang  ed.
 

Figure
 

11  shows  the  four  jittered  node  distributions  (left)  and  the  corresponding  optimized  weights  (right).  Unlike  the
 uniform  case  in  Figure

 

10,  the  weights  are  no  long  er  nearly  constant  in  the  interior;  they  adapt  node-by-node  to  the
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FIGURE  11  |  Cantilever  beam  on  irregular  node  arrangements.  Left:  jittered  node  distributions  for  the  four  resolutions.  Right:
 optimized  nodal  influence  weights  .𝑤(𝑥,  𝑦)  for  the  same  discretizations.
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FIGURE  12  |  Performance  on  irregular  node  distributions  (modified-PD  only).  Top:  .𝛿  -  convergence  at  fixed  .𝑚
 ratio  =  4 :  .log(𝑒

 𝑢  )  versus
 .log(Δ𝑥) .  Bottom:  .𝑢

 𝑦   along  the  midline  .𝑦  =  𝐻  ∕2  for  modified-PD  (blue,  solid)  and  the  exact  solution  (
 

73)  (black  circles)  with  .Δ𝑥  =  0.01 .
 

local  sampling  g  eometry  while  still  forming  a  boundary  layer  of  amplified  values  along  free  edg  es.  As  the  discretization
 is  refined,  interior  fluctuations  decrease  and  the  boundary  layer  narrows,  consistent  with  recovery  of  the  full-horizon
 energ  etics.
 

Figure
 

12  (top)  confirms  monotonic  error  decay  under  refinement  for  modified-PD  on  the  irregular  grids,  con-
 sistent  with  the  uniform-  grid  results  in  Figure

 

9  (top).  In  some  cases,  the  irregular  discretization  yields  slightly
 lower  error  than  the  regular  one,  because  the  jitter  improves  the  conditioning  of  the  local  moment  matrices.
 Figure

 

12  (bottom)  shows  that  the  modified-PD  midline  displacement  remains  in  close  agreement  with  the  exact  solution
 for  .Δ𝑥  =  0.01 .
 

These  results  confirm  that  the  proposed  optimization  provides  a  robust  correction  for  both  boundary  and  interior  nodes,
 as  anticipated  in  Remark

 

3.  A  comparison  with  PD  is  omitted  for  the  irregular  case,  since  PD  is  designed  for  uniform  node
 distributions  and  would  not  constitute  a  fair  baseline.
 

5.3  |  Example  3:  Perforated  Plate  Under  Uniaxial  Tension
 

A  2D  perforated  plate  under  uniaxial  tension  is  considered  to  demonstrate  the  applicability  of  the  proposed  approach  to
 curved  g  eometries  (see  Figure

 

13).  The  plate  is  a  square  with  edg  e  length  .2𝐿   and  unit  thickness,  containing  a  central
 circular  hole  of  radius  .𝑟

 0  .  Exploiting  symmetry,  only  one  quarter  of  the  domain  is  analyzed:  the  bottom  and  left  edg  es
 carry  symmetry  constraints,  while  Neumann  conditions  derived  from  the  exact  stress  field  are  applied  on  the  top  and
 right  edg  es.

International  Journal  for  Numerical  Methods  in  Engineering,  2026  23  of  36 

 10970207, 2026, 14, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nm

e.70385 by T
echnische U

niversität H
am

burg U
niversitätsbibliothek, W

iley O
nline L

ibrary on [15/07/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



FIGURE  13  |  Schematic  representation  of  the  problem  domain  and  boundary  conditions  in  Example  3.
 

The  exact  CCM  reference  solution is  given  by  [
 

80]:
 

.𝜎  ref
 𝑥

 (𝑟,  𝜃  )  =  𝑡
 𝑥

 [
 1  −

 𝑟 2
 0

𝑟 2

 (
 3
2

 cos  2𝜃  +  cos  4𝜃
 )

 +
 3𝑟 4

 0

2𝑟 4
 cos  4𝜃

 ]
 ,  (74)

 

.𝑢  ref
 𝑟

 (𝑟,  𝜃  )  =
 𝑡

 𝑥

4𝐺

 [
 𝑟

 (
 𝜅  −  1

2
 +  cos  2𝜃

 )
 +

 𝑟 2
 0

𝑟

 (
 1  +  (1  +  𝜅  )  cos  2𝜃  −

 𝑟 4
 0

𝑟 3
 cos  2𝜃

 )]
 ,  (75)

 

.𝑢  ref
 𝜃

 (𝑟,  𝜃  )  =
 𝑡

 𝑥

4𝐺

 [
 (1  −  𝜅  )

 𝑟 2
 0

𝑟
 −  𝑟  −

 𝑟 4
 0

𝑟 3
 sin  2𝜃

 ]
 ,  (76)

 where  .(𝑟,  𝜃  )   are  polar  coordinates,  .𝐺  =  𝐸  ∕2(1  +  𝜈  )  ,  and  .𝜅  =  (3  −  𝜈  )∕(1  +  𝜈  )  .  The  parameters  are:  .𝐿  =  4  ,  .𝑟
 0  =  1  ,  .𝐸  =  10  ,

 .𝜈  =  1∕3   (plane  stress),  and  .𝑡
 𝑥  =  1  . 

A  .𝛿  -  converg  ence  study  is  performed  at  fixed  .𝑚
 ratio  =  4   for  .Δ𝑥  ∈  {0.1,  0.05,  0.025,  0.0125} .  Figure

 

14  (left)  shows  the  node
 distribution  for  the  representative  case  .Δ𝑥  =  0.05  ,  while  Figure

 

14  (right)  displays  the  corresponding  optimized  weights.
 Consistent  with  the  cantilever  beam  results  (cf.  Figure

 

10),  the  weights  are  nearly  constant  in  the  interior  and  amplified
 near  both  flat  and  curved  free  edg  es,  forming  a  boundary  layer  that  compensates  for  horizon  truncation.
 

Figure
 

15  reports  the  converg  ence  results:  both  modified-PD  and  PD  models  exhibit  monotonic  error  decay,  with
 modified-PD  yielding  consistently  lower  errors  than  PD  across  all  resolutions.
 

5.4  |  Example  4:  Kalthoff  –  Winkler  Impact  (Dynamic  Brittle  Fracture)
 

The  Kalthoff  –  Winkler  impact  experiment  [
 

81],  a  widely  used  benchmark  for  dynamic  brittle  fracture  in  PD  [
 

16,  40,  57,
 82  –  85],  is  considered  (see  Figure

 

16).  A  rectangular  steel  18Ni1900  plate  (  .100  ×  200  mm 2  )  contains  two  horizontal,  par-
 allel  pre-  cracks  of  length  50  mm.  A  rigid  projectile  impacts  the  left  edg  e  between  the  two  pre-  cracks;  experimentally,  this
 trigg  ers  Mode  I  brittle  fracture  with  cracks  propagating  at  approximately  .68 ∘   from  the  horizontal  [

 

81].
 

The  material  parameters  are:  .𝐸  =  190  ×  10  3  N∕mm  2  ,  .𝜈  =  1∕4   (plane  strain),  .𝜌  =  8000  ×  10  −9
 kg∕mm  3  ,  and  .𝐺

 0  =
 22,  170  ×  10  −6

 J∕mm 2  .  The  impact  is  modeled  by  prescribing  a  constant  horizontal  velocity  .  𝑢̇
 𝑥0  =  16.5  ×  10  3  mm∕s   to  the

 nodes  on  the  left  edg  e  between  the  pre-  cracks.  Time  integration  employs  the  velocity-Verlet  alg  orithm  with  .Δ𝑡  =  35  ns 
over  a  total  duration  of  .87.5  μs  .
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FIGURE  14  |  Left:  node  distribution  for  the  perforated  plate  with  .Δ𝑥  =  0.05  and  .𝑚
 ratio  =  4 .  Right:  optimized  nodal  influence

 weights  .𝑤(𝑥,  𝑦)  for  the  same  discretization.
 

FIGURE  15  |  .𝛿  -  convergence  at  fixed  .𝑚
 ratio  =  4 :  .log(𝑒

 𝑢  )  versus  .log(Δ𝑥)  for  PD  (red,  dashed)  and  modified-PD  (blue,  solid).
 

FIGURE  16  |  Schematic  representation  of  the  problem  domain  in  Example  4.
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Standard  PD  is  known  to  produce  spurious  boundary-  crack  nucleation  at  insufficient  spatial  resolution;  common
 remedies  include  local  refinement  or  FEM  –  PD  coupling  at  increased  cost  [

 

17,  52].  This  example  demonstrates  that
 modified-PD  suppresses  these  artifacts  at  the  cost  of  a  coarse  simulation.  Three  models  are  compared  with  identical
 physics  and  .𝛿  =  4  mm  : (i)  standard  PD  (coarse),  .Δ𝑥  =  0.333  mm  ( .180  901   nodes);  (ii)  modified-PD  (coarse),  same  dis  -
 cretization;  and  (iii)  standard  PD  (fine),  .Δ𝑥  =  0.250  mm   (321,201  nodes).
 

Figure
 

17  shows  the  damag  e  evolution  at  .𝑡  ∈  {35,  52.5,  70,  87.5}  μs  .  The  standard  PD  (coarse)  solution  develops  unphys  -
 ical  boundary-  driven  cracks  at  the  right  edg  e  around  .𝑡  ≈  70  𝜇  s  ,  which  subsequently  interact  with  the  main  crack  branches.

FIGURE  17  |  Damage  evolution  at  .𝑡  ∈  {35,  52.5,  70,  87.5}  μs .  Columns:  standard  PD  (coarse)  ( .Δ𝑥  =  0.333  mm ),  modified-PD
 (coarse)  ( .Δ𝑥  =  0.333  mm ),  and  standard  PD  (fine)  ( .Δ𝑥  =  0.250  mm ),  all  with  .𝛿  =  4  mm .
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In  contrast,  modified-PD  (coarse)  suppresses  these  artifacts  and  reproduces  crack  initiation  at  the  pre-  crack  tips  with  prop  -
 agation  closely  matching  the  standard  PD  (fine)  reference.  The  crack  propagation  angle,  measured  from  the  horizontal
 pre-  crack  direction  at  .𝑡  =  87.5  μs  ,  is  approximately  .68 ∘   for  both  the  modified-PD  (coarse)  and  standard  PD  (fine)  models,
 in  close  agreement  with  the  experimentally  observed  angle  of  .≈  68  ∘   [

 

81]  and  consistent  with  PD  results  reported  in  the
 literature  [

 

16,  57,  82].
 

Figure
 

18  reports  the  vertical  velocity  field  .  𝑢̇
 𝑦   at  the  same  time  instants.  The  modified-PD  fields  remain  smooth  near

 free  boundaries,  confirming  that  the  optimized  weights  alleviate  boundary-induced  softening  without  introducing  spuri-
 ous  reflections,  whereas  the  standard  PD  (coarse)  results  exhibit  boundary-  driven  disturbances  consistent  with  spurious
 cracking.
 

FIGURE  18  |  Vertical  velocity  field  .|  𝑢̇
 𝑦  |  [mm/s]  at  .𝑡  ∈  {35,  52.5,  70,  87.5}  μs .  Columns  as  in  Figure

 

17.
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FIGURE  19  |  Optimized  nodal  influence  weights  .𝑤(𝑥,  𝑦)  for  modified-PD  (coarse)  with  .Δ𝑥  =  0.333  and  .𝛿  =  4  mm .
 

Figure
 

19  displays  the  weight  field  .𝑤(𝑥,  𝑦)   for  the  modified-PD  model,  exhibiting  the  characteristic  boundary  layer  of
 amplified  values  near  free  edg  es  and  slightly  reduced  values  in  the  interior.
 

5.5  |  Example  5:  Hollow  Cylinder  Under  Torsion
 

A  3D  hollow  cylinder  under  torsion  is  considered  to  assess  the  proposed  method  on  a  g  eometry  with  curved  free  sur-
 faces  and  to  compare  its  performance  against  the  volume  correction  approach  of  Le  and  Bobaru  [

 

45],  a  widely  adopted
 surface-  correction  strategy  in  the  PD  literature.  The  g  eometry  consists  of  a  hollow  cylinder  with  inner  radius  .𝑅

 1  =  0.5  ,
 outer  radius  .𝑅

 2  =  1  ,  and  length  .𝐿  =  2  .  The  material  parameters  are  .𝐸  =  1  ,  .𝜈  =  1∕4   (plane  strain),  and  .𝐺  =  𝐸  ∕2(1  +  𝜈  )  =
 0.4 .  A  unit  torque  .𝑇  =  1   is  applied  at  the  loaded  end  .𝑧  =  𝐿  ,  while  the  opposite  end  .𝑧  =  0   is  clamped.
 

The  exact  CCM  reference  solution is  the  Saint-Venant  torsion  field:  

.𝑢  ref
 𝑥

 =  −  𝑇
𝐺  𝐽

 𝑦𝑧,  𝑢  ref
 𝑦

 =  +  𝑇
𝐺  𝐽

 𝑥𝑧,  𝑢  ref
 𝑧

 =  0,  (77)

 where  .𝐽  =  𝜋  (𝑅 4
 2  −  𝑅

 4
 1  )∕2  is  the  polar  moment  of  inertia.  The  Dirichlet  condition  at  .𝑧  =  0   and  the  surface  traction  at  .𝑧  =  𝐿  

are  prescribed  from  the  exact  solution;  the  inner  and  outer  cylindrical  surfaces  are  traction-free.
 

The  volume  correction  method  [
 

45]  assigns  a  per-bond  correction  factor  

.𝜆
 𝑖𝑗  =

 2  𝑉
 0

𝑉  (x
 𝑗  )  +  𝑉  (x  𝑖  )

 ,  (78)

 where  .𝑉  (x
 𝑖  )  =

 ∑
 𝑗  ∈

 𝑖
 𝑉

 𝑗   is  the  discrete  neighborhood  volume  of  node  .𝑖  ,  and  .𝑉
 0  =

 4
3

 𝜋  𝛿  3   is  the  volume  of  a  full  (interior)
 horizon  sphere.  Each  pairwise  bond  stiffness  is  then  scaled  by  .𝜆

 𝑖𝑗  ,  boosting  interactions  between  nodes  whose  neigh-
 borhoods  are  truncated  by  the  boundary.  This  approach  partially  compensates  for  the  reduced  horizon  volume  near  free
 surfaces  but  does  not  enforce  operator-level  consistency.
 

A  .𝛿  -  converg  ence  study  is  performed  at  fixed  .𝑚
 ratio  ≈  5   for  .Δ𝑥  ∈  {0.1,  0.0833,  0.0714,  0.0625} ,  comparing  three  models:

 standard  PD,  volume  correction  method  [
 

45],  and  modified-PD,  for  both  BB-PD  and  OSB-PD  formulations.
 

Figure
 

20  reports  the  converg  ence  results.  Standard  PD  yields  larg  e  errors  (  .𝑒
 𝑢  ≈  10  −1

 )  with  no  systematic  improvement
 under  refinement,  reflecting  the  persistent  surface  effect  on  the  curved  boundaries.  The  volume  correction  method
 reduces  the  error  by  approximately  one  order  of  magnitude;  however,  the  error  remains  nearly  flat  under  refinement,
 indicating  that  the  correction  improves  the  constant  but  does  not  regularize  the  converg  ence  behavior.  In  contrast,
 modified-PD  achieves  errors  two  to  three  orders  of  magnitude  below  standard  PD  and  exhibits  clear  monotonic  conver-
 g  ence  in  both  BB-PD  and  OSB-PD,  confirming  that  the  operator-matching  calibration  produces  a  systematically  improv-
 able  discretization. 
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FIGURE  20  |  Hollow  cylinder  under  torsion:  .𝛿  -  convergence  at  fixed  .𝑚
 ratio  ≈  5 :  .log(𝑒

 𝑢  )  versus  .log(Δ𝑥)  for  standard  PD  (red,  dashed),
 volume  correction  method  [

 

45]  (green,  solid),  and  modified-PD  (blue,  solid)  for  BB-PD  (top)  and  OSB-PD  (bottom).
 

Figure
 

21  displays  the  magnitude  of  the  pointwise  displacement  error  .||u  −  u ref
 ||   for  the  finest  resolution  .Δ𝑥  =  0.0625  .

 Standard  PD  concentrates  larg  e  errors  near  the  inner  and  outer  cylindrical  surfaces  due  to  horizon  truncation.  The  vol-
 ume  correction  method  reduces  the  surface  error  substantially  but  retains  a  residual  pattern,  whereas  modified-PD  yields
 uniformly  low  errors  throughout  the  domain  for  both  formulations.
 

Figure
 

22  shows  the  optimized  nodal  influence  weights  .𝑤(x)   at  .Δ𝑥  =  0.0625   for  BB-PD  and  OSB-PD.  The  weights  are
 amplified  near  both  the  inner  and  outer  free  surfaces,  where  the  curved  g  eometry  causes  significant  horizon  truncation,
 and  approach  unity  in  the  bulk  interior,  consistent  with  the  behavior  observed  in  the  2D  examples.
 

Table
 

1  reports  the  computational  cost  of  the  weight  calibration.  The  wall  time  scales  approximately  linearly  with  the
 number  of  nodes  and  remains  modest  (7  –  33  s  for  .𝑁   up  to  19,800).  The  condition  number  of  .K

 𝑤   grows  moderately  with
 refinement  and  remains  below  160  across  all  resolutions,  confirming  the  well-posedness  of  the  global  system  (

 

69)  on
 curved  3D  g  eometries.
 

5.6  |  Example  6:  Weight  Computation  on  a  Complex  Geometry
 

The  final  example  assesses  the  practical  applicability  of  the  proposed  weight  calibration  to  an  industrially  relevant  g  eom-
 etry  for  which  no  analytical  reference  solution  is  available.  The  objective  is  not  to  solve  a  boundary-value  problem,  but
 to  verify  that  the  global  system  (

 

69)  can  be  assembled  and  solved  efficiently  on  a  non-trivial  3D  part  with  mixed  flat
 and  curved  surfaces,  sharp  concave  corners,  and  multiple  length  scales  (i.e.,  .𝛿  ),  and  that  the  resulting  weights  remain
 physically  reasonable  and  well-behaved  under  mesh  refinement.
 

The  g  eometry  consists  of  a  crankshaft  segment  comprising  two  cylindrical  journals  connected  by  two  rectangular
 webs  joined  at  sharp  internal  corners  (Figure

 

23),  spanning  approximately  .109  ×  100  ×  80   length  units.  The  domain  is
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FIGURE  21  |  Pointwise  displacement  error  .||u  −  u ref
 ||  at  .Δ𝑥  =  0.0625  and  .𝑚

 ratio  ≈  5 .  Columns:  standard  PD,  volume  correction
 method  [

 

45],  and  modified-PD.  Rows:  BB-PD  (top),  and  OSB-PD  (bottom).  The  stepped  surface  pattern  reflects  the  staircase  approxi-
 mation  of  the  curved  boundary  inherent  to  the  voxelized  Cartesian  discretization.
 

FIGURE  22  |  Optimized  nodal  influence  weights  .𝑤(x)  at  .Δ𝑥  =  0.0625  and  .𝑚
 ratio  ≈  5  for  BB-PD  (left)  and  OSB-PD  (right).  The

 weights  are  amplified  near  the  inner  and  outer  cylindrical  free  surfaces  where  the  neighborhood  is  truncated.
 

TABLE  1  |  Computational  performance  of  the  weight  calibration  for  the  hollow  cylinder  at  .𝑚
 ratio  ≈  5 :  wall  time  (averaged  over

 three  runs)  measures  the  assembly  and  iterative  solve  of  .K
 𝑤  w  =  F 𝑤  ;  .cond(K

 𝑤  )  confirms  that  the  system  remains  well-  conditioned
 under  refinement.
 

.𝚫𝒙 .𝑵  BB-PD  [s] OSB-PD  [s]  .cond
 BB  .cond

 OSB  

0.1000  4956  6.97 6.77 78.6 79.9  
0.0833  8200  12.16  12.07  100.2  101.6  
0.0714  13,456  21.52  21.36  128.0  129.6  
0.0625  19,800  32.90  32.58  154.1  155.9  
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FIGURE  23  |  Crankshaft  segment  geometry  used  in  Example  6.  The  part  combines  two  cylindrical  journals  with  two  rectangular
 webs  joined  by  sharp  internal  corners,  spanning  approximately  .109  ×  100  ×  80  length  units.
 

TABLE  2  |  Computational  performance  of  the  weight  calibration  for  the  crankshaft  at  .𝑚
 ratio  =  5 :  wall  time  (averaged  over  three

 runs)  measures  the  assembly  and  iterative  solve  of  the  global  system  .K
 𝑤  w  =  F 𝑤  ,  while  .cond(K

 𝑤  )  confirms  that  the  system  remains
 well-  conditioned  as  the  discretization  is  refined.
 

.𝚫𝒙 .𝑵  BB-PD  [s] OSB-PD  [s]  .cond
 BB  .cond

 OSB  

3.64 7559  11.3 11.5 97.0 98.5  
2.44 23,554  40.2 40.2 168.5  170.4  
1.82 56,228  101.1  99.0 260.6  263.5  
1.43 107,820  202.8  198.5  359.3  362.9  

discretized  by  voxelization  from  an  STL  surface  mesh  at  four  resolutions,  that  is,  .Δ𝑥  ∈  {3.64,  2.44,  1.82,  1.43} ,  with
 fixed  .𝑚

 ratio  =  5  ,  yielding  .𝑁   from  7559  to  107,820  nodes.
 

Table
 

2  reports  the  computational  cost  and  condition  number  of  .K
 𝑤   for  both  BB-PD  and  OSB-PD.  The  wall  time  scales

 approximately  linearly  with  .𝑁   and  remains  practical  even  at  the  finest  resolution  (approximately  200  s  for  .𝑁  ≈  108,  000  
nodes  on  a  single  CPU  core).  The  condition  number  grows  moderately  with  refinement,  reaching  .cond(K

 𝑤  )  ≈  360   at
 the  finest  mesh,  well  within  the  rang  e  of  standard  iterative  solvers  and  comparable  in  magnitude  to  the  hollow  cylinder
 in  Example  5,  despite  the  significantly  more  complex  g  eometry.  The  near-identical  timings  and  condition  numbers  for
 BB-PD  and  OSB-PD  confirm  that  both  formulations  lead  to  systems  of  comparable  difficulty  on  the  same  point  set.
 

A  .𝛿  -  converg  ence  study  of  the  weight  field  is  performed  at  fixed  .𝑚
 ratio  =  5  .  As  the  mesh  is  refined,  the  median  weight  con-

 verg  es  toward  unity,  confirming  that  the  majority  of  interior  nodes  require  negligible  correction.  The  maximum  weight
 stabilizes  around  4  –  5,  corresponding  to  nodes  at  the  most  severely  truncated  locations  (sharp  concave  corners  and  cylin-
 der  ends),  while  the  minimum  remains  above  0.6,  indicating  that  no  node  is  excessively  attenuated.  At  the  finest  resolution
 ( .Δ𝑥  =  1.43  ),  the  BB-PD  weights  lie  in  the  rang  e  .[0.69,  4.47]   with  a  median  of  1.07;  the  OSB-PD  weights  span  .[0.66,  4.62]  
with  a  median  of  1.08.  The  5th  –  95th  percentile  band  (  .[0.91,  2.16]   for  BB-PD)  narrows  with  refinement,  reflecting  the
 decreasing  fraction  of  nodes  whose  horizons  are  affected  by  boundary  truncation.
 

Figure
 

24  displays  the  spatial  distribution  of  the  optimized  weights  at  .Δ𝑥  =  1.43   for  BB-PD  and  OSB-PD.  The  weight
 contours  exhibit  the  same  qualitative  behavior  observed  in  the  preceding  examples:  values  close  to  unity  in  the  bulk
 interior  and  amplified  at  free  surfaces  and  internal  concavities  where  the  horizon  is  truncated.  The  highest  weights  (  .𝑤  ≈
 3  –  4)  occur  at  the  sharp  internal  corners  between  webs  and  journals  and  along  the  cylindrical  free  surfaces,  consistent
 with  the  physical  expectation  that these  regions  suffer  the  most  severe  horizon  loss.  The  BB-PD  and  OSB-PD  weight
 distributions  are  nearly  indistinguishable,  consistent  with  the  observation  that  the  two  formulations  differ  only  through
 the  kernel  exponent  .𝑞   in  (

 

54).
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FIGURE  24  |  Optimized  nodal  influence  weights  .𝑤(x)  at  .Δ𝑥  =  1.43  and  .𝑚
 ratio  =  5  for  BB-PD  (left)  and  OSB-PD  (right).  Weights  are

 amplified  near  cylindrical  free  surfaces  and  sharp  internal  corners  where  horizon  truncation  is  most  pronounced,  and  approach  unity
 in  the  bulk  interior. 

Overall,  this  example  demonstrates  that  the  proposed  weight  calibration  scales  to  g  eometrically  complex  3D  parts  with
 .𝑂  (10  5  )  nodes  at  acceptable  cost,  produces  physically  meaningful  and  bounded  weight  fields,  and  yields  a  well-  conditioned
 global  system  regardless  of  the  g  eometric  complexity.  The  resulting  weights  can  be  employed  in  any  subsequent  BB-PD
 or  OSB-PD  simulation  formulated  on  the  same  point  set  and  horizon  without  recomputation.
 

6  |  Conclusions
 

This  work  addresses  the  surface  effect  in  peridynamics  (PD) caused  by  horizon  truncation  near  domain  boundaries,  which
 induces  operator-level  inconsistencies  manifesting  as  artificial  softening  in  BB  PD  and  relative  stiffening  in  OSB  PD.  A
 modal  analysis  traces  both  defects  to  a  common  alg  ebraic  origin:  the  activation  of  odd  horizon  moments  on  asymmetric
 integration  domains.
 

A  purely  PD-based  correction  is  proposed,  in  which  each  node  receives  a  scalar  influence  weight  and  every  bond  is  scaled
 symmetrically  by  the  averag  e  of  the  endpoint  weights.  This  construction  preserves  pairwise  reciprocity  and global  stiff-
 ness  symmetry  without  introducing  fictitious  nodes,  variable  horizons,  or  reference  solutions  from  CCM.  The  weights  are
 determined  once  in  a  load-independent  preprocessing  step  by  matching  truncated-horizon  derivative  and  energy  opera-
 tors  against  their  analytical  full-horizon  counterparts  on  a  local  polynomial  test  space.  The  same  formulation  applies  to
 both  BB-PD  and  OSB-PD,  differing  only  through  the  kernel  exponent  of  the  respective  operators.
 

Numerical  examples  in  one,  two,  and  three  dimensions  confirm  the  effectiveness  of the  approach.  In  static  problems  with
 exact  solutions,  modified-PD  yields  errors  consistently  lower  than  standard  PD,  by  up  to  two  to  three  orders  of  magnitude
 in  the  3D  case,  and  exhibits  regular  monotonic  .𝛿  -  converg  ence  on  both  uniform  and  irregular  node  distributions,  on  flat
 and  curved  boundaries  alike.  The  comparison  with  a  widely  used  volume  correction  method  for  the  3D  hollow  cylin-
 der  shows  that,  while  volume  correction  reduces  the  error,  it  does  not  regularize  the  converg  ence  behavior;  modified-PD
 achieves  both.  In  dynamic  brittle  fracture,  the  optimized  weights  suppress  spurious  boundary-  driven  cracks  at  coarse  reso  -
 lution  while  preserving  physically  meaningful  crack  paths.  On  a  g  eometrically  complex  industrial  part  with  .𝑂  (10  5  )  nodes,
 the  calibration  remains  practical  (minutes  on  a  single  core)  and  the  global  system  stays  well-  conditioned,  demonstrating
 scalability  to  real-world  g  eometries.
 

The  proposed  strategy  offers  a  simple  and  portable  remedy  for boundary-induced  artifacts  at  essentially  the  cost  of  a
 single  sparse  linear  solve.  Since  the  analytical  full-horizon  targ  ets  are  g  eometry-  dependent  but  load-independent,  the
 same  weights  can  be  reused  across  different  boundary-value  problems  on  the  same  point  set  and  horizon.  The  procedure
 integrates  seamlessly  into  existing  PD  codes  and  is  available  as  the  open-  source  Python  packag  e  perifit.
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